Appendix B

Probability Theory, Random Variables, and
Random Processes

B.1 Probability Theory

Probability theory provides a mathematical characterization for random events. Such events are defined on an
underlying probability space (€2, £, p(+)). The probability space consists of a sample space 2 of possible outcomes
for random events, a set of random events £ where each A € £ is a subset of €2, and a probability measure p(-)
defined on these subsets. Thus, £ isaset of sets, and the probability measure p(A) is defined for every set A € €.
A probability space requires that the set £ is a o-field. Intuitively, a set of sets £ is a o-field if it contains all
intersections, unions, and complements of its elements.’ More precisely, £ is a o-field if the set of all possible
outcomes ) isone of thesetsin £, aset A € £ impliesthat A¢ € £, and for any sets Ay, As, ... with A; € €&,
we have U2 A; € £. Theset £ must be ao-field for the probability of intersections and unions of random events
to be defined. We also require that the probability measure associated with a probability space have the following
three fundamental properties:

1 p(Q) =1.
2. 0<p(A) <1foranyevent A c £.
3. If Aand B aremutually exclusive, i.e. their intersection is zero, then p(A U B) = p(A) + p(B).

Throughout this section, we only consider setsin &, since the probability measure is only defined on these sets.
Several important characteristics of the probability measure p(-) can be derived from its fundamental prop-
erties. In particular, p(A°) = 1 — p(A). Moreover, consider sets Aq,..., A,, where A; and A;, i # j,
are digoint (4, N A; = 0). Thenif Ay UA, U...UA, = Q, wehavethat > " p(4;) = 1. We call
the set {4;,...,A,} with these properties a partition of 2. For two sets A; and A; that are not digoint,
p(AiUA;) = p(A4;)+p(Aj) —p(A;NA; ). Thisleadsto theunion bound, which saysthat for any sets A4, . .., Ay,

P(ATUA U UA,) <) p(Ai). (B.1)
i=1

1We use the notation A N B to denote the intersection of A and B, i.e. all elementsin both A and B. The union of A and B, denoted
AU Bistheset of al elementsin A or B. The complement of aset A C €2, denoted by A€, isdefined as all elementsin 2 that are not in
the set A.
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The occurence of one random event can affect the probability of another random event, since observing one
random event indicates which subsetsin £ could have contributed to the observed outcome. To capture this effect,
we define the probability of event B conditioned on the occurence of event A as p(B|A) = p(A N B)/p(A),
assuming p(A) # 0. Thisimpliesthat

p(AN B) = p(A|B)p(B) = p(B|A)p(A). (B.2)

The conditional probability p(B|A) = p(A N B)/p(A) essentialy normalizes the probability of B with respect to
the outcomes associated with A, sinceit is known that A has occured. We obtain Bayes Rule from (B.2) as

p(A|B)p(B)
p(4)

Independence of eventsisafunction of the probability measurep(-). In particular, events A and B are independent
if (AN B) = p(A)p(B). Thisimpliesthat p(B|A) = p(B) and p(A|B) = p(A).

p(BlA) = (B.3)

B.2 Random Variables

Random variables are defined on an underlying probability space (2, &, p(-)). In particular, a random variable
X is afunction mapping from the sample space €2 to a subset of the rea line. If X takes discrete values on the
real lineit is caled a discrete random variable, and if it takes continuous values it is called a continuous random

variable. The cumulative distribution function (CDF) of a random variable X is defined as Px (z) 2 p(X < x)
for some z € R. The CDF is derived from the underlying probability space as p(X < z) = p(X ~!(—o0,)),
where X ~1(-) is the inverse mapping from the real lineto asubset of Q: X ~!(—o00,2) = {w € O : X (w) < x}.
Propertiesof the CDF are based on properties of the underlying probability measure. In particular, the CDF satisfies
0 < Px(z) = p(X~(—o0,z)) < 1. Inaddition, the CDF isnondecreasing: Px (z1) < Px(z2) forz; < xo. That
isbecause Px (z2) = p(X ~1(—o00,22)) = p(X 1 (—00,x1)) + p(X (21, 22)) > p(X 1 (—00,21)) = Px(z1).
The probability density function (pdf) of arandom variable X is defined asthe derivative of its CDF, p x () 2
4 Py (z). For X acontinuous random variable px (z) is a function over the entire real line. For X a discrete
random variable px (x) is a set of delta functions at the possible values of X. The pdf, also refered to as the
probability distribution or distribution of X, defines the probability that X liesin a given range of values:

2
o < X < a2) =p(X £ w2) ~p(X 0) = Pxlaz) = Po(o) = [ px(@lde. (B4)
x1
Since Px (o0) = 1 and Px (—o0) = 0, the pdf integratesto 1,
/ px(z)dr = 1. (B.5)

Note that the subscript X is often omitted from the pdf and CDF when it is clear from the context that these
functions characterize the distribution of X. In this case the pdf iswritten as p(x) and the CDF as P(x).
The mean or expected value of arandom variable X isits probabalistic average, defined as

o0

px = B2 [ opx(o)ds, (B.6)

—00

The expectation operator E[-] islinear and can also be applied to functions of random variables. In particular, the
mean of afunction of X isgiven by

E[y(X)] = / " g@)px (x)de. (8.7)

—0o0
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A function of particular interest isthe nth moment of X,

E[X"] = /OO x"px (z)dz. (B.8)

—0o0

The variance of X isdefined in terms of its mean and second moment as
A
Var[X] = 0% 2 B[(X - ux)’] = E[X? - 4. (B.9)

The variance characterizes the average squared difference between X and its mean 1 x. The standard deviation
of X, ox, isthe squareroot of its variance. From the linearity of the expectation operator, it is easily shown that
for any constant ¢, E[cX] = cE[X], Va[cX] = ¢*Var[X], E[X + ¢] = E[X] + ¢, and Var[X + ¢] = Va[X].
Thus, scaling arandom variable by a constant scales its mean by the same constant and its variance by the constant
squared. Adding a constant to a random variable shifts the mean by the same constant but doesn’t affect the
variance.

The distribution of arandom variable X can be determined from its characteristic function, defined as

[e.9]

ox(v) 2 E[e/VX] = / px (z)e!Vdx. (B.10)

—00

We see from (B.10) that the characteristic function ¢ x (v) of X (¢) istheinverse Fourier transform of the distribu-
tion px (z) evaluated at f = v/(27). Thuswe can obtain px (z) from ¢ x (v) as

px(z) = % /OO bx (v)e I dz. (B.11)

Thiswill become significant in finding the distribution for sums of random variables.
Let X bearandom variableand g(x) beafunctionontherea line. Let Y = g(X) define another random vari-
able. Then Py (y) = fng(x) <y px (x)dx. For g monotonically increasing and one-to-one this becomes Py (y) =

[ _g;(y) px (z)dz. For g monotonically decreasing and one-to-one this becomes Py (y) = [, () Px (z)da.

We now consider joint random variables. Two random variables must share the same underlying probability
space for their joint distribution to be defined. Let X and Y be two random variables defined on the same probabil-
ity space (2, &, p(+)). Their joint CDF is defined as Pxy (z, y) 2 p(X < z,Y < y). Theirjoint pdf (distribution)
is defined as the derivative of the joint CDF:

A 82PXY ({L‘, y)
= —"°7 B.12

Thus, . y
Poe= [ [ ool (B.13

For joint random variables X and Y, we can obtain the distribution of X by integrating the joint distribution with
respectto Y:

px () = /_ pxy(z,9)dy. (8.14)
Similarly, .
py(y) = / pxy (&, y)dz. (B.15)

540



The distributions px (=) and py (y) obtained in this manner are sometimes refered to as the marginal distributions
relative to the joint distribution p xy (x, ). Note that the joint distribution must integrate to one:

/ / pxy (z,y)drdy = 1. (B.16)

The definitions for joint CDF and joint pdf of two random variables extend in a straightforward manner to any
finite number of random variables.

As with random events, observing the value for one random variable can affect the probability of another
random variable. We define the conditional distribution of the random variable Y given aredization X = z of
random variable X aspy (y|X = z) = pxvy(x,y)/px(x). Thisimpliesthat pxy (z,y) = py (y|X = x)px (x).
I ndependence between two random variables X and Y isafunction of their joint distribution. Specifically, X and
Y are independent random variables if their joint distribution p xy (z, y) factors into separate distributions for X
and Y: pxy(x,y) = px(x)py(y). For independent random variables, it is easily shown that for any functions
f(x) and g(y), E[f(X)g(Y)] = E[f(X)|E[g(Y)].

For X and Y joint random variables with joint pdf p xy (z, y), we define their ;th joint moment as

E[X'Y7] £ / / rypxy (z,y)dady. (B.17)

The correlation of X and Y isdefined as E[XY]. The covariance of X and Y isdefined as Cov[X Y] 2 E[(X —
ux)(Y — py)] = E[XY] — pxuy. Note that the covariance and correlation of X and Y are equal if either X
or Y has mean zero The correlation coefficient of X and Y is defined in terms of their covariance and standard

deviations as p = Cov[XY]/(aXay). We say that X and Y are uncorrelated if their covariance is zero or,
equivalently, their correlation coefficient is zero. Note that uncorrelated random variables (i.e. X and Y with
Cov[XY] = E[XY] — uxuy = 0) will have a nonzero correlation (E[XY] # 0) if their means are not zero.
For random variables X1, ..., X, we define their covariance matrix X as an n x n matrix with i;jth element
3 = Cov[X;X;]. In particular, the ith diagonal element of 3 isthe variance of X;: 3;; = Var[X;].

Consider two independent random variables X and Y. Let Z = X + Y define anew random variable on the
probability space (€2, £, p(+)). We can show directly or by using characteristic functions that the distribution of Z
isthe convolution of thedistributionsof X andY: pz(z) = px(z) * py (y). Equivaently, ¢z (v) = ¢x (v)oy (v).
With this distribution it can be shown that E[Z] = E[X]| 4+ E[Y], and Var[Z] = Var[X] + Var[Y']. So for sums of
independent random variabl es, the mean of the sum isthe sum of the means and the variance of the sum isthe sum
of the variances.

A distribution that arises frequently in the study of communication systemsis the Gaussian distribution. The
Gaussian distribution for arandom variable X is defined in terms of its mean 1 x and variance 0% as

1 2 2
_ —l(a—nx)?/(20%)] B.18
px(ﬂj) \/%O'X € ( )
The Gaussian distribution, also called the normal distribution, is denoted as V (u x, aX) Note that the tail of the
distribution, i.e. the value of px () as x moves away from ;. x, decreases exponentially. The CDF Px(x) =
p(X < x) for this distribution does not exist in closed form. It is defined in terms of the Gaussian @ function as

Px<x>=p<xsm=1—@($‘“), (8.19)
ox
where the Gaussian () function, defined by

aw = | =y, (B.20)



is the probability that a Gaussian random variable X with mean zero and variance one is bigger than z: Q(x) =
p(X > ) for X ~ N(0,1). The Gaussian @ function is related to the complementary error function as Q(x) =
Serfc(z/+/2). These functions are typically calculated using standard computer math packages.

Let X = (X3, ..., X,) denote avector of jointly Gaussian random variables. Their joint distribution is given
by
DX (111 0) = — e [ 5(x — x) "E 7 (x — 1) (B.21)
(2m)" det[X]
where ux = E[X]T = (E[X1],...,E[X,])" isthe mean of X and X isthe n x n covariance matrix of X,

i.e. 3;; = Cov[X;X;]. It can be shown from (B.21) that for jointly Gaussian random variables X and Y, if
Cov[XY] = 0 then pxy (z,y) = px(z)py (y). In other words, Gaussian random variables that are uncorrelated
are independent.

The underlying reason why the Gaussian distribution commonly occurs in communication system models
is the Central Limit Theorem (CLT), which defines the limiting distribution for the sum of a large number of
independent random variables with the same distribution. Specifically, let X; be independent and identically
distributed (i.i.d.) joint random variables. LetY,, = > ", X; and Z,, = (Y, — wy,)/oy,. The CLT states that
the distribution of Z,, asn goes to infinity converges to a Gaussian distribution with mean zero and variance one:
lim,,—c0 pz, () = N(0,1). Thus, any random variable equal to the sum of a large number of i.i.d. random
components has a distribution that is approximately Gaussian. For example, noise in a radio receiver typically
consists of spurious signals generated by the various hardware components, and with a large number of i.i.d.
components this noise is accurately modeled as Gauss-distributed.

Two other common distributions that arise in communication systems are the uniform distribution and the
binomia distribution. A random variable X that is uniformly distributed has pdf p x (z) = 1/(b — a) for z in
the interval [a,b] and zero otherwise. A random phase 6 is commonly modeled as uniformly-distributed on the
interval [0, 27], which we denote as 6 ~ /[0, 2x|. The binomial distribution often arisesin coding analysis. Let
X;, i =1,...,n, be discrete random variables that take two possible values, 0 and 1. Suppose the X; arei.i.d.
withp(X; =1) =pandp(X; =0) =1—p. LetY = > " | X;. ThenY isadiscrete random variable that takes
integer valuesk = 0,1, 2,. ... Thedistribution of Y isthe binomial distribution, given by

=0 = | )rha-art, ©22)

where

n\ A n!
( k ) TR — k) (823

B.3 Random Processes

A random process X () is defined on an underlying probability space (€2, £, p(+)). In particular, it is a function
mapping from the sample space 2 to aset of real functions {z1(t), z2(t), ...}, where each z;(¢) isapossiblereal-
ization of X (¢). Samplesof X (¢) at timesto, 1, ..., t, aejoint random variables defined on the underlying prob-
ability space. Thus, the joint CDF of samples at timesto, 1, ..., t, ISQIVeN by Px (1) x(t))...x (t,) (05 - - - Tn) =
p(X (to) < xo, X(t1) < x1,...,X(tn) < x,). The random process X (¢) is fully characterized by its joint CDF
Px (1o)X (t1)...X (tn) (T0, - - - , ) fOr @l possible sets of sampletimes {to,?1,...,tn}.

A random process X (t) is stationary if for al 7" and all sets of sample times {to,...,t,}, we have that
p(X(to) < 2o, X(t1) < z1,..., X(tn) < zp) =p(X(to+T) <20, X(t1+7T) <z1,..., X[t +T) < xp).
Intuitively, a random process is stationary if time shifts do not affect its probability. Stationarity of a processis
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often difficult to prove since it requires checking the joint CDF of all possible sets of samplesfor all possible time

shifts. Stationarity of arandom processis often infered from the stationarity of the source generating the process.
The mean of a random process is defined as E[X (t)]. Since the mean of a stationary random process is

independent of time shifts, it must be constant: E[X (¢)] = E[X (¢ — t)] = E[X(0)] = px. The autocorrelation

of arandom processis defined as Ax (t,t + 7) 2 E[X (t)X (t + 7)]. The autocorrelation of X (¢) is also called
its second moment. Since the autocorrelation of a stationary process is independent of time shifts, A x (t,t+ 7) =
EX(t—t)X(t+7—1t)] =E[X(0)X(7)] 2 Ax (7). Sofor stationary processes, the autocorrelation depends only
onthetime difference r between the samples X (¢) and X (¢+7) and not on the absolutetime¢. The autocorrelation
of aprocess measures the correlation between samples of the process taken at different times.

Two random processes X (¢) and Y (¢) defined on the same underlying probability space have a joint CDF
characterized by

P (t0)X (82).. X ()Y (1) .Y (t2,) (T05 - - - Ty YO, - - - 5 Ym)
= p(X(to) <mg,..., X(tn) <, Y(t)) < wo,---, Y () < ym) (B.24)
for al possible sets of sample times {t¢, ¢1,...,t,} and {t(,t1,...,t,,}. Two random processes X (¢) and Y (t)

are independent if for all such sets we have that

PX (t0)X (1) X (b)Y (8)...Y (t1,) (X (t0) < 0, -+, X(tn) < 2, Y (t0) < 90, -, Y (t) < Yim)
DX (t0)X (1) X (t) (X (t0) < 20, -+ X(tn) < 2)Dy 1)y (1) (Y () < %0, - -+, Y (t1,) < ym)(B.25)

The cross-correl ation between two random processes X (¢) and Y (¢) isdefined as A xy (t, ¢t + 7) 2 E[X(t)Y(t+
7)]. The two processes are uncorrelated if E[X ()Y (t + 7)] = E[X (¢)|E[Y (¢t 4+ 7)] for al t and 7. Aswith the
autocorrelation, if both X (¢) and Y (¢) are stationary, the cross-correlationisonly afunctionof 7: A xy (¢t,t+7) =
E[X(t— )Y (t+7 —t)] = B[X(0)Y ()] 2 Axy (7).

In most analysis of random processes we focus only on the first and second moments. Wide-sense stationarity
is a notion of stationarity that only depends on the first two moments of a process, and it can aso be easily
verified. Specifically, a process is wide-sense stationary (WSS) if its mean is constant, E[X (¢)] = px, and its
autocorrelation depends only on the time difference of the samples, A x (t,t + 7) = E[X (¢) X (t + 7)] = Ax (7).
Stationary processes are WSS but in general WSS processes are not necessarily stationary. For WSS processes, the
autocorrelation isasymmetric function of 7, since Ax (1) = E[X () X (t + 7)] = E[X(t + 1) X (t)] = Ax(—7).
Moreover, it can be shown that A x (7) takesitsmaximumvalueat 7 = 0, i.e. |Ax(7)| < Ax(0) = E[X2(t)]. As
with stationary processes, if two processes X (¢) and Y (t) are both WSS then their cross-correlation isindependent
of time shifts, and thus depends only on the time difference of the processes: A xy (t,t + 7) = E[X(0)Y (7)] =
Axy (T).

The power spectral density (PSD) of aWSS processis defined as the Fourier transform of its autocorrelation
function with respect to 7: .

Sx(f) = / Ax(1)e 7?7 qr, (B.26)

The autocorrelation can be obtained from the PSD through the inverse transform:
Ax(r) = / Sx (f)e?>™ 7 df. (B.27)
The PSD takesits name from the fact that the expected power of arandom process X (¢) isthe integral of its PSD:

ELC(0)] = 4x(0) = [ " S (f)dr. (8.28)
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which follows from (B.27). Similarly, from (B.26) we get that S x (0 f Ax (7)dr. The symmetry of Ax(7)
can be used with (B.26) to show that Sx ( f) isalso symmmetric, i.e. SX(f) Sx(—f). White noise isdefined asa
zero mean WSS random process with a PSD that is constant over al frequencies. Thus, awhite noise process X (t)
hasE[X (t)] = 0 and Sx (f) = Np/2 for some constant Ny which istypically refered to as the (one-sided) white
noise PSD. By the inverse Fourier transform, the autocorrelation of white noiseisgivenby A x (1) = (No/2)d0(7).
In some sense, white noise isthe most random of all possible noise processes, since it decorrelatesinstantaneously.

Random processes are often filtered or modulated, and when the processis WSS the impact of these operations
can be characterized in asimple way. In particular, if a WSS process with PSD S x (f) is passed through alinear
time-invariant filter with frequency response H ( f), then thefilter output is aso a WSS process with power spectral
density | H (f)|2Sx (f). If aWSS process X (t) with PSD Sx (f) ismultiplied by acarrier cos(27 f.t +6) with  ~
U0, 27], themultiplication resultsin aWSS process X (t) cos(27 f.t+6) with PSD .25[Sx (f — fe) +Sx (f + fe)]-

Stationarity and WSS are properties of the underlying probability space associated with a random process.
We are also often interested in time-averages associated with random processes, which can be characterized by
different notions of ergodicity. A random process X (t) is ergodic in the mean if its time-averaged mean, defined
as

P = lim — X (t)dt, (B.29)

isconstant for all possiblerealizationsof X (¢). In other words, X (¢) isergodicinthemeanif lim 7. 5 fTT x;(t)dt
equalsthe same constant 1'% for all possiblerealizationsz;(t) of X (¢). Similarly, arandom process X (¢) isergodic
in the nth moment if its time-averaged nth moment

1 /7
ta __ 7 - n
fxn = TIEI;O 5T /_TX (t)dt (B.30)
isconstant for all possible realizations of X (). We can also define ergodicity of X (¢) relativeto itstime-averaged
autocorrelation
ta _ -
A% h_rgO 2T/ X ()X (t+ 7)dt. (B.31)
Specifically, X (t) isergodic in autocorrelation if lim7_.o 5~ f_T z;(t)z;(t 4+ 7)dt equalsthe same value A% (7)
for al possible realizations z;(¢) of X (¢). Ergodicity of the autocorrelation in higher order moments requires that
the nmth order time-averaged autocorrelation

A m,7) = Tim — [ X"(OX™(E 4 )dt (8.32)
T—oo 2T -7
isconstant for all realizationsof X (t). A processthat isergodicin all order moments and autocorrelationsis called
ergodic. Ergodicity of a process requires that its time-averaged nth moment and ijth autocorrelation, averaged
over all time, be constant for all », 4, and j. Thisimpliesthat the probability associated with an ergodic processis
independent of time shifts, and thus the processis stationary. In other words, an ergodic process must be stationary.
However, a stationary process can be either ergodic or nonergodic. Since an ergodic process is stationary,

pY = EY]
= [hm —/ X(t dt}
T—oo 2
. i/ BIX (¢)|dt
o TE}OlOZT -7
1 T
= Tlgréoﬁ/_Tuth:uX. (B.33)



Thus, the time-averaged mean of X (¢) equalsits probabilistic mean. Similarly,

AR(1) = E[AR(7)]
— |:Th—rgo_/ X ()X (t+ 7)dt
_ T]ET;O%/_TE[X()(t—kT)]dt
- i / Ax(r)dt = Ax(7), (8.34)

so the time-averaged autocorrelation of X (¢) equals its probabilistic autocorrelation.

B.4 Gaussian Processes

Noise processesin communication systems are commonly modeled as a Gaussian process. A random process X (t)
isaGaussian process if for al values of 7" and all functions g(t) the random variable

T
X, = /O (X (t)dt (B.35)

has a Gaussian distribution. Since a communication receiver typicaly uses an integrator in signal detection, this
definition implies that if the channel introduces a Gaussian noise process at the receiver input, the distribution of
the random variabl e associated with the noise at the output of the integrator will have a Gaussian distribution. The
mean of X, is

T
BLY] = [ gBLX (1) (B.36)
and the varianceis -
- /0 /0 9(1)g(s)BIX (1) X (5)]dtds — (E[X,])? (B.37)
If X () is WSS these simplify to
B = [ ataxa ®.39
and
/ / (s)Rx(s — t)dtds — (E[X,])?. (B.39)

Several important properties of Gaussian random processes can be obtained from the definition. In particular,
if a Gaussian random process is input to a linear time-invariant filter, the filter output is also a Gaussian random
process. Moreover, we expect samples X (¢;),7 = 0,1, ... of a Gaussian random process to be jointly Gaussian
random variables, and indeed that follows from the definition by setting g(t) = o(¢ — ¢;) in (B.35). Since these
samples are Gaussian random variables, if the samples are uncorrelated, they are also independent. In addition,
for a WSS Gaussian processes, the distribution of X, in (B.35) only depends on the mean and autocorrelation
of the process X (¢). Finaly, note that a random process is completely defined by the joint probability of its
samples over all sets of sample times. For a Gaussian process, these samples are jointly Gaussian with their joint
distribution determined by the mean and autocorrelation of the process. Thus, since the underlying probability of
a Gaussian processis completely determined by its mean and autocorrel ation, there are no higher moments for the
process, so a WSS Gaussian process is also stationary. Similarly, a Gaussian process that is ergodic in the mean
and autocorrelation is an ergodic process.
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