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Goal

We want to derive primal-dual algorithms by starting from the optimality
conditions and rewriting them as fixed point equations.
The guiding idea is simple:

0€ A(z)

can be rewritten as

z € 2+ MNA(z).

Therefore

2= (I + M A)"1(z).
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When

A = 0f,

we have

(I+X0f) ! = PIoX s .

So proximal maps appear by algebraically rewriting optimality conditions,
not by changing the original problem.
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The basic proximal identity

Let ¢ be a closed convex function. Suppose

0 € 0q(u) + a.
Then
—a € 0q(u).
Multiply by A > 0:
—Aa € A0q(u).

Add u to both sides:

u—Aa € u+ Aoq(u).
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Thus

u—Aa € (I + X0q)(u).

Applying the inverse operator gives

uw=(I+Xq) '(u— \a).

Therefore

u = prox,,(u — Aa).
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Rule to remember

The inclusion

0€dq(u)+a

Is equivalent to the fixed point equation

u = prox,,(u — Aa).

This is the only algebraic rule we need.

0€dq(u)+a <= u=prox,,(u— Aa)

The vector a can be a gradient, a linear coupling term, or a dual variable.
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Warm-up: proximal gradient
Consider

min f(x) + (),

where f is differentiable and g is proximable.
The optimality condition is

0€ Vf(z*)+ dg(z™).

Rewrite it as

0 € dg(z™) + Vf(z).
Using the proximal identity with

¢g=yg, a=Vfz),
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we get

r” = prox,, (x* — AV f(z")).
This suggests the iteration

Thi1 = Proxy, (vr — AV f(xy)).
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Why introduce a primal-dual form?

Proximal gradient is natural for

min f(z) + g().

But many problems have the form

min f(z) + g(Kz).

Examples:
m:gn f(x) + MKz,
mggn f(x)+ ATV(z),
min f(z) + le(Kx).
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The difficulty is that even if prox,, is easy,

g
pI’OXgOK

may be hard.

Primal-dual methods avoid computing prox . k-
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Fenchel representation
For a closed convex function g,
g(s) =sup{y's—g"(y)} .

Yy

Therefore
g(Kz) =sup {y' Kz — g*(y)} .

Y

So

min f(z) + g(Kx)

can be written as the saddle problem

minmax { f(z) +y" Kz —g"(y)}
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Equivalently,

mxin mgjlx {f(:l:) + T KTy — g*(y)} :

EE364b, Stanford University



Saddle optimality conditions

Define

L(z,y) = f(z) +y Kz —g*(y).
At a saddle point (z*,y*), we need

0 € 0. L(z™, y"),

and

0€ —0,L(z",y").

For the primal variable,

Oy L(xz,y) = 0f(x) + K'y.

For the dual variable,
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—0yL(z,y) = 09" (y) — Kz.

Therefore the saddle optimality conditions are

0caf(x*) + K"y,

0 € dg™(y*) — K™
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First fixed point equation

Start with the primal optimality condition

0caf(z*)+ Ky
This has the form

0€dq(u)+a
with

q= T, u=x", a:KTy*.

Therefore

*

x* = prox,  (¢* — TK'y").

This is the primal fixed point equation.
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Second fixed point equation

Start with the dual optimality condition

0€dg™(y*) — Kz~
This has the form

0€dq(u)+a
with
q:g*a u:y*, G:—K$*
Therefore
Y = prox,« (y* —o(—Kz")).
Hence
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*
Y~ = Prox, -

This is the dual fixed point equation.
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The primal-dual fixed point
The saddle point satisfies

T” = prox,; (z* — TKTy*) :

y* = prox, . (y* +oKx”).
So the pair (z*,y*) is a fixed point of

r—T7KTy)

 Tprox

ProX, ,«
A naive fixed point iteration would be

T+1 = ProX, (xk — TKTyk) :
Yk+1 = ProX, .« (Y + oK)
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Why the naive iteration is not enough

The primal-dual coupling is

K1y and — K.
This is a skew-symmetric coupling:
0 K*
—-K 0 |
Forward steps on skew-symmetric operators tend to rotate.
A simple analogy is

5= Jz, J'=—J

The dynamics rotate instead of contract.
So we need a slightly more careful fixed point iteration. PDHG uses a
correction through a fresh dual variable and an extrapolated primal point.
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A more stable ordering

The fixed point equations are

T = Prox, s (x — TKTy) :

Y = prox, .« (y + o Kzx).
Instead of updating both using old values, use the new dual variable in the
primal step:

Yk+1 = ProX,« (Yr + o Kwy),

Lhkt+1 = pI'OXTf (a:k — TKTyk_H) .
At a fixed point this still gives

* *
Tkt1 = T = T, Y+1 =Y =Y -
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The extrapolation idea

PDHG usually replaces xj. in the dual step by an extrapolated point

T = T + (9(113'1C — xk—l)-
Then

Yk+1 = PIoX, ,« (yx + 0 KTy),

Lh+1 — pI‘OXTf (l‘k — TKTyk_H) .
The extrapolation is not changing the optimality condition.
At a fixed point,

*
L = Lg—1— L,

SO T = X~
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PDHG algorithm

For

min f(z) + g(Kx),
PDHG is

Tp = xk +0(xp — x8_1),

Yk+1 = ProX,« (Yr + o KTy),

Lk4+1 = pI’OXTf (lek — TKTyk_H) .

Equivalently, one often writes

Trt1 = Tht1 + 0(Tp41 — xk)-
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A common convergence condition is

To||K|j3 < 1,
with
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PDHG in one line

The optimality system is

0€df(x)+ K1y,
0 € dg*(y) — K.

Apply the proximal identity separately:

x = prox, ((z — TK"y),
Y = prox,«(y + o Kx).

Turn the fixed point into an iteration:

Yk+1 = ProX, «(yx + o KTy),
Ti41 = Prox, p(zr — TK ypi1).
This is PDHG.
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Special case: original composite problem

For
min f(z) + g(),
take
K=1
Then

min f(z) + g(z) = min f(z) + g(Iz).

The saddle form is

min max {fx)+y'z—g"(y)}.

The optimality conditions are
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0€df(z”) +vy,

0€dg*(y*) — ™.

The fixed point equations are
r” = prox, f(z* — 1Y"),

*
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y* = prox, ,«(y* + ox”).
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Now add a smooth term

Condat—Vu handles

min f(x) + h(x) + g(Kx).

where

f is proximable,
h is smooth convex,

g is proximable through ¢*.
The saddle form is

min max { f(z) + h(z) +y" Kz —g"(y)}
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The only new term is the smooth gradient

Vh(x).
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Condat—Vu optimality system

The saddle function is

L(z,y) = f(z) + h(z) + y' Kz — g"(y).

The saddle optimality conditions are

0 € Of(z*) + Vh(z*) + K'y*,

0€ 0g™(y*) — Kz™.

This is the same structure as PDHG, except that the primal inclusion now

contains

Vh(x™).
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Primal fixed point for Condat—Vu

Start with

0 € Of(x*) + Vh(z*) + KTy*.
This has the form

0€dq(u)+a
with

q:f7 /U,:aj’
and

a = Vh(z*) + K'y*.
Therefore x* = prox, s (:c* — 7Vh(x*) — TKT?J*)
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Dual fixed point for Condat—\Vu

The dual inclusion is unchanged:

0€dg™(y*) — Kz~
Using the proximal identity,

Y = prox, « (y" +oKx”).

Thus the fixed point equations are

x* = prox,; (¢* — 7Vh(z*) — TK'y*),

y* = prox, .« (y* +oKx”).
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Naive primal-dual forward-backward

A direct fixed point iteration would be

Tkl = PIOX, ¢ (2 — TVh(zg) — TKTyk) :

Yk+1 = ProX,  « (yx + o Kwy).

This is the most literal iteration from the fixed point equations.

But again the coupling through K can create rotation.
Condat—Vu uses a reflected primal point in the dual update.
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The reflection trick
After computing 11, form
Tpt1 = 2Tp41 — Tk

This is a reflected or extrapolated point.
Then use it in the dual update:

Yk+1 = ProX,  « (Yp + 0K Tpy1).
That is,

Yk+1 = ProX, g« (Yr + 0K (20541 — 1)) -

At a fixed point,

*
Lk+1 =Tk =T ,
SO
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2041 — T = 2.

Thus the reflection changes the path, not the solution.
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Condat—Vu algorithm

For

min f(z) + h(z) + g(Kz),

X

the Condat—Vu iteration is

Thil = profo (ajk — TVh(ZIZk) — TKTyk:> )

Yk+1 = ProX, g« (Yr + oK (20541 — 1)) -
The fixed point equations are exactly the optimality conditions:

0 € Of(x*) + Vh(z*) + K1y,
0€dg™(y*) — Kz~
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Condat—Vu with relaxation

A relaxed version uses

Tky1 = Tk41 + 9(£Uk;+1 - fE’kz),
where typically

Then

Yk+1 = ProX, g« (Y + 0K Tp11) .
For

h=1,

we get the standard reflected point
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For

there is no reflection:
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Thi1 = 2041 — Tk

Tht1 = Tht1-
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Why the reflection is like acceleration

The reflected point

2041 — Tp

is a first-order prediction of where the primal variable is heading.
It is the same simple extrapolation idea as

Tra1+ (Tkr1 — Tk).

So the dual variable sees not only the new primal point, but also the local
direction of motion.

This helps compensate for the skew-symmetric coupling

K1y and — K.

The reflection is therefore an extragradient-like correction.
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PDHG versus Condat—Vu
PDHG solves

min f(z) + g(Kz).

Its fixed point comes from
0cof(x)+ Ky,

0€dg™(y) — K.
Condat—Vu solves

min f(z) + h(x) + g(Kx).

Its fixed point comes from

0 df(x)+ Vh(z) + Ky,
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0€dg™(y) — K.

So Condat—Vu is PDHG plus a forward gradient step on the smooth term
h.

EE364b, Stanford University

40



Recovering proximal gradient from Condat—Vu
Take the original problem

min h(z) + g(z),

where h is smooth and g is nonsmooth.
This is the Condat—Vu problem with

f=0, K=1I.

The optimality conditions are

0 = Vh(z™) + y~,

0€dg*(y*) —x™.

The first condition says
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The second condition says

Equivalently,

Thus

which gives
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y* = —Vh(z™).

x* € g™ (y”).

y* € Og(z™).

—Vh(z") € dg(z7),

0 € Vh(x™) + dg(x™).
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Using Moreau to connect to proximal gradient
Moreau's identity says

prox, - (y) = y — o prox, , (y/0).
In the case

min A(z) 4 g(z),

T

the dual update is

Yk+1 = ProX,  « (Yk + 0 (2041 — Tk)) -
Using Moreau's identity,

1
Ykr1 = Yk + 0(2Tp11 — T) — 0 ProX, /o (;yk + 22541 — xk) :

Thus the dual update can be written using the prox of g.
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The main message

All of these methods come from the same algebra.

Start with an inclusion:

0 € 0q(u) + a.

Rewrite it as a fixed point:

u = prox,,(u — Aa).

For PDHG, the inclusions are

0cof(x)+ Ky,

0€0dg™(y) — K.

For Condat—Vu, the inclusions are
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0€df(z)+ Vh(z)+ KTy,

0€0dg*(y) — K.

The extrapolation terms

Tr =xk +60(xp — K1)
and

2Tp41 — Xk,

change the iteration trajectory, but not the fixed points.
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PDHG:

Condat—Vu:
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Compact summary

min f(z) + g(Kx)

0€of(x)+ Ky,
0 € dg*(y) — K.

(yk+1 = ProX, g + (yr + o KZy),
Lk+1 = PIOX ¢ (xk — TKTyk+1) 3
Tyt = Tiy1 + O(Try1 — xp).

/\\

min f(z) + h(z) + g(Kw)

xT
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Thy1 = ProxX, g (azk —7Vh(zy) — TKTyk) :
Ykt1 = ProX, g« (Yr + oK (20541 — 1)) -
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