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Lecture 11

Lecturer: Tsachy Weissman Scribe: Padmapriya, Jayant, Pinnaree

1 Joint AEP

Let X, Y be jointly random variables with alphabets X', ), respectively. Let the source be memoryless so
that (X, Y;) are i.i.d. ~ Pxy. That is,

n

P(a") = HPX(J%)’ P(y") = pr(yi), P(xX™Y") =[] Py (i) (1)

i=1

1.1 Set of Jointly Typical Sequences

Let AE”) (X,Y) denote the set of jointly typical sequences. That is,

AKX, Y) = (X" V") |~ Llog Pla") — H(X)| < e, &)
|~ Slog P(y") — H(Y)| < Q)
|~ Slog P(a",y") — H(X,Y)| < ¢} @

Theorem A: If (X", Y") are formed by i.id. (X;,Y;) ~ Pxy, then
1.
lim P((X",Y") e A™(X,Y)) =1 (5)
n—roo
By AEP, we have X™ is typical, Y™ is typical, and (X™,Y™) is typical too.
2. Ve > 0,3dng e N2 Vn > ng
(1 o 6)Qn[H(X,Y)fe] < |A£n) (X, Y)| < 2n[H(X,Y)+e] (6)

Theorem B: If (X, Y") are formed by i.i.d. (X;,Y;) ~ (X,Y), where Pg y = Px - Py then
Ve > 0,3dng € N such that Vn > ng

(1— E)2—n[I(X;Y)+36] < P(()N(”,Y/") c Ag”)(X, Y)) < 9—nlI(X;Y)~3¢] (7)
Intuition:
AL (X, 7)] o 210D (8)
— gn(H(X)+H(Y)) 9)
— onH(X)  onH(Y) (10)
~ AU (X)] - [AM (V)] (11)



Note that (X,

) are distributed uniformly within a set of size |A™ (X)| - [A™ (V)]

o A (x,y
= PR, 7)€ AV(X,Y)) = — e (5] (12)
[A(X)] - [AT (V)]
2nH(X,Y)
~ QnH(X) . gnH(Y) (13)
— 2777,[(X;Y) (14)
Proof:
P((X™,Y") e AM(X,Y)) = > P(zy) - P(n) (15)
@, gm)eA™ (X,Y)
< Z 2—nH(X)—e . 2—nH(Y)—e (16)
(@, gm)eAM (X,Y)
_ ‘Agn) (X,Y)| [27n(H(X)+H(Y)72e (17)
S 27L[H(X,Y)+€]—[H(X)—‘rH(Y)—ZE} (18)
S Zn[H(X,Y)f[H(X)+H(Y)73E] (19)
2—nI(X;Y)—3€ (20)
2 Communication Setting with Finite Alphabet
J <= B1,Bs,...,By J < Biy,B,,...,By
iid ~Bern(1/2) Encoder/ | X™|Memoryless Channel | Y™ | Decoder/
Transmitter P(Y|X) Receiver

J is uniformly distributed on {1,2,..., M}. We define our scheme as follows:

Encoder (also known as “codebook”): {1,2,...,M} — X"
That is, codebook ¢, = {X"(1), X"(2),..., X" (M)}

Decoder: J(-): Y™ = {1,2,..., M}

Rate: Bits per channel use = log(m)/n =log(|c,|)/n

3 Direct Theorem

If R < maxp, I(X;Y), then R is achievable. Equivalently, if 3Px s.t. R < I(X;Y), then R is achievable.

Proof:

Fix Px and arate R < I(X;Y). Choose e = (I(X;Y) — R)/4. This means that R < I(X;Y) — 3e.

Generate codebook C), of size M = [2"F].
X" (k) are i.i.d. with distribution Px,V k=1,2,..., M .Then

and

7 ny __ .7 if (Xn(j),yn) € A?(Xa Y)
JY )_{ error otherwise

(X"(k),Y") & AL(X,Y)V] # k

(21)



Denote probability of error using a codebook ¢ as P.(¢™). Thus, P.(c") = P(J # J|C,, = ¢,)

E[P.(Cy)] = P(J # J)

M
> P(J#J|J=i)P(J =)

=P(J=JJ=1)
This is because, by symmetry, P(J # J|J = i) = P(J # J|J =j) Vi, j.
By union bound, it follows that
P(J#J|J=1)
M
< P((X"(1),Y") ¢ A(X,Y) + 32 P((X"(k),Y") € A™(X,Y)
k=2

The first term on the right tends to zero as n tends to infinity. Therefore,

M
P(J#JJ=1) <Y P(X"(k),Y") € A (X,Y))
k=2

M

<) P((X",Y") € AM(X,Y))
k=2

<(M—1)- 9—n(I(X;Y)—3e€)

< 2nR . 2—n(I(X;Y)—35)

< 9~ nlI(X;Y)=3e—R]
Since R < I(X;Y) — 3¢, the expression tends to zero as n tends to infinity.
This means that,
Je, st |en| >2"E and  P.(e,) < E[P.(Cy)]

= e, 5.t |en| > 277 and  lim, oo Pe(cn) =0
= R is achievable.



