EE378C: Homework #3 Solutions
Due on Wednesday, May 19, 2021

Please hand in your homework via Gradescope before 11:59 PM. Typing your solution using
KTEX is highly recommended.

1. The concept of orthogonal polynomials is useful not only in proving lower bounds, but
also in constructing and analyzing unbiased estimators. Consider the same setting as
Lecture 9: let (Py)oc(oo—c,00+<] D€ a one-dimensional family of probability distributions
with the following local expansion:

Pogru() u™
—_E m (2 00)—, Viu| <e,x € X.
Py, (2) m:op ( O)m! [ul

In addition, we assume that the quantity > _ . Pptu(2)Pagto(x)/ Py, (x) depends only
on 0y and uw, for all u,v € [—¢,]. Lecture 9 shows that {p,,(z;6y) }m>0 are orthogonal
in the sense that

Expy, [pm (X 00)pn(X; 60)] = Ap(6o) - L(m = n)
for some constants {A,,(0o) }m>o-

(a) Show that for X ~ Py .., the estimator p,,(X;6y) is an unbiased estimator of u™
up to scaling. In other words, show that for all u € [—¢,¢],

Ex Py [Pm(X;00)] = crpu™

for some constant ¢, independent of u. Find the expression of ¢, using A,, ().

(b) We can also say something about the second moment EX~P90+u[ m(X; 00)?], with
some additional properties of p,,. Suppose we could show that

pm<x7 90) = Zb(m7€7 907u> p€<x790 + U), V‘U| <ewe X7
=0

and we assume that both the local expansion and the orthogonality condition
could be extended from 6, to any 6y + u. Show that

Exwrpy p [Pm(X:00)%] = Y b(m, £, 00,u) - Ag(6 + u).
(=0

(¢) Next we use a specific example to see how we could find the expression of b(m, ¢, 6y, u).
Suppose that X = N, Py = Poi(#), so that for all £ > 0, it holds that

> b3 00) 2 = 933(17;;@ =M (L) = e (L gty
m=0 ’ %o
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_et._<;><1_(+;>)< Do o3 sy ) B
Botu (=0 '

Use this chain of equalities to argue that in the Poisson model, we have

£, m—L
b<m7€7 907“) = <TZ>%
0

Solution:

(a) Note that by assumption, the quantity

Z PBO—l—u(Pe P@O—H) ZPHO+U me T 90 U_‘

TeX reX

m

v
= Z Ex~ o [P (X3 600)] - —

m=0

only depends on 6 and wv. Since the expectation Exp, ., [pm(X;00)] depends
only on 6 and u, it must be the case that Exp, ., [pm(X;0)] = c,v™ for some
constant ¢, independent of u. For the expression of ¢,,, recall that another way
to write the above quantity is

P60+u<x>P90+v(x) . P90+U(X) . P90+U<X)
2T R e [ Po(X) Py (X)

zeX
myn

Z EXNPG +u[ m(X 00)] m'n'

s (uv)™
_mZ:OAm(eO) itk

Comparing the above expressions, we conclude that ¢, = A,,(6y)/m!.

(b) The orthogonality condition of p,,(z; 6y + u) says that
EX~P90+U[ m (X5 600 + w)pn (X500 + u)] = A (6o + ) - L(m = n).
Consequently,
Ex~py 0 [Pm (X5 60)7]

= ) b(m, &, 00, u)b(m, €', 60, 0) - Exop,, ., [pe( X5 00 + w)pe (X500 + u)]

£,0/=0

= " b(m, 0, u)* - Ag(0p + ).
(=0
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(c) Using e =37 - o(ut)"/n! and comparing the coefficients of ¢, we have

oy i um (90+u)
! (m —0)! 14

P (T; 90 pe(x; 00 + u).

=0
A simple rearrangement gives the claimed expression of b(m, ¢, 6y, u).
2. This problem fills in the missing steps of the tree-based inequality in Lecture 10. Let

T = ([m], E) be an undirected graph with vertex set [m] and edge set F, and be a tree
in the sense that 7" is both connected and acyclic.

(a) Show that for any real numbers z1, -+ , x,,, it holds that
sz — {relaxzzZ > Z min{z;, z;}.
= (i.5)eE

(b) Use the result in Part (a), show that for probability distributions Py, - - -, Py,
R PR Sy RS
Hl‘l}nmAll ’L_m()E 7 JHUTV ),
1= 1,7)€

where the minimum is over all possible tests ¥ : X — [m)].

(¢) Evaluate the terms on both sides of (b) under P, = N (iA, 1) and a line tree with
edge set £ = {(1,2),(2,3),---,(m —1,m)}, and show that they are equal.

Solution:

(a) Without loss of generality we assume that 1 < xy < -+ < z,,. We have

m—1
le—rrelm]cxz sz m—1) :L'1+Z(m—k:)($k—xk_1)
k=2
(a) m—1
> (m—1)x; + Z(mk — Tp_1) Z I(min{z;, z;} > xy)
k=2 (i.4)eE
1
® Z (ml + (2 — xp—1) - L(min{ax;, x;} > xk)>
(i,5)€E k=2

= Z min{z;, z;},

(3,7)EE

where (a) follows from the fact that restricting the tree T" to the vertices {k, k +

1,---,m} is still acyclic and thus

> L(min{ag, 2} > o) = [{(i.j) € Ei >k j >k} <m—Fk,

(i,J)eE

and (b) is due to |E| = m — 1 for any tree on m vertices.
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(b)

()

In Lecture 10 we have shown that
miniiﬂ(@#i)zl—iZmaXPi(x):iZ iﬂ(m)—maxﬂ(x) :
romiD m ex Eml moex \im1 i€lm]

Now the claimed inequality follows from Part (a) and the identity

Y min{P(x), P(x)} = 1~ | P = Pjlrv.

TeEX

To evaluate the optimal test error, note that P;(x) attains the maximum over all
Pi(z) iff x < 3A/2, and Py(x) attains the maximum iff 3A/2 < z < 5A/2, and
so on. Consequently, summing over the respective regions gives

1 & . 1
ménag B(‘P#@)Zl—gi Q%H(@
i=1 TeEX

=1- % (2-D(A/2)+ (m —2)- (2P(A/2) — 1))

=2 =D agaay),

where ®(-) is the CDF of N'(0,1). For the tree-based quantity, note that
|P; — Pty = 20(A/2) — 1, Vie [m—1],
therefore the RHS quantity is the same as the LHS.

3. In this problem, we aim to show that under the p-dimensional Gaussian location model

X ~

N(0,1,) with ||0]lo < 1, the minimax risk of denoising the 1-sparse vector in high

dimensions satisfies

inf  sup  Ep[[|f — 0]2] > (2 —o(1))logp,  p— oo.

0 9cRrp:|0]j0<1

In fact, the same upper bound (with constant 2 + o(1)) could also be achieved.

(a)

We first establish an inequality which is similar to the generalized Fano’s inequal-
ity, but involves the y2-divergence rather than the KL divergence in the definition
of mutual information. Similar to Lecture 10, consider a generic prior 7 on © and
loss function L(6,a). Show that for every A > 0,

inf BorPo[L(0, T(X)) > Al 2 1 —pa — \/pA(l —pa) L2 (0; X),

where the quantity pa = max,c4 ({0 € © : L(,a) < A}) is defined in Lecture
10, and 1,2(6; X) is the xy*-mutual information defined as

L2(0; X) £ gleONﬂ'[X2(PX|97 Qx)].

Hint: consider the kernel K : © x X — {0, 1} which sends (0,x) to 1(L(0,T(z)) >
A), apply a data-processing inequality specialized to x*-divergence. It is acceptable
to prove a weaker result, provided that your result is sufficient to handle Part (c).
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(b) Consider the uniform distribution = = Unif({rey,---,7e,}), where ey, --- , €, are
canonical vectors of RP, and 7 > 0 is a parameter to be determined. We apply the

above method with L(#, a) = |0 —al|3 and A = (1—4§)72. Show that pa < 1/(pd).

2

Note: this shows that the best separation parameter here is (1—o(1))72, as opposed

to 72/2 in the original Fano’s method.

(¢) Choosing 7 = /(2 — €) log p, prove the claimed minimax lower bound using the
above method and choosing €, — 0 appropriately.

(d) Based on the minimax lower bound for 1-sparse vectors, argue that

inf sup  Ey[|0 - 0|f3] = (2 - o(1))slog(p/s),  p/s = oo.

0 OcRr:||0]0<s

Solution:

(a) Consider the kernel K in the hint. Under this kernel, the distribution 7(6) x Qx
is mapped to Bern(p), and the distribution 7(6) x Px|s is mapped to Bern(q):

P =EoaPxqy L0, T(X)) > Al > 1—pa,  q=EorPo[L(6, T(X)) > Al

Then for any distribution Qx on X, we have

Bl (Pxjo, Q)] £ X (n(6) x Pxjo, w(6) x Qx)
(g x*(Bern(q), Bern(p))
(_;) x*(Bern(q), Bern(1 — pa))
A-pa—q’
pa(l —pa)

where (a) follows from simple algebra, (b) is due to data-processing, (c) uses the
fact that p — x*(Bern(q), Bern(p)) is increasing on [1 — pa, 1] if ¢ < 1—pa. Now
choosing Qx to attain the y?-mutual information completes the proof.

(b) It suffices to show that there can be at most 1/ points in {7ey,--- ,7Te,} which
can be A-close to a single point a € R? under L. Assume by contradiction that
there could be m > 1/4 points, and w.l.o.g. we may assume that ||7e; —al|3 < A
for all i € [m]. However,

NE

mA > Te; — al? > T —a;)?+ (m—1)a?
>l 2 ( ) )a;
i=1

i=1

a

—
Ny

(m—1)7°,

I

(ma? —2Ta; + 7'2)

1

1

where (a) follows from the minimization of the quadratic form. If m > 1/, we
have (m — 1)7% > m(1 — §)7% = mA, which is a contradiction.
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(c) Based on the x? computation in HW2 Q5, we have

Le2(0; X) < Egur[X*(N(0, 1), N(0,1,))] = GXP(Z# < p'e.

Consequently, by the inequality in (a) and L > A - 1(L > A), we have

~ 1 1 1
inf su Eolll0 — 0|21 > (1 =8 (2—¢e)logp- |1 - = — —(1——) )
R ol 12] = (1 —6)(2—¢)logp ( ; \/p65 ”; >

Now the claimed result follows from choosing 6 = w(p~¢) No(1) and £ — 0.

(d) Since p/s — oo, w.l.o.g we assume that p/s is an integer. Consider the following
block-wise product prior: partition [p] into s blocks each of size p/s, and assign the
prior 7 in (b) on p/s elements to each block independently. Under this product
prior, the sparsity level is always s, and the Bayes risk is precisely s times each
individual Bayes risk, which by (c) is at least (2 — o(1))log(p/s), as desired.

4. This problem is a continuation of the learning theory example covered in Lecture 11.
We have a function class F with VC dimension d, and n training data (z1,y1), -, (Zn, Yn)
drawn from an unknown joint distribution Pyy, with ) = {0,1}. Define the following
class P(F,¢) of joint distributions where the best classifier has an error at most &:

P(F,e) = {PXY : fi}g}_PXY(Y # (X)) < 5}.

So € = 0 corresponds to the well-specified case, and € = 1 corresponds to the misspec-
ified case. Define the minimax excess risk R*(F,¢) over P(F,¢) as

R*(F,e)=inf sup E [PXY(Y # [(X)) = inf Pyy(Y # f*(X))} .
f Pxy€eP(Fe) frer

Show that for all € € [0, 1],

R*(F,e) =9 (min{\/g-er%,l}) .

Note: the empirical Tisk minimization (ERM) approach attains the above lower bound
possibly up to logarithmic factors. A possible hint is to try out the marginal distribution
construction in the optimistic case and the conditional distribution construction in the
pessimistic case, with appropriate parameters tailored for this problem.

Solution: Asin Lecture 11, fix z1, -+ , 24 € X and f, € F such that f,(z;) = v; for all
v € {+1}% and i € [d]. For each u € {£1}971, consider the following joint distribution:

PX({:EI-}):%, icld—1), Px({zg)=1—c¢,

1
Pu(Y:ui|X:xi):§+5, i€ [d—1], P,Y=1|X=u1x) =1
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Clearly, under each distribution Pxy,,, the classifier f(, ) € F incurs an expected error
£(1/2 — 0) < e. Moreover, for the loss function

L(Pxy, f) = Pxy(Y # (X)) = inf Pey (Y # (X)),
it holds that

N -~ i)
L(Pxyu, f) + L(Pxyu, f) > pa—

~dy(u,u'),

thus the separation condition of Assouad’s lemma holds with A = da—_él.

d € (0,1/4), the KL divergence between two neighboring distributions is

Finally, for

ne 16ne6>
max DKL(PE?QUHPS?QM,) = HDKL(Bern(l/Z +9)||Bern(1/2 —¢)) < 71

dy (u,u’)=1

Consequently, Assouad’s lemma gives that

ed 16ned?
* >_ _ .
R(f,s)_4exp( d—l)

If € > d/n, we may choose § = \/(d — 1)/(16ne) € (0,1/4) to conclude that R*(F,¢) =
Q(y/de/n). If € < d/n, the target lower bound follows from the well-specified case

R(F.e) > R*(F.0) = Q <min {i, 1}) |

n

5. In this problem we construct explicit packings in some examples, and therefore prove
lower bounds on the packing number M (A,d,e). Recall that M(A,d,e) denotes the
maximum number m of points x1, - - - , x,, such that d(x;,z;) > ¢ for every i # j € [d].

(a) Suppose that A = {£+1}" is the binary hypercube, and d = dy is the Hamming
distance. Show the following Gilbert—Varshamov bound: for € € [0,1/2],

M({:t]'}n,dH77’L€) > 277,(1—]7,2(5))7

where hy(p) = —plog, p — (1 — p) log,(1 — p) is the binary entropy function.
Hint: you may use the following result: for every x € {£1}" and ¢ € [0,1/2],

{y € {0, 1}" : du(z,y) < ne}| < 272,

(b) Suppose that A is the set of all non-decreasing functions f : [0,1] — [0, 1], and d
is the Ly norm between functions. Show that for € € [0, 1], there exist universal
constants ¢y, co > 0 such that

log M(A, Ly([0,1]), c1¢) > %
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(c) Suppose that A is the set of all convex functions f : [0,1] — [0, 1], and d is the Ly
norm between functions. Show that for € € [0, 1], there exist universal constants
c1, o > 0 such that

Co
log M (A, Ly(]|0,1]), c1e) > —.
g M (A, Ly([0,1]), c1e) > NG
Hint: for (b) and (c), you may try to break into several small intervals, find two
possible function constructions in each interval, and concatenate them. The result
in (a) might also be useful.

Solution:

(a) The maximal packing property ensures that every point of {£1}" belongs to a
ball with center in the packing and radius ne. By the volume argument,

{£1}"] > gn(i—ha(2),
{y € {0, 1} : du(x,y) < ne}

(b) W.lLo.g assume that 1/e is an integer. By Part (a), we may find some B C
{£1}'/¢ which is a 1/(4¢)-packing of {£1}'/¢ under the Hamming distance, and
log |B| > ¢o/e with ¢o = (1 — ha(1/4))log2 > 0. For v € B, associate a function
f» € A which is the concatenation of f1 ., fo,u, s fi/z,0, Jes where f;,, is defined
on [(i — 1)e,ig):

M{£1}", dy,ne) >

maxwe{il}n

fir(x) ==, fi—(x) = (i— 1.
One may verify that every f, is non-decreasing and maps [0, 1] to [0, 1]. Moreover,

for distinct v, v’ € B, we have

>

||fv - fv’||2 = dH<U7U,)

E\m

e3

3
Consequently, we may choose ¢; = 1/v/12 and ¢; = (1 — ho(1/4)) log 2.

(c) Similar to Part (b), we assume that 1/,/ is an integer, and B C {£1}/V® is a

1/(4+/2)-packing of {£1}'/v% under the Hamming distance, and log |B| > ¢5/+/z.
For every v € B, associate a function f, € A concatenates fi,,,-- ,fl/\/gwl/\/g,

with f;,, defined on [(i — 1)y/2,i/e]:
firlx) =2  fi_(x) = (20— 1)er —i(i—1)e.

Note that f; _(x) is simply the affine function connecting the endpoints of f; ()
at the boundaries of the interval. Since each f,(z) could be written as a pointwise
maximum of some class of convex functions, we conclude that f, € A for every
v € {£1}Y/VE. Moreover, for distinct v,v’ € B, we have

(VeP . e
30— V120’

||fv - fv’”Q - \/dH<va/) ’

establishing the claim.
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