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Today’s plan

Test multiple hypotheses:

inf
T

sup
θ∈Θ

Eθ[L(θ,T )] ≥ inf
T

sup
θ∈{θ1,··· ,θm}

Eθ[L(θ,T )]

pairwise separated hypotheses: Fano’s inequality and derivation

cube-type hypotheses: Assouad’s lemma

mostly separated hypotheses: generalized Fano’s inequality

examples
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Fano’s inequality

Theorem (Fano’s inequality)

Fix any θ1, · · · , θm ∈ Θ. Suppose that the following separation condition
holds:

min
i 6=j

min
a∈A

L(θi , a) + L(θj , a) ≥ ∆ > 0.

Then

inf
T

max
θ∈{θ1,··· ,θm}

Eθ[L(θ,T (X ))] ≥ ∆

2

(
1− I (U;X ) + log 2

logm

)
,

where U ∼ Unif({θ1, · · · , θm}),PX |U=θi = Pθi .

Mutual information:

I (X ;Y ) = DKL(PXY ‖PX × PY )

= min
QY

DKL(PY |X‖QY | PX )
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First step: from estimation to testing

Lemma

Fix any θ1, · · · , θm ∈ Θ. Suppose that the following separation condition
holds:

min
i 6=j

min
a∈A

L(θi , a) + L(θj , a) ≥ ∆ > 0.

Then

inf
T

max
θ∈{θ1,··· ,θm}

Eθ[L(θ,T (X ))] ≥ ∆

2
· inf

Ψ:X→[m]

1

m

m∑
i=1

Pθi (Ψ 6= i)
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Lower bound of test error: first proof

the optimal test:
Ψ?(x) = arg max

i∈[m]
Pθi (x)

the optimal test error:

inf
Ψ:X→[m]

1

m

m∑
i=1

Pθi (Ψ 6= i) = 1− 1

m

∑
x∈X

max
i∈[m]

Pθi (x)

our target:

1

m

∑
x∈X

max
i∈[m]

Pθi (x) ≤ 1

logm

(
1

m

m∑
i=1

DKL(Pθi‖P) + log 2

)
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Lower bound of test error: first proof (cont’d)

an equivalent target:

∑
x∈X

P(x)·Pθi (x)

P(x)
≤
∑
x∈X

P(x)· 1

logm

(
m∑
i=1

Pθi (x)

P(x)
log

Pθi (x)

P(x)
+ m log 2

)

suffices to show that for non-negative x1, · · · , xm with
∑m

i=1 xi = m,
it holds that

max
i∈[m]

xi ≤
1

logm

(
m∑
i=1

xi log xi + m log 2

)
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Lower bound of test error: second proof

for each x ∈ X , define the following kernel Kx :

[m] {0, 1}
Kx : i 1(Ψ(x) = i)

induced distribution mapping:

PU 7−→ Bern(1/m)

PU|X=x 7−→ Bern(px) = Bern(PU|X=x(U = Ψ(x)))

data-processing inequality:

DKL(PU|X=x‖PU) ≥ DKL(Bern(px)‖Bern(1/m))
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Another lower bound of test error

Theorem (tree-based lower bound)

Let T = ([m],E ) be any undirected tree on the vertex set [m]. Then

inf
Ψ:X→[m]

1

m

m∑
i=1

Pθi (Ψ 6= i) ≥ 1

m

∑
(i ,j)∈E

(
1− ‖Pθi − Pθj‖TV

)
A simple technical lemma (HW3):

Lemma

For any real numbers x1, · · · , xm and any tree T = ([m],E ), it holds that

m∑
i=1

xi − max
i∈[m]

xi ≥
∑

(i ,j)∈E

min{xi , xj}.
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Assouad’s lemma: cube-type separation

Theorem (Assouad’s lemma)

Fix any {θv}v∈{±1}p ⊆ Θ. Suppose that the following separation condition
holds:

min
a∈A

L(θv , a) + L(θv ′ , a) ≥ ∆ · dH(v , v ′), ∀v , v ′ ∈ {±1}p.

Then

inf
T

max
θ∈{θv}v∈{±1}p

Eθ[L(θ,T (X ))] ≥ ∆

2

p∑
j=1

(1− ‖Pj ,+ − Pj ,−‖TV) ,
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Corollaries of Assouad’s lemma

Corollary 1

inf
T

max
θ∈Θ

Eθ[L(θ,T (X ))] ≥ p∆

2

(
1− max

dH(v ,v ′)=1
‖Pθv − Pθv′‖TV

)
,

Corollary 2

inf
T

max
θ∈Θ

Eθ[L(θ,T (X ))] ≥ p∆

2

(
1−

√
EvEj‖Pθv − Pθ

v⊕j
‖2

TV

)
,
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Generalized Fano’s inequality

Theorem (Generalized Fano’s inequality)

Let π be any prior distribution on Θ, and

p∆ , sup
a∈A

π({θ ∈ Θ : L(θ, a) ≤ ∆}).

Then for U ∼ π, we have

inf
T

max
θ∈Θ

Eθ[L(θ,T (X ))] ≥ ∆ ·
(

1− I (U;X ) + log 2

log(1/p∆)

)
.
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Example I: Gaussian location model

model: X ∼ N (θ, σ2Ip) with unknown θ ∈ Rp

target: estimate θ under quadratic loss L(θ,T ) = ‖T − θ‖2
2

claim: R?p,σ = Θ(pσ2)

failure of two-point method:

R?p,σ ≥
‖θ0 − θ1‖2

2

2

(
1− Φ

(
‖θ0 − θ1‖2

2σ

))
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Proof I: Fano’s inequality

choice of {θ1, · · · , θm}: some maximal `2-packing of {±δ}p with
radius Ω(δ

√
p) and m = 2Ω(p) (Gilbert–Varshamov)

separation condition: ∆ = Ω(pδ2)

mutual information:

I (U;X ) ≤ EU [DKL(N (θU , σ
2Ip)‖N (0, σ2Ip))] ≤ pδ2

2σ2

Fano’s inequality:

R?p,σ = Ω

(
pδ2 ·

(
1− pδ2/(2σ2) + log 2

Ω(p)

))
choice of δ: δ � σ

13 / 24



Proof II: Assouad’s lemma

cube-type hypotheses: θv = δv , with v ∈ {±1}p

separation condition: ∆ � δ2

‖δv − δv ′‖2
2 = 4δ2dH(v , v ′)

neighboring TV distance:

max
dH(v ,v ′)=1

‖Pθv − Pθv′‖TV = 2Φ

(
δ

σ

)
− 1

Assouad’s lemma:

R?p,σ = Ω(pδ2 · (1− Φ(δ/σ)))

choice of δ: δ � σ
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Proof III: Generalized Fano’s inequality

let π be the uniform distribution on {±δ}p

upper bound of p∆: if ∆ = pδ2/3, then

p∆ = exp(−Ω(p))

mutual information: for U ∼ π, it holds that

I (U;X ) ≤ pδ2

2σ2

generalized Fano’s inequality:

R?p,σ = Ω

(
pδ2 ·

(
1− pδ2/(2σ2) + log 2

Ω(p)

))
choice of δ: δ � σ
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Example II: sparse linear regression

model: Y ∼ N (Xθ, σ2In) with fixed design matrix X ∈ Rn×p, and
unknown sparse vector θ ∈ Rp with ‖θ‖0 ≤ s

target: estimate θ under quadratic loss L(θ,T ) = ‖θ − T‖2
2

Theorem (Candès and Davenport, 2013)

R?n,p,s,σ = Ω

(
spσ2 log(ep/s)

‖X‖2
F

)

16 / 24



Proof via generalized Fano’s inequality

let π be the uniform distribution on {δ,−δ, 0}p with at most s
non-zero components

upper bound of p∆: if ∆ = sδ2/12, then

log(1/p∆) = Ω(s log(ep/s))

upper bound of mutual information:

I (U;Y ) ≤ E[DKL(N (XU, σ2In)‖N (0, σ2In))]

generalized Fano’s inequality:

R?n,p,s,σ = Ω

(
sδ2

(
1−

sδ2‖X‖2
F/(2pσ2) + log 2

Ω(s log(ep/s))

))
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Example III: multi-armed bandit

K arms associated with unknown mean reward (µ1, · · · , µK ) ∈ [0, 1]K

learner pulls arm πt ∈ [K ] at time t

learner observes a Gaussian random reward rt ∼ N (µπt , 1)

learner’s cumulative regret:

RT (π) = T max
i∈[K ]

µi −
T∑
t=1

µπt

claim: R?K ,T = Ω(
√
KT )
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Proof via tree-based lower bound

construction of reward distribution:

µ1 = (δ, 0, 0, · · · , 0)

µ2 = (δ, 2δ, 0, · · · , 0)

...

µK = (δ, 0, 0, · · · , 2δ)

separation condition: ∆ = δT

lower bound applied to a star tree ([K ], {(1, 2), (1, 3), · · · , (1,K )}):

R?K ,T ≥
δT

2
· 1

K

K∑
i=2

(1− ‖PT
µ1
− PT

µi
‖TV)
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Example IV: Gaussian mixture estimation

model: X1, · · · ,Xn ∼ f with f being an unknown Gaussian mixture,
i.e. f = g ∗ N (0, 1)

target: estimate f under L2 loss L(f ,T ) = ‖f − T‖2
2

Theorem (Kim, 2014)

R?n = Θ

(
(log n)1/2

n

)

Upper bound idea: find a kernel K with K̂ (ω) = 1(|ω| ≤ 2
√

log n), apply
the estimator

fn = Pn ∗ K =
1

n

n∑
i=1

K (· − xi )
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Construction of cube-type hypotheses

idea: for v ∈ {±1}p, construct

fv =

(
g0 + δ ·

p∑
i=1

vigi

)
∗ φ

orthogonality condition:∫
R

(gi ∗ φ)(x) · (gj ∗ φ)(x)dx = 1(i = j),

or equivalently, ∫
R
ĝi (ω)ĝj(ω)φ(ω)2dω = 1(i = j)
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Choice of gi

using orthogonality property of Hermite polynomials and
φ(ω)4 ∝ φ(2ω), one choice would be

ĝi (ω) ∝ H2i−1(2ω) · φ(ω)

an explicit expression of gi :

gi (x) =
√

2(2π)3/4

√
32i−1

(2i − 1)!
· φ(x)H2i−1

(
2x√

3

)
in particular, ‖gi‖∞ � 3i , so p = O(log n)
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Indistinguishability condition

neighboring χ2-divergence:

χ2
i � nδ2 ·

∫
R

(gi ∗ φ)(x)2

g0 ∗ φ(x)
dx

choosing g0 ∗ φ be the density of N (0, σ2), then

χ2
i = O

(
nδ2σ

)
, if σ = Ω(

√
p)

final statement of Assouad’s lemma:

R?n = Ω(pδ2 · (1− O(nδ2σ)))

provided that p = O(log n) and σ = Ω(
√
p)

choice of parameters: p � log n, σ �
√

log n, δ2 � 1/(n
√

log n)
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Next lecture: more classical examples
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