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Today's plan

Test multiple hypotheses:
infsupEg[L(0, T)] >inf  sup  Ey[L(0, T)]
T 90 T 6€{61, ,0m}

pairwise separated hypotheses: Fano's inequality and derivation

°
@ cube-type hypotheses: Assouad’s lemma

@ mostly separated hypotheses: generalized Fano's inequality
°

examples

)
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Fano's inequality

Theorem (Fano's inequality)

Fix any 01,--- ,0, € ©. Suppose that the following separation condition
holds:
minmin L(0;,a) + L(6;,a) > A > 0.
i#jaeA DRI
Then {12-0) =P
A i X))+ log 2
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where U ~ Unif({01.-- - ,0m}), Pxju—s, = Po;- ===
Mutual information:
/(X; Y) DKL(PXYHPX X Py)
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First step: from estimation to testing

Lemma

Fix any 01, ,0, € ©. Suppose that the following separation condition
holds:
minmin L(6;,a) + L(#;,a) > A > 0.
i#j acA
Then
inf  max  Eg[L(0, T(X))] > a Z Py (W # i)
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Lower bound of test error: first proof

@ the optimal test:
U*(x ) = arg max Py.(x)

l i s i€[m]
-z ii (0 LID=0)
@ the optimal test error:

inf ZPG w#)_l_*zmaxPo

v:X—[m] m ’E[m]

@ our target:

1
7Zmang (x) < oa

IG[m]
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Lower bound of test error: first proof (cont'd)

o suffices to show that for non-negative xi, - -
it holds that

. m
- Xm with Y57 xj = m,

1 m
max x; < Zx,- log x; + mlog 2
ie[m] log m —
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Lower bound of test error: second proof

o for each x € X, define the following kernel K:

[m] {0,1}
Kt i} V) =1)

@ induced distribution mapping:

Py — Bern(1/m)
Pyix=x — Bern(px) = Bern(w)

£Lp)= - PO I00)
@ data-processing inequality:

Dk (Pujx=x[IPu) > DkL(Bern(px)|[Bern(1/m))
| -p
- FX{,S(NFY) + LI*[’X)J«)##L
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Another lower bound of test error

Theorem (tree-based lower bound)

Let T = ([m], E) be any undirected tree on the vertex set [m]. Then

inf ZPQ(\U# m Z (1_HP9,‘_P91'”TV)

V:X—[m] m -
(ij)EeE

=

A simple technical lemma (HWS3):

For any real numbers xi,- -, x, and any tree T = ([m], E), it holds that
m
Zx - maxx, > Z min{x;, x; }.
i=1 €lml (iJ)eE




Assouad’s lemma: cube-type separation

Theorem (Assouad’s lemma)

Fix any {0, },c{+11» € ©. Suppose that the following separation condition
holds:

inL ) L v/ ZA
min (Ov,a) + L(0.,a)

du(v,v'), Vv,V e {£1}".
=,
:JL:\MVJ;&VQ
Then
A P
ir}fae{en}]ax Eq[L(0, T(X))] > 5 § (1 1Pt — Py lTv),
i =l piagm s fe
b m 2P
. Qlx) = ogeia Lo, T®) 5

(e, T+ LBy, T)
Lee,.T) 2 ~

24




Corollaries of Assouad’s lemma

. pA
f Eo[L(O, T(X))] > —(1-— P
nf maxBolL(6, TOO) > B (1= max 170, = Pu, ).

. pA 2
inf maxEg[L(9, T(X))] = £= (1 — \/IE'_VIEJ-HPQV _ ng@jnw) :

Qg Lozl
J ~ovs ()
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Generalized Fano's inequality

Theorem (Generalized Fano's inequality)

Let 7 be any prior distribution on ©, and

é 523”({9 €0 :L(6,a) < A}).

Then for U ~ 7, we have

i 1(U; X) + log 2
nf max BlL(6, TOX) 2 &+ (1 20 <E2)

log(1/pa) )
Kx ® — {0
¢ > 1A(L(s,TW)<Sa)

P

e —> Bem(Px). fx =Te
Poix > Bav~(x), Euﬂ:ﬂé}(&(oﬁw):o)
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Example |: Gaussian location model

e model: X ~ N (6,021,) with unknown 6 € RP
e target: estimate 6 under quadratic loss L(6, T) = || T — 0||3
e claim: R}, = ©(po?)

o failure of two-point method:

RS, > 160 — 6113 <1 _ <H9o - 91||2>>
' 2 20

\‘\/wwi
r““’{"ﬁf
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Proof |: Fano's inequality

@ choice of {0y, ,0,}: some maximal ¢o-packing of {£0}P with
radius Q(6,/p) and m = 2°P) (Gilbert-Varshamov)
o= 85,2 ¢ 8JF

@ separation condition: A = Q(ps?)

@ mutual information:

I(U; X) < EU[DKL(MHMH g@

@ Fano's inequality:

O G e )

@ choiceof §: d <o
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Proof Il: Assouad’s lemma

@ cube-type hypotheses: 6, = dv, with v € {£1}P

@ separation condition: A = §°
|6v — 6V/||3 = 462%dy(v, V)

@ neighboring TV distance:

1)
ma>§ 1 HP@V — PGV/”TV =2¢ < > -1

dy(v,v/ o

@ Assouad’s lemma:
Ry, =Q(ps® - (1 — ®(6/0))

@ choiceof §: d <o
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Proof Ill: Generalized Fano's inequality

let m be the uniform distribution on {£0}?
upper bound of pa: if A = pd?/3, then
8 =Po/3

pa = exp(—Q(p))

@ mutual information: for U ~ 7, it holds that
pd?
/ X
(Ui X) < 202

generalized Fano's inequality:

Rio=Q <p52 : (1 = p52/(2§&+ '°g2>>

choice of §: d <o
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Example Il: sparse linear regression

e model: Y ~ N(X0,52l,) with fixed design matrix X € R"™P, and
unknown sparse vector 6 € RP with [|f]jo <'s

e target: estimate 6 under quadratic loss L(6, T) = || — T||3

Theorem (Candés and Davenport, 2013)

s _gq <5p02 Iog(ep/S))

n,p,s,0 — HXH,%
HX”; = ITr (xxT)
X= 1, R = Nlse™ly () spros e ot
L
><L‘) ~ NL%’%)& If:~— C)Nr—)v@&i Sw\a
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Proof via generalized Fano's inequality

@ let 7 be the uniform distribution on {J, —d,0}P with at most s
non-zero components

e upper bound of pa: if A = s§2/12, then

l0g(1/pa) = s log(ep/5))
@ upper bound of mutual information:

I(U; Y) < E[Dx (N(XU, 521,)||IN(0, 6%1,))]

T EluuT) =78 T,
S

= o IXlIE
@ generalized Fano's inequality:

oo = (s (1 IEET) s}
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Example Ill: multi-armed bandit

o K arms associated with unknown mean reward (u1,--- , uk) € [0, 1]¥
o learner pulls arm 7, € [K] at time t

o learner observes a Gaussian random reward r; ~ N(pr,,1)

@ learner’s cumulative regret:

.
Rr(m) = Tmax i — > fin,
r(m) = T max ju ;u

claim: Ry r = Q(VKT)
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Proof via tree-based lower bound

@ construction of reward distribution:

le(évovov"' 50)
HZZ((;z(SaOu'” )0)

/’LK:(_@O’O"" 725)

@ separation condition: A =6T

o lower bound applied to a star tree ([K],{(1,2),(1,3),---,(1,K)}):

5T 1 &
Rir = = 7 2 (1= 11PL = PilTv)

=2
oL o
- %"T %, exl(- Dec (PL 1B )
> A g [T > ToeT
T B . >
- %LLAELU?( = ;E[(M{]\) / SL%‘L
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Example IV: Gaussian mixture estimation

@ model: X1,---, X, ~ f with f being an unknown Gaussian mixture,
ie. f=gxN(0,1)

e target: estimate f under Ly loss L(f, T) = ||f — T3

Theorem (Kim, 2014)

1/2
-o (52

n n

Upper bound idea: find a kernel K with R(w) = 1(Jw| < 2+/log n), apply
the estimator A . %
J

1 n ]Qtﬂ)\—e
fr=P,x K=- K(-— x; 27
* n; (-—x)
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Construction of cube-type hypotheses

e idea: for v € {£1}P, construct

P
fy = <g0+§,-2@gi> * ¢
i=1

@ orthogonality condition:

/R (g * 9)(x) - (g * $)(x)dx = 1(i = j),

or equivalently,

21 /24



Choice of g;

@ using orthogonality property of Hermite polynomials and
B(w)?* oc p(2w), one choice would be

@ an explicit expression of g;:

32i—-1

oo (5
e in particular] ||gi]|oo < 3',)s0 p = O(log n)

gi(x) = v2(2m)3/*

)



Indistinguishability condition

neighboring y>-divergence:

2 _ 52 (gi * ¢)(x)?
xi=n /]R g+ o)

choosing go * ¢ be the density of AV/(0,02), then
x?=0 (néza) , if o =Q(/p)

o final statement of Assouad's lemma:

Ry = Q(pd® - (1 - O(n*0)))

provided that p = O(log n) and o = Q(,/p)
choice of parameters: p < log n,o < v/log n, 62 < 1/(n+/log n)
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Next lecture: more classical examples
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