Lecture 11: Examples of testing multiple
hypotheses

Lecturer: Yanjun Han

May 3, 2021



Announcements

scribe required starting from the next lecture
one student per lecture

sign-up link: https://bit.1ly/31quUIb
choice of literature review paper due Sunday

submit your choice via gradescope or email

)
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https://bit.ly/31quUIb

Today's plan

Examples of testing multiple hypotheses

4

key: how to construct different hypotheses for a given problem
example |I: nonparametric density estimation

example Il: learning theory

example Ill: theory of aggregation

example IV: stochastic optimization
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Example |: nonparametric density estimation

An overview of different nonparametric estimation problems:
estimating the density at a point (two-point method)
estimating the quadratic functional (point vs. mixture)

estimating a non-smooth functional (mixture vs. mixture)

estimating the global density (multiple hypotheses testing)
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Density estimation over Sobolev space

e model: Xi,---, X, ~ f supported on [0, 1]

e smoothness assumption: f belongs to a Sobolev ball WX (L):

WHP(L) = {f € C[0,1] : ||llp + | Fl, < L}

o target: estimate density f under Ly norm, i.e. L(f, T)=||f — T|q

deve onie

- O A if g < (1+2k)p,

mkopg ) if g > (1+ 2k)p.
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Dense case: g < (1 + 2k)p

o w.l.o.g assume that g =1
o hypothesis construction: for v € {£1}}/5 choose

Q_,‘_Q 1 h~t Y

\' fu(x)=1 —H)Z 7 hsg (X ( 1)h>
i=1

’ (3=~

\

. X 2
@ smoothness requirement: s =k  <%o0-Zv L P

@ separation condition: A =< ht1 in Assouad’s lemma
I =Sl ot dulvv
]ﬁ 3y h ¢ rx
A= L L/J(T>]Ax =h

max_ x*(£7",£7") < nllfy — £ |3 < nh**
dH(V7V,):1 ~— -

@ neighboring y?-divergence:

(S

@ application of Assouad’s lemma:

* - hH(1 — O(Vnh2s+1))
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Sparse case: g > (1 + 2k)p

e hypothesis construction: for v € [h~1], choose b

—(v—1)h
f,(x) =1+ h’g <X(Vh)> -1(x € [(v — 1)h, vh))
sk Lk) x—(vDl
@ smoothness requirement: s =k —1/p 4 0= KTyt o
(e < | 5 ‘
@ separation condition: A = h5+1/c’ in Fano’s method 71~ * S
. . =15 | l —\ 5
@ mutual information: =¢ il
(Vi X) < max Di (FE"(IFS") S kst
v#£v/ —
@ application of Fano's inequality: ‘

> pst1/q ( nh?+1 4 |0g2>

ke S og(1

L= L ?aﬂa)mﬂ
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Example Il: learning theory

e model: (x1,y1), -+, (Xn,¥n) ~ Pxy with Y = {-1,1}
@ assumption: a given function class F with VC dimension d

o target: find classifier f with a small excess risk:

LBy ) = Pr(Y # F0X) = in Py (Y # (X))

Definition (VC dimension)

The VC dimension of F is the largest integer d such that there are d
points in X that can be shattered by F. In other words, for all L‘E/i:j:\l\d
there exists a function@e F such that

fu(xi) =V Vi € [d].
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Optimistic vs. pessimistic case

@ classical VC theory distinguishes into two cases depending on whether
Y = f*(X) for some f* € F

o well-specified (optimistic) case:

Popt(F) = {Pxy : min Pxy (Y # £*(X)) = 0

@ misspecified (pessimistic) case: no assumption on Pxy

Claim

:irlf sup  E[L(Pxy, F)] = min {d/nl1}

f Pxy €Popt(F)

R;es = infsupE[L(PXy, 7?)] = min {\/ d/n, 1}
f Pxy




Optimistic case

e VC dimension: dxq, -+ ,xqg € X and@e F such that f,(x;) = v; for
all ve {+1}9

V . .
e hypothesis construction: for u € {£1}971, define

Px({xi}) :, ield=1,  Px({xd}) =1—(d=1)po

Z
and Y & fru,1)(X) under hypothesis P,

@ separation condition: A = pgy in Assouad'’s lemma

@ neighboring TV distance: PLY# F00)+ Pur CY#00) 2 podalen)

max | [P" Pl = (1= o)’
dn(u,u’

@ application of Assouad’'s lemma:

d—1)po
R > =P 1
A
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Pessimistic case

e VC dimension: 3xq, -+ ,xq € X and f, € F such that f,(x;) = v; for
all ve {£1}9

o hypothesis construction: for v € {£1}7, let PX be the uniform
distribution on {xi,--- , x4}, and

1
PV(Y:V;|X:X,'):§—|—5
@ separation condition: A = 26/d in Assouad’s lemma

rwin P (£00£Y) = 5 = N oo P 3003 2 2(3- Al G-0)
’?CQF - (A=dylv, u’)>

@ neighboring KL divergence:

®n ®n ﬁ
s D (PP Nd

@ application of Assouad’s lemma:
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Generalization

@ an intermediate regime: define

@ the minimax excess risk:

R*(F,e)=inf sup E [PXY(Y £ (X)) = inf_Pxy(Y # f*(X))]
f Pxy€P(F<) frer
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Example Ill: theory of aggregation

@ model: x,--+,x, ~ Px, and y; NN( 1) with ||f|lec <1
oo T2 el

@ assumption: a candidate set of functions F = {fi,--- , fu}

@ loss function:

r z 2 : 2
L(f, £) = [If = fllLypye) — /\I%fo — Ly
SRR C{C R
with f, = M Aif;
@ target: characterize the minimax rate of aggregation

hm(©) :@inf sup Ef[L(f,F)]

Flfllso<1
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Different types of aggregation

e © =RM: linear aggregation
e ©={\eRM: SM A <1}: convex aggregation

o © ={e1, - ,em}: model selection aggregation

Ry pa(L) = min{M/n, 1}

5 m(C) < min {@ \/Iog(M/\/ﬁ-i- 1)/n, 1}
:’M(MS) = min{(log M)/n, 1}

S
v
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Linear aggregation

e hypothesis construction: for v € {£1}M, choose

i Hll.=V
A==V =)
) =73 vifix)
i=1

with fi(x) = 1(x € Xj), where & disjoint and has Px-prob. 1/M
@ separation condition: A :M in Assouad’s lemma
@ neighboring KL divergence:

Qn|| £Rn) < —_ £,1? <
aumax_ D (B7A7) 5 nllfy = o HLZ(PX)N

@ application of Assouad’s lemma:
Y= \@ Al

()2 (1-0(yfme/m) )
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Model selection aggregation

hypothesis construction: for v € [M], choose f,(x) = 7 - ¢,(x), with
orthonormal {¢,} on Lr(X') with ||¢y]|cc = O(1)

separation condition: A = ~? in Fano's inequality

°
@ mutual information: I$o =5 0L =v
I(V; X) < max D (FE7|FS7) < my?
v#v/
@ application of Fano's inequality:

O(m?) + Iog2> V= b

R:,M(MS) 2 72 <1 -
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Convex aggregation

o suffices to consider the case M = Q(+/n)
e hypothesis construction: for v € {0,1/m}™ with m non-zero entries,
-

choose
M
i=1

with fi(x) = ¢;(x) being orthonormal, and v < 1
@ separation condition: choosing A < 1/m, we have

l0g(1/pa) = Q(mlog(1 + M/m))
@ mutual information:

n
I(V;X) < 5 . EV[va”%z(Px)] S

33

@ application of generalized Fano's inequality: F
N

X 1 O(n/m) + log 2 r
am(C) 2 m <1 "~ mlog(1+ I\/I/m))
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Example IV: stochastic optimization

e model: at each time t € [T],
o learner queries x; with [Ix[|p < 1

e oracle returns y;, z: with Ely;] = f(x;), E[z:] = Vf(x;), and [|z¢]|¢ <1
e qis the conjugate of p: p 1 +qg 1 =1

e function class F: f convex, with [[Vf(x)|/q < 1 everywhere

@ loss function:
L(f,x)=f(X)— min f(x*)

[x*llp<1

@ minimax optimality gap of stochastic optimization:

R?,d@ = inf SUPEf,Op[L(f»)?)]
X feF

RTdp =

. {T—1/2 if1<p<2,

min{ T~1/P, d¥/2=Y/PT-1/2} if p> 2.
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Indistinguishability condition

o idea: choose f(x) = E¢[F(x; )], and yr = F(xt; &), 2e = VF (xt; &1)

o hypothesis construction: for v € {1}9, choose f,(x) = Ep,[F(x; €)]:

1—(5V,'
2d

1+5V,'
Pv(gzei): od '

P,(§=—e)=

i€ [d].
@ neighboring KL divergence:

52
D (PETIIPET) <
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Separation condition

@ condition on the optimization distance:
min f,(x) + min f,/(x) — min(f,(x) + f,/(x)) > A - du(v, V)

choice of F:

F(x:§) = [xi = AG|, if&==e

d
5 .
= () =A— 2> vixi, if([xe <A

i=1

choice of A: A , so that miny f,(x) = (1 —6)d~ /P

separation condition: A < §A\/d in Assouad'’s lemma
application of Assouad’s lemma: - 1& (d=7)

Fap 2 0477 (1 0(6y/T/d))
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Next lecture: Global Fano's method
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