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Announcements

scribe required starting from the next lecture

one student per lecture

sign-up link: https://bit.ly/31quUIb

choice of literature review paper due Sunday

submit your choice via gradescope or email

2 / 21

https://bit.ly/31quUIb


Today’s plan

Examples of testing multiple hypotheses

key: how to construct different hypotheses for a given problem

example I: nonparametric density estimation

example II: learning theory

example III: theory of aggregation

example IV: stochastic optimization

3 / 21



Example I: nonparametric density estimation

An overview of different nonparametric estimation problems:

estimating the density at a point (two-point method)

estimating the quadratic functional (point vs. mixture)

estimating a non-smooth functional (mixture vs. mixture)

estimating the global density (multiple hypotheses testing)

4 / 21



Density estimation over Sobolev space

model: X1, · · · ,Xn ∼ f supported on [0, 1]

smoothness assumption: f belongs to a Sobolev ball Wk,p(L):

Wk,p(L) = {f ∈ C [0, 1] : ‖f ‖p + ‖f (k)‖p ≤ L}

target: estimate density f under Lq norm, i.e. L(f ,T ) = ‖f − T‖q

Claim

R?n,k,p,q �

{
n−k/(2k+1) if q < (1 + 2k)p,

(log n/n)(k−1/p+1/q)/(2(k−1/p)+1/q) if q ≥ (1 + 2k)p.
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Dense case: q < (1 + 2k)p

w.l.o.g assume that q = 1

hypothesis construction: for v ∈ {±1}1/h, choose

fv (x) = 1 +
h−1∑
i=1

vi · hsg
(
x − (i − 1)h

h

)
smoothness requirement: s = k

separation condition: ∆ � hs+1 in Assouad’s lemma

neighboring χ2-divergence:

max
dH(v ,v ′)=1

χ2(f ⊗nv , f ⊗nv ′ ) . n‖fv − fv ′‖2
2 . nh2s+1

application of Assouad’s lemma:

R?n,k,p,q &
1

h
· hs+1(1− O(

√
nh2s+1))
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Sparse case: q ≥ (1 + 2k)p

hypothesis construction: for v ∈ [h−1], choose

fv (x) = 1 + hsg

(
x − (v − 1)h

h

)
· 1(x ∈ [(v − 1)h, vh))

smoothness requirement: s = k − 1/p

separation condition: ∆ � hs+1/q in Fano’s method

mutual information:

I (V ;X ) ≤ max
v 6=v ′

DKL(f ⊗nv ‖f ⊗nv ′ ) . nh2s+1

application of Fano’s inequality:

R?n,k,p,q & hs+1/q

(
1− nh2s+1 + log 2

log(1/h)

)
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Example II: learning theory

model: (x1, y1), · · · , (xn, yn) ∼ PXY with Y = {−1, 1}
assumption: a given function class F with VC dimension d

target: find classifier f̂ with a small excess risk:

LF (PXY , f̂ ) = PXY (Y 6= f̂ (X ))− min
f ?∈F

PXY (Y 6= f ?(X ))

Definition (VC dimension)

The VC dimension of F is the largest integer d such that there are d
points in X that can be shattered by F . In other words, for all v ∈ {±1}d
there exists a function fv ∈ F such that

fv (xi ) = vi , ∀i ∈ [d ].
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Optimistic vs. pessimistic case

classical VC theory distinguishes into two cases depending on whether
Y = f ?(X ) for some f ? ∈ F
well-specified (optimistic) case:

Popt(F) = {PXY : min
f ∈F

PXY (Y 6= f ?(X )) = 0}

misspecified (pessimistic) case: no assumption on PXY

Claim

R?opt = inf
f̂

sup
PXY∈Popt(F)

E[L(PXY , f̂ )] � min {d/n, 1}

R?pes = inf
f̂

sup
PXY

E[L(PXY , f̂ )] � min
{√

d/n, 1
}
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Optimistic case

VC dimension: ∃x1, · · · , xd ∈ X and fv ∈ F such that fv (xi ) = vi for
all v ∈ {±1}d

hypothesis construction: for u ∈ {±1}d−1, define

PX ({xi}) = p0, i ∈ [d − 1], PX ({xd}) = 1− (d − 1)p0

and Y
a.s.
= f(u,1)(X ) under hypothesis Pu

separation condition: ∆ = p0 in Assouad’s lemma

neighboring TV distance:

max
dH(u,u′)=1

‖P⊗nu − P⊗nu′ ‖TV = (1− p0)n

application of Assouad’s lemma:

R?opt ≥
(d − 1)p0

2
(1− (1− p0)n)
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Pessimistic case

VC dimension: ∃x1, · · · , xd ∈ X and fv ∈ F such that fv (xi ) = vi for
all v ∈ {±1}d
hypothesis construction: for v ∈ {±1}d , let PX be the uniform
distribution on {x1, · · · , xd}, and

Pv (Y = vi | X = xi ) =
1

2
+ δ

separation condition: ∆ = 2δ/d in Assouad’s lemma

neighboring KL divergence:

max
d(v ,v ′)=1

DKL(P⊗nv ‖P⊗nv ′ ) .
n

d
· δ2

application of Assouad’s lemma:

R?pes ≥ δ
(

1− O(
√

nδ2/d)

)
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Generalization

an intermediate regime: define

P(F , ε) =

{
PXY : inf

f ?∈F
PXY (Y 6= f ?(X )) ≤ ε

}
.

the minimax excess risk:

R?(F , ε) = inf
f̂

sup
PXY∈P(F ,ε)

E
[
PXY (Y 6= f̂ (X ))− inf

f ?∈F
PXY (Y 6= f ?(X ))

]
.

Claim (HW3)

R?(F , ε) � min

{√
d

n
· ε+

d

n
, 1

}
.
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Example III: theory of aggregation

model: x1, · · · , xn ∼ PX , and yi ∼ N (f (xi ), 1) with ‖f ‖∞ ≤ 1

assumption: a candidate set of functions F = {f1, · · · , fM}
loss function:

L(f , f̂ ) = ‖f̂ − f ‖2
L2(PX ) − inf

λ∈Θ
‖fλ − f ‖2

L2(PX )

with fλ =
∑M

i=1 λi fi

target: characterize the minimax rate of aggregation

R?n,M(Θ) = sup
F

inf
f̂

sup
‖f ‖∞≤1

Ef [L(f , f̂ )]
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Different types of aggregation

Θ = RM : linear aggregation

Θ = {λ ∈ RM
+ :

∑M
i=1 λi ≤ 1}: convex aggregation

Θ = {e1, · · · , eM}: model selection aggregation

Claim

R?n,M(L) � min{M/n, 1}

R?n,M(C) � min

{
M/n,

√
log(M/

√
n + 1)/n, 1

}
R?n,M(MS) � min{(logM)/n, 1}
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Linear aggregation

hypothesis construction: for v ∈ {±1}M , choose

fv (x) = γ ·
M∑
i=1

vi fi (x)

with fi (x) = 1(x ∈ Xi ), where Xi disjoint and has PX -prob. 1/M

separation condition: ∆ = 2γ2/M in Assouad’s lemma

neighboring KL divergence:

max
dH(v ,v ′)=1

DKL(f ⊗nv ‖f ⊗nv ′ ) . n‖fv − fv ′‖2
L2(PX ) .

nγ2

M

application of Assouad’s lemma:

R?n,M(L) ≥ γ2

(
1− O

(√
nγ2/M

))
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Model selection aggregation

hypothesis construction: for v ∈ [M], choose fv (x) = γ · φv (x), with
orthonormal {φv} on L2(X ) with ‖φv‖∞ = O(1)

separation condition: ∆ � γ2 in Fano’s inequality

mutual information:

I (V ;X ) ≤ max
v 6=v ′

DKL(f ⊗nv ‖f ⊗nv ′ ) . nγ2

application of Fano’s inequality:

R?n,M(MS) & γ2

(
1− O(nγ2) + log 2

logM

)
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Convex aggregation

suffices to consider the case M = Ω(
√
n)

hypothesis construction: for v ∈ {0, 1/m}M with m non-zero entries,
choose

fv (x) = γ ·
M∑
i=1

vi fi (x)

with fi (x) = φi (x) being orthonormal, and γ � 1

separation condition: choosing ∆ � 1/m, we have

log(1/p∆) = Ω(m log(1 + M/m))

mutual information:

I (V ;X ) ≤ n

2
· Ev [‖fv‖2

L2(PX )] .
n

m

application of generalized Fano’s inequality:

R?n,M(C) &
1

m

(
1− O(n/m) + log 2

m log(1 + M/m)

)
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Example IV: stochastic optimization

model: at each time t ∈ [T ],
learner queries xt with ‖xt‖p ≤ 1
oracle returns yt , zt with E[yt ] = f (xt),E[zt ] = ∇f (xt), and ‖zt‖q ≤ 1
q is the conjugate of p: p−1 + q−1 = 1

function class F : f convex, with ‖∇f (x)‖q ≤ 1 everywhere

loss function:
L(f , x̂) = f (x̂)− min

‖x?‖p≤1
f (x?)

minimax optimality gap of stochastic optimization:

R?T ,d ,p = inf
x̂

sup
f ∈F

sup
Op

Ef ,Op [L(f , x̂)]

Claim

R?T ,d ,p �

{
T−1/2 if 1 ≤ p ≤ 2,

min{T−1/p, d1/2−1/pT−1/2} if p > 2.
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Indistinguishability condition

idea: choose f (x) = Eξ[F (x ; ξ)], and yt = F (xt ; ξt), zt = ∇F (xt ; ξt)

hypothesis construction: for v ∈ {±1}d , choose fv (x) = EPv [F (x ; ξ)]:

Pv (ξ = ei ) =
1 + δvi

2d
, Pv (ξ = −ei ) =

1− δvi
2d

, i ∈ [d ].

neighboring KL divergence:

max
dH(v ,v ′)=1

DKL(P⊗Tv ‖P⊗Tv ′ ) .
T δ2

d
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Separation condition

condition on the optimization distance:

min
x

fv (x) + min
x

fv ′(x)−min
x

(fv (x) + fv ′(x)) ≥ ∆ · dH(v , v ′)

choice of F :

F (x ; ξ) = |xi − λξi | , if ξ = ±ei

=⇒ fv (x) = λ− δ

d

d∑
i=1

vixi , if ‖x‖∞ ≤ λ.

choice of λ: λ = d−1/p, so that minx fv (x) = (1− δ)d−1/p

separation condition: ∆ � δλ/d in Assouad’s lemma

application of Assouad’s lemma:

R?T ,d ,p & δd−1/p
(

1− O(δ
√

T/d)
)
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Next lecture: Global Fano’s method
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