
Lecture 12: Global Fano’s method

Lecturer: Yanjun Han

May 5, 2021



Announcements

HW2 due tonight

HW3 (last HW) released today
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Today’s plan

Applying Fano’s method without manually constructing the hypotheses or
upper bounding mutual information:

covering and packing

packing under target loss =⇒ separation condition

covering under KL divergence =⇒ upper bound of mutual information

examples: nonparametric density estimation, isotonic regression,
convex regression, sparse linear regression
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Covering and packing

Let (X , d) be a metric space and A ⊆ X be a compact set.

Definition (covering)

We say that {x1, · · · , xn} ⊆ X is an ε-covering of A if X ⊆ ∪ni=1B(xi , ε),
i.e. for any x ∈ X there exists i ∈ [n] such that d(x , xi ) ≤ ε.

Definition (packing)

We say that {x1, · · · , xn} ⊆ A is an ε-packing of A if {B(xi , ε/2) : i ∈ [n]}
are pairwise disjoint, i.e. d(xi , xj) > ε for all distinct i , j .

Covering and packing number

N(ε) , N(A, d , ε) , min{n : ∃ ε-covering of A with size n}
M(ε) , M(A, d , ε) , max{n : ∃ ε-packing of A with size n}
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A basic property

Lemma

M(A, d , 2ε) ≤ N(A, d , ε) ≤ M(A, d , ε)

proof of first inequality:

proof of second inequality:
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The volume bound

Lemma

Let A ⊆ X = Rd and ‖ · ‖ be any norm. Then

1

εd
vol(A)

vol(B)
≤ N(A, ‖ · ‖, ε) ≤ M(A, ‖ · ‖, ε) ≤ vol(A + εB/2)

vol(εB/2)

where B is the unit ball under ‖ · ‖.

The special case where A = rB:( r
ε

)d
≤ N(rB, ‖ · ‖, ε) ≤ M(rB, ‖ · ‖, ε) ≤

(
1 +

2r

ε

)d

so logM(ε) � logN(ε) � d log(1 + r/ε).
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More results and properties

Theorem (`q-covering/packing entropy of `p ball)

For 0 < p < q ≤ ∞ and dimension d ,

logN(Bp, ‖ · ‖q, ε) �p,q

{
ε
− pq

q−p log(dε
pq
q−p ) if ε & d1/q−1/p,

d log(1/(dε
pq
q−p )) if ε . d1/q−1/p.

Theorem (duality)

Let N(A,B) be the smallest number of translations of B that cover A. For
convex symmetric body A and B = εB2, there exist α, β > 0 such that

β−1 logN(B2, α
−1εA◦) ≤ logN(A, εB2) ≤ β logN(B2, αεA

◦),

where A◦ = {y : supx∈A〈x , y〉 ≤ 1} is the polar body of A.
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Example: Gaussian mean estimation under Lp loss

model: X1, · · · ,Xn ∼ N (θ, Id) with unknown θ ∈ Rd

target: estimate θ under general Lp loss L(θ,T ) = ‖T − θ‖p,
p ∈ [1,∞]

Claim

R?n,d ,p �p


√

d/n if 1 ≤ p ≤ 2,

d1/p/
√
n if 2 < p <∞,√

(log d)/n if p =∞.
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Applying packing to GLM when p > 2

construct hypotheses in {θ : ‖θ2‖ ≤ r}
mutual information bound:

I (θ;X ) ≤ E[DKL(N (θ, Ip)⊗n‖N (0, Ip)⊗n)] ≤ nr2

2

Fano’s inequality: for any δ > 0,

R?n,d ,p & δ

(
1− nr2/2 + log 2

logM(rB2, ‖ · ‖p, δ)

)
choice of parameters (δ, r):

for 2 < p <∞, choose r �
√
d/n, δ � d1/p/

√
n

for p =∞, choose r � δ �
√

(log d)/n
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Upper bounding I (θ;X ) via covering

question: if θ ∈ Θ almost surely, could we find an upper bound on
I (θ;X )?

in information theory, this is the channel capacity

Definition (KL covering number)

For ε > 0, let NKL(Θ, ε) be the smallest integer n such that there exist
distributions Q1, · · · ,Qn on X such that

sup
θ∈Θ

min
i∈[n]

DKL(Pθ‖Qi ) ≤ ε2.

Theorem

I (θ;X n) ≤ inf
ε>0

(nε2 + logNKL(ε)).
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Proof of the capacity upper bound

first step: golden rule of mutual information

I (θ;X n) ≤ Eθ

[
DKL

(
P⊗nθ

∥∥∥∥ 1

N

N∑
i=1

Q⊗ni

)]

second step: lower bound sum by maximum

log
P⊗nθ (xn)

N−1
∑N

i=1 Q
⊗n
i (xn)

≤ min
i∈[N]

log
P⊗nθ (xn)

Q⊗ni (xn)
+ logN

concluding step: use the covering property

I (θ;X n) ≤ Eθ
[

logN + n · min
i∈[N]

DKL(Pθ‖Qi )

]
≤ logNKL(ε) + nε2
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Global Fano’s method

steps of global Fano’s method:

fix some δ > 0 and Θ0 ⊆ Θ, find a δ-packing of Θ0 under the
following (pseudo-)metric

d(θ1, θ2) = min
a∈A

L(θ1, a) + L(θ2, a)

fix some ε > 0, find the KL covering of Θ0

apply Fano’s method:

R?n ≥
δ

2

(
1− logNKL(Θ0, ε) + nε2 + log 2

logM(Θ0, d , δ)

)
choose the parameters appropriately to make the above bound as
large as possible
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Example I: nonparametric density estimation

model: X1, · · · ,Xn ∼ f with f supported on [0, 1]d and Hölder
smooth with smoothness parameter s ∈ [0,∞)

target: estimate the density f under Lp loss, with p ∈ [1,∞)

claim:
R?n,s,d ,p � n−

s
2s+d

Theorem (Kolmogorov–Tikhomirov)

logN(Hs
d , ‖ · ‖p, ε) � ε−d/s

13 / 24



Application of global Fano

KL covering: assuming f ≥ 1/2 everywhere (denoted by FL), then

DKL(f ‖f ′) ≤ χ2(f , f ′) ≤ 2‖f − f ′‖2
2

so logNKL(Hs
d ∩ FL, ε) � logN(Hs

d ∩ FL, ‖ · ‖2, ε)

Lp packing: compute logM(Hs
d ∩ FL, ‖ · ‖p, δ)

Fano’s inequality:

R?n,s,d ,p & δ

(
1−

logN(Hs
d ∩ FL, ‖ · ‖2, ε) + nε2 + log 2

logM(Hs
d ∩ FL, ‖ · ‖p, δ)

)
≥ δ

(
1− c ′ε−d/s + nε2 + log 2

cδ−d/s

)

choice of parameters: ε � δ � n−
s

s+2d
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Example II: isotonic regression

model: X1, · · · ,Xn ∼ PX with bounded density on [0, 1], and
Yi ∼ N (f (Xi ), 1)

shape constraint: f : [0, 1]→ [0, 1] is non-decreasing

target: estimate f under Lp loss, i.e. L(f ,T ) = ‖f − T‖p with
p ∈ [1,∞)

Claim

R?n,p � n−1/3
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Covering entropy of monotone functions

KL covering: as PX upper bounded from above,

DKL(Pf ‖Pf ′) =
1

2
‖f − f ′‖2

L2(PX ) . ‖f − f ′‖2
2

so logNKL(FM, ε) . logN(FM, ‖ · ‖2, ε)

Lp packing: compute logM(FM, ‖ · ‖p, δ)

global Fano’s method:

R?n,p & δ

(
1− logN(FM, ‖ · ‖2, ε) + nε2 + log 2

logM(FM, ‖ · ‖p, δ)

)

Theorem

logN(FM, ‖ · ‖p, ε) � 1

ε
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Example III: convex regression

model: X1, · · · ,Xn ∼ PX with bounded density on [0, 1]d , and
Yi ∼ N (f (Xi ), 1)

shape constraint: f : [0, 1]d → [0, 1] is convex

target: estimate f under Lp loss, i.e. L(f ,T ) = ‖f − T‖p with
p ∈ [1,∞)

Claim

R?n,d ,p � n−
2

4+d
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Covering entropy of convex functions

KL covering: as PX upper bounded from above,

DKL(Pf ‖Pf ′) =
1

2
‖f − f ′‖2

L2(PX ) . ‖f − f ′‖2
2

so logNKL(FC, ε) . logN(FC, ‖ · ‖2, ε)

Lp packing: compute logM(FC, ‖ · ‖p, δ)

global Fano’s method:

R?n,d ,p & δ

(
1− logN(FC, ‖ · ‖2, ε) + nε2 + log 2

logM(FC, ‖ · ‖p, δ)

)

Theorem

logN(FC, ‖ · ‖p, ε) � ε−
d
2
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Example IV: sparse linear regression/prediction

model: design matrix X ∈ Rn×d , response Y ∼ N (Xθ, In) with
unknown θ

assumption: ‖θ‖q ≤ R for some q ∈ (0, 1)

target: estimation error Lest(θ,T ) = ‖T − θ‖p with p ∈ [1,∞], or
prediction error Lpre(θ,T ) = ‖X (T − θ)‖2/

√
n

Claim

Under appropriate conditions,

R?n,d ,p,q,R(estimation) � Rq/p

(
log d

n

) p−q
2p

R?n,d ,q,R(prediction) � Rq/2

(
log d

n

) 2−q
4
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Estimation error: mild assumption on X

Lp-packing:

logM(Bq(R), ‖ · ‖p, δ) �
(
R

δ

) pq
p−q

log d , if δ � Rd1/p−1/q

KL covering: DKL(Pθ‖Pθ′) = ‖X (θ − θ′)‖2
2/2

approximation theory gives that

logN(X · Bq(R), ‖ · ‖2, ε) . logN(Bq(R), ‖ · ‖2, ε/
√
n)

provided that |||X |||1→2 = maxj∈[d ] ‖Xj‖2 = O(
√
n)

global Fano’s method:

R?n,d ,p,q,R(estimation) & δ

(
1− logN(Bq(R), ‖ · ‖2, ε) + nε2 + log 2

logM(Bq(R), ‖ · ‖p, δ)

)
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Prediction error: strong assumption on X

same KL covering

now packing becomes

logM(X · Bq(R), ‖ · ‖p, δ)

but (Rn, ‖ · ‖p) not a Hilbert space, and we need lower bound

strong assumption: assume that

‖X (θ − θ′)‖2 ≥ κ ·
√
n‖θ − θ′‖2 − lower order terms

for all θ, θ′ ∈ Bq(R) - some restricted eigenvalue (RE) condition

consequently,

logM(X · Bq(R), ‖ · ‖p, δ) & logM(Bq(R), ‖ · ‖2, δ/
√
n)
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Next lecture: compression-based arguments in convex optimization

24 / 24


