Lecture 14: Communication/privacy constrained
estimation

Lecturer: Yanjun Han

May 12, 2021



Today's plan

constrained estimation:
@ communication and privacy constraints
o distributed estimation and types of communication protocols
@ tool I: strong data processing inequality
@ tool Il: van Trees inequality 4+ quantized Fisher information
°

tool IlI: direct modeling + Assouad’s lemma
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Constrained estimation

usual statistical model: X ~ Py

however, the learner only has access to Y, which is the output of
sending X via a channel W € W up to learner’s choice

target: given loss L(6, T), jointly design W and T(Y)

communication-constrained channel Wi:

WeW: X —{0,1}F
@ privacy-constrained channel W,:

W(A
WeWw.: Xx-=Y sup sup ( |X)§e5.

xxiex acy W(A | X')
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Distributed estimation

Py

T

o o - O 0O

X1 X Xn-1 Xn
Wi| Wa Who1| W,
s — Yl Y2 Yn—l Yn

| | | |

centralized processor

!

T(Yla' o 7Yn)

minimax risk:

. - n
|r71_f MnsngQ[L(Q, T(Y")

examples:
@ distributed Gaussian mean
estimation Py = N (6, Iy)
@ distributed discrete
distribution estimation
Py = (61, - ,64)
@ distributed uniformity testing
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Communication protocols

centralized processor

!

T(Ylv' o 7Yn)

simultaneous message
passing (SMP) with private
randomness

SMP with public
randomness

sequential communication
protocol

blackboard (interactive)
communication protocol
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Tool I: strong data processing inequality

Given a f-divergence and Py x (or in addition Px), thertrong data
processing coefficient is defined as N y Puex, u/

e’ Npy=

nr(Pus) 2 sup D¢ (Pyx o @x, Pyjx © Px)
uix Py, Qx D¢ (Qx, Px)
D¢ (Py;x © Qx, Pujx © Px)
Puix, Px) = su
n¢(Puix: Px) up D (Qx. Px)

Qg Pux®

@ data-processing inequality: nf <1
e Polyanskiy and Wu (2017):

M = 1KL < ¢ <1y = Sup[[Pypx=x = Pupx=xllTv
R A

@ Ordentlich and Polyanskiy (2021): suffice to consider binary (Px, Qx)

for any 77f(PU|X)
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The KL case

Lemma

nkL(Puix) =  sup

PyyiU—x—y 1(X;Y) B

I(U;Y
nkL(Puix; Px) = sup I(X- Y)
PyxU-x-y 1(X;Y)

e[ D (Pocy NPT
B e (Perx 1l P

€ vree DeclPoy U
¢ P (Puiy 1 Px)

Qx

examples:
o X=U={0,1} and P(U# x| X =x) =e:

nkL(Puix) = (1 — 2¢)?

e (X, U) joint Gaussian with correlation p € [—1,1]:

nkL(Puix, Px) = p°



Why mutual information?

@ upper bounds of /(X; Y) available for both communication and
privacy constrained estimation

@ communication-constrained channel Wi:

106 1) € s4p P (P I Ui ()

I(X;Y)<k <k
@ privacy-constrained channel W,:

I(X;Y) < min{e, 22}

< D\<LL1‘?1 [ P\r”f%)

P 1
- i)
Jle P((‘j]) cet N Delpllt) = 2 F(”EQ,‘L[;) st
10

_ L&
(x,
2) D e = be“”?%&)) ‘F(““Z”J

- ) P9 P ) < act
= ); I(X)[*UT)JH NG ‘J
L
zoleY) 8
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A simple example

@ setting: Xy, -, X, ~ Bern(p) with p € [0,1], and W;(Y; | X;) € W-

@ claim: 1 1
. . n 2
inf Wl,'.r.'.fwnSl,’,pE”[(T(Y N P

e analysis: let U ~ Unif({0,1}), and Px;y—o = Bern(1/2 — 9),
PX,"U:I = Bern(1/2 + 5)

@ strong data-processing inequality: L=X =Y
/(U, Y") < nKL(PU\X'H Pxn) : I(Xn; Y")

@ however, computing nKL(PU|Xn, Pxn) is very complicated...
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Tensorization under SMP

@ key observation: under SMP, (Yi,---,Y},) | U are independent

. . % —
@ upper bound of mutual information: 0% \T
n \‘x“ —Y.

I(U; Y™) <> I(U; Y5)

i=1

n

<D (Pupx, Px) /(X5 Yi)
i=1

< n-(26)?-2e?

= 8nd%c?

@ two-point method: choosing 62 =< (ne?)~!
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Solution for the interactive protocols

Theorem (Braverman, Garg, Ma, Nguyen, Woodruff, 2016)

Suppose that U ~ Unif({0,1}) and Px|y—o(x)/Pxju=1(x) € [1/c, c] for
some ¢ > 1 and any x € X. Then if Y" is obtained from X" via any
interactive communication protocol, we have

H?(Pyaju=o, Pynju=1) Sc mkL(Puix, Px) - 1(X™ Y")

upper bound on /(X"; Y") under interactive protocols:
@ communication constraints: /(X"; Y") < log |Y"| = nk

@ privacy constraints:

XY™y = ST IX™ Ve | YEL) < nminfe, 22
t
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Product Bernoulli example

@ setting: Xy, -+, X, ~ H,‘-izl Bern(p;), with (py,--- , pg) € [0,1]¢

@ constraints: communication or privacy

o claim:
d d :
4. —za - ifW=Ww
inf i supBE,[I|T(Y") = pl3] 2 § @ ORI
1,0, Wh€W p EW |fW—Wg

o analysis under SMP: apply Fano's method to U ~ Unif({1/2 & 6}9),
but need to compute UKL(EU\]UMPX)

@ analysis under interactive protocol “direct sum argument + previous
data processing inequality
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Tensorization property of SDPI

TIKL (H PU,’\X,':H PXi) - m?XnKL(PUi|Xi’ PXi)

proof:
1(Y; U?)  Ey[Di(Pyajy [Pyl
I(Y; X)) Ey[Dxi(Pxey [ Px)] /PWH: "
i Ewi- vy [De(Py,ui-1, v |1 Puy)]
X B [Dku(Prgpxica y[Px)] Tt s e
= ZiBw v Exinumy [P (Pyyxicny [Pyl uﬁx‘:r
- 2 Exi1,v)[Dre(Py xi-1,y [ Px;)]
DrL(Py,xi-1=xi-1,y=y||Pu;)

U,— %~
:L L \(

7

V= xx

< max
T iyt D (Pxxi-i—xi-1,y—=y || Px;)

g m.aXnKL(PU,‘|X,'7 PXi)
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Analysis under interactive protocol

@ Assouad's lemma under interactive protocol:

d

d
SRGY) £ ) = 5> (- [Py = Pylr)
j=1

j=1

where Py ;, P_; are the distributions of the final message Y under

vj =1 and v; = —1, respectively PorPav Poy

e idea of upper bounding ||Py; — P_j||Tv: if Py has a product structure,
then every node could discard all but the j-th coordinate of X

@ consequence: reduce to 1-dimensional problem

@ so-called “direct-sum” result in literature
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Gaussian location model

e setting: X1,---, X, ~ N (0, 1ly), with 6 € RY
@ constraints: communication or privacy

@ result:

d ; —
" min{k,d} if W= Wi

d
inf inf supEg[|| T(Y") — 9”%] Z {Z d :
w 0 o m If W == Wg

T Wy, \Wye

@ analysis exactly the same, with SDPI specialized to Gaussian model
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Tool Il: quantized Fisher information

@ recall the definition of Fisher information matrix:

Ix(0) = Ex~p, [(mogg(GX | ‘9)) <8Iogg(0X | 9)>T]

@ quantized Fisher information for Y

(8|og;;(0Y | 9)> <a|ogg(9vw)>T]

o relationship between p(Y | 6) and p(X | 6):
ply |9) = Wly|x)p(x | 0)

xXEX

Iy(0) = Ey~wop,

\)

v (6) =By | (Blia00) | Y1) (Ealiatx) | V1)
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van Trees inequality

Theorem (van Trees inequality, a.k.a. Bayesian Cramér—Rao bound)

For a differentiable prior density 7 on [a, b] with 7w(a) = m(b) = 0, it holds

that
1

Egr[lx(0)] + I(7)’

where /(1) = f [7'(t)]?/m(t)dt is the Fisher information of .

EomrEx~p, [(T(X) — 0)°] >

Proof: consider two expressions of the quantity

. // gy lete 0] .

T ) \
S(& S (Teo-8) W(S)F(x]@)&xig f C)[F W 8) S

T(@)Y( ) Y,
=k [I(s)] + 1%

8~T
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Corollaries and generalizations

@ Corollary 1: for 1-D model,

1
sup Exp, [(T(X) = 60)?] >
Joup Exen (T =071 = o (@) + 4n2/(b— 2

Tr(x) o= s (%T\)

@ Corollary 2: for high-dimensional model,

d2
sup Exp,[||T(X)—6 2 >
joup Exem T =01 = o (i (0)) + 472/ (6 — a2

@ application in constrained estimation: upper bound

sup sup Tr(lyn(6))
0cla,b]? WEW

Tensorization property

Even under an interactive protocol, we have

Tr(lyn(0)) < n- sup Tr(ly(0))
wew
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Upper bounds of individual Fisher information

Upper bound | (bounded variance)

If £9(x) has a bounded second moment o2 along any direction under
x ~ Py, then

2ko? if W=
sup Tr(hv(@)) <42 . W=
wew min{e®, e“}o° if W= W..

Upper bound Il (sub-Gaussian)

If ég(x) is subGaussian with parameter o2 under x ~ Py, then

2 if —
aup Te(ly(6)) 5 1 &7 V=
wew min{e, e2}o? if W= W..




Example |: Gaussian location model

@ van Trees inequality:

d2

*
n,d >

N - SUPgepa pd SUPwew Tr(ly(0)) + 4dw?/(b — a)?

@ score function f4(x) = 6 — x is 1-sub-Gaussian

e communication constraint: Tr(ly(6)) < k, giving

. d d

R, >4 9
mK ™ 0 min{d, k}

e privacy constraint: Tr(ly(6)) < min{e, €2}, giving

RrueZ

n,d,& ~

d d
n

min{d, e}
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Example Il: discrete distribution model

@ setting: Xy, -+, X, ~ 6 =(01,---,04), which is a probability vector
@ van Trees inequality:

d2
N - SUPgepa pd SUPwew Tr(ly(0)) + 4dm?/(b — a)?

*
n,d >

@ score function only finite second moment d

@ communication constraint: Tr(ly()) < d2%, giving
1 d

* _— e ——
ndk >~ 0 min{d,2k}

e privacy constraint: Tr(/y(6)) < min{e®,£2}d, giving

*
Rn,d7k 2

~

r 4
n’ min{d 2, e}
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Tool Illl: direct modeling + Assouad’s lemma

@ setting: X1,--- , X, ~p= (Pl,"' ,Pd)
@ target: uniformity testing p = unify vs. ||p — unify||Tv > 0

@ result: table of sample complexities

Wi W)
SMP w/ public coin (this lecture) g . \/W g : ﬁ
SMP w/ private coin (future lecture) g : W g : W
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Direct modeling the channel

@ assume W = Wi
e Paninski's construction: for v € {1}9/2, let

XNPV:<1+"15 L-wd 1+ Vel 1_"d/25>

d ' d 7 d 7 d

o distribution of Y ~ Q,: for y € {0, 1},

Q= ¥ (P wyl2i- 1wy |20)

ie[d/2]
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x2-method

@ the central quantity in y?-method:

Qv Qv/ 2(52 /
Z (ég(y)(y)zl_{_dv'rwv

ye{0,1}k

where H € R9/2%d/2 \ith

y

(W2 - )Wl | 20)(Wly |2 - DEW(y | 2)
HW)ss = 2 Lo

2 W a N
@ x“-method:

24

CENQ), Q) S 0 max [H(W)IR

@ upper bounding the Frobenius norm: H(W) < H*(W), which has
non-negative entries and all rows summing to 2. Perron—Frobenius
gives p(H*) < 2, and ||H*[|2 < Tr(H*) < 2k+1,
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FOCS'20 tutorial:
http://www.cs.columbia.edu/~ccanonne/tutorial-focs2020/

Next lecture: scandiction (Tsachy)
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