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Today’s plan

constrained estimation:

communication and privacy constraints

distributed estimation and types of communication protocols

tool I: strong data processing inequality

tool II: van Trees inequality + quantized Fisher information

tool III: direct modeling + Assouad’s lemma
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Constrained estimation

usual statistical model: X ∼ Pθ

however, the learner only has access to Y , which is the output of
sending X via a channel W ∈ W up to learner’s choice

target: given loss L(θ,T ), jointly design W and T (Y )

communication-constrained channel Wk :

W ∈ Wk : X → {0, 1}k

privacy-constrained channel Wε:

W ∈ Wε : X → Y sup
x ,x ′∈X

sup
A⊆Y

W (A | x)

W (A | x ′)
≤ eε.
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Distributed estimation

Pθ

X1 X2

· · ·
Xn−1 Xn

Y1 Y2 Yn−1 Yn

W1 W2 Wn−1 Wn

centralized processor

T (Y1, · · · ,Yn)

minimax risk:

inf
T

inf
W1,··· ,Wn

sup
θ

Eθ[L(θ,T (Y n))]

examples:

distributed Gaussian mean
estimation Pθ = N (θ, Id)

distributed discrete
distribution estimation
Pθ = (θ1, · · · , θd)

distributed uniformity testing
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Communication protocols

Pθ

X1 X2

· · ·
Xn−1 Xn

Y1 Y2 Yn−1 Yn

W1 W2 Wn−1 Wn

centralized processor

T (Y1, · · · ,Yn)

simultaneous message
passing (SMP) with private
randomness

SMP with public
randomness

sequential communication
protocol

blackboard (interactive)
communication protocol
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Tool I: strong data processing inequality

Definition

Given a f -divergence and PU|X (or in addition PX ), the strong data
processing coefficient is defined as

ηf (PU|X ) , sup
PX ,QX

Df (PU|X ◦ QX ,PU|X ◦ PX )

Df (QX ,PX )

ηf (PU|X ,PX ) , sup
QX

Df (PU|X ◦ QX ,PU|X ◦ PX )

Df (QX ,PX )

data-processing inequality: ηf ≤ 1

Polyanskiy and Wu (2017):

ηχ2 = ηKL ≤ ηf ≤ ηTV = sup
x ,x ′
‖PU|X=x − PU|X=x ′‖TV

Ordentlich and Polyanskiy (2021): suffice to consider binary (PX ,QX )
for any ηf (PU|X )
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The KL case

Lemma

ηKL(PU|X ) = sup
PXY :U−X−Y

I (U;Y )

I (X ;Y )

ηKL(PU|X ,PX ) = sup
PY |X :U−X−Y

I (U;Y )

I (X ;Y )

examples:

X = U = {0, 1} and P(U 6= x | X = x) = ε:

ηKL(PU|X ) = (1− 2ε)2

(X ,U) joint Gaussian with correlation ρ ∈ [−1, 1]:

ηKL(PU|X ,PX ) = ρ2
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Why mutual information?

upper bounds of I (X ;Y ) available for both communication and
privacy constrained estimation

communication-constrained channel Wk :

I (X ;Y ) ≤ k

privacy-constrained channel Wε:

I (X ;Y ) ≤ min{ε, 2ε2}
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A simple example

setting: X1, · · · ,Xn ∼ Bern(p) with p ∈ [0, 1], and Wi (Yi | Xi ) ∈ Wε

claim:

inf
T

inf
W1,··· ,Wn

sup
p

Ep[(T (Y n)− p)2] &
1

n
+

1

nε2

analysis: let U ∼ Unif({0, 1}), and PXi |U=0 = Bern(1/2− δ),
PXi |U=1 = Bern(1/2 + δ)

strong data-processing inequality:

I (U;Y n) ≤ ηKL(PU|X n ,PX n) · I (X n;Y n)

however, computing ηKL(PU|X n ,PX n) is very complicated...
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Tensorization under SMP

key observation: under SMP, (Y1, · · · ,Yn) | U are independent

upper bound of mutual information:

I (U;Y n) ≤
n∑

i=1

I (U;Yi )

≤
n∑

i=1

ηKL(PU|Xi
,PXi

) · I (Xi ;Yi )

≤ n · (2δ)2 · 2ε2

= 8nδ2ε2

two-point method: choosing δ2 � (nε2)−1
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Solution for the interactive protocols

Theorem (Braverman, Garg, Ma, Nguyen, Woodruff, 2016)

Suppose that U ∼ Unif({0, 1}) and PX |U=0(x)/PX |U=1(x) ∈ [1/c , c] for
some c > 1 and any x ∈ X . Then if Y n is obtained from X n via any
interactive communication protocol, we have

H2(PY n|U=0,PY n|U=1) .c ηKL(PU|X ,PX ) · I (X n;Y n)

upper bound on I (X n;Y n) under interactive protocols:

communication constraints: I (X n;Y n) ≤ log |Yn| = nk

privacy constraints:

I (X n;Y n) =
∑
t

I (X n;Yt | Y t−1) ≤ nmin{ε, 2ε2}
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Product Bernoulli example

setting: X1, · · · ,Xn ∼
∏d

i=1 Bern(pi ), with (p1, · · · , pd) ∈ [0, 1]d

constraints: communication or privacy

claim:

inf
T

inf
W1,··· ,Wn∈W

sup
p

Ep[‖T (Y n)− p‖22] &

{
d
n ·

d
min{k,d} if W =Wk

d
n ·

d
min{ε2,ε,d} if W =Wε

analysis under SMP: apply Fano’s method to U ∼ Unif({1/2± δ}d),
but need to compute ηKL(PU|X ,PX )

analysis under interactive protocol: direct sum argument + previous
data processing inequality
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Tensorization property of SDPI

Theorem

ηKL

(∏
i

PUi |Xi
,
∏
i

PXi

)
= max

i
ηKL(PUi |Xi

,PXi
)

proof:

I (Y ;Ud)

I (Y ;X d)
=

EY [DKL(PUd |Y ‖PUd )]

EY [DKL(PX d |Y ‖PX d )]

=

∑
i E(U i−1,Y )[DKL(PUi |U i−1,Y ‖PUi

)]∑
i E(X i−1,Y )[DKL(PXi |X i−1,Y ‖PXi

)]

≤
∑

i E(U i−1,Y )EX i−1|U i−1,Y [DKL(PUi |X i−1,Y ‖PUi
)]∑

i E(X i−1,Y )[DKL(PXi |X i−1,Y ‖PXi
)]

≤ max
i ,y ,x i−1

DKL(PUi |X i−1=x i−1,Y=y‖PUi
)

DKL(PXi |X i−1=x i−1,Y=y‖PXi
)

≤ max
i
ηKL(PUi |Xi

,PXi
)
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Analysis under interactive protocol

Assouad’s lemma under interactive protocol:

d∑
j=1

P(v̂j(Y
n) 6= vj) ≥

1

2

d∑
j=1

(1− ‖P+j − P−j‖TV)

where P+j ,P−j are the distributions of the final message Y n under
vj = 1 and vj = −1, respectively

idea of upper bounding ‖P+j −P−j‖TV: if Pθ has a product structure,
then every node could discard all but the j-th coordinate of X

consequence: reduce to 1-dimensional problem

so-called “direct-sum” result in literature
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Gaussian location model

setting: X1, · · · ,Xn ∼ N (θ, Id), with θ ∈ Rd

constraints: communication or privacy

result:

inf
T

inf
W1,··· ,Wn∈W

sup
θ

Eθ[‖T (Y n)− θ‖22] &

{
d
n ·

d
min{k,d} if W =Wk

d
n ·

d
min{ε2,ε,d} if W =Wε

analysis exactly the same, with SDPI specialized to Gaussian model
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Tool II: quantized Fisher information

recall the definition of Fisher information matrix:

IX (θ) = EX∼Pθ

[(
∂ log p(X | θ)

∂θ

)(
∂ log p(X | θ)

∂θ

)>]
quantized Fisher information for Y :

IY (θ) = EY∼W ◦Pθ

[(
∂ log p(Y | θ)

∂θ

)(
∂ log p(Y | θ)

∂θ

)>]
relationship between p(Y | θ) and p(X | θ):

p(y | θ) =
∑
x∈X

W (y | x)p(x | θ)

Lemma

IY (θ) = EY

[(
Eθ[ ˙̀

θ(X ) | Y ]
)(

Eθ[ ˙̀
θ(X ) | Y ]

)>]
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van Trees inequality

Theorem (van Trees inequality, a.k.a. Bayesian Cramér–Rao bound)

For a differentiable prior density π on [a, b] with π(a) = π(b) = 0, it holds
that

Eθ∼πEX∼Pθ
[(T (X )− θ)2] ≥ 1

Eθ∼π[IX (θ)] + I (π)
,

where I (π) =
∫ b
a [π′(t)]2/π(t)dt is the Fisher information of π.

Proof: consider two expressions of the quantity

S =

∫ b

a

∫
X

(T (x)− θ)
∂[p(x | θ)π(θ)]

∂θ
dxdθ
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Corollaries and generalizations

Corollary 1: for 1-D model,

sup
θ∈[a,b]

EX∼Pθ
[(T (X )− θ)2] ≥ 1

supθ∈[a,b] IX (θ) + 4π2/(b − a)2

Corollary 2: for high-dimensional model,

sup
θ∈[a,b]d

EX∼Pθ
[‖T (X )− θ‖2] ≥ d2

supθ∈[a,b]d Tr(IX (θ)) + 4dπ2/(b − a)2

application in constrained estimation: upper bound

sup
θ∈[a,b]d

sup
W∈W

Tr(IY n(θ))

Tensorization property

Even under an interactive protocol, we have

Tr(IY n(θ)) ≤ n · sup
W∈W

Tr(IY (θ))
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Upper bounds of individual Fisher information

Upper bound I (bounded variance)

If ˙̀
θ(x) has a bounded second moment σ2 along any direction under

x ∼ Pθ, then

sup
W∈W

Tr(IY (θ)) ≤

{
2kσ2 if W =Wk ,

min{eε, ε2}σ2 if W =Wε.

Upper bound II (sub-Gaussian)

If ˙̀
θ(x) is subGaussian with parameter σ2 under x ∼ Pθ, then

sup
W∈W

Tr(IY (θ)) .

{
kσ2 if W =Wk ,

min{ε, ε2}σ2 if W =Wε.
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Example I: Gaussian location model

van Trees inequality:

R?n,d ≥
d2

n · supθ∈[a,b]d supW∈W Tr(IY (θ)) + 4dπ2/(b − a)2

score function ˙̀
θ(x) = θ − x is 1-sub-Gaussian

communication constraint: Tr(IY (θ)) . k , giving

R?n,d ,k &
d

n
· d

min{d , k}

privacy constraint: Tr(IY (θ)) . min{ε, ε2}, giving

R?n,d ,ε &
d

n
· d

min{d , ε, ε2}
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Example II: discrete distribution model

setting: X1, · · · ,Xn ∼ θ = (θ1, · · · , θd), which is a probability vector

van Trees inequality:

R?n,d ≥
d2

n · supθ∈[a,b]d supW∈W Tr(IY (θ)) + 4dπ2/(b − a)2

score function only finite second moment d

communication constraint: Tr(IY (θ)) . d2k , giving

R?n,d ,k &
1

n
· d

min{d , 2k}

privacy constraint: Tr(IY (θ)) . min{eε, ε2}d , giving

R?n,d ,k &
1

n
· d

min{d , ε2, eε}
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Tool III: direct modeling + Assouad’s lemma

setting: X1, · · · ,Xn ∼ p = (p1, · · · , pd)

target: uniformity testing p = unifd vs. ‖p − unifd‖TV ≥ δ
result: table of sample complexities

Wk Wε

SMP w/ public coin (this lecture)
√
d
δ2
·
√

d
min{d ,2k}

√
d
δ2
·

√
d

min{
√
d ,ε2}

SMP w/ private coin (future lecture)
√
d
δ2
· d
min{d ,2k}

√
d
δ2
· d
min{d ,ε2}
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Direct modeling the channel

assume W =Wk

Paninski’s construction: for v ∈ {±1}d/2, let

X ∼ Pv =

(
1 + v1δ

d
,

1− v1δ

d
, · · · ,

1 + vd/2δ

d
,

1− vd/2δ

d

)
distribution of Y ∼ Qv : for y ∈ {0, 1}k ,

Qv (y) =
∑

i∈[d/2]

(
1 + viδ

d
W (y | 2i − 1) +

1− viδ

d
W (y | 2i)

)
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χ2-method

the central quantity in χ2-method:∑
y∈{0,1}k

Qv (y)Qv ′(y)

Q0(y)
= 1 +

2δ2

d
v>H(W )v ′,

where H ∈ Rd/2×d/2 with

H(W )i ,j =
∑
y

(W (y | 2i − 1)−W (y | 2i))(W (y | 2j − 1)−W (y | 2j))∑
x W (y | x)

χ2-method:

χ2(Ev [Q⊗nv ],Q0) .
n2δ4

d2
max
W∈W

‖H(W )‖2F

upper bounding the Frobenius norm: H(W ) � H?(W ), which has
non-negative entries and all rows summing to 2. Perron–Frobenius
gives ρ(H?) ≤ 2, and ‖H?‖2F ≤ Tr(H?) ≤ 2k+1.
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FOCS’20 tutorial:
http://www.cs.columbia.edu/~ccanonne/tutorial-focs2020/

Next lecture: scandiction (Tsachy)
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