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Communication

Encoder +

Zn ∼ i.i.d. N (0, N)

Decoder
M ∈ {1, 2, . . . , 2k} Xn Y n M̂

Encoder: 1, . . . , 2k → X n(1), . . . ,X n(2k) ∈ Rn s.t. ||X n||2 ≤ nP

Memoryless Channel: Y n = X n + Zn

Decoder: Rn → 1, 2, . . . , 2k

R =
k

n
Pe = P(M 6= M̂)

Achievable R: for any ε > 0, ∃n, k , encoder/decoder s.t. R = k/n and
Pe ≤ ε.
Capacity C : largest achievable rate R.
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Communication

Encoder +

Zn ∼ i.i.d. N (0, N)

Decoder
M ∈ {1, 2, . . . , 2k} Xn Y n M̂

Capacity of the AWGN channel

C =
1

2
log

(
1 +

P

N

)
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Impossibility Bound: Sphere Packing
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Impossibility Bound: Fano’s Inequality

Tools:

Information Measure Calculus:

I (X ;Y ) = H(X ) + H(Y )− H(X ,Y ),

= H(X )− H(X |Y ).

Fano’s Inequality: For any estimator X̂ such that X → Y → X̂ , with
Pe = P(X 6= X̂ ), we have

1 + Pe log |X | ≥ H(X |Y ).

Entropy-Power Inequality: If X n and Y n are independent random
vectors with densities

2
2
n
h(X n+Y n) ≥ 2

2
n
h(X n) + 2

2
n
h(Y n)
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Impossibility Bound: Fano’s Inequality

nR = H(M) = I (M; M̂) + H(M|M̂)

≤ I (X n;Y n) + nεn

= H(Y n)− H(Y n|X n) + nεn

≤
∑

i

H(Yi )− H(Yi |Xi ) + nεn

=
∑

i

I (Xi ;Yi ) + nεn

≤ n sup
p(X )

I (X ;Y ) + nεn

=
n

2
log

(
1 +

P

N

)
+ nεn
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Network Information Theory
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Relay Channel

In = f(Zn)

Source 

Relay 

Destination 

W1 ⇠ N (0, N)

W2 ⇠ N (0, N)

Xn Y n

Zn

C0

Zn = X n + W n
1 Y n = X n + W n

2

W n
1 and W n

2 i.i.d. Gaussian N (0,N) independent of each other.
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The story goes...
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Cover’s Problem
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Gaussian case

In = f(Zn)

Source 

Relay 

Destination 

W1 ⇠ N (0, N)

W2 ⇠ N (0, N)

Xn Y n

Zn

C0

C (∞) =
1

2
log

(
1 +

2P

N

)

Cutset argument:

C ∗0 ≥
1

2
log

(
1 +

2P

N

)
− 1

2
log

(
1 +

P

N

)
.

Potentially, C ∗0 → 0 as P/N → 0.
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Solution to Cover’s Problem

In = f(Zn)

Source 

Relay 

Destination 

W1 ⇠ N (0, N)

W2 ⇠ N (0, N)

Xn Y n

Zn

C0

Theorem [Wu, Barnes, Özgür, 2019]

C ∗0 =∞
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Upper Bound on the Capacity
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Optimal Transport

Monge, 1781:

“The note on land excavation
and infill”

Given two probability measures PX

and PY and a cost function
c : X × Y → R+

inf
T :T (X )=Y

E[c(X ,Y )]
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Optimal Transport

Kantorovich, 1940:

Given two probability measures PX

and PY and a cost function
c : X × Y → R+

inf
P∈Π(PX ,PY )

EP [c(X ,Y )]

where Π(PX ,PY ) is the set of
couplings of PX and PY .
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Optimal Transport

A very fruitful area in mathematics:

Many famous names and awards:

Wide range of applications: economics, geometry, quantum
mechanics, fluid dynamics, optics, mathematical statistics, and
meteorology and most recently machine learning.
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Transportation Cost Inequalities

Wasserstein distance:

When X = Y = Rn and c(xn, yn) = ||xn − yn||2,

W 2
2 (PX n ,PY n) = inf

P∈Π(PXn ,PYn )
EP

[
||X n − Y n||2

]

is called the quadratic Wasserstein distance.

Theorem (Talagrand, 96)

For PY n = N (0, In) and PX n � PY n ,

W 2
2 (PX n ,PY n) ≤ 2D(PX n‖PY n),

where the inequality is tight if and only if PX n = N (µ, In)
for some µ ∈ Rn.
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Ayfer Özgür Information Theory May 18, 2021 18 / 33



Concentration of Measure

Theorem (Law of Large Numbers)

“The average of the results obtained from a large number of trials should
be close to the expected value and will tend to become closer to the
expected value as more trials are performed.”

Theorem (Gaussian concentration)

Let X n ∼ N (0, In) and f be L-Lipschitz continuous,

P (|f (X n)− E[f (X n)]| > t) ≤ e−
t2

L2 .
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Isoperimetric Inequalities

In R2 :

In Gaussian space:
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Information Constrained Optimal Transport

For any R > 0, define the information constrained Wasserstein distance

W 2
2 (PX ,PY ;R) = inf

P∈Π(PX ,PY ):
I (X ;Y )≤R

EP [||X − Y ||2]

I (X ;Y ) =
∑

x ,y

P(x , y) log
P(x , y)

P(x)P(y)
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Bounding Information Constrained Optimal Transport

Theorem (Bai, Wu, Özgür, 2020)

For PY n = N (0, In) and PX n � PY n , we have

W 2
2 (PX n ,PY n ;R) ≤ E[‖X n‖2] + n − 2n

√
1

2πe
e

2
n
h(X n)

(
1− e−

2R
n

)

which is tight when PX n = N (µ, σ2In) for some µ ∈ Rn and σ > 0.
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Corollary

Corollary

For PY n = N (0, In) and PX n � PY n , we have

W 2
2 (PX n ,PY n) ≤ E[‖X n‖2] + n − 2n

√
1

2πe
e

2
n
h(X n),

which is tight when PX n = N (µ, σ2In) for some µ ∈ Rn and σ > 0.

Tighter than Talagrand’s inequality for any PX n .

Achieved with equality for a wider class of PX n .
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Isoperimetry on the Sphere

Strengthening Talagrand’s Inequality:

W 2
2 (PX n ,PY n) ≤ E[‖X n‖2] + n − 2n

√
1

2πe
e

2
n
h(X n),

⇓
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Information – Cost Trade-off

R

W 2
2 (PZn , PY n ; R)

E[kZnk2] + n

E[kZnk2] + n � 2n

r
1

2⇡e
e

2
n h(Zn)

 
R, E[kZnk2] + n � 2n

r
1

2⇡e
e

2
n h(Zn)

⇣
1 � e�

2R
n

⌘!

Trade-off tight when PZn = N (µ, σ2In)
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A New Measure Concentration Result on the Sphere

Classical Blowing-up Lemma:
New Blowing-up Lemma:
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Born again: “A good new idea is often a reincarnation of a good old idea.”

For any R > 0, define the information constrained Wasserstein divergence

W2(PX ,PY ;R) = inf
P∈Π(PX ,PY ):I (X ;Y )≤R

{EP [||X − Y ||2]}1/2

Lagrangian function:

inf
P∈Π(PX ,PY )

EP [||X − Y ||2] + λI (X ;Y )

Schrödinger problem,
1931:

ML Literature: Entropy regularized OT,
Sinkhorn divergence:

Faster to compute (Sinkhorn
algorithm).

Better empirical accuracy for ML tasks.

OT suffers the curse of dimensionality,
but regularized OT does not. [Genevay,
Bach, Peyre, Cuturi]
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Learning Generative Models

Given observed data, find a probabilistic model to generate new data, e.g.
by fitting a parametric family of densities {pθ, θ ∈ Θ}.
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Learning Generative Models

When data is high-dimensional (200x100 pixels):
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Generative Adversarial Networks (GANs)

min
g∈G

W2(pt , pg )

Problems: slow convergence, mode collapse, stability issues.
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Benchmark: Linear Gaussian Quadratic Case

Feizi, Farnia, Ginart, Tse 2020:

G: set of linear functions.

pt = N (0, Id) (pz = N (0, Ir ) where r < d).

Quadratic: W2 as our distance metric.

Results:

g∗ : r -PCA solution.

Slow convergence: gn → g∗ as n−2/d :
e.g. if d = 16, for n−2/d < 0.01 we need
n > 10, 000, 000, 000, 000, 000.
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Generative Adversarial Networks (GANs)

min
g∈G

W2(pt, pg ;R)
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Benchmark: Linear Gaussian Quadratic Case

Reshetova, Bai, Wu, Özgür to be presented in ISIT’2021:

G: set of linear functions.

pt = N (0, Id) (pz = N (0, Ir ) where r < d).

Quadratic: W2 as our distance metric.

Results:

g∗ : soft-thresholding r -PCA solution.

Fast convergence: gn → g∗ as Kd√
n

.
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