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Today's plan

Communication complexity of equality evaluation under:
@ deterministic protocol
@ randomized protocol with private randomness
@ randomized protocol with public randomness
@ randomized protocol with one-round communication
Idea:

@ see how the lower bound is sensitive to slight changes in the problem
@ no ‘“skeleton key" for lower bounds
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Equality evaluation problem

Problem setup:
@ Alice has a binary vector x € {0,1}"
@ Bob has a binary vector y € {0,1}"
@ they want to know whether x = y or not

@ however, Alice and Bob do not live together, and they need to
communicate

o they are allowed to use any blackboard communication protocol
S{W]e schave,  am) bty

Target: under different performance metrics and resources, characterize
the smallest number of bits required to communicate, a.k.a. the
communication complexity.
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Blackboard communication protocol

Red - Alice, Blue - Bob

Rhice

froot (%) € {0,1}

depth = bits
of communication

NO YES YES NO YES NO NO YES

message = 010, output = YES
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Setting |: deterministic communication complexity

Target: for each input pair (x, y), the protocol always outputs the correct
answer; i.e. odpdk 4 protocs]
/T
Vx,y € {0,1}" : P(P(x,y) = 1(x = y)) = L.
ST

The deterministic communication complexity of equality evaluation is
n+ 1 bits.

x
(e —7 Bsb
1(x=19)

An easy upper bound:



Copy-paste property

For a deterministic blackboard protocol, if inputs (x1, y1) and (x2, y2)
arrive at the same leaf node, then (x2, y1) and (xi, y2) also go to this node.

69) Calp)
f;’OOt(X) S {0, 1} fvm (X)) =0 = Tt ()
Jalm=1 = 4. )
L fo0) [ e, Go=e =500

NO YES YES NO YES NO NO YES
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Rectangle and rank

Corollary: for each leaf node v, the set P, of all input pairs going to v is a
rectangle, i.e. P, = X, X Y,. Qﬂ 22 g oV

of xeXs Je\ﬂ

Theorem (Log-rank inequality)

Let P € {0,1}X*Y be a matrix defined as P(x,y) = f(x,y) for all
x € X,y € Y. Then the deterministic communication complexity of
computing f is at least log, rank(P). » ovr B

P oqobdy: $00)=10x=y)  pe ™™ P=1I,.
Rk =2" Thewrem =5 DCC 20 ()

Pd P= P, vg{iug{?l:?v;wﬁ
L=t ; e
1 (xy) s v X={a1

?\/(X,j): éoi 5w
vk (P < S verk(P) = [leof nodaestpptiny | X
Y Yes'| |
p— oQofiL «} + > Q“‘JL -



Setting Il: randomized complexity with private coin

Additional resources: Alice and Bob have some private randomness
sources R, and Rg Ry LRy

Target: for each input pair (x,y), the protocol outputs the correct answer
with high probability; i.e.

Vx,y € {0,1}" : Pg, ry(P(x,y) = 1(x = y)) > 0.99.

The randomized communication complexity of equality evaluation with
private coins is ©(log n) bits.
[

G = B(h.) & 3 0<ci<s,¢e st. ch S s G,
. a @,
= O<ﬂnﬁ\‘$/g N S i R
Which part of the previous lower bound breaks down?



Upper bound

Ly =oly~)

A cute scheme by Rabin and Yao: 7
(p.t, Pt

—
Abce
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Plx) = xo 4 xt+ xtt -t x\jm (medp)
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—_—
L .
(Xe=9)+ Ca=9)t+ = =& Gyt '=o @

Mot~ 2ars p(g. ) t w. ‘l‘j <n-|
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Lower bound

Let D(f) and R(f) be the deterministic and randomized private-coin
communication complexity of computing f, respectlvely Then

WJM
2=06.0]
o0 <0 - (7))
froot(x) € [0, 1] Plot) = (1=t ®) - $u ) 0= (0)
© =P el Pylel)
Ze Pl D I-e
ﬁh\jﬂmcn«#
ATt Se/\xs (FAL‘/). (uﬁ ~ale ¢}
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ity i

Seig ot i i
NO YES YES NO YES NO NO YES [.a ™.
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Setting Ill: randomized complexity with public coin

Additional resources: Alice and Bob have public randomness source R

Target: for each input pair (x,y), the protocol outputs the correct answer
with high probability; i.e.

Vx,y € {0,1}" : Pr(P(x,y) = 1(x = y)) > 0.99.

The randomized communication complexity of equality evaluation with
public coins iits.

,,
CTM (LI U W, Ve, = Vi € H:L

Mice sty Lvund, Cand =, SY, x5
PA  deels Aatber v = Qo o M e lls-)
PCcvio = v, p) :”L
Which part of the previous lower bound breaks down?
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Setting IV: one-round complexity with private coin

mp € {0, ].}k mp € {0, 1}k
Alice Referee Bob

(x; Ra) (v.Rs)

f(mA, mg, R)

Target: it holds that

Vx,y S {0, 1}" : ]P)RA,RB,R(f(mA, mg, R) = 1(X = y)) > 0.99.

The one-round communication complexity of equality evaluation with
private coins is ©(y/n) bits.
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Lower bound: characterizing all strategies

Notation:
@ Pa(ma | x): prob. of Alice sending ma when holding x
e Pg(mg | y): prob. of Bob sending mg when holding y
@ Pr(1| ma, mg): prob. of Referee outputting YES under ma, mg
For eoch Leigy € iy fo),
| S S Pl e Paloalo - Polmsly) = Lx=yp| =

e 0
2k

Zk)(lk
Pae Rm& Poel U P PM{\E -1, Hw < o ol
Pre® *

rat i Ao

Theorem (Newman and Szegedy'96)

If there exist stochastic matrices A, B € RN*™ and a square matrix
R € R™ ™ such that ||[ARBT — Iy||oc < 0.1. Then m = 2%(ViceN),

/\4/:2“/ W\:lk I~ lSL( ’QQN)';j k:ﬂ(?ﬂ
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Upper bound: simulation

The idea of simulation (Newman'91):
@ Let R be a public-coin protocol with error probability < ¢ on all inputs

@ Draw m fixed iid copies Ry, -+, Rm, then if m = Cn with C large
enough, we have

P(ﬁx,ye{o,l}”:;Zl(Ri(x,y)#lx: >2 | <1

21 = i= < 7 e*lﬁ‘zl
=27 mex PEZT AR ey F1lr=) 2 25) S
g e ]

l Efi/ s :zxr Smyu-
Hofflig = exp(-2n:)
@ Interleave the above Ry, --- , R, as follows:
Ae = <« [+]

rplority = O(JR) = O(f)
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Summary

Communication complexity of equality evaluation under:
@ deterministic protocol (©(n) bits)
e randomized protocol with private randomness (©(log n) bits)
e randomized protocol with public randomness (©(1) bits)

@ randomized protocol with one-round communication (©(+/n) bits)
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Reading materials

@ llan Newman, and Mario Szegedy. “Public vs. private coin flips in one
round communication games.” In Proceedings of the twenty-eighth
annual ACM symposium on Theory of computing, pp. 561-570, 1996.

@ Alexander Razborov. “On the distributed complexity of disjointness.”
Theoretical Computer Science, 106: 385-390, 1992.

o Eric Blais, Clément L. Canonne, and Tom Gur. “Distribution testing
lower bounds via reductions from communication complexity.” ACM
Transactions on Computation Theory 11, no. 2 (2019): 1-37.

Next lecture: f-divergence, joint range, statistical decision theory
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