Lecture 3: f-divergence, joint range, and
statistical decision theory

Lecturer: Yanjun Han

April 5, 2021



Announcement

Reminder:

students enrolled in letter grade are required to scribe some notes
first lecture is lecture 6, next Wednesday (4/14)

scribe group size: 1 —3

template on course website

sign-up link: https://bit.ly/31quUIb
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https://bit.ly/31quUIb

Today's plan

Fundamentals of statistical closeness and statistical model
e total variation (TV) distance, Le Cam'’s first lemma
o f-divergences, sharp inequalities and joint range

@ general setting of statistical decision theory



Total variation (TV) distance

Definition (TV distance)

For two probability distributions P and @ defined on the same set X, the
TV distance is defined to be
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Equivalent formulations:
P — Qlltv = sup |[P(A) — Q(A)| = sup [Ep[f] — Eqlf]]
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Examples of TV computation

Example I: X = {0,1}, P = Bern(p), @ = Bern(q)

IP-allg = P-4l

Example Il: X =R, P = N(p1,02), Q = N(u2,02)
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Why TV distance?

Theorem (Le Cam’s first lemma)
Let X follow either P or Q, and W(X) € {0,1} be a test. Then

min[P(W(X) = 1) + QVU(X) =0)] =1~ [|P = Qllrv

Ho. X ~P Yxy=o & H. ki
(X o,
. y~l Y(X) e f ‘j<4\i(£x7:\cH‘L.,l,ls

Type L arer = PH0=1 [H.) = P(H0=1)
T\/Fp‘ T evmr < PH0=0 v = Q(m==)

P X=AUA PYOU=1) 4 AGH0)=)
g nen A00=0 = P(A) + &)
xeA Yo=1 — 1= (p(a)— )
(NS



General case: f-divergence

Definition (f-divergence)

Let f : Ry — R be a convex function with (1) = 0. The f-divergence is
then defined as (B 5) % ReCaD)
f( ) Q) - Z q(X)

B(p,a)=e gp=a
= q(x)

° Df(P, Q) Z 0: D{(P,&>f Z x)j: U)) ’f Z,Tx) ) jﬁu)-

@ A general version of test error:
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@ Comparison with other divergences:
o Bregman divergence: DL )= Flp) = Fla) = (T, Prao O, ¥
(Brg-d 0 f5-) = P
o Integral probability metric (IPM):
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Data-processing inequality

Theorem (Data-processing inequality)

Let K be a transition kernel. Then

D¢(KP,KQ) < D¢(P, Q).
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Widely-used examples of f-divergence

o TV distance: - (9="1]«
1
1P Qllrv = & 1)~ a(x)
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e squared Hellinger distance: (=17 Agpieed (1P 0y S
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o Kullback-Leibler (KL) divergence: ~j(x)= x!x M@:@wﬂwg D (PN
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Hellinger distance

Advantages:
0 0 < H?(P,Q)<2
@ compatible with TV:

H?(P,Q) = 0 <= ||P — Q|[tv — 0
H?(P,Q) =2 <= ||P- Qv — 1

@ tensorization property:

# (T[T —2-a] (- #12:92)
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KL divergence

Advantages:

@ tensorization property:

Dxi (H PITT Qi) = Du(PQ)
@ chain rule even for correlated random variables (HW1):

D (Pxy[1@xy) = Di(Px[|@x) + Dr(Py x| Qv x | Px)
W% Y = ; Px(0 - Pre (Pyixex Il Orixaye)

@ vast applications in many other fields, e.g. relationships to mutual
information, and Donsker-Varadhan

Di(P]|@) = supErlf] - log Eqle”]
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\? divergence

Advantages:

@ nice behavior under mixture distribution (HW1):

X2 (EqlPol, Q) = [Z Po(>)py ] 1.

NGD+NGD XEX
(g =5

@ variational representation:

(Ep[h] — Eq[h])?

2 _
(P, Q) = W Varg(h)

@ tensorization property:

(HPHHQl> _H 1+X%(P, Q1) —
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Joint range and inequalities

Question: given two f-divergences Df(P, Q) and Dg(P, Q), what is the
tight inequality between them?

Definition (Joint range)

R = {(Df(P, Q), Dg(P, @) € R2 : P, Q probability measures}

Joint range of (TV, KL)
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Characterization of joint range

Notations:
o R={(Df(P,Q),Dg(P,Q)) : P,Q probability measures}

°@= {(Df(P,Q), Dg(P, Q)) : P, Q probability measures on [k]}
RK SR

Theorem (Harremoés and Vajda, 2011)

R=£ng@) =Ra.

ey L\‘u

Implication:

@ choose P =(p,1—-p),Q =(q9,1—q)
e vary (p,q) € [0,1]?, plot the joint range

@ take the convex hull
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Proof technique: convex geometry

Theorem (Choquet, Bishop, and de Leeuw)

Let C be a metrizable convex compact subset of a locally convex
topological vector space V. For any point xp € C, there exists a
probability measure p supported on extremal points of C such that

X0 = / xpu(dx).

G, extvecd pet ﬁ C

xeC e fUV~+
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Proof of R = conv(R»)

Equivalent representation:
o R =A{(E[f(X)]E[g(X)]) : E[X] < 1} o o
o Ry = {(E[f(X)],E[g(X)]) : E[X] < 1, X supported onﬁ%ts}
- T;LZ; wpoglo EGFO)= T oefdR)= R
E(x) = ‘g‘[lxi {%) =1

>

Extremal points:
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Proof of conv(R;) = R4

Theorem (Carathéodory)

Let S C RY and C = conv(S). Then any x € C could be written as
x = conv(xy, - ,Xg41) for some xi,--+ ,xq41 € S.

Furthermore, if S is connected, then d + 1 could be replaced by d.

d=2
zpm}x’w a‘fL L(v\<v3 CL\S*T)\:.CNQ -
£ ) [L‘;le\od(w A 4— Pau\ﬁ eC
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Some widely-used inequalities

@ TV vs. Hellinger: %Sm

1 H2(P.,
CHA(P.Q) < P~ Qllry < H(P.Q)y/1 - T )
o TV wvs. KL: ottt

1
”P - Q”TV < EDKL(PHQ) & Pinchets “J”L‘“l‘]']

1P = Qltv < /1 —exp(—DkL(P|Q))
o KL vs. x% Ligt

DkL(P| Q) < log(1 +x2(P, Q))
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Statistical decision theory

X ~ Py a~ 3| X)

©: parameter space
X': observation space

A: action space

loss function L: © x A — R

Definition (Risk)

The risk of the decision rule § under loss function L and the true
parameter 6 is defined as

Ro,.(0) = Eaus(.1x)Ex~p, [L(8, 2)]
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Risk comparison: Bayes and minimax

For two decision rules d1, do, typically Ry ((01) > Ry, (2) for some 6, and
ng[_((sl) < RQ’L(($2) for other 0

@ minimax criterion: compare maxgce Rg,.(9)

e Bayes criterion: fix a prior 7 on 6, compare Eg..[Rp,1(9)]

Bayes estimator is easy to find in principle:

T(x) € argmin Egr(.[L(6, 2)]
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Example I: linear regression

0 c RP — (x1,%1), -, (Xn, ¥n) ——— 0 € RP
X1,y Xp ~ Px
y,-|x,-~/\/'(X,-T¢9,1)

~

@ estimation error: L1(6,0) = ||0 — §||%

e prediction error: Lo(0,0) = E(, ,yop,[(y — XT§)2]
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Example Il: density estimation

feF——— X, xp~vf—— T

@ loss at a point: Li(f, T)=|T — f(0)]
e global loss: Lo(f, T) = [|T(x)— f(x)|dx
e functional estimation: L3(f, T) =|T — ||f||2]



Example Ill: learning theory

Pxy —— (x1,51), s (Xn, ¥n) ~ Pxy —— f € F

@ excess risk:

L(PXY7 f) = E(X,y)way[LO(f(X)7y)]

- frpeir}:E(Xv)’)NPXY [Lo(f*(x), y)]
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Example IV: optimization

X1

f(x1), VFf(x1)

learner
XT
f(XT), Vf(XT)

oracle

i

@ suboptimality gap:
L(f,X) = f(X) — min f(x)
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Next lecture: reduction between statistical models
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