
Lecture 3: f -divergence, joint range, and
statistical decision theory

Lecturer: Yanjun Han

April 5, 2021



Announcement

Reminder:

students enrolled in letter grade are required to scribe some notes

first lecture is lecture 6, next Wednesday (4/14)

scribe group size: 1− 3

template on course website

sign-up link: https://bit.ly/31quUIb
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https://bit.ly/31quUIb


Today’s plan

Fundamentals of statistical closeness and statistical model

total variation (TV) distance, Le Cam’s first lemma

f -divergences, sharp inequalities and joint range

general setting of statistical decision theory
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Total variation (TV) distance

Definition (TV distance)

For two probability distributions P and Q defined on the same set X , the
TV distance is defined to be

‖P − Q‖TV =
1

2

∑
x∈X
|p(x)− q(x)|

Equivalent formulations:

‖P − Q‖TV = sup
A⊆X
|P(A)− Q(A)| = sup

0≤f≤1
|EP [f ]− EQ [f ]|

= 1−
∑
x∈X

min{p(x), q(x)} =
∑
x∈X

max{p(x), q(x)} − 1.
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Examples of TV computation

Example I: X = {0, 1},P = Bern(p),Q = Bern(q)

Example II: X = R,P = N (µ1, σ
2),Q = N (µ2, σ

2)
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Why TV distance?

Theorem (Le Cam’s first lemma)

Let X follow either P or Q, and Ψ(X ) ∈ {0, 1} be a test. Then

min
Ψ

[P(Ψ(X ) = 1) + Q(Ψ(X ) = 0)] = 1− ‖P − Q‖TV
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General case: f -divergence

Definition (f -divergence)

Let f : R+ → R be a convex function with f (1) = 0. The f -divergence is
then defined as

Df (P,Q) =
∑
x∈X

q(x)f

(
p(x)

q(x)

)

Df (P,Q) ≥ 0:

A general version of test error:

Comparison with other divergences:
Bregman divergence:

Integral probability metric (IPM):
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Data-processing inequality

Theorem (Data-processing inequality)

Let K be a transition kernel. Then

Df (KP,KQ) ≤ Df (P,Q).

Diagram:

PX

QX

PY

QY

KY |X
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Widely-used examples of f -divergence

TV distance:

‖P − Q‖TV =
1

2

∑
x∈X
|p(x)− q(x)|

squared Hellinger distance:

H2(P,Q) =
∑
x∈X

(√
p(x)−

√
q(x)

)2

Kullback–Leibler (KL) divergence:

DKL(P‖Q) =
∑
x∈X

p(x) log
p(x)

q(x)

chi-squared divergence:

χ2(P,Q) =
∑
x∈X

(p(x)− q(x))2

q(x)
=
∑
x∈X

p(x)2

q(x)
− 1
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Hellinger distance

Advantages:

0 ≤ H2(P,Q) ≤ 2

compatible with TV:

H2(P,Q)→ 0⇐⇒ ‖P − Q‖TV → 0

H2(P,Q)→ 2⇐⇒ ‖P − Q‖TV → 1

tensorization property:

H2

(∏
i

Pi ,
∏
i

Qi

)
= 2− 2

∏
i

(
1− H2(Pi ,Qi )

2

)
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KL divergence

Advantages:

tensorization property:

DKL

(∏
i

Pi‖
∏
i

Qi

)
=
∑
i

DKL(Pi ,Qi )

chain rule even for correlated random variables (HW1):

DKL(PXY ‖QXY ) = DKL(PX‖QX ) + DKL(PY |X‖QY |X | PX )

vast applications in many other fields, e.g. relationships to mutual
information, and Donsker-Varadhan

DKL(P‖Q) = sup
f

EP [f ]− logEQ [ef ]
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χ2 divergence

Advantages:

nice behavior under mixture distribution (HW1):

χ2(Eθ[Pθ],Q) = Eθ,θ′
[∑
x∈X

pθ(x)pθ′(x)

q(x)

]
− 1.

variational representation:

χ2(P,Q) = sup
h

(EP [h]− EQ [h])2

VarQ(h)

tensorization property:

χ2

(∏
i

Pi ,
∏
i

Qi

)
=
∏
i

(
1 + χ2(Pi ,Qi )

)
− 1.
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Joint range and inequalities

Question: given two f -divergences Df (P,Q) and Dg (P,Q), what is the
tight inequality between them?

Definition (Joint range)

R = {(Df (P,Q),Dg (P,Q)) ∈ R2
+ : P,Q probability measures}

Joint range of (TV, KL)
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Characterization of joint range

Notations:

R = {(Df (P,Q),Dg (P,Q)) : P,Q probability measures}
Rk = {(Df (P,Q),Dg (P,Q)) : P,Q probability measures on [k]}

Theorem (Harremoës and Vajda, 2011)

R = conv(R2) = R4.

Implication:

choose P = (p, 1− p),Q = (q, 1− q)

vary (p, q) ∈ [0, 1]2, plot the joint range

take the convex hull
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Proof technique: convex geometry

Theorem (Choquet, Bishop, and de Leeuw)

Let C be a metrizable convex compact subset of a locally convex
topological vector space V . For any point x0 ∈ C , there exists a
probability measure µ supported on extremal points of C such that

x0 =

∫
xµ(dx).
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Proof of R = conv(R2)

Equivalent representation:

R = {(E[f (X )],E[g(X )]) : E[X ] ≤ 1}
Rk = {(E[f (X )],E[g(X )]) : E[X ] ≤ 1,X supported on k points}

Extremal points:
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Proof of conv(R2) = R4

Theorem (Carathéodory)

Let S ⊆ Rd and C = conv(S). Then any x ∈ C could be written as
x = conv(x1, · · · , xd+1) for some x1, · · · , xd+1 ∈ S .

Furthermore, if S is connected, then d + 1 could be replaced by d .
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Some widely-used inequalities

TV vs. Hellinger:

1

2
H2(P,Q) ≤ ‖P − Q‖TV ≤ H(P,Q)

√
1− H2(P,Q)

4

TV vs. KL:

‖P − Q‖TV ≤
√

1

2
DKL(P‖Q)

‖P − Q‖TV ≤
√

1− exp(−DKL(P‖Q))

KL vs. χ2:
DKL(P‖Q) ≤ log(1 + χ2(P,Q))
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Statistical decision theory

θ ∈ Θ X ∈ X a ∈ A
X ∼ Pθ a ∼ δ(· | X )

Θ: parameter space

X : observation space

A: action space

loss function L : Θ×A → R+

Definition (Risk)

The risk of the decision rule δ under loss function L and the true
parameter θ is defined as

Rθ,L(δ) = Ea∼δ(·|X )EX∼Pθ [L(θ, a)]
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Risk comparison: Bayes and minimax

For two decision rules δ1, δ2, typically Rθ,L(δ1) ≥ Rθ,L(δ2) for some θ, and
Rθ,L(δ1) ≤ Rθ,L(δ2) for other θ

minimax criterion: compare maxθ∈Θ Rθ,L(δ)

Bayes criterion: fix a prior π on θ, compare Eθ∼π[Rθ,L(δ)]

Exercise

Bayes estimator is easy to find in principle:

T (x) ∈ arg min
a∈A

Eθ∼π(·|x)[L(θ, a)]
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Example I: linear regression

θ ∈ Rp (x1, y1), · · · , (xn, yn) θ̂ ∈ Rp

x1, · · · , xn ∼ PX

yi | xi ∼ N (x>i θ, 1)

estimation error: L1(θ, θ̂) = ‖θ − θ̂‖2
2

prediction error: L2(θ, θ̂) = E(x ,y)∼Pθ [(y − x>θ̂)2]
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Example II: density estimation

f ∈ F x1, · · · , xn ∼ f T

loss at a point: L1(f ,T ) = |T − f (0)|
global loss: L2(f ,T ) =

∫
|T (x)− f (x)|dx

functional estimation: L3(f ,T ) = |T − ‖f ‖2|
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Example III: learning theory

PXY (x1, y1), · · · , (xn, yn) ∼ PXY f ∈ F

excess risk:

L(PXY , f ) = E(x ,y)∼PXY
[L0(f (x), y)]

− min
f ?∈F

E(x ,y)∼PXY
[L0(f ?(x), y)]
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Example IV: optimization

learner oracle

x1

f (x1),∇f (x1)

...

xT

f (xT ),∇f (xT )

x̂

suboptimality gap:

L(f , x̂) = f (x̂)−min
x?

f (x?)
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Next lecture: reduction between statistical models
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