
Lecture 4: Statistical decision theory: model
distance and equivalence

Lecturer: Yanjun Han

April 7, 2021



Announcement

HW1 is released:

covers lecture 1–4

due two weeks later (April 21, 11:59 PM)

submit via Gradescope (entry code: 3YD8J7)

students enrolled for letter grade are required to complete homeworks

other students are also encouraged to attempt homeworks
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Today’s plan

The idea of reduction:

general setting of statistical decision theory

deficiency and Le Cam’s distance

examples of asymptotic equivalence

application I: Hájek–Le Cam theory (lecture 5)

application II: statistical-computational tradeoff (lecture 6)
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Statistical decision theory

θ ∈ Θ X ∈ X a ∈ A
X ∼ Pθ a ∼ δ(· | X )

Θ: parameter space

X : observation space

A: action space

loss function L : Θ×A → R+

Definition (Risk)

The risk of the decision rule δ under loss function L and the true
parameter θ is defined as

Rθ(δ) = Ea∼δ(·|X )EX∼Pθ [L(θ, a)]
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Risk comparison: Bayes and minimax

For two decision rules δ1, δ2, typically Rθ(δ1) ≥ Rθ(δ2) for some θ, and
Rθ(δ1) ≤ Rθ(δ2) for other θ

minimax criterion: compare maxθ∈Θ Rθ(δ)

Bayes criterion: fix a prior π on θ, compare Eθ∼π[Rθ(δ)]

Exercise

Bayes estimator is easy to find in principle:

T (x) ∈ arg min
a∈A

Eθ∼π(·|x)[L(θ, a)]
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Example I: linear regression

θ ∈ Rp (x1, y1), · · · , (xn, yn) θ̂ ∈ Rp

x1, · · · , xn ∼ PX

yi | xi ∼ N (x>i θ, 1)

estimation error: L1(θ, θ̂) = ‖θ − θ̂‖2
2

prediction error: L2(θ, θ̂) = E(x ,y)∼Pθ [(y − x>θ̂)2]
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Example II: density estimation

f ∈ F x1, · · · , xn ∼ f T

loss at a point: L1(f ,T ) = |T − f (0)|
global loss: L2(f ,T ) =

∫
|T (x)− f (x)|dx

functional estimation: L3(f ,T ) = |T − ‖f ‖2|
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Example III: learning theory

PXY (x1, y1), · · · , (xn, yn) ∼ PXY f ∈ F

excess risk:

L(PXY , f ) = E(x ,y)∼PXY
[L0(f (x), y)]

− min
f ?∈F

E(x ,y)∼PXY
[L0(f ?(x), y)]
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Example IV: optimization

learner oracle

x1

f (x1),∇f (x1)

...

xT

f (xT ),∇f (xT )

x̂

suboptimality gap:

L(f , x̂) = f (x̂)−min
x?

f (x?)
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Comparison of models

Motivating question

For two statistical models M = (X , (Pθ)θ∈Θ) and N = (Y, (Qθ)θ∈Θ),
when can we say model M is stronger than model N ? How can we
translate a solution to model N to a solution to model M?

Which model is stronger?

X = Y = Θ = R, Pθ = N (θ, 0.1),Qθ = N (θ, 1)

X = Y = R, Θ = [−1, 1], Pθ = Uniform({θ − 0.1, θ + 0.1}),
Qθ = Uniform({θ − 1, θ + 1})
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Deficiency

Definition (Deficiency; Le Cam (1964))

For two statistical models M = (X , (Pθ)θ∈Θ) and N = (Y, (Qθ)θ∈Θ), we
say M is ε-deficient relative to N if

for any finite subset Θ0 ⊆ Θ;

for any finite action space A;

for any loss function L : Θ×A → [0, 1];

for any decision rule δN for model N ;

there exists a decision rule δM for model M such that

Rθ(δM) ≤ Rθ(δN ) + ε, ∀θ ∈ Θ0.

hardness result for model M =⇒ hardness result for model N
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Randomization of statistical models

Definition (Randomization)

For two statistical models M = (X , (Pθ)θ∈Θ) and N = (Y, (Qθ)θ∈Θ), we
say N is a randomization of M if there exists a stochastic kernel
K : X → Y such that Qθ = KPθ for all θ ∈ Θ, i.e.

Qθ(y) =
∑
x∈X

Pθ(x)K(y | x), ∀y ∈ Y, θ ∈ Θ.

N is a randomization of M =⇒ M is 0-deficient relative to N
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Equivalence of deficiency and randomization

Theorem

Model M is ε-deficient relative to N if and only if there exists a
stochastic kernel K : X → Y such that

sup
θ∈Θ
‖Qθ − KPθ‖TV ≤ ε.

showing deficiency results ⇐⇒ showing randomization results
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Easy direction: randomization ⇒ deficiency

choose any action space A and loss L

fix any decision rule δN for model N
choose δM = δN ◦ K

Rθ(δM)− Rθ(δN )

= Ea∼δM(·|X )EX∼Pθ [L(θ, a)]− Ea∼δN (·|Y )EY∼Qθ [L(θ, a)]

= Ea∼δN (·|Y )EY∼KPθ [L(θ, a)]− Ea∼δN (·|Y )EY∼Qθ [L(θ, a)]

= Ea∼δN (·|Y )(EY∼KPθ [L(θ, a)]− EY∼Qθ [L(θ, a)])

≤ ‖Qθ − KPθ‖TV
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Hard direction: deficiency ⇒ randomization

for simplicity assume that Θ is a finite set

deficiency: for every δN ,

sup
L

sup
π

inf
δM

Eθ∼π
(
Ea∼δM(·|X )EX∼Pθ − Ea∼δN (·|Y )EY∼Qθ

)
[L(θ, a)] ≤ ε

swap the inf and sup:

inf
δM

sup
L

sup
π

Eθ∼π
(
Ea∼δM(·|X )EX∼Pθ − Ea∼δN (·|Y )EY∼Qθ

)
[L(θ, a)]︸ ︷︷ ︸

=‖δMPθ−δNQθ‖TV

≤ ε
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Le Cam’s distance

Definition (Le Cam’s distance)

For two statistical models M = (X , (Pθ)θ∈Θ) and N = (Y, (Qθ)θ∈Θ), Le
Cam’s distance ∆(M,N ) is defined to be the smallest ε ≥ 0 such that

M is ε-deficient to N ;

N is ε-deficient to M.

a pseudo-metric between models (symmetric, triangle inequality)

alternative characterization via randomization:

∆(M,N ) = max

{
inf

K:X→Y
sup
θ∈Θ
‖KPθ − Qθ‖TV,

inf
L:Y→X

sup
θ∈Θ
‖LQθ − Pθ‖TV

}
a convex program, but ...
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Asymptotic equivalence

For two sequences of statistical models Mn = (Xn, (Pn,θ)θ∈Θn) and
Nn = (Yn, (Qn,θ)θ∈Θn) with Θn ↑ Θ, we say they are asymptotically
equivalent if and only if

∆(Mn,Nn)→ 0, as n→∞.

Upcoming examples of (asymptotic) equivalence:

reduction by sufficiency

multinomial vs. Poissonized model

density estimation, regression, and Gaussian white noise model

localized regular model and Gaussian location model (next lecture)
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Example I: sufficiency

statistical model M = (X , (Pθ)θ∈Θ), with X ∼ Pθ

let T = T (X ) be a function of X

T -induced model N = (T , (Pθ ◦ T−1)θ∈Θ)

when do we have ∆(M,N ) = 0?

Theorem

∆(M,N ) = 0 if and only if T is a sufficient statistic, i.e. θ − T − X
forms a Markov chain.
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Example II: Poissonization

n: sample size

k : support size

parameter set Θk = {P = (p1, · · · , pk) ∈ Rk
+ : p1 + · · ·+ pk = 1}

multinomial model Mn,k : draw n iid samples from P ∈ Θk

Poissonized model Pn,k : draw N ∼ Poi(n) iid samples from P ∈ Θk

Theorem

For any fix k , we have limn→∞∆(Mn,k ,Pn,k) = 0.
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Randomization from Mn,k to Pn,k

let (X1, · · · ,Xn) be iid observations from Mn,k ;

draw N ∼ Poi(n);

if N ≤ n, output (X1, · · · ,XN);

if N > n, generate m , N − n fake samples (Y1, · · · ,Ym) from the
empirical distribution of (X1, · · · ,Xn), then output
(X1, · · · ,Xn,Y1, · · · ,Ym).
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Analysis

let Pn be the empirical distribution of (X1, · · · ,Xn)

upper bound of E[χ2(Pn,P)]:

upper bound of E[‖P⊗mn − P⊗m‖TV]

final expectation w.r.t. m = (N − n)+:

HW1: show the tight bound ∆(Mn,k ,Pn,k) = Θ(min{1,
√
k/n})

asymptotic equivalence breaks down for large k
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Example III: nonparametric estimation

nonparametric regression: yi ∼ N (f (i/n), σ2), i ∈ [n]

m

Gaussian white noise model: dYt = f (t)dt +
σ√
n
dBt

m

Poissonized density estimation: N(A) ∼ Poi

(
n

∫
A
g(t)dt

)
m

density estimation: X1, · · · ,Xn ∼ g

constraint: smoothness parameter > 1/2
correspondence: f (x) =

√
g(x), σ = 1/2, density bounded away from

zero
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Smoothness class

Definition (Hölder ball)

The Hölder ball Hs(L) with smoothness parameter s > 0 is the class of all
functions f supported on [0, 1] such that

sup
x 6=y

|f (m)(x)− f (m)(y)|
|x − y |α

≤ L,

where s = m + α,m ∈ N, α ∈ (0, 1].
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regression ⇔ white noise

f ?(t) =
n∑

i=1

f

(
i

n

)
· 1
(
i − 1

n
< t ≤ i

n

)

DKL(PY ?
[0,1]
‖PY[0,1]

) =
n

2σ2

∫ 1

0
(f (t)− f ?(t))2dt
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white noise ⇔ density estimation

High-level idea:

assume a piecewise constant density with bandwidth A/n

sufficient statistic in Poissonized density estimation:

Yi ∼ Poi(A · f (ti )), i = 1, · · · , n/A

sufficient statistic in Gaussian white noise model:

Zi ∼ N (
√
A · f (ti ), 1/4), i = 1, · · · , n/A

variance-stabilizing transformation:√
Poi(λ) ≈ N (

√
λ, 1/4), λ→∞

details far more complicated and rely on multi-resolutional analysis...
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Next lecture: classical asymptotics and Hájek–Le Cam theory
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