Lecture 4: Statistical decision theory: model
distance and equivalence

Lecturer: Yanjun Han

April 7, 2021



Announcement

HWT1 is released:

4

covers lecture 1-4

due two weeks later (April 21, 11:59 PM)

submit via Gradescope (entry code: 3YD8J7)

students enrolled for letter grade are required to complete homeworks

other students are also encouraged to attempt homeworks
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Today's plan

The

e 6 6 o o

idea of reduction:

general setting of statistical decision theory

deficiency and Le Cam'’s distance

examples of asymptotic equivalence

application |: Hajek—-Le Cam theory (lecture 5)

application |l: statistical-computational tradeoff (lecture 6)
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Statistical decision theory

/—s L(8,a) <
X~ P ar~d(-| X)

feco 0 XeX j acA

defernichc cme; ©=TOx)

©: parameter space
X': observation space

A: action space

Definition (Risk)

loss function L: © x A — R

The risk of the decision rule § under loss function L and_ the true
parameter @ is defined as n Ad e Ry(§) = Exnp, (L0OTOO,

Ro(8) = Eys pefExers L6 3)]

Fs(x,«jt TBU) §lal=)




Risk comparison: Bayes and minimax

For two decision rules d1, d2, typically Ry(d1) > Ry(d2) for some 6, and

Ry(61) < Ry(62) for other 0 ‘
Ro Y, X iad Bera(0)

o(Ta
Re(T) @< A= (o)
RelT,) T (%~ X)= w2 X
. T\(X,,\X)?—;
° e

@ minimax criterion: compare maxgco Ryp(9)

@ Bayes criterion: fix a prior m on 6, compare Eg[Ry(5)]

Bayes estimator is easy to find in principle:

T(x) € arg géiﬂE"NZL(;TL@[L(G’ a)

(0, 1= (e pslx>



Example I: linear regression

0 c RP — (x1,%1), -, (Xn, ¥n) ——— 0 € RP
X1,y Xp ~ Px
y,-|x,-~/\/'(X,-T¢9,1)

~

@ estimation error: L1(6,0) = ||0 — §||%

e prediction error: Lo(0,0) = E(, ,yop,[(y — XT§)2]

6
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Example Il: density estimation

feF——— X, xp~vf—— T

@ loss at a point: Li(f, T)=|T — f(0)]
e global loss: Lo(f, T) = [|T(x)— f(x)|dx
e functional estimation: L3(f, T) =|T — ||f||2]
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Example Ill: learning theory

Pxy —— (x1,51), s (Xn, ¥n) ~ Pxy —— f € F

@ excess risk:

L(P. ) = Eiuypy L))

- frpeir}:E(Xv)’)NPXY [Lo(f*(x), y)]
-
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Example IV: optimization

X1

f(x1), VFf(x1)

learner
XT
f(XT), Vf(XT)

oracle

X)

@ suboptimality gap:
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Comparison of models

Motivating question

For two statistical models M = (X, (Py)geco) and N = (I, (Qp)sco),
when can we say model M is stronger than model N'? How can we
translate a solution to model A to a solution to model M?

Which model is stronger?
PB R”Lu*'( ‘H’“‘ Qe (Ps Can S;‘»m—l#: &9)
e XY =Y=R, ©=][-1,1], Py = Uniform({6# — 0.1,0 + 0.1}),
Qp = Uniform({6 — 1,0 + 1})
&g W—H\ PSCQ_B_&,\]EI\EM"J{ @,’H«d ?@)
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Deficiency

Definition (Deficiency; Le Cam (1964))

For two statistical models M = (X, (Py)oco) and N = (¥, (Qp)gco), we
say M is e-deficient relative to A if

o for any finite subset ©g C ©;
o for any finite action space A;
e for any loss function L: © x A — [0,1];

e for any decision rule dxr for model NV;

there exists a decision rule 6 for model M such that

Ro(6m) < Ro(n) +e, V0 € Oy

iy s s b 5o o8 ~ Ro(8u)) € 2
RN [xj ;r (R

hardness result for model M == hardness result for model N
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Randomization of statistical models

Definition (Randomization)

For two statistical models M = (X, (Py)geco) and N = (Y, (Qp)oco). we
say NV is a randomization of M if there exists a stochastic kernel

K: X — Y such that Qy = KPy for all § € ©, i.e.

Lidgo

=" Py(xK(y | x), VyeV.feo.
XEX

N is a randomization of M = M is O-deficient relative to N/

K)UJM_)A

N

o b K
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Equivalence of deficiency and randomization

Model M is e-deficient relative to NV if and only if there exists a
stochastic kernel K : X — ) such that

sup [|Qp — KPg|ltv < e.
0O

showing deficiency results <= showing randomization results
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Easy direction: randomization = deficiency

@ choose any action space A and loss L

@ fix any decision rule dxr for model N/

@ choose dp1 = Iy oK

Ro(6m) — Ro(On)
= Eas (1) Exepy [L(6; 3)] = Eausyo(|v)Ey~q,[L(6, )]
5T B (1 By ok (L0 2)] = By (v Ev, L0, 2)]
= Eauie() Bvnke, [L(0 2)] ~ Ev~g,[L(9. )
< |Qo — KPgll7v
S 7= Qb 2%, ) —Fab)
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Hard direction: deficiency = randomization

o for simplicity assume that © is a finite set

o deficiency: for every dus,

ﬂp inf Eor (Banspa(10Ex~Po ~ Bavin(v)Ev~an) [L(6:2)] <
5.

vior linermr
C . frow i { (DL oo, nen

L
@ swap the inf and sup:

inf sup sup By~ (Bansra(1)Ex~Py = Eansy(1v)Ey~q,) [L(0,2)] <€
M ™

/

=16 Po—0n QollTv

Clowe A=® 4 fo= iy
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Le Cam'’s distance

Definition (Le Cam’s distance)

For two statistical models M = (X, (Py)gco) and N = (Y, (Qp)oco), Le
Cam'’s distance A(M,N) is defined to be the smallest € > 0 such that

@ M is e-deficient to N;
o N is e-deficient to M.

@ a pseudo-metric between models (symmetric, triangle inequality)

@ alternative characterization via randomization:

AM,N :max{ inf sup ||KPy — @ ,
(M) = max{ inf  sup [KPs — Qo

CoWuex 1\ K
inf sup||[LQy — P,
L:y—w@egu b 6||TV}

X o 4 vel et ™
@ a convex program, but ... e cad. j‘ ® QJ ev-l af
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Asymptotic equivalence

For two sequences of statistical models M, = (X, (Pn¢)oco,) and

Np = (Vn, (Qno)oco,) with ©, 1 ©, we say they are asymptotically
equivalent if and only if

A(My,N,) — 0, as n — oo.

Upcoming examples of (asymptotic) equivalence:
@ reduction by sufficiency
@ multinomial vs. Poissonized model
@ density estimation, regression, and Gaussian white noise model

@ localized regular model and Gaussian location model (next lecture)
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Example I: sufficiency

e statistical model M = (X, (Pp)oco), with X ~ Py
o let T = T(X) be a function of X

e T-induced model N' = (T, (Pgpo T 1)peo)

@ when do we have A(M,N) = 0?

A(M,N) =0 if and only if T is a sufficient statistic, i.e. § — T — X
forms a Markov chain. Pxit ind. of ®

voed o X AT i/
ffw»« T & X
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Example Il: Poissonization

n: sample size

k: support size

parameter set ©, = {P = (p1,--- ,px) ERK 1 p1 +--- + p =1}
multinomial model M, ,: draw n iid samples from P € ©

Poissonized model P, x: draw N ~ Poi(n) iid samples from P € ©
Bl T, —
by, b
\M (4\_ N L\: Ln
Ty - R

n e T

FD\S . NA~Po() bells FD'L“Fv) Fo,thw f’a(ﬂﬁn)
DU O
P P e

For any fix k, we have lim,_o0 A(M k, Pn k) = 0.
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Randomization from M, x to P, «

let (X1,---,Xp) be iid observations from M, x;

draw N ~ Poi(n);

if N < n, output (X1, ,Xn);

if N > n, generate m = N — n fake samples (Y1,---, Ym) from the

empirical distribution of (X1, -, X,), then output
(Xla” : 7Xn7 Yla” Ty Ym)

=, ¥, YD)

-—

sa\w«rle w Var\wawj
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Analysis

B ey = el
o let P, be the empirical distribution of (X, -, X;)

@ upper bound of E[X (Pn, P)]: r\rnmmB(mf;b
(3 % ;(J~, k. .
xp: FE s g TP

@ upper bound of E[||P¥™ — PEM||1y]

v e frr e JElGen < e

Tl € LD pTIPy = P2DLRIPY € ([BX D)
! 5
e s JREXD < @)\
e final expectation w.r.t. m = (N —n)4:

) < Bl <" = B < oo =

e HW1: show the tight bound A(M, «, Pp«) = ©(min{1,/k/n})

e asymptotic equivalence breaks down for large k

IP=p
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Example Ill: nonparametric estimation

- f
nonparametric regression: y; ~ N (f(i/n),c2),i € [n] Lﬁ

L2

«

0
Gaussian white noise model: dY; = f(t)dt + %dBt
n
:[I L\TY>§;[M)
Poissonized density estimation: N(A) ~ Poi (n/ g(t)dt)
A
0
density estimation: X1, -+, X, ~ g

@ constraint: smoothness parameter > 1/2
e correspondence: f(x) = +/g(x),o0 =1/2, density bounded away from

ZEero
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Smoothness class

Definition (Holder ball)
The Holder ball 74°(L) with smoothness parameter s > 0 is the class of all
functions f supported on [0, 1] such that

(m)(x) — f(m)
up 760 = A )

<L,
X#£y |X_Y|a

where s=m+a,me N, a € (0,1].
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regression < white noise

1 i
*(t) = <t< -
(0 <1)
(Y:SN(‘,‘,) LMJ o ’f*
J
Ye\]vusjm ‘MM
n ! * 2
D (Py;  1Pyy) = ﬁ/o (f(t) — (1)) dt
L (enilod)
= ,LL(T‘L A -0 f S>\3~;
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white noise < density estimation

High-level idea:
@ assume a piecewise constant density with bandwidth A/n

o sufficient statistic in Poissonized density estimation:
Yi ~Poi(A-f(t;)), i=1,---,n/A
o sufficient statistic in Gaussian white noise model:

Z,'NN( A’f(l‘,‘),l/4), izl,---,n/A

o\ﬁ L |
b_ - Uer(Pi)) :/

v/Poi(\ Nf1/4) )\—>oo

@ variance-stabilizing transformation:

@ details far more complicated and rely on multi-resolutional analysis...
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Next lecture: classical asymptotics and Hajek—Le Cam theory
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