Lecture 5: Local Asymptotic Normality (LAN) and
asymptotic theorems

Lecturer: Yanjun Han

April 12, 2021



Announcements

Project proposal due April 18
@ submit via gradescope
@ only if you decide to do an original project

@ all other students must do a literature review, with paper chosen by
the end of week 6

)
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Today's plan

Asymptotic theorems:

4

Fisher information, Fisher's program and Hodges' estimator
three asymptotic theorems

Gaussian location model, Anderson’s lemma

reduction of LAN models to a Gaussian location model

examples of asymptotic lower bounds
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Score function and Fisher information

Definition

A statistical model (X', (Ps)gcocgre) is quadratic mean differentiable
(QMD) at 6 € © if there exists a score function £ : X — R? such that

/ (M_\/d_/ae_—h ee\/d_Pg) o([|Al?)

In this case, /(0) = Ep,[f¢¢, ] exists and is the Fisher information at 6.

v

Alternative definitions: Juéi;fi(x) = G0 - LATI(0)h + 5 (INT)
®
,( (X) = X»} fe(x) )
9( x)
2 (X> = 1 LQQ FS(MJ F (x)
T(0) = Eo[- Lob0) = Eo[A4t0")



Cramér-Rao lower bound

Cramér-Rao lower bound
For any unbiased estimator T, i.e. Ey[T] = 6 for every § € O, it holds that

Covy(T) = 1(6)"!, WHeo.

. 5 - CovariOa N A D A-B i fqg‘“ﬁ\/ﬁ Seun = OIZJINTR
Proof via x“-divergence:

(Ep[h] — Eq[h])?

2(p Q) =su
o iy > LD
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Fisher's program

Setting throughout this lecture:
o (Pg)gcocre: QMD statistical model with Fisher information /(6)
o T,: estimator sequence under product model (P5’")

e (0): a generic real-valued differentiable function of

Fisher's program:

o for any asymptotically normal estimators T, with
Vn(Ty—0) % N(0,%g)

for every @ € ©, then Xy = 1(0)7%; X
o the MLE satisfies Y9 = /(6) ! for every 6. ./

6
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Counterexample: Hodges' estimator

@ Gaussian location model: X7, -+, X, ~ N (6,1), with 6 € R

@ Hodges' estimator:
(XK =
"7 lo if|X| < nl/4
@ asymptotic normality: g 8-
|

0 ife=0, =60 ohp

~ d
Vin(On = 0) = {N(o, 1) ifo£09 %

@ ‘“superefficiency” I(e)=1 Y a e
=5%-%

[X-s| Sg(ﬁ) w
= \@J)r\_\ﬂ »fv Pcngw

Ly,
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First fix: almost everywhere convolution theorem

First fix: show that Fisher's program is true almost everywhere

Almost everywhere convolution theorem

If \/n(T,—1(0)) converges in distribution to some probability measure Ly
for every 6, then there exists some probability measure My such that

Ly =(N(0,(8) " 1(6) 4(8)) + My

for Lebesgue almost every 6, where * denotes convolution.

PxQ(x)= jfij)ﬂw) Ay
kf\U’w\j: X’\‘P, Y~ O
XAY ~P»Q&



Second fix: convolution theorem

Second fix: restrict to a family of regular estimators

Convolution theorem

If /n(T,—1(0)) converges in distribution to some probability measure Ly
for every 0, and T, is regular in the sense that

h
Vi(Tu (04 7)) S
DR R S ALV S—
for any h € RY under P6®-:h/ﬁ' then there exists some probability measure
My such that

Lo = N(0,9(0) " 1(0)"14(6)) My

for every 0, where *x denotes convolution.




Third fix: local asymptotic minimax theorem

Third fix: local minimax instead of a single point

Local asymptotic minimax theorem

For every bowl-shaped loss function £(-), i.e. £ is's mmetr'{wn%i(
quasi-convex, then for any sequence of estimators (T,), ’ ’
HESIREOTIVE

(fx,, J&Lx)s-£j Corox

e g o [ (3 1) o

e
D: [, o+ &)

with Z ~ N(0, %, 1(0)1¢p).

=)
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Gaussian location model

e model: X ~ N(6,X)
@ unknown mean 6 € R?

@ known covariance ¥
‘/%

Theorem (Anderson)

For any bowl-shaped loss function ¢, it holds that

inf sup Ee[f(g— )] = E[¢(2)]
0 HeRd

with Z ~ N(0,X).
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Proof of theorem

e consider a Gaussian prior 6§ ~ N(0, Xo)

@ then

0| X=x~N(Z'+Z ) (5t +27 )Y

@ Bayes estimator: E_/J )\
Blo=

~

0(x) = arg min By x—x[(( ~0)]

@ use Anderson’s lemma and choose Yo = Al with A — oo Bl X

Anderson’s lemma
Let Z ~ N(0,X) and ¢ be bowl-shaped. Then

min E((Z +x)] = E[{(2)]
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Proof of Anderson’s lemma

Theorem (Prépoka—Leindler)

Let A € (0,1), and f, g, h be three non-negative real-valued functions on
RY. If

h(Ax+ (1= N)y) > f(x)*g(y)'™*, Vx,y € R?,

R =Ly 0 &), F0= Telo gbo= 1,0

then =i

[, Hoaese> ( /. f(x>dx>A ( /. g(x)dx)l_k.

@ let K be any symmetric lconve>< set, and ¢ be the pdf of N(0,%)

@ apply above theorem to D s Hgmomes
Wx e Rt 2) K & L;X + K%
)= 08 1ir(e), (0) = 602) Tranle): HE) = 042) 1o
1?(2 eKAx) ( )

e consequently, P(Z € K- x) <w for any x € RY
o final step: E[((Z +x)] = [;7(1 IPZ—I—XG{Z /(z) < t}))dt

= (PR I ek < k= 13/24




Local asymptotic normality (LAN)

Definition (Local asymptotic normality)

A sequence of models (X;, (Pn4)oco,) with ©, T R? is called locally
asymptotically normal if

=h'2Z, ——hT/0h+Op o (1),
T

Ficker Wfrmafr

with central sequence Z, LS N (0, Ip) under Ppp.

s
C 9P o dP,,o

Comparison with the Gaussian location model: {N(%, 17) Jeer
fp-1y(X) 1
log " 70 b= =hT Iph
fony(x) —=— 2
where lox ~ N(0, lo) under x ~ N(0, ;™).
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Likelihood ratio criterion

Theorem

Let M, = (Xn,{Pno, -, Pnm}) and M = (X, {Po,- -, Pm}) be finite
statistical models. Define the likelihood ratios

dP,,.; dP; .
Loslo) = o). L) = o). i€ lm]
Y <«Pj, P>
If M is further homogeneous, and (Ln1,- -, Lym) under x, ~ Ppo
converges in distribution to (Ly,- -, L) under x ~ Py, then

L A(Mp, M) = 0.

n— o

weak convergence of likelihood ratios = convergence of statistical models
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High-level idea: standard model

s‘bu(d"‘ﬁ’
(X APL, - Pu)(=)(Emh {1, Qm})

finite model standard model

o Spm={(t1," - ,tm) eRT : Y17, t; = m}
om WLy im) = Y Lei=1 T S
o Qi(dt) = tip(dt)
with the correspondence
o (t1, tm) = (G2(x),--, TB(x))

@  is the distribution of (%( X)y e ,%(X)) under x ~ P

16
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Local QMD model is LAN

Theorem

Let (X, (Pg)pcocrde) be QMD with Fisher information /(6). Then the

localized model (X", %@ge\@_) with

h
_ d. d
@n—{heR .9+—ﬁ€@}TR

satisfies the LAN condition with Fisher information /().

’P’j P?u o= W delx) — LRTTE)Y K + op, (WA

= J»lFLj*(x,pm = U(%Zisim) ~ LTIk + o (D
’ JeuT

A )Mo, 1) LAN et~/

Corollary: the above model converges to a Gaussian location model under
Le Cam’s distance.
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Proof of local asymptotic minimax (LAM) theorem

@ product model aims to estimate ¢ (6 + h/+/n) unde (’D?_:h/\/ﬁ)hGRd

o limiting Gaussian model aims to estimate

hy RN ATV
w(wﬁ) 0O + =g+ o)

under’ X ~ N(h, 1(6)71))

@ Anderson’s lemma gives LAM
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Diagram

local QMD model

local expansion of likelihood ratio

LAN condition

weak convergence of likelihood ratio

Gaussian location model

Anderson’s lemma

local asymptotic minimax theorem

19 /24



Example I: bias of the coin

e Problem: Xi,---, X, ~ Bern(p), p € [0,1], L(p, T) = (T — /p)?

M

@ correspondence:

I(6) = s+ (WR)= VB )= 2

—_—

e LAM: for every pg € [0, 1],

) 1-—
lim liminf  sup  n-E,(T,— /p)? >: -k

= 2
h—voo =00 |\ h/m (2@) 4
_,_/‘/—/// 2
@ translate into a global minimax lower bound:

inf sup Ep(T, —/p)* > @

Th pel0,1] 4n
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Example Il: entropy estimation

o (differential) entropy:

h(f) = /Rd —f(x)log f(x)dx

e Problem: Xy, -+, X, ~f, L(f,T) = (T — h(f))?
@ one-dimensional submodel: restrict to f = fy + tg, with w
@ constraint on g: [pq g(x)dx =0
o correspondence:
%)2
10)= [ B0 (o) = [ a1~ 10 (x)ox
o Jre () T Jeen T P
o LAM: R
1 n(1
inf supEf(T — h(f))? > + on( )sup (0)
T f g \J(0)

-
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Least favorable one-dimensional submodel

@ choose g to maximize
g2\ ?
v = ([ B a) ([ eto- o)
e fo(x) RY
@ by Cam
-1 4

vie =i ([ E% ) ([ stote oz e

/R B0 —logh(Pex

= /Rd fo(x) log? fo(x)dx — h(fy)? Vor - ety
JRO

@ equality attained at g(x) = fo(x)(— log fo(x) — h(f))
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Limitations of classical asymptotics

@ asymptotic vs. non-asymptotic
@ parametric vs. non-parametric

@ local vs. global
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Next lecture: statistical-computational tradeoff (Jay)
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