Lecture 7: Le Cam’s two-point method

Lecturer: Yanjun Han

April 19, 2021



The idea of testing

inf sup Eg[L(0, T)] > inf  sup
T ¢gco T 6c{61, ,0m}

——

m = 2: two-point method
@ point vs. point P, .. o
@ point vs. mixture P, .. Elfe]

@ mixture vs. mixture  E(Ps) vs E[Fe)

m > 2: testing multiple hypotheses
@ Fano and Assouad

@ Global Fano with covering and packing
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Today's plan

Two-point method:

derivation of tools from the first principle
example in (robust) parameter estimation
example in functional estimation

example in bandits

e 6 6 o o

example in stochastic optimization



Start from the first principle
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Two-point method: statement

Two-point method

Fix any g, 01 € ©. Suppose that the following separation condition- holds:
min L(6o, a) + L(A1,a) > A > 0.
acA

Then iy ity

inf Eo[L(0, T(X))] >
inf 2% EolL(9, T(X))] =

N| >

(1 — [[Pay — PayllTv) -

—

@ in many scenarios, further upper bound TV by Hellinger, KL, x?, etc



Two-point method: discussions

@ the simplest tool in testing-based lower bound
@ works better if the target to be estimated is low-dimensional
W

o key difficulty when applying: finding the appropriate two points
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Example I: normal mean estimation

X ~ N(0,02) with known o

target: estimate § under quadratic loss L(6,a) = (6 — a)?

choice of two points: g = 0,0, =6

two-point method: -

B, )+ Lo a)= &+ (§-a) 2 <

g
| 81

/[ ?m ‘Pu,\\—w: Z&)(,) =

d

maximizing over § gives R% > 0.33202
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Example Il: robust normal mean estimation

@ Huber's e-contaminated model:
Xl?”' 7XnN P(@,Q) = (1_E)N(971)+E Q

e target: estimate § under quadratic loss L(6,a) = (6 — a)?

@ claim: . @@

@ idea of new lower bound: find (6y,6:1) and (Qp, Q1) such that

Pos,@0) = Plor,q1)
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Construction of two points

Let Py, P; be two probability distributions with [Py — P1[|Tv < &/(1 — ¢).
Then there exist distributions Qg, Q1 such that

(1 = €)P0 +€Qo = (]. = E)Pl —|—€Q1.

Vo B— 000 = 5 (R~ Po)

QLK) = 5 e [P0 P00, )
; A x) = Lt 4 e { ’[lb\) -P ), \)}
Z

[

— -ty = Taw- Z oo =1

Original problem: find the maximum ¢ > 0 with

INV(0,1) =N (6, Dllrv < /(1 —¢)



Example Ill: nonparametric estimation at a point

Scl. 1400 -FOy1 € L (x-9l%, W yelon)
s |0 -0 € Lix=3157,

@ Xi,--+, X, ~ f supported on [0, 1] with Holder smoothness s ~~ '
riolder smoothness s

o target: estimate f(1/2) under loss L(f, T) = |T — f(1/2)| (el LY

@ two-point construction: fo =1, f(x) =1+ ¢ - —1/2)/h

8, 3‘3 S—th “\R

=

\J

separation ©(h®)

KL divergence:

1
DL (F7 ") < n [ () 12 = st 000
_— .Jo

choosing h = n~ /(541 gives R . = Q(n—s/(2s+1))
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Example IV: entropy estimation

o Xl,"'vanP:(Pla"',Pk)

@ target: estimate the entropy H(P) = Zf'(:l —pilog p; under quadratic
loss

@ local asymptotic minimax theorem implies (HW2)

=0 (B2 o)

n

@ claim: non-asymptotically in (n, k), it holds that

Q0 (Ing)2>

n,k n

Tight minimax rate
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Guideline for two-point construction

@ let's start from scratch and choose two points Py, P;
@ separation condition: maximize |H(Py) — H(P1)|
@ indistinguishability condition:

n- DL(PollP1) = Dk (P5"||P") = O(1)

@ the final program:
maximize |H(Po) — H(P1)|
subject to Dk (Pol|P1) < c/n
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Some attempts

o Attempt 1:

1 1 1+e 1—¢ l1+e 1-¢

- ... = P, —

k’ 7k)7 1 ( k ) k P ) k ) k
Result: |H(Po) — H(P1)| = €2, Dk (Po||P1) =< €2

o Attempt 2:

)

Po = (

1 1 _l-el-¢ l1—¢ 14(k—1)e
_(;)"'7E)7 Pl_( k ) k P k ) k )

Result: |[H(Pg) — H(P1)| < min{elog k, ke®}, D (Po||P1) =< ke?
o Attempt 3: let kK = k —1 and

1 1 1—¢ l1—¢ 1+¢
Po=(5""s5535) P1=(%5; )

1
SO TS ik L & TR e

Result: |H(P0) — H(Pl)‘ = slog k, DKL(POH'Dl) = 52 . (
-~
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Example V: two-armed bandit

@ two arms associated with unknown mean reward (u1, 112) € [0, 1]
o learner pulls arm 7, € {1,2} at time t
@ learner observes a Gaussian random reward ry ~ N (ir,,1)

@ learner’'s cumulative regret (loss function):

RT(W) = Tmax{:u’hMQ} Z:U’ﬂ't
iyt

t=1

o Without additional assumptions, R% = Q(v/T);
e If it is additionally known that |u; — pa| > A, then

;o (i, 7

T =
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First construction of two points

@ a natural choice: 6; = (A,0),62 = (0, A)
@ instantaneous regret at each time:
T
Rr(m) =2 (max{pus, po} — i)
t=1

separation condition: a gap of@ at each time

indistinguishability condition:

tA?
DL (Pi||P3) = —

choosing A =< T71/2 gives Rx = Q(V/T)

15 /22



Second construction of two points

o failure of first construction:

T 2
L0 <ZAexp(—tA2)> _Q (1 - expé— ra )>

t=1

a less natural choice: 0y = M 01 = (A,2A)

separation condition: same as the first construction

indistinguishability condition: could be shown that (HW2)
T pllig e

Dk (P |[P) = 2% (B[ To))

@ two-point method:

E[Rr(r)] = TA - exp(~207 - E1[ To)))

on the other hand, E[R7(7)] = Q(A - E1[T2])
find E1[ T3] to achieve the best tradeoff...
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Example VI: multi-armed bandit

@ same setting as two-armed bandit, but now with K arms

@ learner’s cumulative regret:

.
R =T i~ T
r(m) = Tmaxu ;ut

@ target: use two-point method to show that

Ry = Q(VKT)

—
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Wait... two points suffice?

construction of the first point: 1 = (A,0,0,---,0)
try second point: > = (4A,0,---,0, 2&A,0, -+, 0)
if learner knows 6> in advance, then wp_r:)blem reduces to two arms
observation: separation A, indistinguishability

Dei(P{ ||P) = 242 - Eq[T]]

] ki
idea: choose an appropriate i/ after knowing learner’s policy
pigeonhole principle: there must exist / such that E;[T;] < T/(K —1)

two-point method: Ei B(T)<T

T =

2A2T -
R*T:Q<TA-exp<— >> o=V

K—-1

message: choose the points depending on the policy!

18 /22



Example VII: stochastic optimization

o F={f:[-1,1] — [-1,1], f convex and 1-Lipschitz}
@ attimet=1,2,---,T:

- learner queries x; € [—1,1]

- learner receives y;, z; € [—1,1] such that

Ely] = f(x), E[z] = f'(x)

- learner adds (xt, yt, z;) to her history
o learner outputs some X € [—1,1]

@ loss function:

L(F,5) = F(%) ~ _min_ £(x)

i Ef[L(f,X
S

@ target: show that
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Choice of two points

@ choice of two points:

fo(x) = — .
)=
k JT 5
X I
fi(x) = ———
1() ﬁ
{1 w.p. %(Xt)
(B =5(xt) Yt = 1—f(xt
ELge) t ~1 w.p #

F‘tl?tl = fl(x‘)

1+f/(x,
1 QESSMLY
lffl(Xt)
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Verification of conditions

@ separation condition:
L4, &)+ L2 = FE )= min g0+ Fi(5) - mim )
2 im (ot (R = mmin fib - 0O ==
Q X

@ indistinguishability condition:

14§l <
I§0=$iil.. = FLT
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Next lecture: point vs. mixture, Ingster—Suslina method
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