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The idea of testing

inf
T

sup
θ∈Θ

Eθ[L(θ,T )] ≥ inf
T

sup
θ∈{θ1,··· ,θm}

Eθ[L(θ,T )]

m = 2: two-point method

point vs. point

point vs. mixture

mixture vs. mixture

m > 2: testing multiple hypotheses

Fano and Assouad

Global Fano with covering and packing
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Today’s plan

Two-point method:

derivation of tools from the first principle

example in (robust) parameter estimation

example in functional estimation

example in bandits

example in stochastic optimization
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Start from the first principle
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Two-point method: statement

Two-point method

Fix any θ0, θ1 ∈ Θ. Suppose that the following separation condition holds:

min
a∈A

L(θ0, a) + L(θ1, a) ≥ ∆ > 0.

Then

inf
T

max
θ∈{θ0,θ1}

Eθ[L(θ,T (X ))] ≥ ∆

2
(1− ‖Pθ0 − Pθ1‖TV) .

in many scenarios, further upper bound TV by Hellinger, KL, χ2, etc
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Two-point method: discussions

the simplest tool in testing-based lower bound

works better if the target to be estimated is low-dimensional

key difficulty when applying: finding the appropriate two points
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Example I: normal mean estimation

X ∼ N (θ, σ2) with known σ

target: estimate θ under quadratic loss L(θ, a) = (θ − a)2

choice of two points: θ0 = 0, θ1 = δ

two-point method:

R?σ ≥
δ2

2

(
1− Φ

(
|δ|
2σ

))
maximizing over δ gives R?σ ≥ 0.332σ2
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Example II: robust normal mean estimation

Huber’s ε-contaminated model:

X1, · · · ,Xn ∼ P(θ,Q) = (1− ε) · N (θ, 1) + ε · Q

target: estimate θ under quadratic loss L(θ, a) = (θ − a)2

claim:

R?σ,ε = Ω

(
1

n
+ ε2

)
idea of new lower bound: find (θ0, θ1) and (Q0,Q1) such that

P(θ0,Q0) = P(θ1,Q1)
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Construction of two points

Lemma

Let P0,P1 be two probability distributions with ‖P0 − P1‖TV ≤ ε/(1− ε).
Then there exist distributions Q0,Q1 such that

(1− ε)P0 + εQ0 = (1− ε)P1 + εQ1.

Original problem: find the maximum δ > 0 with

‖N (0, 1)−N (δ, 1)‖TV ≤ ε/(1− ε) =⇒ δ � ε
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Example III: nonparametric estimation at a point

X1, · · · ,Xn ∼ f supported on [0, 1] with Hölder smoothness s

target: estimate f (1/2) under loss L(f ,T ) = |T − f (1/2)|
two-point construction: f0 ≡ 1, f1(x) = 1 + c0 · hsg((x − 1/2)/h)

separation Θ(hs)

KL divergence:

DKL(f ⊗n1 ‖f
⊗n

0 ) ≤ n

∫ 1

0
(f1(x)− 1)2dx � nh2s+1

choosing h � n−1/(2s+1) gives R?n,s = Ω(n−s/(2s+1))
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Example IV: entropy estimation

X1, · · · ,Xn ∼ P = (p1, · · · , pk)

target: estimate the entropy H(P) =
∑k

i=1−pi log pi under quadratic
loss

local asymptotic minimax theorem implies (HW2)

R?n,k = Ω

(
(log k)2

n
· (1 + on(1))

)
claim: non-asymptotically in (n, k), it holds that

R?n,k = Ω

(
(log k)2

n

)

Tight minimax rate

R?n,k = Θ

((
k

n log n

)2

+
(log k)2

n

)
, n &

k

log k
.
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Guideline for two-point construction

let’s start from scratch and choose two points P0,P1

separation condition: maximize |H(P0)− H(P1)|
indistinguishability condition:

n · DKL(P0‖P1) = DKL(P⊗n0 ‖P
⊗n
1 ) = O(1)

the final program:

maximize |H(P0)− H(P1)|
subject to DKL(P0‖P1) ≤ c/n
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Some attempts

Attempt 1:

P0 = (
1

k
, · · · , 1

k
), P1 = (

1 + ε

k
,

1− ε
k

, · · · , 1 + ε

k
,

1− ε
k

)

Result: |H(P0)− H(P1)| � ε2,DKL(P0‖P1) � ε2

Attempt 2:

P0 = (
1

k
, · · · , 1

k
), P1 = (

1− ε
k

,
1− ε
k

, · · · , 1− ε
k

,
1 + (k − 1)ε

k
)

Result: |H(P0)− H(P1)| � min{ε log k , kε2}, DKL(P0‖P1) � kε2

Attempt 3: let k ′ = k − 1 and

P0 = (
1

2k ′
, · · · , 1

2k ′
,

1

2
), P1 = (

1− ε
2k ′

, · · · , 1− ε
2k ′

,
1 + ε

2
)

Result: |H(P0)− H(P1)| � ε log k , DKL(P0‖P1) � ε2
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Example V: two-armed bandit

two arms associated with unknown mean reward (µ1, µ2) ∈ [0, 1]2

learner pulls arm πt ∈ {1, 2} at time t

learner observes a Gaussian random reward rt ∼ N (µπt , 1)

learner’s cumulative regret (loss function):

RT (π) = T max{µ1, µ2} −
T∑
t=1

µπt

Claim

Without additional assumptions, R?T = Ω(
√
T );

If it is additionally known that |µ1 − µ2| ≥ ∆, then

R?T = Ω

(
max{1, log(T∆2)}

∆
∧ T∆

)
.
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First construction of two points

a natural choice: θ1 = (∆, 0), θ2 = (0,∆)

instantaneous regret at each time:

RT (π) =
T∑
t=1

(max{µ1, µ2} − µπt )

separation condition: a gap of ∆ at each time

indistinguishability condition:

DKL(Pt
1‖Pt

2) =
t∆2

2

choosing ∆ � T−1/2 gives R?T = Ω(
√
T )
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Second construction of two points

failure of first construction:

R?T = Ω

(
T∑
t=1

∆ exp(−t∆2)

)
= Ω

(
1− exp(−T∆2)

∆

)
a less natural choice: θ0 = (∆, 0), θ1 = (∆, 2∆)

separation condition: same as the first construction

indistinguishability condition: could be shown that (HW2)

DKL(PT
1 ‖PT

2 ) = 2∆2 · E1[T2]

two-point method:

E[RT (π)] = Ω(T∆ · exp(−2∆2 · E1[T2]))

on the other hand, E[RT (π)] = Ω(∆ · E1[T2])

find E1[T2] to achieve the best tradeoff...
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Example VI: multi-armed bandit

same setting as two-armed bandit, but now with K arms

learner’s cumulative regret:

RT (π) = T max
i∈[K ]

µi −
T∑
t=1

µπt

target: use two-point method to show that

R?K ,T = Ω(
√
KT )
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Wait... two points suffice?

construction of the first point: θ1 = (∆, 0, 0, · · · , 0)

try second point: θ2 = (∆, 0, · · · , 0, 2∆, 0, · · · , 0)

if learner knows θ2 in advance, then problem reduces to two arms

observation: separation ∆, indistinguishability

DKL(PT
1 ‖PT

2 ) = 2∆2 · E1[Ti ]

idea: choose an appropriate i after knowing learner’s policy

pigeonhole principle: there must exist i such that E1[Ti ] ≤ T/(K − 1)

two-point method:

R?T = Ω

(
T∆ · exp

(
−2∆2T

K − 1

))
message: choose the points depending on the policy!
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Example VII: stochastic optimization

F = {f : [−1, 1]→ [−1, 1], f convex and 1-Lipschitz}
at time t = 1, 2, · · · ,T :

- learner queries xt ∈ [−1, 1]
- learner receives yt , zt ∈ [−1, 1] such that

E[yt ] = f (xt), E[zt ] = f ′(xt)

- learner adds (xt , yt , zt) to her history

learner outputs some x̂ ∈ [−1, 1]

loss function:
L(f , x̂) = f (x̂)− min

x∈[−1,1]
f (x)

target: show that

min
x̂

max
f ∈F

Ef [L(f , x̂)] ≥ c√
T
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Choice of two points

choice of two points:

f0(x) =
x√
T

f1(x) = − x√
T

yt =

{
1 w.p. 1+f (xt)

2

−1 w.p. 1−f (xt)
2

zt =

{
1 w.p. 1+f ′(xt)

2

−1 w.p. 1−f ′(xt)
2
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Verification of conditions

separation condition:

indistinguishability condition:
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Next lecture: point vs. mixture, Ingster–Suslina method
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