
Lecture 8: Point vs. mixture, Ingster–Suslina
method

Lecturer: Yanjun Han

April 21, 2021



Announcements

HW1 due today

HW2 released, due two weeks later
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Today’s plan

Test between a simple hypothesis and a composite hypothesis

same two-point lower bound

upper bound TV by Ingster–Suslina χ2-method

example: hidden clique detection

example: uniformity and identity testing

example: linear functional of sparse Gaussian mean

example: covariance matrix estimation

example: quadratic functional estimation
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Generalized two-point method

Generalized two-point method

Fix any θ0 ∈ Θ and Θ1 ⊆ Θ. Suppose that the following separation
condition holds:

min
a∈A

L(θ0, a) + L(θ1, a) ≥ ∆ > 0, ∀θ1 ∈ Θ1.

Then for any probability distribution π on Θ1,

inf
T

max
θ∈{θ0}∪Θ1

Eθ[L(θ,T (X ))] ≥ ∆

2
(1− ‖Pθ0 − Eπ[Pθ1 ]‖TV) .
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Upper bound the TV distance

näıve upper bound:

‖Pθ0 − Eπ[Pθ1 ]‖TV ≤ Eπ[‖Pθ0 − Pθ1‖TV]

Ingster–Suslina χ2-method:

χ2(Eπ[Pθ1 ],Pθ0) = Eθ1,θ′1∼π

[∑
x∈X

Pθ1(x)Pθ′1(x)

Pθ0

]
− 1

implication on mixture of product models:

χ2(Eπ[P⊗nθ1
],P⊗nθ0

) = Eθ1,θ′1∼π

 n∏
i=1

∑
xi∈X

Pθ1(xi )Pθ′1(xi )

Pθ0

− 1
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Example I: planted clique problem

given a graph G , test between

H0 : G ∼ G(n, 1/2) vs. H1 : G ∼ G(n, 1/2, k)

claim: statistical threshold kn = 2 log2 n − 2 log2 log2 n + Θ(1)

failure of näıve two-point method: knowing where is the clique gives
too much power to the learner

χ2-method:

χ2(Es [PS ],P) = ES ,S ′

[∑
G

PS(G )PS ′(G )

P(G )

]
− 1

= ES ,S ′

[
2(|S∩S′|

2 )
]
− 1

=
k∑

r=1

2(r
2) ·
(k
r

)(n−k
k−r
)(n

k

) .
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Example II: uniformity testing

given X1, · · · ,Xn ∼ P, test between

H0 : P = Uk vs. H1 : ‖P − Uk‖TV ≥ ε

claim: sample complexity n = Ω(
√
k/ε2)

failure of näıve two-point again

mixture distribution: Paninski’s construction

Pv =

(
1− εv1

k
,

1 + εv1

k
, · · · ,

1− εvk/2

k
,

1 + εvk/2

k

)
with v = (v1, · · · , vk/2) ∼ Unif({±1}k/2)
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χ2-method computation

the central quantity:

∑
x∈[k]

Pv (x)Pv ′(x)

P(x)
= 1 +

2ε2

k

k/2∑
i=1

viv
′
i

computation of χ2(E[Pv ],P):
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Example III: identity testing

given X1, · · · ,Xn ∼ P, test between

H0 : P = U vs. H1 : ‖P − U‖TV ≥ ε

simplifying assumption: U = (u1, u1, · · · , uk/2, uk/2) with min. prob.
≥ ε3/8

claim: sample complexity n = Ω(‖U‖2/3/ε
2)

mixture distribution: v = (v1, · · · , vk/2) ∼ Unif({±1}k/2), and

Pv =
(
u1 − ε1v1, u1 + ε1v1, · · · , uk/2 − εk/2vk/2, uk/2 + εk/2vk/2

)
constraints on ε: εi ≤ ui and

∑k/2
i=1 εi ≥ ε

χ2-method:

χ2(E[P⊗nv ],P⊗n) + 1 = exp

2n2

k/2∑
i=1

ε4
i

u2
i


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Optimizing over ε

target: subject to the constraint
∑k/2

i=1 εi ≥ ε, minimize
∑k/2

i=1
ε4
i

u2
i

generalized Hölder’s inequality: for non-negative reals (ai ,j)i∈[m],j∈[n]

m∏
i=1

 n∑
j=1

ai ,j

1/m

≥
n∑

j=1

(
m∏
i=1

ai ,j

)1/m

implication:  k/2∑
i=1

ε4
i

u2
i

 k/2∑
i=1

u
2/3
i

3

≥

 k/2∑
i=1

εi

4

=
ε4

16
,

with identity εi ∝ u
2/3
i
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Example IV: linear functional of sparse Gaussian mean

model: X ∼ N (µ, σ2Ip) with ‖µ‖0 ≤ s

loss function: L(µ,T ) = (T − L(µ))2 with L(µ) =
∑p

i=1 µi

claim:

R?n,s,p,σ = Ω
(
σ2s2 log

(
1 +

p

s2

))
=

{
Ω(σ2s2 log p) if s � √p
Ω(σ2p) if s ≥ √p

reduce to hypothesis testing:

H0 : µ = 0 vs. H1 : µ = ρ1S , S ∼ Unif(size-s subset of [p])

separation condition: ∆ � ρs2

indistinguishability condition:

χ2(ES [PS ],P) + 1 = ES,S ′

[
exp

(
ρ2

σ2
|S ∩ S ′|

)]
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Convex ordering: HG(N ,K , n) �c B(n,K/N)

Theorem (Hoeffding, 1963)

Let the population be C = {c1, · · · , cN}. Let X1, · · · ,Xn denote random
samples without replacement from C, and X ?

1 , · · · ,X ?
n denote random

samples with replacement. Let S and S? be the respective sums. Then for
any convex function f , it holds that

E[f (S)] ≤ E[f (S?)].

Lemma (Aldous, 1985)

There exists a coupling between (S , S?) such that E[S? | S ] = S .

Example of n = 2:

P(x?1 , x
?
2 | x1, x2) =


1/(2N) if (x?1 , x

?
2 ) = (x1, x1)

1/(2N) if (x?1 , x
?
2 ) = (x2, x2)

1− 1/N if (x?1 , x
?
2 ) = (x1, x2)

.
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Applying convex ordering

χ2(ES [PS ],P) + 1 = ES ,S ′

[
exp

(
ρ2

σ2
|S ∩ S ′|

)]
≤ E

[
exp

(
ρ2

σ2
· B(s, s/p)

)]
=

(
1− s

p
+

s

p
exp(ρ2/σ2)

)s

choice of ρ: ρ2 � σ2 log(1 + p/s2)
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Example V: covariance estimation

model: X1, · · · ,Xn ∼ N (0,Σ) with Σ ∈ Rp×p and ‖Σ‖op ≤ 1

target: estimate Σ under loss L(Σ,T ) = ‖T − Σ‖op

claim: R?n = Ω(1 ∧
√

p/n)

not a low-dimensional target, but could lower bound L by another loss
L0(Σ,T ) = |T − λmax(Σ)|, for

|λmax(T )− λmax(Σ)| ≤ ‖T − Σ‖op

hypothesis testing:

H0 : Σ = aIp vs. H1 : Σ = aIp + bvv>, v ∼ Unif(Sp−1)

condition on (a, b): a, b > 0, a + b ≤ 1
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Lower bound analysis

separation condition: ∆ = b

indistinguishability condition:

χ2(E[Pv ],P) + 1 = Ev ,v ′

[(
1− b2

a2
(v>v ′)2

)− n
2

]

≤ Ev ,v ′

[
exp

(
nb2

a2
(v>v ′)2

)]
as long as 2a ≥ b

choice of parameters: since |v>v ′| = O(1/
√
p) typically, we choose

a =
1

2
, b =

1

4
∧
√

p

n
.
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Example VI: quadratic functional estimation

model: X1, · · · ,Xn ∼ f with Hölder smoothness s > 0

target: estimate Q(f ) =
∫ 1

0 f (x)2dx , with L(f ,T ) = |T − Q(f )|
claim: elbow effect

R?n,s = Ω
(
n−

4s
4s+1 + n−

1
2

)
hypothesis testing:

H0 : f ≡ 1 vs. H1 : fv (x) = 1 + c0 ·
1/h∑
i=1

vih
sg

(
x − (i − 1)h

h

)
with v1, · · · , v1/h ∼ Unif({±1})

16 / 18



Remaining details

separation condition: ∆ � h2s

indistinguishability condition:

χ2(E[f ⊗nv ], f ⊗n) = Ev ,v ′ [(1 + (c0‖g‖2)2h2s+1 · v>v ′)n]

≤ Ev ,v ′ [exp(nc2
0‖g‖2

2h
2s+1 · (v>v ′)2)]

= Ev ,v ′

[
exp

(
O

(
n2h4s+2 · 1

h

))]
choice of h: hn � n−

2
4s+1

same lower bound holds for any locally quadratic functional
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Next lecture: two mixtures, orthogonal polynomial, moment matching
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