Lecture 8: Point vs. mixture, Ingster—Suslina
method

Lecturer: Yanjun Han

April 21, 2021



Announcements

o HW1 due today

@ HW?2 released, due two weeks later
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Today's plan

Test between a simple hypothesis and a composite hypothesis

same two-point lower bound

upper bound TV by Ingster-Suslina y?-method

example:
example:
example:
example:

example:

hidden clique detection

uniformity and identity testing

linear functional of sparse Gaussian mean
covariance matrix estimation

quadratic functional estimation



Generalized two-point method

Generalized two-point method
Fix any 0p € © and ©; C ©. Suppose that the following separation
condition holds: f.), ©, sepud opot.
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Upper bound the TV distance

@ naive upper bound:

1Ps0 = Ex[Poliry < ExlllPo, = Pl

o Ingster-Suslina y?-method:

X2 (Ex[Po,], Poy) = Eo, 6 r

xeX

@ implication on mixture of product models:
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Example I: planted clique problem

@ given a graph G, test between
Ho: G~G(n,1/2) vs. Hi:G~G(n1/2 k)

e claim: statistical threshold k, = 2log, n — 2log, log, n + ©(1)
o failure of naive two-point method: knowing where is the clique givesk
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Example Il: uniformity testing

:(P."*)BJ
given Xq,--- , X, ~ P, test between

Ho:P=Uc vs. Hi P — Uklltv > &

o »_JA o U9

claim: sample compIeX|ty we;

failure of naive two-point again

n=B(5) - Lomy coglenty

He: P=0c T\/(U\i‘ Qeﬂ) f M

Hi, P= Q st la-Odln 2t

mixture distribution: Paninski's construction

k

()= <1@ Ity  L—evip 1+€Vk/2)
k ) k b bl b k
-/

with v = (v, viga) ~ Unif( (1))
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x2-method computation
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Example Ill: identity testing

e given Xy, , X, ~ P, test between
Ho:P=WU) vs. Hi:||P—Ultv>¢

@ simplifying assumption: U = (MM with min. prob.

Z\é?i[.a los = (Z U\Z/z)iL
. . o 2 %' { !
e claim: sample complexity n = Q(||U||»/3/¢°)
@ mixture distribution: v = (vy,--- ,vk/2) ~ Unif({il}kﬁ), and
P, = (“1 —E1vi, Uy +E1va, s Ukja = €k /o Vi), Uk T+ 6k/2vk/2)

. k/2
@ constraints on ¢: ¢; < u; and Eiz/l gj > €

e y%-method:

K2 4
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Optimizing over ¢

: : k/2 L k2 et =
o target: subject to the constraint } ;'] €; > €, minimize } ;'] 5~
= =1y vy,

o generalized Holder's inequality: for non-negative reals (a;;)ic[m] je[n]

with identity €; “;’2
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Example IV: linear functional of sparse Gaussian mean

bnoor
o model: X ~ N(u,0l,) with [|ullo < s

e loss function: L(u, T) = (T — L(u))? with L(p) = >F_ | wi
e claim:

Q 2 2| ‘F
RZSPUZQ(0252Iog <1+%)> — (‘725 og p) l s < /P
° Qop ifs>./p

@ reduce to hypothesis testing:

Ho:p=0 vs. Hi:p :@15,5 ~ Unif(size-s subset of [p])

R L= s
@ separation condition: A = ps?

@ indistinguishability condition:

2
Y*(Es[Ps],P) +1=Es s [exp <§2\5 N 5’|>]

= -~ 7=
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Convex ordering: HG(N, K, n) <. B(n, K/N)

Theorem (Hoeffding, 1963)

Let the population be C = {c1,--- ,cn}. Let Xi,- -, X, denote random
samples without replacement from C, and X, --- , X} denote random

samples with replacement. Let S and S* be the respective sums. Then for
any convex function f, it holds that

E[f(S)] < E[f(S™)]-

Lemma (Aldous, 1985)

There exists a coupling between (S, S*) such that E[S* | S] = S.

Example of n = 2: POtsa =0 = Ei;_*_ﬁ) T(*’S"T“‘“‘)
~Fb 7"_’“’;‘) ,(17?):?
1/(2N)  if (xf = (x1,x1)

1
P(x{, x5 | x1,%2) = < 1/(2N) i (x§, x
1-1/N if (x{,x3
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Applying convex ordering

2
(Es[Ps], P)+ 1= Es.s [exp (”2|505’|>} 5
g I‘\f

<E [exp (gi B(s, s/p)f .
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Example V: covariance estimation

e (T)
I

model: Xi,---, X, ~ N (0,X) with ¥ € RP*P and |M

target: estimate ¥ under loss L(X, T) = JI;ZJB&

claim: R} = Q(IA+/p/n)

not a low-dimensional target, but could lower bound L by another loss
Lo(X, T) =|T — Amax(X)], for

[Amax(T) = Amax(Z)| < [T = Elop
-—
hypothesis testing:

Mm =

Ho: X =al, vs. Hi:X=al,+bw', v~ Unif(SP1)

/\,\,} =2a+th

condition on (a,b): a,b>0,a+b<1
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Lower bound analysis

@ separation condition: A {@
@ indistinguishability condition:

NIs

|

XZ(E[PG\;], ’5“) +1=E, [<1 _ :Z(VTV/)Q>

,\//:U‘o),r °)

as longas2a> b
e choice of parameters: since [v'v/| = O(1/,/p) typically, we choose

1 1
N YW
2 4 n
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Example VI: quadratic functional estimation

@ model: Xi,---, X, ~ f with Holder smoothness s > 0
o target: estimate Q(f) = fol f(x)?dx, with L(f, T) = |T — Q(f)|
@ claim: elbow effect 4ot Jomrke f 524

Rys =1 (‘ n2

@ hypothesis testing:

1/h

H, = —(i—1)h

b:f=1 vs. Hi:f,(x)=1+4+¢c- E'_l vihtg <X(’h)>
i 1 . Swawlr

with vy, -+ vy ~ Unif({£1} ¢ W»A:\A .

)
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Remaining details

ady=1
@ separation condition: A x &g = 1+ O (W)

o indistinguishability condition:

XCER, O = By [(L+ (collgll2)?h?* - v T ]

"4
< E,v[exp(ncg g0 - (vTV')?)

e llolem )]

__2
@ choice of h: h, < n™ %+

@ same lower bound holds for any locally quadratic functional
s s Y ey e =
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Next lecture: two mixtures, orthogonal polynomial, moment matching
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