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1. Maximum and Maximal matchings.

Consider an input-queued switch with VOQs.

(a) Recall that a maximal match is one where each input either is a
part of the match, or all the outputs that it can possibly connect to
are already matched to other inputs. Produce a maximal match that
is not a maximum match.

(b) Notice that the maximal match you produced has at least half
the number of edges of the maximum match. Can you produce a
maximal match where the number of edges is strictly less than half
the number of edges in a maximum size match? If not, prove the
following statement: Every maximal match is at least half the size of
a maximum size match.

(c) Let’s define the following greedy LQF algorithm. At every time-
slot, use the following matching algorithm for services: first, pick the
VOQ with the most number of packets (if there are ties, pick at ran-
dom among the VOQs that are tied). Say it is V OQ(i1, j1). Then,
among all free VOQs, i.e. all VOQs that do not share an input or an
output with V OQ(i1, j1), pick again the VOQ with the most number
of packets (say V OQ(i2, j2), with i2 6= i1, j2 6= j1). Continue likewise
until the algorithm converges.

Prove that the greedy LQF algorithm converges in at most N steps.

(d) Prove that the greedy LQF algorithm produces a maximal match.

(e) With the weight of the edge between input i and output j equal
to the length of V OQ(i, j), does greedy LQF find a maximum weight
match? Prove or produce a counterexample.

(f) Prove that the weight of the greedy LQF algorithm is at least half
the weight of a maximum weight match for the given requests.

2. To Merge or Not to Merge

Take an N×N bi-partite graph. Let the weight of the edge connecting
input i to output j be an arbitrary nonnegative number wij ≥ 0.
Randomly choose two matchingsM1 andM2 from the set of all possible



matchings. Let W1 and W2 be the weight of M1 and M2 respectively.
Assume that both W1 and W2 are strictly positive, i.e., W1 > 0 and
W2 > 0. We can either select the matching with maximum weight
or we can merge the two matchings. Let Wmax = max{W1,W2} and
Wmerge denote the weight of the matching we get from merging M1

and M2. Define γ as the ratio of these two weights, i.e.,

γ =
Wmerge

Wmax

.

(a) Show that γ ≥ 1.

(b) Compute γ for N = 2 and N = 3.

(c) For N = 4, give an example for which γ = 2.

(d) Prove that in general: 1 ≤ γ ≤ 2.

3. Stable Marriages. Consider the version of the Gale-Shapley algo-
rithm (see Handout #8) in which men propose to women. There are
in fact many implementations of the algorithm in which the men take
turns to propose in different order. For example, in one implementa-
tion man 1 could ask first; in another implementation, the order could
be random.

Show that regardless of the order in which men propose, the algorithm
always leads to the same matching, M. You may assume that the
preference lists are complete and preferences are unique (i.e. if there
are N men and N women, everyone’s list contains N unique numbers).

4. Unique stable matchings and switch algorithms.

We know that, in general, there are multiple stable matchings depend-
ing on the nature of the ranking lists that men and women have. In
this problem we’re interested in finding conditions under which there
is exactly one stable matching.

We use the notation: Woman i → Man i to indicate that Man i heads
Woman i’s preference list. A similar meaning is attached to Man j →
Woman j.

Consider a subset S of pairs and the ranking lists of each man and
woman in S restricted to this subset. Let Woman 1, . . . , Woman s,
and Man 1, . . . , Man s, be the women and men that are in subset S.
Say that their ranking lists form a cycle if

Man 1 → Woman 1 → · · · Man s → Woman s → Man 1.

(a) Show that there is only one stable matching if the ranking lists are
such that every subset S of pairs has no cycle. This shows that not
having cycles is sufficient for uniqueness of stable matchings.



(b) Is the above condition also necessary? Prove or produce a coun-
terexample.

(c) Consider the following version of the “Longest Queue First” (LQF)
matching algorithm for switches: Input i requests output j by commu-
nicating the length Lij of V OQij. Output j chooses the input with the
biggest queue (ties being broken according to port numbers). From
among the outputs that grant to them, inputs accept (match with)
the output for which they have the most packets to send. Matched
input and output pairs are removed from further consideration and
the next iteration of the algorithm takes place. This happens until no
more matchings are possible.

Show that the LQF algorithm defined above always converges to a
unique matching. (That is, show that there are no cycles.)

(d) Show that the worst case number of iterations for the LQF algo-
rithm is N - the size of the switch.


