Typical structured codec

bit-stream ¢

image x |transform |coefficientsy |quantizer| indicesq | encoder
y=T(x) qa=Q(y) c=C(a)
reconstructed — .
image X Inverse | efficients § |d€QUANEIZET | jqices o | decoder
— Atransf(i)rn) _ « .
X=T"(¥) y=Q7(q) q=C"(c)

= Transform T(X) usually invertible

= Quantization Q(Y) not invertible, introduces distortion

= Combination of encoder C(Q) and decoder C_l(C)
lossless

A
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Transform coding - topics

= Principle of block-wise transform coding
= Properties of orthonormal transforms

= Transform coding gain

= Bit allocation for transform coefficients
= Discrete cosine transform (DCT)

= Threshold coding

= Typical coding artifacts

s Fast implementation of the DCT
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Block-wise transform coding

original image &

original
image
block

' Transform A

Transform ——

coefficients Quantization,
entropy coding

& storage or
transmission

reconstructed
block

Inverse
transform A/

Quantized
transform
coefficients
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Properties of orthonormal transforms

= Forward transform

Ly=AX
/ \
NxN transform coefficients, Transforrrl matrix Image block of size NxN,
arranged as a column vector  of size N°xN? arranged as a column vector
= Inverse transform
x=A'y=A'y

= Linearity: X is represented as linear combination of “basis
functions (i.e., columns of A")
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Energy conservation

= For any orthonormal transform y = AX

V" =yTy =x"ATAX =[x

= Interpretation
e Vector length (,energies”) conserved

e Orthonormal transform iIs a rotation of the coordinate
system around the origin (plus possible sign flips)
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2-d orthonormal transform

cosd -—sind
sin@ cosd
X, Y, X,

R
e
RN R,
b T

S

X Y1 X
Strongly correlated After transform: Despite statistical
samples, uncorrelated samples, dependence, orthonormal
equal energies most of the energy In transform won’t help.
first coefficient
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Unequal variances of transform coefficients

= Total energy conserved, but unevenly distributed among
coefficients.

s Covariance matri2<
Ry, =E| (-2, Y- 1) |
B[ A(x-u, )x- 1) AT} AR AT

= Variances of the coefficients y, are diagonal elements of Ry,

ot =|R, | =[AR AT

<)
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Coding gain of orthonormal transform

= Assume distortion rate functions for image samples

d(R)zé&’oy 27"

. and for encoding transform coefficients

N-1 1 N-1 - 1 N1
dXFORM Zd go—Y 2 n: R=—
N n=0 N n=0
= Transform coding gain
d(R
G; = XFOIEM )
d™™ (R)
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Coding gain of orthonormal transform (cont.)

= Find optimum bit allocation using Lagrangian formulation

N-1 N-1
J=d™ (R} AR= %25202 2% +/1%ZRH BK Rt s min.

= Solution by setting % =0 foralln

n
od . “Pareto condition”

Distortion of |
individual od, 0oq; forall i, |
coefficient 8Ri 8Rj 1

Vilfredo Pareto
. il

Economist
1848-1923
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Coding gain of orthonormal transform (cont.)

= Optimum distortion and rate per coefficient

2 2
_ | XFORM 1 O.
d (Rn)—d (R) for all n Rn:Ek)g2 dXFo;Tvl for all n
= Transform coding gain
iN_162
G = d(R) _ 0-)2( _ N n=0 "
L o XFORM (R) T IN-1 N
(Tt yI1ot
n=0 n=0
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“Reverse water filling”

= With additional constraints R >0 forall n and £=1
use Karush-Kuhn-Tucker conditions

-

8_J< =0, ifdn<c)'$n
OoR | >0, ifdnzaf

.

= Optimum distortion and rate allocation

-

0, Ifo

LR

o, If o

n

>0 2
1 GY

R=—1lo n
n 2 gZ d

for all n

N

<d

n

<

\

_where @ is chosen to yield Zdn (R, ) =d*XFoM
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Karhunen Loeve Transform (KLT)

s Karhunen Loeve Transform (KLT): basis functions
are eigenvectors of the covariance matrix Ry of the
Input signal.

s KLT yields decorrelated transform coefficients
(covariance matrix Ryy is diagonal).

s KLT achieves optimum energy concentration.
= KLT maximizes coding gain G+
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KLT maximizes coding gain

s Determinant of any orthonormal transform det(A): +1
= Determinant of covariance matrix for any orthonormal transform

det(Ry, ) =det(A)det(R,, )det(A")=det(R,y)

= Determinant of (diagonal) covariance matrix after KLT
N-1
det (R vy ): H af
n=0 "

= Hadamard inequality: determinant of any symmetric, positive
semi-definite matrix is less than or equal to the product of its
diagonal elements

[1o? (KLT)=cet(R,, )< []o? (A
n=0 n=0
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Disadvantages of KLT

s KLT dependent on signal statistics
x KLT not separable for image blocks
= Transform matrix cannot be factored into sparse matrices

=» Find structured transforms that perform close to KLT
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Various orthonormal transforms

Karhunen Loeve transform [1948/1960]
Haar transform [1910]
Walsh-Hadamard transform [1923]
\ Slant transform [Enomoto, Shibata, 1971]

l Discrete CosineTransform (DCT)
I [Ahmet, Natarajan, Rao, 1974]
1

Comparison of 1-d
basis functions for

block size N=§

SEESFL7

FEEESI/]

iy
__[h,_ :H:H:Iﬂ]_ el
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Separable transforms, |

= A transform is separable, if the transform of a signal block of
size NxN can be expressed by

T
»y:’beA\ Note: A=A®A
o e ]
NxN transform Orthonormal transform NxN block of
coefficients matrix of size NxN input signal Transform — yronecker
matrix for product
m The inverse transform is vectors
; y = AX
x=A" yA

= Great practical importance: The transform requires 2 matrix
multiplications of size NxN instead one multiplication of a
vector of size 1x/N? with a matrix of size N°xN?

.—> Reduction of the complexity from O(N?) to O(N-)
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Separable transforms, |l

NXN block
of pixels

N

row-wise
N-transform

column-wise
N-transform

NXN block of
transform
coefficients

A X
— >
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Coding gain with 8x8 transforms

18
15
B Haar
B Hadamard
[ Slant
B DCT
B KLT

Bernd Girod: EE398A Image and Video Compression

Transform Coding no. 18




Discrete Cosine Transform and
Discrete Fourier Transform

= Transform coding of images
using the Discrete Fourier
Transform (DFT): edge

e For stationary image statistics, folded
the energy concentration
properties of the DFT
converge against those of the
KLT for large block sizes.

e Problem of blockwise DFT
coding: blocking effects due to
circular topology of the DFT
and Gibbs phenomena. pixel [ _

_ folded
e Remedy: reflect image at block
boundaries, DFT of larger
symmetric block = “DCT"
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DCT

= Type II-DCT of blocksize NxN = 2D DCT basis functions:
IS defined by transform matrix

A containing elements

(2K +1)i
2N
for Lk=0,....N-1

a, =a, CoS

with o, =
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Amplitude distribution of the DCT

coefficients

= Histograms for 8x8 DCT coefficient amplitudes measured for test image

[Lam, Goodman, 2000]

A

—— — p— e

1

o A 4 4 4 1 1 |
I Y W G S |
A 4 4 4 1 1
A 4 4 1 1 |
B O U G G |
I U Y T R |
B Y Y U R G |
L 1 1 1 1 |

L
1
L
1
|
|

s AC coefficients: Laplacian PDF

< DC coefficient distribution similar to the original image

Test image
Bridge
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Infinite Gaussian mixture modeling

||
O ey 8
N
N
<
qI\.)

= For a given block variance, coefficient pdfs are Gaussian
= Gaussian mixture w/ exponential variance distribution yields a Laplacian

s Gaussian mixture w/ half-Gaussian variance distribution yields pdf very
close to Laplacian [Lam, Goodman, 2000]

Elegant explanation of Laplacian pdfs of DCT coefficients
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Threshold coding, |

= Uniform deadzone quantizer: transform coefficients that fall
below a threshold are discarded.

Quantizer
output

—
Quantizer
input

m Positions of non-zero transform coefficients are transmitted In
addition to their amplitude values.
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Threshold coding, Il

n Efficient encoding of the position of non-zero transform
coefficients: zig-zag-scan + run-level-coding

7 7

s,
AN
'V

-

ordering of the transform coefficients by zig-zag-scan
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Threshold coding, Il

198 202 194 179 180 184 196 168 1480 260 95 89 -264 151 -81 03 1853 411 3 2 A4 3
187 196 192 181 182 185 189 174 110 83 -82 38 -84 -60 -28 106 1 Y X N X 8 5 1
188 185 193 179 188 188 187 170 55 45 90 53 -80 40 -51 49 [V L 1 0 { ] § )
184 188 182 187 183 186 195 174 DCT Q 17" 4 4 ol 0 5
107 98 49 -83 21 -1.9 28 -81 D . . .
194 193 189 187 180 183 181 185 | mel= | 16 14 82 43 34 41 79 10| =P | 0 07 47 &7 o7 o7 47 )
193 195 193 192 170 189 187 181 45 50 64 41 44 18 32 21 e
181 185 183 180 175 184 185 176 50 =58 24 28 20 59 32 1 I S Sy e | |
195 185 177 178 170 179 195 175 0 0 w0 0 0] e G0 6 e ¢ o & ¢ Run-leve
coding
Original 8x8 Transformed Zig-zag scan Mean of Block: 185
(0,3) (0,1) (1,1) (0,1) (0,1) (0,1) (0,-1) (1,1)
block 8x8 block
(111) (011) (1!'3) (012) (0!'1) (6!1) (0,-1)(0,-1)
(1,-1) (14,1) (9,-1) (0,-1) EOB
Transmission *
Mean of Block: 185
(0,3) (0,1) (1,1) (0,1) (0,1) (0,1) (0,-1) (1,1)
Reconstructed (1) ©4) (1:3) 02 0) (61) 0.1)(0-1)
1,1) (14,1) (9,-1) (0,-1) EOB
8X8 blOCk (1,-1) (14,1) (9,-1) (0,1)
Run-level
192 201 195 184 177 184 193 174 85— 3 41 232 A3 .
189 191 195 182 182 187 190 171 vV v ¥ v x4 deCOdmg
188 185 190 181 185 187 189 171 . . O N AN D
189 188 185 183 183 182 190 175 Scallng and inverse DCT (T ) S Tl T
191 192 186 189 179 182 188 178 | —uuglf O N | -
190 191 189 190 177 186 184 179 o 8 & 8 8 & 5
189 188 185 184 175 186 187 179 v v v D
189 188 178 176 173 183 193 180 L & <4 o

Inverse zig-zag scan
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Detall In a block vs. DCT coefficients

block
guantized DCT reconstructed
. DCT coefficients coefficients from quantized
image block of block of block coefficients
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Typical DCT coding artifacts

DCT coding with increasingly coarse guantization, block size 8x8

guantizer stepsize guantizer stepsize guantizer stepsize
for AC coefficients: 25 for AC coefficients: 100 for AC coefficients: 200
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Influence of DCT block size

@B2x2
B4x4
O8x8
W16 x 16
W32 x 32
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Fast DCT algorithm |

s DCT matrix factored into sparse matrices
[Arai, Agui, and Nakajima; 1988]

S, 0
SZ
S3
S,
S5
0 S,
1 0
C4
1
_C2
c, -C
0 -c, C

(1

y=Ax
= SPM M, M M, M .M x
(1 3 (1
1 0 1 0
1 1 1
v 1 v - -1 1
b 1 1 o 1
1 1 1
0 1 -1 0 1
-1 1 -1
(1 1 \ (1 0
1 1 0 1 1
1 -1 1 1
v 1 -1 v 0 1 1
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Fast DCT algorithm Il

= Signal flow graph for fast (scaled) 8-DCT [Arai, Agui, Nakajima, 1988]

]
G
7
W

o
3
<

o

Multiplication: Addition: a, =C,

ueim reme-u u>u+v a,=C,-C,
\' a; = C4
u> a, =C, +C,
\Y} Y as = C6

scaling

only 5+8
multiplications

(direct matrix
multiplication:
64 multiplications

N

1

S =—

22
1

s, =— k=1..7
4C
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Transform coding: summary

Orthonormal transform: rotation of coordinate system in signal
space

Purpose of transform: decorrelation, energy concentration

Bit allocation proportional to logarithm of variance, equal
distortion

KLT is optimum, but signal dependent and, hence, without a
fast algorithm

DCT shows reduced blocking artifacts compared to DFT

8x8 block size, uniform quantization, zig-zag-scan + run-level
coding is widely used today (e.g. JPEG, MPEG, ITU-T H.261,
H.263)

Fast algorithm for scaled 8-DCT: 5 multiplications,
29 additions
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