
Jim LambersENERGY 281Spring Quarter 2007-08Le
ture 11 NotesThese notes were originally written by Tara LaFor
e.1 Derivation of the Finite Element MethodIn order to derive the fundamental 
on
epts of �nite element methods (FEM)we will start by looking at an extremely simple ODE and approximate itusing FEM.1.1 The Model ProblemThe model problem is:
−u′′ + u = x 0 < x < 1
u (0) = 0 u (1) = 0

(1)and this problem 
an be solved analyti
ally: u (x) = x− sinhx/ sinh 1. Thepurpose of starting with this problem is to demonstrate the fundamental
on
epts and pitfalls in FEM in a situation where we know the 
orre
t an-swer, so that we will know where our approximation is good and where it ispoor. In 
ases of pra
ti
al interest we will look at ODEs and PDEs that aretoo 
omplex to be solved analyti
ally.FEM doesn't a
tually approximate the original equation, but rather the weakform of the original equation. The purpose of the weak form is to satisfythe equation in the "average sense," so that we 
an approximate solutionsthat are dis
ontinuous or otherwise poorly behaved. If a fun
tion u(x) is asolution to the original form of the ODE, then it also satis�es the weak formof the ODE. The weak form of Eq. 1 is
∫ 1

0

(

−u′′ + u
)

vdx =

∫ 1

0
xvdx (2)The fun
tion v(x) is 
alled the weight fun
tion or test fun
tion. v(x) 
an beany fun
tion of x that is su�
iently well behaved for the integrals to exist.1



The set of all fun
tions v that also have v(0) = 0, v(1) = 0 are denoted by
H. (We will put many more 
onstraints on v shortly.)The new problem is to �nd u so that

∫ 1
0 (−u′′ + u− x) vdx = 0 for all v ∈ H

u (0) = 0 u (1) = 0
(3)On
e the problem is written in this way we 
an say that the solution u belongsto the 
lass of trial fun
tions whi
h are denoted H̃. When the problem iswritten in this way the 
lasses of test fun
tions H and trial fun
tions H̃are not the same. For example, u must be twi
e di�erentiable and have theproperty that ∫ 1

0 u
′′vdx <∞, while v doesn't even have to be 
ontinuous aslong as the integral in Eq. 3 exists and is �nite. It is possible to approximate

u in this way, but having to work with two di�erent 
lasses of fun
tionsunne
essarily 
ompli
ates the problem. In order to make sure that H and
H̃ are the same we 
an observe that if v is su�
iently smooth then

∫ 1

0
−u′′vdx =

∫ 1

0
u′v′dx− u′v|10 (4)This formulation must be valid sin
e u must be twi
e di�erentiable and v wasarbitrary. This puts another 
onstraint on v that it must be di�erentiableand that those derivatives must be well-enough behaved to ensure that theintegral ∫ 1

0 u
′v′dx exists. Moreover, sin
e we de
ided from the outset that

v(0) = 0 and v(1) = 0, the se
ond term in Eq. 4 is zero regardless of thebehavior of u′ at these points. The new problem is
∫ 1

0

(

u′v′ + uv − xv
)

dx = 0. (5)Noti
e that by performing the integration by parts we restri
ted the 
lass oftest fun
tionsH by introdu
ing v′ into the equation. We have simultaneouslyexpanded the 
lass of trial fun
tions H̃, sin
e u is no longer required to havea se
ond derivative in Eq. 5. The weak formulation de�ned in Eq. 5 is 
alleda variational boundary-value problem.In Eq. 5 u and v have exa
tly the same 
onstraints on them:1. u and v must be square integrable, that is: ∫ 1
0 uvdx ≈

∫ 1
0 u

2dx <∞2



2. The �rst derivatives of u and v must be square integrable, that is:
∫ 1
0 u

′v′dx ≈
∫ 1
0 (u′)2dx < ∞ (this a
tually guarantees the �rst prop-erty)3. We had already assumed that v(0) = 0 and v(1) = 0 and we know fromthe original statement of the problem that u(0) = 0 and u(1) = 0.Now we have that H̃ = H = H1

0 . Any fun
tion w is a member of H1
0if ∫ 1

0 (u′)2dx < ∞ and w(0) = w(1) = 0. H1
0 is the spa
e of admissiblefun
tions for the variational boundary-value problem (ie. all admissible testand trial fun
tions are in H1

0 )We will 
onsider the variational form Eq. 5 to be the equation that we wouldlike to approximate, rather than the original statement in Eq. 1. On
e wehave found a solution to Eq. 5 in this way we 
an ask the question whetherthis formulation is also a solution to Eq. 1: That is, whether this solution isa fun
tion satisfying Eq. 1 at every x in 0 < x < 1, or whether we have founda solution that satis�es only the weak form of the equation. In the 
ase thatwe 
an only �nd a solution to the weak form, no "
lassi
al" solution exists.1.2 Galerkin ApproximationsWe now have the problem re-stated so that we are looking for u ∈ H1
0 su
hthat

∫ 1

0

(

u′v′ + uv
)

dx =

∫ 1

0
xvdx (6)for all v ∈ H1

0 . In order to narrow down the number of fun
tions we will
onsider in our approximate solutions we will make two more assumptionsabout H1
0 . First, we will assume that H1

0 is a linear spa
e of fun
tions (thatis if v1, v2 ∈ H1
0 and a, b are 
onstants then av1 + bv2 ∈ H1

0 .)The se
ond assumption is that H1
0 is in�nite dimensional. For example if wehave the sine series ψn(x) =

√
2 sin(nπx) for n = 1, 2, 3, ... and v ∈ H1

0 then
v 
an be represented by v (x) =

∑

∞

n=1 anψn (x). The s
alar 
oe�
ients anare given by an =
∫ 1
0 v (x)ψn (x) dx, just like usual. Hen
e in�nititely many
oe�
ients an must be found to de�ne v exa
tly. As in Fourier analysis,many of these 
oe�
ients will be zero. We will also trun
ate the series inorder to have managable length series, just like in dis
rete Fourier analysis.3



Unlike in Fourier analysis, though the basis fun
tions do not have to be sinesand 
osines, mu
h less smooth fun
tions 
an be used. In fa
t our set of basisfun
tions do not even have to be smooth and 
an 
ontain dis
ontinuities inthe derivatives, but they must be 
ontinuous. We will assume that the in�-nite series 
onverges so that we 
an 
onsider only the �rst N basis fun
tionsand get a good approximation vN of the original test (or trial) fun
tion:
v ∼= vN =

∑N

i=1
βiφi (x) (7)where φi are as-yet unspe
i�ed basis fun
tions. This subspa
e of fun
tions isdenoted H(N)

0 and is a subspa
e of H1
0 . Galerkin's method 
onsists of �ndingan approximate solution to Eq. 6 in a �nite-dimensional subspa
e H(N)

0 of
H

(1
0 of admissible fun
tions rather than in the whole spa
e H1

0 . Now we arelooking for uN =
∑N

i=1 αiφi (x). The new approximate problem we have isto �nd uN ∈ H
(N)
0 su
h that

∫ 1

0

(

u′Nv
′

N + uNvN

)

dx =

∫ 1

0
xvNdx (8)for all vN ∈ H

(N)
0 . Sin
e the φi are known (in prin
iple) uN will be 
om-pletely determined on
e the 
oe�
ients αi have been found.In order to �nd that αn we put ∑N

i=1 αiφi (x) and ∑N
i=1 βiφi (x) into Eq. 8.

∫ 1

0















d
dx

[

∑N
i=1 βiφi (x)

]

d
dx

[

∑N
j=1 αjφi (x)

]

+
[

∑N
i=1 βiφi (x)

] [

∑N
j=1 αjφi (x)

]

−
x

∑N
i=1 βiφi (x)















dx = 0 (9)for all N independent sets of βi.This 
an be expanded and fa
tored to give
∑N

i=1
βi

(

∑N

j=1

{
∫ 1

0

[

φ′j (x)φ′i (x) + φj (x)φi (x)
]

dx

}

αj −
∫ 1

0
xφi (x) dx

)

= 0(10)for all N independent sets of βi. The stru
ture of Eq. 10 is easier to see if itis re-written as 4



∑N

i=1
βi

(

∑N

j=1
Kijαj − Fi

)

= 0 (11)for all βi. Where
Kij =

∫ 1
0

[

φ′j (x)φ′i (x) + φj (x)φi (x)
]

dx F =

∫ 1

0
xφi (x) dx (12)and where i, j = 1, ..., N . The N × N matrix of Kij is 
alled the sti�nessmatrix and the ve
tor F is the load ve
tor. Sin
e the βi are known Kij and

F 
an be 
al
ulated dire
tly. But the βi were arbitrary so we 
an 
hooseea
h element βi for ea
h equation. For the �rst equation 
hoose β1 = 1and βn = 0 for n 6= 1. Now ∑N
j=1K1jαj = F1. Similarly for the se
ondequation 
hoose β2 = 1 and βn = 0 for n 6= 2 so that ∑N

j=1K2jαj = F2.In this way we have 
hosen N independent equations that 
an be used to�nd the N unknowns αi. Moreover the N 
oe�
ients αi 
an be found from
αj =

∑N
j=1

(

K−1
)

ji
Fi where (

K−1
)

ji
are the elements of the inverse of K.The sti�ness matrix K is symmetri
 for this simple problem, whi
h makesthe 
omputation of the matrix faster sin
e we don't have to 
ompute all ofthe elements, symmetri
 matri
ies are also mu
h faster to invert.1.3 Finite Elements Basis Fun
tionsNow we have done a great deal of work, but it may not seem like we aremu
h 
loser to �nding a solution to the original ODE sin
e we still knownothing about φi. The purpose of using su
h a general formulation is thatany set of linearly independent fun
tions will work to solve the ODE. Nowwe are �nally going to talk about what kind of fun
tions we will want to useas basis fun
tions. The �nite element method is a general and systemati
te
hnique for 
onstru
ting basis fun
tions for Galerkin approximations. InFEM the basis fun
tions φi are de�ned pie
ewise over subregions. Over anysubdomain the φi will be 
hosen to be polynomials of low degree, thoughother possibilities do exist.

• �nite elements are the subregions of the domain over whi
h ea
h basisfun
tion is de�ned. Hen
e ea
h basis fun
tion has 
ompa
t supportover an element. Ea
h element has length h. The lengths of the ele-ments do NOT need to be the same (but generally we will assume thatthey are.) 5



• nodes or nodal points are de�ned within ea
h element. In Figure 1 the�ve nodes are the endpoints of ea
h element (numbered 0 to 4).
• the �nite element mesh is the 
olle
tion of elements and nodal pointsthat make up the domain and is shown in Figure 1. An element i isdenoted by Ωi.Now we need to 
onstru
t the a
tual basis fun
tions using the three 
riteriade�ned before: 1) The basis fun
tions are simple fun
tions de�ned pie
ewiseover the �nite element mesh, 2) the basis fun
tions must be in the 
lass of testfun
tions H1

0 , and 3) The basis fun
tions are 
hosen so that the parameters
αi are the values of uN (x) at the nodal points.The simplest set of basis fun
tions are the �hat fun
tions� on elements i =
1, 2, 3.

φi (x) =











x−xi−1

hi
for xi−1 ≤ x ≤ xi

xi+1−x

hi+1
for xi ≤ x ≤ xi+1

0 for x < xi−1, x > xi+1











(13)where hi = xi − xi−1 is the length of element i. The derivatives are
φ′i (x) =







1
hi

for xi−1 ≤ x ≤ xi
−1

hi+1
for xi ≤ x ≤ xi+1

0 for x < xi−1, x > xi+1







(14)The equations for elements 0 and 4 have been left out sin
e we de
ided that
u(0) = u(1) = 1, so no basis fun
tions are required. In general the basisfun
tions for the �rst and last elements are half of the fun
tions sin
e thereis no i−1 or i+1 node, respe
tively. The hat fun
tions are shown in Figure 2.The mathemati
al term for hat fun
tions is pie
e-wise linear basis fun
tionsLooking at the three 
riteria above, 
learly the fun
tions in Eq. 13 are simpleand de�ned element-wise. It is easy to show that they are in H1

0 , sin
e theyhave square-integrable �rst derivatives. They also satisfy the third 
riteriasin
e φi(xj) = 1 if i = j and 0 otherwise. Hen
e ea
h fun
tion 
ontributesto the value of uN at exa
tly one node and αi = uN (xi).It is less 
lear that the hat fun
tions will give a 
ontinuous representationof vN and uN . Let v be the sine fun
tion with period 2 shown in Figure3. At the nodes (0, 1, 2, 3, 4) sine has the values (0,0.7071,1,0.7071,0).The representation vN on the �nite element mesh is vN = 0.7071φ1 (x) +6
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Figure 1: Four �nite elements on the interval [0 1℄.
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Figure 2: Four hat fun
tions (top) and their derivatives (bottom) on the interval [0 1℄.
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φ2 (x) + 0.7071φ3 (x). When the elements are summed up the sine waveis approximated by pie
ewise linear fun
tions between ea
h of the nodes,and is exa
tly represented at ea
h node. When more nodes are used theapproximation improves and in the limit of N → ∞ the sine wave would beexa
tly represented. In FEM we will never pro
eed all the way to the limit,so the interval size h will always have �nite size h. This is why the term�nite elements is used.
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Figure 3: The �nite element approximation of sin(πx) using �ve nodes on the interval[0 1℄.1.4 The Sti�ness Matrix K and the Load Ve
tor F for HatFun
tionsRe
all from Eq. 12 that ea
h element of the sti�ness matrix K is given by
Kij =

∫ 1
0

(

φ′i (x)φ′j (x) + φi (x)φj (x)
)

dx

=
∑4

e=1

∫

Ωe

(

φ′i (x)φ′j (x) + φi (x)φj (x)
)

dx

=
∑4

e=1K
e
ij

(15)similarly
Fi =

∫ 1

0
xφi (x)dx =

∑4

e=1

∫

Ωe

xφi (x)dx =
∑4

e=1
F e

i (16)8



where we have used the property that φ(x) are de�ned pie
ewise on ea
helement 1 through 4. In order to 
ompute an approximation of the solutionto the model ODE it is ne
essary to 
ompute nine elements for Kij from
i, j = 1, 2, 3 and three elements for F . But sin
e ea
h of the fun
tions φ(x)are de�ned in the same way it is possible to 
ompute Ke and F e for a generi
element and then to 
onstru
t the matrix using the sums above. Consider ageneri
 interior element Ωe on the interval xA to xB . We will use a 
hange ofvariables and rewrite this in terms of ξ, a dummy variable for x. We will have
ξ = (0, h). On this element exa
tly two of the hat fun
tions are nonzero:
ψA(ξ) = 1 − ξ

h
and ψB(ξ) = ξ

h
. Convin
e yourself that this de�nition isequivalent to the previous de�nition of the hat fun
tion, but with the originshifted to the start of one of the interior elements. The two hat fun
tionshave derivatives ψ′

A(ξ) = − 1
h
and ψ′

B(ξ) = 1
h
.It is also important to noti
e that for the hat fun
tions φi(x) 6= 0 on onlythe elements Ωi and Ωi+1. This results in a tridiagonal sparse matrix K forany number of elements in the mesh as will be shown below. Using Eq. 15you 
an see that there are three integrals that 
ontribute to Kij :

kAA =
∫ h

0

(

[

ψe
A
′ (ξ)

]2
+ [ψe

A (ξ)]2
)

dξ

=
∫ h

0

(

[1/h]2 + [1 − ξ/h]2
)

dξ = 1/h+ h/3

kAB =
∫ h

0

(

ψe
A
′ (ξ)ψe

B
′ (ξ) + ψe

A (ξ)ψe
B (ξ)

)

dξ

=
∫ h

0 ((−1/h) (1/h) + (1 − ξ/h) (ξ/h))dξ = −1/h+ h/6

kBB =
∫ h

0

(

[

ψe
B
′ (ξ)

]2
+ [ψe

B (ξ)]2
)

dξ

=
∫ h

0

(

[−1/h]2 + [ξ/h]2
)

dξ = 1/h+ h/3

(17)
Similarly the 
omponents that 
ontribute to the load ve
tor are:

F e
A =

∫ h

0 (xA + ξ) (1 − ξ/h) dξ = h
6 (2xA + xB)

F e
B =

∫ h

0 (xA + ξ) (ξ/h) dξ = h
6 (xA + 2xB)

(18)where the xA and xB terms 
ome from evaluating the for
ing fun
tion f(x) =
x at the endpoints of the generi
 element.Thus ea
h generi
 interior element 
ontributes to the sti�ness matrix a 2×2submatrix

ke =

[

1/h+ h/3 −1/h+ h/6
−1/h+ h/6 1/h+ h/3

] (19)9



and two entries to the load ve
tor
f e = h/6

[

2xA + xB

xA + 2xB

] (20)For the 4 element mesh we have derived the 
ontributions to the overallsti�ness matrix K from ea
h node is given by:
K1 =





1/h+ h/3 0 0
0 0 0
0 0 0



K2 =





1/h+ h/3 −1/h+ h/6 0
−1/h+ h/6 1/h+ h/3 0

0 0 0





K3 =





0 0 0
0 1/h+ h/3 −1/h+ h/6
0 −1/h+ h/6 1/h+ h/3



K4 =





0 0 0
0 0 0
0 0 1/h+ h/3



(21)where the 
ontributions from elements 1 and 4 have only one entry be
auseonly half of the hat fun
tion exists on these elements. Similarly the 
ontri-butions to the load ve
tor are
F 1 = h/6





2h
0
0



F 2 = h/6





2h+ 2h
h+ 4h

0



 (22)
F 3 = h/6





0
4h+ 3h
2h+ 6h



F 4 = h/6





0
0

6h+ 4h



 (23)where h = 0.25 for the model problem. Now K = K1 + K2 + K3 + K4and F = F 1 + F 2 + F 3 + F 4. The �nal system of equations has symmetri
and diagonally dominant sti�ness matrix K, whi
h is very ni
e to work withmathemati
ally. The values of uN at ea
h node is given by α̃ = K−1F and
uN =

∑3
i=1 αiφi (x).Using this we get that the approximation to the model problem is u =

0.0353φ1(x)+0.0569φ2(x)+0.0505φ3(x). This is not a very a

urate answer,sin
e only four elements were used. A more a

urate approximation 
an beobtained by using more elements, but at the 
ost of building and inverting alarger sti�ness matrix K. The usual way of estimating the error of an FEMapproximation using linear basis fun
tions (the hat fun
tions we derived)using the L2 or mean-square norm is that ||e||0 < C2h
2. This is an a-priori10



error estimate and in general a worst-
ase s
enario, the a
tual error may besubstantially smaller.Referen
es[1℄ Be
ker, E. B., G. F. Carey, and J. T. Oden, Finite Elements an In-trodu
tion, Texas Institute for Computational Me
hani
s, UT Austin,1981.
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