
Jim LambersENERGY 281Spring Quarter 2006-07Le
ture 13 NotesThese notes were originally written by Tara LaFor
e.1 Two-Dimensional ProblemsAt long last, it is time to solve some PDEs using FEM! Fortunately, allof the 
on
epts from the previous two le
tures apply (almost) dire
tly totwo-dimensional problems. We will 
onsider problems of the form
−∇ · [k(x, y)∇u (x, y)] + b (x, y)u (x, y) = f (x, y) , (1)where the negative sign ensures that we are solving an ellipti
 equation.On
e again, we will de�ne a �ux term σ(x, y) = k(x, y)∇u (x, y), where kis the material modulus. In porous media �ow, k would be the absolutepermeability, and in heat loss k would be thermal 
ondu
tivity. As before,these do not need to be 
onstants, or even 
ontinuous. However, we willrestri
t our derivation to 
ases where k is either 
ontinuous, or at least ni
elyenough behaved to not 
ause dis
ontinuities in the �ux. This is exa
tly whatwe did in solving ODEs.We will formulate the PDE as a variational boundary-value problem by mul-tiplying by a test fun
tion v and integrating over the domain (this is now anintegral in two-dimensions!)

∫

Ω
[−∇ · (k(x, y)∇u (x, y)) + b (x, y)u (x, y) − f (x, y)] v dx dy = 0 (2)In order to get everything in terms of �rst derivatives like we did in ODEswe use the produ
t rule for di�erentiation to show that

∇ · (vk∇u) = k∇u · ∇v + v∇ · (k∇u)
v∇ · (k∇u) = ∇ · (vk∇u) − k∇u · ∇v

(3)whi
h 
an be inserted into (2) to give1



∫

Ω
[k∇u · ∇v + buv − fv] dx dy −

∫

Ω
[∇ · (vk∇u)] dx dy = 0 (4)Using the divergen
e theorem we obtain

−

∫

Ω
[∇ · (vk∇u)] dx dy = −

∫

∂Ω
k∇u · nv ds, (5)where ∂Ω is the boundary of Ω integrated 
ounter
lo
kwise. Now we havethe �nal variational boundary-value problem

∫

Ω
[k∇u · ∇v + buv − fv] dx dy −

∫

∂Ω
k
∂u (s)

∂n
v ds = 0 (6)with boundary 
onditions

−k (s)
∂u (s)

∂n
= p (s)u (s), (7)where s ∈ ∂Ω, the boundary of Ω.1.1 Approximation Fun
tionsThe idea here is to represent the approximate solution uh(x, y) and testfun
tions vh(x, y) by polynomials de�ned pie
ewise over geometri
ally sim-ple subdomains of Ω. In one-dimension this 
onsisted of dividing the linebetween [0, l] up into parts. In two-dimensions there are many posssible
hoi
es of simple shapes that we 
ould 
hoose to divide up the domain into.We will only 
onsider trianglar and re
tangular elements.1.1.1 Two-Dimensional Problems on Triangular MeshThe simplest possible 
hoi
e of shape fun
tion in two dimensions is a line

vh(x, y) = a1 + a2x+ a3y. Three 
onstants need to be found, whi
h meansevery element must have three nodes. A triangle with nodes at the 
ornerswould be the simplest and most logi
al way to satisfy this 
onstraint. More-over, if adja
ent triangular elements are for
ed to share two nodes then thiswill de�ne a 
ontinuous fun
tion a
ross the element boundary.Similarly if we wanted to use a quadrati
 shape fun
tion vh(x, y) = a1 +
a2x + a3y + a4x

2 + a5xy + a6y
2 we have six parameters and a triangular2



mesh with nodes at ea
h 
orner and at the midpoints of ea
h side of thetringle would be a good 
hoi
e.1.1.2 Two-Dimensional Problems on Re
tangular MeshSuppose instead that we wanted to use bilinear shape fun
tions vh(x, y) =
a1 +a2x+a3y+a4xy. In this 
ase we need to spe
ify four nodes per elementin order to �nd the four 
onstants a1 to a4. The logi
al 
hoi
e here would beto use re
tangular elements with nodes de�ned at ea
h 
orner. If adja
entelements are for
ed to share two nodes then this will de�ne a 
ontinuousfun
tion a
ross the element boundary.There are in�nitely many possible 
ombinations of shape fun
tions and ele-ments. Sometimes it is desirable to use more 
ompli
ated shapes in the meshinstead of triangular or re
tangular. We will restri
t our analysis to linearfun
tions on a triangular mesh, sin
e that is the simplest 
hoi
e.1.1.3 Shape Fun
tionsIn two dimensions there are three basi
 requirements for the shape fun
tions(and they are almost the same as in the ODE):

• The approximation to umust be 
ontinuous a
ross element boundaries.
• The shape fun
tions ψe

i must ea
h be one at exa
tly one node and zeroat all others.
• The basis fun
tions must be square-integrable and have square-integrable�rst partial derivatives.The linear fun
tion vh(x, y) = a1 + a2x + a3y de�nes a plane in spa
e. Asa 
onsequen
e the approximation of u will be made up of triangular shapedsegments of planes that are 
ontinuous.Suppose that the 
orners of a triangular elements are given by (x1, y1) (x2, y2)and (x3, y3). The shape fun
tion ψ1 that equals one at (x1, y1) and zero atnodes (x2, y2) and (x3, y3) is found from the plane equation evaluated atea
h node and is

ψe
1 (ξ) =

1

2Ae
[(x2y3 − x3y2) + (y2 − y3) x+ (x3 − x2) y] (8)3



where Ae = x2y3+x1y2+x3y1−x2y1−x3y2−x1y3 is the area of the element.Similarly, the shape fun
tions that are one at the node (x2, y2) and (x3, y3)are ψ2 and ψ3 respe
tively.
ψe

2 (ξ) = 1
2Ae

[(x3y1 − x1y3) + (y3 − y1) x+ (x1 − x3) y]

ψe
3 (ξ) = 1

2Ae
[(x1y2 − x2y1) + (y1 − y2) x+ (x2 − x1) y]

(9)1.2 Finite Element ApproximationsIn general we are trying to �nd uh (x, y) =
∑N

j=1 ujφj (x, y) su
h that uj = ûjat the nodes on ∂Ωh and
∫

Ωh

[

k
(

∂uh

∂x
∂vh

∂x
+ ∂uh

∂y
∂vh

∂y

)

+ buhvh

]

dx dy +
∫

∂Ω puhvh ds

=
∫

Ωh

fvh dx dy +
∫

∂Ωh

γvh ds
(10)where γ = pû. The general boundary 
ondition has been put into the integralequation.As before, the sti�ness matrix K is given by

Kij =

∫

Ωh

[

k

(

∂φj

∂x

∂φi

∂x
+
∂φj

∂y

∂φi

∂y

)

+ bφjφi

]

dx dy +

∫

∂Ω
pφjφi ds (11)and the load ve
tor F is

Fi =

∫

Ωh

fφi dx dy +

∫

∂Ωh

γφi ds. (12)Ignoring the boundary 
onditions for the moment, we 
an look at the stru
-ture of the linear basis fun
tions and see that ea
h fun
tion vi will 
ontributeto exa
tly three of the 
olumns of K (i.e., it e�e
ts three of the uj) in row
i sin
e there are three nodes per element. Hen
e the element matrix ke is a
3 × 3 matrix, and the element load ve
tor f e is a 3 × 1 
olumn ve
tor.Consider a generi
 element e. The 
ontribution to the sti�ness matrix fromthe �rst basis fun
tion v = ψ1 is given by
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∫

Ωh





k

[

(ψx1α1 + ψx2α2 + ψx2α3)ψx1

+ (ψy1α1 + ψy2α2 + ψy2α3)ψy1

]

+b (ψ1α1 + ψ2α2 + ψ2α3)ψ1



 dx dy = ke
11α1 + ke

12α2 + ke
13α3

ke
11 =

∫

Ωh

[

k
[

ψ2
x1 + ψ2

y1

]

+ bψ2
1

]

dx dy

ke
12 =

∫

Ωh

[k [ψx2ψx1 + ψy2ψy1] + bψ1ψ2] dx dy

ke
13 =

∫

Ωh

[k [ψx3ψx1 + ψy3ψy1] + bψ1ψ3] dx dy (13)where ψyi is the derivative of ψi with respe
t to y, et
. and ue (x, y) =
∑3

j=1 αjψj . Similarly, the 
ontribution to the sti�ness matrix from the �rstbasis fun
tion v = ψ2 is given by
ke
21 = ke

12

ke
22 =

∫

Ωh

[

k
[

ψ2
x2 + ψ2

y2

]

+ bψ2
2

]

dx dy

ke
23 =

∫

Ωh

[k [ψx3ψx2 + ψy3ψy2] + bψ2ψ3] dx dy
(14)and the 
ontribution from ψ3 is

ke
31 = ke

13

ke
32 = ke

23

ke
33 =

∫

Ωh

[

k
[

ψ2
x3 + ψ2

y3

]

+ bψ2
3

]

dx dy

(15)the 
ontribution to the load ve
tor from ea
h basis fun
tion on the element
e are
f e
1 =

∫

Ωh

[fψ1] dx dy, f e
2 =

∫

Ωh

[fψ2] dx dy, f e
3 =

∫

Ωh

[fψ3] dx dy (16)The 
ontribution of the �rst element to the total sti�ness matrix and loadve
tor are given by
K1 =





















k1
11 k1

12 k1
13 0 0 0 0

k1
21 k1

22 k1
23 0 0 0 0

k1
31 k1

32 k1
33 0 0 0 0

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0





















F 1 =





















f1
1

f1
2

f1
3

0
0
0
0





















(17)
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In the 
ase of two-dimensional problems we 
an't just add ea
h elementmatrix to the diagonal like we did in one dimensional problems be
ause ofthe lo
ations of the nodes. Be
ause the mesh is triangular elements andnodes don't ne
essarily have a ni
e 
orresponden
e. For example element 6may have as its nodes 3, 5, and 6 as in the pi
ture. In that 
ase, the shapefun
tions on Ω1 will only e�e
t the value of u at nodes 3, 5, and 6. Thismeans that the 
ontribution of the sixth element to the sti�ness matrix andload ve
tor are given by
K6 =





















0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 k6

11 0 k6
12 k6

13 0
0 0 0 0 0 0 0
0 0 k6

21 0 k6
22 k6

23 0
0 0 k6

31 0 k6
32 k6

33 0
0 0 0 0 0 0 0





















F 6 =





















0
0
f6
1

0
f6
2

f6
3

0





















(18)
For two-dimensional problems the sti�ness matrix is no longer tridiagional.If the nodes and elements are 
arefully ordered it 
an usually be written sothat it is a sparse matrix with large blo
ks of zeros.1.3 Boundary ConditionsThe sti�ness matrix and load ve
tors we have assembled do not in
lude anyboundary 
onditions. Implementation of boundary 
onditions is 
on
eptu-ally the same as in one-dimensional problems: Neumann boundary 
ondi-tions are implemented by subtra
ting the �ux term k(s)∂u(s)

∂n
from the loadve
tor. Natural boundary 
onditions are implemented by subtra
ting the�ux term k(s)∂u(s)

∂n
from the load ve
tor and subtra
ting the value p(s)u(s)from the 
omponents of the matrix that are on the boundary. Diri
hletboundary 
onditions are implemented by getting rid of the row and 
olumnfor whi
h u is known and adding the known value to the neighboring loadve
tors. In pra
ti
e this 
an get quite 
ompli
ated be
ause the boundary isspe
i�ed on every element that has one side on the edge of Ω. Moreover, theboundary 
onditions are usually di�erent for di�erent parts of the domain.1.4 ExampleIn order to 
larify some of these 
on
epts we will look at an example problem.The domain, nodes and elements are shown in Figure 4. The domain of6



this problem is a reservoir with a 
onstant pressure (Diri
hlet) boundary
ondition along the x = 0 axis (Γ74) to model in�ux from an aquifer, whileno-�ow (Neumann) boundaries exist everywhere else. The for
ing term is asingle produ
tion well in element 6 with 
onstant pressure. This 
an also bethought of as a boundary 
ondition. The PDE we are going to solve is
−∇ · [k(x, y)∇u (x, y)] = f (x, y) (19)If we further assume that k = 1 is 
onstant then this simpli�es to the problem

−∇
2u (x, y) = f (x, y)

f (x, y) =

{

u1 Ω6

0 elsewhere

}

u (x, y) = 0 on Γ41
∂u(x,y)

∂n
= 0 on Γ74,Γ12,Γ25,Γ56,Γ67

(20)
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Figure 1: A six element domain with seven nodes.The sti�ness matrix and load ve
tor for this example are given by:
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K =





















K11 K12 K13 K14 0 0 0
K21 K22 K23 0 K25 0 0
K31 K32 K33 K34 K35 K36 K37

K41 0 K43 K44 0 0 K47

0 K52 K53 0 K55 K56 0
0 0 K63 0 K65 K66 K67

0 0 K73 K74 0 K76 K77





















F =





















0
0
f6
1

0
f6
2

f6
3

0





















(21)
when the boundary 
onditions are negle
ted. Ea
h of the entries Kij is thesum of the 
ontributions of hat fun
tion to u at node i. Sin
e node 3 is amember of every element, the row K3,j and the 
olumn Ki,3 are both �lled.Imposing the boundary 
ondition u1 = u4 = 0 on Γ41 shrinks this to a 5× 5matrix problem













K22 K23 K25 0 0
K32 K33 K35 K36 K37

K52 K53 K55 K56 0
0 K63 K63 K66 K67

0 K73 0 K76 K77

























u2

u3

u5

u6

u7













=













F2

F3

F5

F6

F7













(22)Sin
e the remaining boundary 
onditions are no-�ux they don't make any
ontribution to the load ve
tor. If the boundaries were 
onstant �ux thenelements 1, 2, 4, 5, 6, and 7 of the load ve
tor would have to have theknown �ux subtra
ted o� of them. This is analogous to the one-dimensionalproblem with Neumann boundary 
onditions.The above matrix problem 
an be solved by �nding u = K−1F . In twodimensional problems this 
an be mu
h harder to do than in 1D be
ausethe matrix has �lled in and is no longer tri-diagional. In order to get asu�
iently a

urate solution, the size of the matrix K for 2D problems isalso generally mu
h larger than for a 1D problem.Referen
es[1℄ Be
ker, E. B., G. F. Carey, and J. T. Oden, Finite Elements: an In-trodu
tion, Texas Institute for Computational Me
hani
s, UT Austin,1981. 8


