CME 108/MATH 11
Introduction to Scientific Computing
Summer 2019

Finite difference method for ODE — Solution

Consider the following boundary value problem

(x— 1y —ay +y=—(1—2)%5 z€0,2

1 1

y(0) =0; y(2)+5¥'(2) = -7

Using N = 41 node points,

1. Derive the tri-diagogal system to solve the ODE using central difference for
both 1st- and 2nd-derivatives. Identify elements of vectors a, b, ¢ and f.

2. Plot your numerical solution against analytical solutions. You can obtain the
analytical solution from Wolfram-Alpha, and evaluate the arbitrary constants.

Solution
Applying central difference formulas and general node j:

Yi-1 — 25 + ¥jn Yi+1 = Yj—1
(2 = 1)=—5 BT S Ty = (=)

or, multiplying by h? and rearranging:
[(1+0.5h)z; — 1] yjo1 + [h* = 2(z; — 1)] y; + [(1 = 0.5h)z; — 1] yj1 = —h*(1 — x;)?
Thus,

aj = (14+0.5h)x; — 1;
by = h* — 2(x; — 1);
¢;j =(1—-0.5h)z; —1;
fi==h*(1—a;)?

At 7 =2, y; = 0; thus,

[* = 2(zy — )] yo + [1 — 0.5h)zs — 1] y3 = —h*(1 — 25)?



. —YN_ 1
At =N, WehaveyN—l—%:—Z; and

(xnv—1) yy—1+[0.5h* = (zx—1)—2h((1—0.5h)zy—1)] yx = —0.5h*(1—2y)*+0.5h [(1—0.5h)zn—1]
Modified coefficients for the last equation:

ay =y — 1;
by = 0.5 — (zny — 1) — 2R[(1 — 0.5h)z N — 1];
fv =—05hr*(1 — an)® + 0.5h[(1 — 0.5h)zy — 1]

The exact solution is
y=Cx+Che®+2°+1 and 3 =C)+ Cre” + 22

Applying boundary conditions gives
3 29
Cr=-e*— " ~15334; Cy=-1

1 56 10 ) 2

Results and Script

Solution of (x-1)y"-3y'+y = -(1-x)?

. .
o N=41
exact
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Robin B.C. at right
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1 function ode_direct_finite_diff_robin
5 % solve the ODE
% (x—1)y""—xy'+y = —(1-x) "2
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N = 41; % number of discrete points
yL = 0.0; % left boundary condition
xL = 0; % left boundary

xR = 2; % right boundary

h = (xR—=xL) /(N=1); % grid spacing

x = linspace (xL,xR,N); % x(j) for plots

alpha = 1; beta = 0.5; gamma = —.25; % Robin

A = [xL exp(xL) ; alphaxxR+beta (alphatbeta)sxexp(xR)];
d = [yL—=xL"2—1 ; gamma—alphax*(xR"2+1)—2xbetaxxR];

C = A\d;

Calculate tridiag matrix elements for interior points j

—9 3, ... N-1
c(1:N=1) = (1-0.5%h)*x(2:N) —1;

a(l:N=1) = (140.5%h)*x(2:N) —1;
a(N—1) = betax(a(N—1)4+c(N—-1));
a(N-1) = x(N) —1;

b(1:N=1) = h"2—2x%(x(2:N)—1);
b(N—1) = betaxb(N—1)—2xalphaxhxc(N—1);
b(N—1) = 0.5%h"2—(x(N) —1)—2xh*((1—0.5%h)*x(N)—1);

Calculate right hand side vector (source terms)

(1) = -h"2%(1—-x(2)) " 2—((140.5%xh)*x(2) —1)*yL;

(2:N—=1) = =h"2%(1—x(3:N))."2;

f(N—1) = betaxf(N—1)—2xgammasxhx*c (N—1);

( —0.5%h"2%(1—x(N)) "240.5%hx((1—0.5%h)xx(N) —1);

,_h
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% Call “tridiag’ to solve for y
y = tridiag (N—1l,a,b,c,f);
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% y vector has N—1 interior points, add yL at left to

complete
y = [yL vl
%
% calculate exact solution for comparison

x1 = linspace (xL,xR,1025);
vexact = C(1)*x14C(2)*exp (x1)+x1."241;

plot (x(1:N),y(1:N), or’ ,x1,yexact, k', linewidth  ,1.15)
%
h_leg = legend ([ 'N = ' jnum2str(N)], "exact’, Location’,’
NorthWest ”) ;
set (h_leg, fontsize ,13)
xlabel ('x’, "fontsize " ,15)
ylabel ("y(x) ", fontsize |15)
title (’Solution of (x—1)y’’ " ’=3y’ 4y = —(1-x) 27, fontsize’
15)
%0
text (.8,0.1, Robin B.C. at right ")
Y%print (figure (1),’—dpdf’,’ finite_diff_robin .pdf’)
end
0
function x = tridiag(n,a,b,c,f)
for j = 2:n
b(j) = b(j)=a(j)/b(j-1)xc(j-1);
£(j) = £(3)=a(i)/b(G-1)*f(j-1);
end
x(n) = f(n)/b(n);
for j=n—1:—1:1
x(j) = (£(j)=c(j)*x(j+1))/b(j);
end
end



