
MATH 173: PROBLEM SET 2

DUE 9AM, THURSDAY, JANUARY 21, 2016

Problem 1. Consider the PDE

ut + uux = 0, u(x, 0) = φ(x).

Suppose that φ′ ≥ −C, where C > 0. Show that the PDE has a C1 solution on
Rx × [0, 1

C )t. Show also that for t ∈ [0, 1
C ), ux satisfies the estimate

ux(x, t) ≥ 1

t− C−1
.

(Note that the right hand side is negative!) (Hint: Consider the difference quotients
u(ξ2(t),t)−u(ξ1(t),t)

ξ2(t)−ξ1(t) , where x = ξj(t) are the projected characteristic curves emanating

from the point xj on the x axis.)

Problem 2. Consider the PDE

uux + uuy = 1.

(1) Solve the PDE for small |y| if u(x, 0) = 1.
(2) Solve the PDE for small |y| near the positive x-axis {(x, 0) : x > 0}

if u(x, 0) = x. Compare the equations you get if you consider this as a
quasilinear PDE vs. if you consider it as a semilinear PDE after division by
u. (Note that for x > 0, u 6= 0 along the initial curve, so this is justified.)

Problem 3. Show that the function defined by

χ(t) = e−1/t, t > 0; χ(t) = 0, t ≤ 0,

is in C∞(R).
Note that being C∞ in {t < 0} is automatic (the function is constant), in {t > 0}

follows from the chain rule and the differentiability of the exponential, so the issue
is the behavior near t = 0.

Hint: it is standard from basic calculus that for all N , limx→+∞ e−xxN = 0, i.e.
‘exponential growth beats polynomial growth’ in the sense that ex is much larger
than xN for x sufficiently large. So the continuity of χ, its differentiability at 0 with
derivative 0, as well as the continuity of χ′, with χ′ given by t−2e−1/t for t > 0, 0
for t ≤ 0 follow. Proceed by induction, showing in particular that the derivatives
of χ in t > 0 are of the form P (t)t−ke−1/t for a suitable polynomial P and k ≥ 1
integer.

Problem 4. One can also use the function χ from Problem 3 to construct partitions
of unity. For instance, suppose we want to localize smoothly to the intervals I+ =
(−1,+∞) and I− = (−∞, 1) in R, i.e. we want to write a C∞ function u as u =
u++u−, where u+ is supported in I+ and u− is supported in I−. We can achieve this
if we find C∞ functions φ± such that φ++φ− = 1 (identically 1), and suppφ± ⊂ I±
(the subscripts of both sides are + or both sides are −, so suppφ+ ⊂ I+, and
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similarly for the − sign), for then u+ = φ+u, u− = φ−u (i.e. u± = φ±u) does the
job. To get such φ±, simply let

φ̃+ = χ(t+ 1/2), φ̃− = χ(1/2− t), φ+ =
φ̃+

φ̃+ + φ̃−
, φ− =

φ̃−

φ̃+ + φ̃−
;

it is easy to see that this satisfies all criteria.
Show that if instead we let I+ = (1,+∞), I0 = (−∞,−1), I0 = (−2, 2), then

there still exist φ+, φ−, φ0 ∈ C∞(R) such that φ+ + φ0 + φ− = 1 (identically 1).
One calls φ+, φ0, φ− a partition of unity subordinate to the cover I+, I0, I− of R.

Problem 5. Show that the only solution u ∈ D′(R) of u′ = 0 is u = c, c a constant
function.

Hint: u′ = 0 means that u(φ′) = 0 for all φ ∈ C∞c (R). You need to show that
there is a constant c such that u(ψ) =

∫
cψ dx for all ψ ∈ C∞c (R). To do so, consider

when ψ ∈ C∞c (R) is of the form ψ = φ′, φ ∈ C∞c (R), paying particular attention to
the issue of compact supports. Then write an arbitrary ψ as a linear combination
of a fixed φ0 ∈ C∞c (R) and the derivative φ′ of some φ ∈ C∞c (R).

Problem 6. Consider the PDE

aux + uy = 0.

We already know that the C1 solutions are of the form u(x, y) = f(x − ay), f ∈
C1(R).

(1) Show that if f is merely piecewise continuous (or if you wish locally inte-
grable), then the so defined u still solves the PDE in the sense of distribu-
tions.

(2) Suppose now that f is a distribution, e.g. f = δ0. Can you make sense
of the formula u(x, y) = f(x − ay)? That is, find a procedure giving a
distribution u when you start with f ∈ D′(R) which depends continuously
on f (i.e. if fj → f then the corresponding distributions satisfy uj → u)
and make sure that if f is a piecewice continuous function, then you end
up with the function u(x, y) = f(x− ay).

(3) Check that the distribution you defined still solves the PDE.


