7 Wave Equation in Higher Dimensions

We now consider the initial-value problem for the wave equation in n dimensions,

uy — Au =0 reR"
u(z,0) = ¢(z) (7.1)
ut(xv O) = ¢(1’)

where Au =370 | Uy,

7.1 Method of Spherical Means

Ref: Evans, Sec. 2.4.1; Strauss, Sec. 9.2
We begin by introducing a method to solve (7.1) in odd dimensions. First, we introduce
some notation. For x € R", let

e B(z,r) = Ball of radius r about x
e 0B(z,r) = Boundary of ball of radius r about x
e a(n) = Volume of unit ball in R™

e na(n) = Surface Area of unit ball in R™.

With this notation, the volume of the ball of radius r about # € R", written as Vol(B(z, 1)),
is given by a(n)r™ and the surface area of the ball of radius r about # € R", written as
S.A.(B(x,r)), is given by na(n)r"1.

For f: R™ — R, we define the average of f over B(x,r) as

1 1
fydyE—/ fydyz—/ fy) dy.

]i(m,r) ( ) VOI(B(.ZE,?”)) B(z,r) ( ) a(”)rn B(z,r) ( )

We define the average of f over 0B(x,r) as
1 1
fdeyE—/ fdey:—/ f(y) dS(y),
]gB(:IJ,T) ( ) ( ) SA(B<'I7T)> dB(z,r) ( ) ( ) na(n)rn—l oB(z,r) ( ) ( )

where dS(y) denotes the surface measure of B(z,r) in R".

Example 1. For n = 3, Vol(B(z, 7)) = %m’?’. Therefore, for f : R* — R, the average of f
over B(0,r) is given by

3 .
]i(o,r)f(y)dy_47rr3/0/o /Of(pﬁ,cb)p sin ¢ dp df dg.

For n = 3, S.A.(B(x,7)) = 47r?. Therefore, for f : R* — R, the average of f over dB(0,r)
is given by

1 i 2w 9 . 1 7r 21 ‘
]([93(07T)f(?/) dS(y) = 47r7"2/0 /0 f(r,0,¢)r*sin¢df dop = E/o /0 f(r,0,0)sin¢db de.
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Our plan to solve (7.1) is the following. Fix a point x € R". For r > 0, we define

(1) z][ u(y, 1) dS(y).
OB(z,r)

the average of u(-,t) over B(x,r). For r = 0, we define u(x;0,t) = u(z,t). For r < 0, we
define w(x;r,t) = u(z; —r,t). We claim that for u smooth, @ is a continuous function of r,
and, therefore,

rlir& u(x;r,t) = u(z,t).

In order to solve (7.1), we will assume u is a solution of (7.1) and look for an equation @
solves. Note: We will assume ¢ = 1. For ¢ # 1, we can make a change of variables to derive
the solution from the solution in the case ¢ = 1.

Lemma 2. If u solves
Utt—AUZO, $€Rn,t20

u(z,0) = ¢(x)
Ut(x7 0) = ¢(m)7
then w(z;r,t) solves

(

—~

n—1)
r

u, = 0, O<r<oo,t>0

Ett - ﬂm‘ -

a(w;r,0) = dla;7) = ¢(y) dS(y)

OB (z,r)

(i 7,0) = Pl ) = ]é o S

\

for every x € R".

Proof.
u(x;rt) = ][ u(y,t) dS(y)
OB(z,r)

:f u(z + rz, t)dS(z).
8B(0,1)



Therefore,

U (x;r t) = f Vu(x +rz,t) - 2dS(z)
8B(0,1)

— T
- f Valy. ) - L= ds(y)
OB(z,r) r

ou
- “(y,t)dS
]gB(x’r) 5, Y ) dS(y)

— o [ Swndsty)

by the Divergence Theorem, and using the fact that u solves the wave equation, uy; —Au = 0.
Therefore,

1
Up(w57,t) = ——y 1) d
u (‘T r ) na(n)r"‘l /B(xyr) utt(y ) Y

which implies
1 1

t)dy.
na(”) /B(:c,r) Utt(y’ ) Y

(s, t) =

Therefore,

1
r" . (z e, b)), = / U (y,t) dS(y
e )= s | w0 asw)
,rn

-1

a(n)rn-1 /GB(:):,r) a9 )
=" ][ ug(y, 1) dS(y)
OB (z,r)

= r"flﬂtt(x; r,t).

3

Therefore,
(r”_lﬂr(x; T t)), = r”_lﬂtt(a:; r,t),

which implies

Therefore,




and

Similarly,

as claimed. O

Solution for n = 3.
We now consider the case of the wave equation in three dimensions. Assume u is a
solution of (7.1) for n = 3. As before define the function @(z;r,t) such that

u(x;r,t) = ]éB(m) u(y,t) dS(y).

Next introduce a function v(z;r,t) such that
v(x;r t) = ru(z;r,t)

and new functions g(z;7) and h(x;r) such that

o(5;7) = (s r) = f o(r) dS(y)

OB(z,r)

h(;r) = ;) = ][ (r) dS(y).

OB(z,r)

Lemma 3. For each x € R", the function v(x;r,t) solves the one-dimensional wave equation
on the half-line with Dirichlet boundary conditions,

Vg — Uy = 0 0<r<oo,t>0
v(x;r,0) = g(x;r) 0<r<oo
ve(z;7,0) = h(x;T) 0<r<oo
v(z;0,t) =0 t>0.
Proof.
Uyt = Uy
e
=T | Upp + —Up
r
= ', + 2,
= (ru, +a),
= (Tﬂ)rr
= Upy



Next,

= ][ ¢(y) dS(y)
OB(z,r)
= 7“5(957 T)
=g(x;7)
Similarly,
ve(z;7,0) = h(x;r).
Now,

v(x;0,t) =0-u(x;0,t) = 0.

Therefore, v(x;r,t) solves the one-dimensional wave equation on a half-line with Dirichlet
boundary conditions, as claimed. O]

Now we use this fact to construct the solution of (7.1). By d’Alembert’s formula, we
know that for 0 < r <, the solution v(z;r,t) is given by

i) = lotrr+ ) —gast =)+ 5 [ hydy

2 —r+t
Now
u(z, t) = rlilr(r]lJr u(x;r,t)
and
v(x;r t) = ru(x;r,t).
Therefore,
u(z,t) = lim vz, t)
r—07+ r
' 1 1 7’+t
=t { et = gCait =+ g [ ) an
= %g(w; t) + h(zx;t).
Now _
g(@;r) = ro(w;r)
implies
gla;t) = to(w;t) = t][ ¢(y) dS(y).
OB (x,t)
Similarly,



Therefore, the solution of the wave equation in R? (with ¢ = 1) is given by

ey =g |, omasw|if  vmasi)

If ¢ is smooth, the solution can be simplified further. In particular, for ¢ smooth, we
have

o= (1] i st )
= d% (t faB(O’l) oz +tz) dS(z))

_ 7[ oz +t2)dS(z) + t/ Vo(x +1tz) - 2dS(z)
8B(0,1)

8B(0,1)

= ]{) . o(y) dS(y) +t 7£ s Vo(y) - <y ; x) dS(y)
_ ]é s o(y) dS(y) + 7[ Vo(y) - (y — ) dS(y).

OB(z,t)

And,
hw;t) = f(x ) = tf b(y) dS(y).

OB(z,t)

Therefore, we have
wr.t) = [60)+ 990 (=) + 1) ().
B(x,t
We note that in R3,

5 oy~ 57,
][BB(;t,t) na(n)t" = fopwy AT Jopur

Therefore, the solution of the IVP for the wave equation in R?® (with ¢ = 1 and ¢ smooth)
is given by

B 1
42

[, [60)+ V00 (5= )+ il asiy). (72)

u(z,t)

This is known as Kirchoff’s formula for the solution of the initial value problem for the
wave equation in R3.

Remark. Above we found the solution for the wave equation in R? in the case when ¢ = 1.
If ¢ # 1, we can simply use the above formula making a change of variables. In particular,
consider the initial-value problem

vy — AV =0 reR"

v(2,0) = 6(x) (7.3)

Ut(l‘, 0) - ¢($)
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Suppose v is a solution of (7.3). Then define u(z,t) = v(z, 1t). Then

1
Utt—Auzgvtt—AUZO

implies u is a solution of

U — Ugy = 0 r e R"”
u(z,0) = ¢(x)
(i, 0) = %w(:p).

Therefore, u is given by Kirchoff’s formula above. Now by making the change of variables
t= %t, we see that

v(x,t) = u(x, ct)
and we arrive at the solution for (7.3),

1

v(r,t) = Amc2t?

/8 o 60+ V6 (=) + )] S

7.2 Method of Descent

In this section, we use Kirchoff’s formula for the solution of the wave equation in three
dimensions to derive the solution of the wave equation in two dimensions. This technique
is known as the method of descent. This technique can be used in general to find the
solution of the wave equation in even dimensions, using the solution of the wave equation in
odd dimensions.
Solution for n = 2.

Suppose u is a solution of the initial value problem for the wave equation in two dimen-
sions,

Uy — Au =0, reR?t>0

u(z,0) = ¢(z)

uy(,0) = ¥(x).
We will find a solution in the 2-D case, by using the solution to the 3-D problem. Let
u(zy, 9, t) be the solution to the 2-D problem. Define

u(zy, xe, x3,t) = u(x, 9, 1).
Therefore,

(w1, T2, 23,0) = u(z1, 22,0) = P21, 22)

at(xlax%a;?no) = U(l’l,l’mo) = ¢(x1,$2)-

Clearly, u(xy, xs, z3,1) is a solution of the 3D wave equation with initial data ¢(zy,x2) and

¢(9€17 $2),
Ut — Uy g — Uggae — Uzzaz = 0

ﬂ($1;$2,$3,0) = ¢(1‘17$2,$3) = ¢($1,I2)

ﬂt(l‘l,ﬁ% Z3, 0) = ¢($1, 5527133) = w(%, $2>~

7



Now we can solve the 3D wave equation using Kirchoft’s formula. In particular, our
solution is given by

ii(ar, 2, 0,1) = ][ ) + V) - (y — 2) + td(y)] dS(y)

9B ,1)

where B(T,t) is the ball of radius ¢ in R? about the point Z = (1, 75,0). Now we note that

~ 1 "
][8B(:c,t) Hy)asly) = dm? dB(T,t) ) dS()
1

~ one2

/B STy

where B(z,t) is the ball in R? of radius ¢ about the point x = (z1,x5) and v(y) = (t* — |y —
z|?)Y/2. Therefore,
y—x

V) =y

which implies

(14 VA ) = (t—)/

=y —af

Therefore,
~ 1 to(y)
dS(y) = —= dy.
]gB(x,t) Py) dS() 21t? ey (12 — ly — x|?)1/2 Y
Similarly,
~ 1 Y (y)
t dS(y) = —= d
faB(z,t) v dSly) 2112 J p(ag) (12 — |y — x[*)1/2 Y
e L[ V) - o)
- y)-(y—zx
Voly) - (y —x)dS(y) = — dy.
]éB(z,t) ) )450) 2112 Jp(agy (12 — |y — x[?)1/2

Therefore, the solution of the initial-value problem for the wave equation in R? (with ¢ = 1)
is given by

_ 1 to(y) + t*P(y) +tVe(y) - (y — x)
278 S (2 = |y — =[*)1/?

dy. (7.4)

u(z,t)

Again, by making a change of variables, we see that the solution of the wave equation in
two dimensions is given by

) / ctd(y) + Y (y) + ctVo(y) - (y — x) .
B(z,ct)

(e, t) = 2mcit? (212 — |y — x|?)V/?




7.3 Huygen’s Principle

Note that for the initial-value problem for the wave equation in three dimensions, the value
of the solution at any point (z,t) € R? x (0, 00) depends only on the values of the initial data
on the surface of the ball of radius ct about the point x € R?; that is, on dB(z, ct). That is
to say, disturbances all travel at exactly speed c. This is known as Huygens’s principle.
In contrast, in two dimensions, the value of the solution u at the point (z,t) depends on the
initial data within the ball of radius ct about the point € R2. Signals don’t all travel at
speed c. In fact, as we will see, for n > 3 and odd, Huygens’s principle holds. That is, all
signals travel at exactly speed c. In even dimensions, however, that is not the case.

7.4 Wave Equation in R", n > 3

Ref: Fvans, Sec. 2.4.1
Note: In this section, we assume ¢ = 1. For ¢ # 1, we can make a change of variables to
find the solution.

Odd dimensions.
For the case of odd dimensions, we use the method of spherical means as we did for the
case of n = 3. Let n =2k + 1. Let x € R". Define

o(zir ) = (%%)H (21 1))

Notice that for £k = 1, these definitions reduce to those functions introduced in the case
n=3.

First, we will show that v(x;r,t) solves the wave equation on the half-line with Dirichlet
boundary conditions.

Lemma 4. For each integer k > 1, for each x € R™, the function v(x;r,t) defined above

solves
Vit — Upp = 0 r>0

v(x;r,0) = g(x;7)
vi(z;r,0) = h(z;r)
v(x;0,t) = 0.

The proof relies on the following lemma.

Lemma 5. Let ¢ : R — R be C**1. Then for k =1,2,...

(E)C2)" - (2] (-5

1.



rdr

d k—1 k-1 ‘ :
(o) a0 =X
=0

where each ﬁjk 1s independent of ¢.

Bi=1-3-5---(2k —1).
Proof. Use induction. O

Proof of Lemma 4.

1
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Clearly, v(x;r,0) = g(x;r), vy(x;r,0) = h(z;r) and v(z;0,t) = 0. Therefore, the lemma is
proved. 0

Now v(z;7,t) is a solution of the one-dimensional wave equation on the half-line with
Dirichlet boundary condition implies for 0 < r < ¢, the solution is given by

t+r
olawint) = lo(oir+ 1)~ glast =)+ 5 [ hai)dy

t—r
Recall:

u(z,t) = lir% u(x;r,t).

r—

10



Now

v(x;rt) = td . (r**'u(z;r, 1))
Y 7 Tdr Y Y
k—1
= Bt (s t)
=0
akfl
= B¥rt(x;r,t) + B8, (z;r t) + ..+ B 17’ak1 u(x;r t).
Therefore,
ak—l
Bora(x;r,t) = v(a;r, t) — BEr*a.(z;r,t) — ... — ﬁﬁ_lrkwﬂ(x; r,t),
which implies
_ v(zrt) By B -
u(z;r,t) = F ﬁ—;ruT(x rt)— ... gkl rk= 187"“ cu(z;r,t).
Therefore,
ol ) By Bhi jq O .
u(:p,t)—rlir(l)[ o _ET U (zyryt) — ... — 5 e “u(z;r,t)
. v(r,t)
= 11 T
r—0 ﬁo’r
1 -t o -t — 1 t+r
- lim—k [g(x’ r) gt =) —/ h(z;y) dy}
r—0 [3; 2r 2r J,_,
= —k [Oeg ;1) + h(z; 1))
Bo

where 85 =1-3-5---(2k — 1). Recall

10

o= (12

Now n = 2k + 1 implies k = (n — 1)/2, and, therefore,

) (%5 ;).

o) = (15) (e, owasw).
And,
s = (A2) 0% )
Therefore,



Therefore,
1
u(x,t) = —[Ohg(x;t) + h(w;t)]

n

implies

where v, =1-3-5---(n —2).

Even dimensions.
As in the case of n = 2 dimensions, we use the method of descent. In particular, suppose

u(xy,...,x,,t) is a solution of the wave equation in R™ with initial data w(zy,...,z,,0) =

d(x1, ... x,) and ug(xy, ..., 2,,0) = Y(xq,...,2,). Then define

w1, ..oy Tygr,t)

w(xy, ..., oy, t)
G(@1, -, Tnt1)

o(x,. .., xp)
O(@1, . Tngr) = V(21, ..., T).

Therefore, @ is a solution of the wave equation in R"*!, where now n + 1 is odd. Therefore,
from the formula above for the case when the dimension is odd, our solution at the point
(Z,t) = (z1,...,2,,0,t) is given by

n—2

U(T,t) = %1+1 (%) G%) 2 (t”‘l fa _ (y) dS(?J))
i %1+1 (%%) N (t fém () ds<y>)

where 7,41 =1-3-5---(n — 1), and where B(7,t) is the ball in R"*! of radius ¢ about the
point T = (z1,...,2,,0).
Now,

][ 3(y) dS(y) = ! / 3(y) dS(y).
0 0

B(z.1) (n+Da(n+ 1)t Jop@y

But, notice dB(T, t) N {yn41 > 0} is the graph of the function y(y) = (¢* — |y —z[*)*/2. And,
similarly, 0B(Z,t) N {yn4+1 < 0} is the graph of —v. Therefore,

1 ~ 2
dS(y) =
(n+ a(n + 1)t /BBW) YWY = et e

/B( , o(y) (1 + [V (y)[*)/* dy

Now
1+ |Vy)HV2 =t — |y — )2

12



Therefore,

~ _ 2 to(y)
igmf@””@*‘m+nMn+nwl;@@%4y—ﬂ%Wdy

_ 2ta(n) ¢(y)
- (n+1a (n+1 a(n)t /B(a:t (t —|y I)Wdy

B 2ta(n f
- (n+1)a n+1 By (£ —Iy—:rl )12

dy.

Therefore, our solution formula is given by

u(w,t) = %1+1 (%) (%%>_ (t’” 7{) - o(y) dS(y))
+ %1+1 (%%) N <t”1 ]g - U (y) dS(y))

1 2a(n)

T o1 (n+ Da(n+1)

1o\ % . V(y) >
—_—— d .
* (t 8t> (t 7£B(x,t) (& —Jy— )2 ]

Now vp41=1-3-5---(n—1) and

Therefore,
2 n/2
1 2a(n) _ 1 &)
R e (PRt
1 1 (n+3)

1-3~5'--(n+1).7r1/2‘ r(=2)
Using properties of the gamma function, namely that
['(m+ 1) = mI'(m)

and
r(1/2) = 7'/,

13

AN (10\7 ([, 6(y)
(m)(tm) G ﬂmmmﬁ—W—xmv2
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()= 0) () (@) )
r("-f) :(g>.(";2)...(§).
1 20(n) 1

7n+1'(n+1)a(n+1):2-4---(n—2)-n

Therefore, the solution of the wave equation in even dimensions is given by

o) = [(% (i5) N (v fo o )
“(ia)  (r 1., o dy)]

and

And, therefore,

where v, =2-4---(n—2) - n.

7.5 Wave Equation in R"” with a source.

In this section, we consider the inhomogeneous wave equation in R”. First, recall Duhamel’s
Principle. If S(t) is the solution operator for the first-order initial-value problem

U, + AU = 0
U(0) = @,

then the solution of the inhomogeneous problem

U+ AU = F
U0) = @

“should” be given by
t
U(t)=S(t)® + / S(t— s)F(s)ds.
0
Now consider the initial-value problem for the wave equation in R,

uy — Au = f(x,t) reR"
u(z,0) = é(x) (7.5)
u(z,0) = ¢(x).

14



Introducing a new function v = u;, we can rewrite this equation as

D =[R L] eew

(7.6)
o) = [o62)
. { U + AU = F
U(z,0) = ®(z)
where

Now in order to solve (7.5), we look for the solution operator S(t) associated with the
first-order system (7.6).

First, consider the case n = 3. In three dimensions, we can find the solution operator
S(t) by using Kirchoff’s formula. Recall that the solution of the initial-value problem for the
homogeneous wave equation in three dimensions (with ¢ = 1) is given by

B 1
47t Jop(z.t)

[D(y) + Vo(y) - (y — x) + t¥(y)] dS(y),

u(z,t)

which implies the solution operator S(t) associated with (7.6) is given by

S(t)® = S(t) {Qﬂ . # faB(;mt) [P(y) +Voly) - (y — z) +t¥(y)] dS(y)
P =5O 0] = o (2 fyuolow) + V() - (v — ) + 0] 45(0))

Therefore,

ﬁ Blais) ] (Y, 5) dS(y)
S(t—s>F<s>:s<t_s>[f?s)]:[at 57 Jonteis) £ (4:5)dS(y

(5 Jopes o [(5:9) 4S W)

Now using the fact that the solution of (7.6) is given by

u(z,t)| _ _ P
L}(x,t)} =U(x,t) = S(t)P(x) +/O S(t—s)F(x,s)ds,
we see that the solution of (7.5) is given by the first component of U. Therefore, the solution
of the initial-value problem for the inhomogeneous wave equation in three dimensions (with
c=1) (7.5) is given by

u(z,t) = [0(y) + Voly) - (y — x) + t(y)] dS(y)

Amt? Jop (e

t 1
4 / T /a o S.5)dS0) ds

15




Similarly, in two dimensions, the first component of the solution operator is given by

ﬂ 1 toly) + 29 (y) +1Vely) - (y — ) ,
V] T 20 Sy (2 — |y — 2) v

&@¢:&@{

Therefore, the solution of the initial-value problem for the inhomogeneous wave equation in
two dimensions (with ¢ = 1) (7.5) is given by

_ 1 to(y) + ¢ (y) +tVe(y) - (y — )
278 S (2 — |y — =[)¥/2

¢ 1 (t_S)Qf(ya S) du ds
+/0 2m(t — s)? /B(ac,ts) (=2 —Jy— a2

7.6 Wave Equation on a Bounded Domain in R".

dy

u(x,t)

In this section, we consider the initial-value problem for the wave equation on a bounded
domain €2 C R",
Uy — Au =0, x €

u(z,0) = ¢(z)
ut<x7 0) = ¢(x)

u satisfies certain boundary conditions on 052,

As before, we look for a solution using separation of variables. In particular, we look for a
solution of the form u(x,t) = X (2)T'(t). Substituting a function of this form into our PDE,
we arrive at the equation

T"X — *TAX =0.

This equation implies the functions 7" and X satisfy the following equation for some scalar
A,

™  AX \

ar X
Consequently, we are lead to the following eigenvalue problem

{—AX:)\X, R=RY)

X satisfies certain boundary conditions on 0f2.

Suppose we find eigenvalues A,, with corresponding eigenfunctions X, (z). Then for each
n, we just need to solve
T/ (t) + AN\, T (t) = 0.

If A\, is positive, this means
T,(t) = A, cos(\/ \nct) + By, sin(+/ Anct).

If A\, =0, this means
T,(t) = A, + Byt.

16



If A\, is negative, this means

T,(t) = Ay cosh(v/—Anct) + B, sinh(y/ —Act).

Then defining the function
u(a,t) =Y To(t) Xy (x),

for X,,, T, as defined above for any choice of constants A,,, B,,, we have found a solution of
the wave equation on the bounded domain 2 C R", which satisfies our boundary conditions.

Now in order for our initial conditions to be satisfied, that is, u(z,0) = ¢(z) and u:(x,0) =
¥ (x), we need to choose constants A,,, B,, such that

u(z,0) = ZAan(l‘) = ¢(z)

and

u(,0) = D e/l BaXn(z) + Y BuXy(z) = ().

An 70 An=0

If our eigenfunctions are orthogonal, then we can find coefficients A,,, B,, satisfying the above
equations, by multiplying these equations by X, for a fixed m and integrating over 2. Doing
so, we see that our coefficients A,, are given by

(X, 0) _ Jo Xn(2)(2) dz

A, = - ’
(X, X0n) [, X2() do
and
(X, ) Jo X (2)9(2) dz
e/ [An| By = X QfQ () ds for A, # 0
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