Math 220a - Fall 2002
Homework 4 Solutions

1. Classify the following equations as elliptic, parabolic, or hyperbolic.
(a) 2ugy + 2uyy + 2y, + 3uy, — 4uy, + 3u,, =0

(b) 2uy, + uy, =0

(€) Tugy — 10Uy, — 22wy, + Tuy, — 16Uy, — du,, =0
Answer:

(a) We have:

The eigenvalues are 0, 3, and 5. parabolic
(b) We have :

= O O
O = O
OO =

The eigenvalues are 1,1,and -1. hyperbolic

(c) we have:

7 =5 =8
-5 7 -11
-8 —11 =5

The eigenvalues are -15.4862, 10.9407, and 13.5455. hyperbolic
2. Show that every elliptic equation of the form
AUy + bUigy + Cliyy + duy + euy + fu = g(x,y),
where b — 4ac < 0 can be brought into the form
lige + Uy + ki = F(&,n)

through a change of variables. In particular, first give an appropriate linear change of
variables to show the equation can be written in the form

Uge + Upy + Qe + Buy +yu = h(E,n)



for some constants «, 3,7v. Then introduce a change of variables for the dependent
variable u to eliminate the first derivative terms, to show that the equation can be
written in the form

Uge + ﬂnn + ku = F(S,n)-
Answer: let ;

&+ /(=% /4a)
then we can get that
Uge + Uy + aug + Bu, + yu = h(€,n)

in which «, # and ~ are some suitable number. Then, we let

_ af+fn
U =ue 2

and

a? + (32 aé+8n

k=~y— 1 , F'=he 2

then we get
lge + Uy + k= F(&,n)

. Reduce the following second-order equation to a system of first-order equations
Ut — 4'U/:mg — 5umm =0.

Then use the method of characteristics to derive the general solution.

Answer:Since
Uy — Ay — DUy, = (0t — 50x) (0t + Ox)u = 0

therefore, we let

v=(0t+ 0z)u
hence
(Ot — 50x)v =0
we get
v = g(z + 5t)

for some function g, then let’s try to find our the solution of

then we get

( dt

Bt

ds

dx

bl

ds

du

— = 5t
| 7; = 9(z +5¢)



One solution of this system is t = s,z = bs and dz/ds = g(10s), which implies tthat

1 10s
2(s) = — a)da
O =15/ o
we arrive at a particular solution

x+5t
(o, ) = 110/0 " he)da = f(o + 51

We also note that any function of the form u(x,t) = f(z — t) is a solution. So the
general solution of the equation is

u(z,t) = f(x —t) + g(z + 5t)

4. Consider the IVP
Ut + Uz — 12U, = 0

(%)  u(z,0) = ¢(z)
ut(xv 0) = ?/1(55)

(a) Make a change of variables to reduce the PDE to canonical form
Uge — Upy = 0.

Write the general solution of

Ut + Ugt — 12U$$ = 0

Answer: Let
t=¢ xv=({+Tn)/2

then we get
Uge — Upy =0

so the general solution of the PDE is

u(z,t) = u(&,n) = f(E+n)+g9(§—n) = f((2r +6t)/7) + g((2v — 8t)/7)

(b) Solve the IVP (*).

Answer: Use the general solution we get in part (a) and plug in the initial condition,

we get
fQ2x/7) 4+ g(22/7) = ¢(x)
6 . 8
2 f (22/7) = 29 (22/7) = ¥(z)
therefore / ) )
{ f(x) =20 (Tw/2) + 1/2¢ (T2/2)
¢ (2) = 3/26 (72/2) — 1/20(72/2)

3



by change of variables, we get

z+3t z+3t
f((2x 4+ 61)/7) = %1/0 gb’(u)du + %/0 Y(u)du + f(0)

ol =50/ =3 [ dwaut; [ vl g0

so we get the solution

t) = -
u(z, ) : s

4¢(z + 3t) + 3p(x — 4t) 1 /H?’t ()

—4t

. We say u is a weak solution of the wave equation,

Uy —Uge =0 —00<x<00,t>0
u(z,0) = ¢(z)
ut(zao) :¢($)

/oC>O /_: ulon = vap] dv dt + /_Z ¢(x)v(x,0) do — /_Z¢(x)v(x, 0)dz =0

for all v € C*°(R x [0,00)) with compact support. Let f be a piecewise continuous
function with a jump at yo. Show that u(z,t) = f(x +1) is a weak solution of the wave
equation. (Note: Similarly it can be shown that a piecewise continuous function of
the form g(x — t) is also a weak solution.)

Answer: Like we did in class, let
O ={(x,t):0<t<o0, —c0o<z<yy—t}

Qo ={(z,t):0<t<o0, yp—t <z <00}

Then we know

/ / w(Vy — Vg )dadt = // u(Vyy — Vg )dadt + // u(vy — Vgpdadt
0 J-oo o Q0

and we know that
UV — Vz) = (U0p — w0)g 4 (UpV — UV, )z + V(Ugt — Uz

in Q; and s, uy — Uz, = 0, hence

// D)dzxdt = // UV — UV, ) pdxdt + (uvy — uyv)dadt
Ql Q1

—/’w%>m~tw F(o)va(yo — t,0))dt

[
[

0

+ (o) v (@, yo — x) — (yo)v(w, yo — x))dx

u(z, 0)vy(z,0) — ug(x,0)v(z,0))dx

o0



And
[ ot~ ][ s o
- /Ow(_w(?/o)”(yo — 1) + fyo)v(yo — . 1))dt
-/ l(f@o)vt(x, o — ) — ol g — el
- /OOO(U(%O)U,:(x,O) — uy(z,0)v(z, 0))da
Add them up, we get

/OOO /_Z u(vt — vpw)dadt = —/ ¢(z)ve(z, 0)dz + /_Zl/)(m)v(m,o)d:r

o0
—0o0



