Math 220a - Fall 2002 Homework 6 Solutions

1. Use the method of reflection to solve the initial-boundary value problem on the interval
0<x<l,

Upt — CUgy = 0 O<z<l
u(z,0) =0 0<zx<l
w(x,0) =z 0<zxz<l

u(0,t) =0 =wu(l,t).

In particular, calculate the explicit solution of u in regions R;, Ry, R3 shown below.

Solution:
xt, (x,t) € Ry
u(z,t) = ¢ 12— Ll(x + ct) + at, (z,t) € Ry
wt — (x4 ct) + 117, (z,t) € Rs

2. Do the same thing as in problem 1, except now for the Neumann boundary conditions.
That is, use the method of refelection to solve the inital-boundary value problem on
the interval 0 < x < [ with Neumann boundary conditions,

U — CPUyy = 0, O0<x<l
u(z,0) =0 0<z<l
u(z,0) =z 0<z<l

uz(0,8) =0 = ug(l,1).

Write the explicit solution in the same three regions as shown in problem 1.

Solution:
a. For x € Ry
1 x+-ct
'LL(iL',t) = 5. (/ ¢evend$>
2¢ r—ct
1 0 x+ct
= 2_ (/ ¢evendm +/ (bevendx)
c xr—ct 0
1 ct—x x+ct
= 2 < / xdr + / xd:c)
¢ \Jo 0
(ct)? + z*



b. For z € Ry

1 z+ct
U(ili',t) = 5 (/ ¢evendx>

2 ct
1 x+ct

= 2_ (/ ¢evendm +/ ¢61)end-7j +/ ¢even )
1 ct—zx

= — / mda:+/ mda:+/ xdr
2¢ 2l—x—ct

B —1% = 2ctx + 2l(ct + x)

N 2c

c. For x € Rs

x+ct
u(zt) = ( @mdx)

i
2¢
1 x+ct
= 2_ (/ QSE'Uend:'B _I_ / ¢evend$ + / ¢€'U8ndx + / ¢€’U6n )
1 x+ct—21

— ( xdm + 2/ xdx + / xdm)

2¢ 0 0

202 + (z — ct)* + (x + ct — 21)?
4c

3. Use Duhamel’s principle to find the solution of the inhomogeneous wave equation on
the half-line with Neumann boundary conditions

Ut — gy = f(2,1), 0<z<oo
u(z,0) = ¢(x) 0<z <00
ur(z,0) = ¢(x) 0<z<oo
uz(0,1) = 0.

In particular, introducing a new function v = u;, rewrite the equation as the system

U+ AU = F O0<z<oo
U(z,0) = ®(z) 0<z<o0

0= [0 - ]

where




(a) Find the solution operator S(t) associated with the homogeneous system

U+ AU =0 0<z<o0o
U(z,0) = ®(x) 0<z<o0

U,(0,1) = m |

Solution: Extending the initial data ¢ and 1 to be even, we know that the
solution of the wave equation on the half-line with Neumann boundary conditions
is given as follows:

1 x+ct
U(l’, t) = §[¢even(x + Ct) + ¢even<x - Ct)] + l/‘ 7vbeven(y) dy

2¢ —ct

In particular, for x > ct, we have

x+ct

Y(y) dy

x—ct

u(a,t) = %[cb(w +ct) + oo — b)) + o

While for x < ct, we have

T+ct 1 ct—x
vy [ vy

Therefore, the solution operator associated with the system above is given by

u(z,t) = %[qb(x +ct) + o(ct — )] + % i

%[(beven (QZ + Ct) + (beven (.CC + 2% fx—:;t weven dy
z+ct
% (%[(beven(x + Ct) + (beven( - + 2 fx ct weven

S0 - [

(b) Use S(t) to construct a solution of the inhomogeneous system.
Solution:
By Duhamel’s principle the solution of the inhomogeneous system will be given
by
t
S(t)® + / S(t—s)F(s)ds.
0

Therefore, the solution of the inhomogeneous system is given by

%[ even (.I‘ + Ct) + ¢even( for;t ¢even dy
ai (% Qseven T+ Ct) + Qbeven( + 2% fwiit 77Z)e”uen dy)

1 z+c(t—s)

+/t 2¢ Jo— c(t—s) feven(y, )dy
J;+c t— 5
0 % (210 fm c(t—s) feven(y, )dy)



(c) Use the solution of the inhomogeneous system to solve the inhomogeneous wave
equation on the half-line with Neumann boundary conditions.

Solution: Therefore, the solution of the inhomogeneous wave equation on the
half-line with Neumann boundary conditions is given by the first component of
the vector-valued function found in part (b),

x+ct

U(I, t) [¢even<x + Ct) + ¢even( - Ct)] + 2_ weven< )

a:+c t— s
/ / feven Yy,s )dydé’

In particular, for x > ct,

x+ct

u(e,t) = Slola +ct) +ole —ct)] + - [ w()dy

—ct

x+c(t—s)
/ / s)dyds.
z—c(t—s)

while for = < ct, defining to such that x — ¢(t — ty) = 0,

x+ct 1 ct—x
5 | w@@+—/ V() dy

z4c(t—s) c(t—s)—x
/ / fly,s)dyds + — / / s)dyds
z+c(t—s)
/ / s)dy ds.

(1) = %[(b(x Fet) + p(ct — 2)] +

4. Use separation of variables to solve

Upp — Py = 0 O<zx<l,t>0
uw(z,0)=z(z—1)? 0<uz<l
u(z,0) =0 0<zx<l
u(0,t) = u,(l,t) =0

Solution:

letting u(z,t) = X (z)7T(z) we have,

T// Xl/

=\
2T~ X

Therefore X (z) is of the form,



X(z) = Ccos(fz) + Dsin(fx)

boundary conditions imply X (0) = 0 and X’(!) = 0 which yields that

=0
and 0 D
n-+1)r
b= 21
Therefore

X(o) =sin (2 %)

21

Now T'(t) satisfies

T" = A\T

Therefore for each \,, T' takes the form,

T(t) = A, cos (Wt) + B, sin (@%ﬁmt)

Using the boundary condition 7"(0) = 0 we have B,, = 0 So we have for u(z,t)
- Cn+Dme )\ . [(2n+ 17w
H=>"|A, T A A
u(zx,t) 2 { cos ( 5 sin TR

using the boundary conditions for u(z, 0) and orthogonality arguments, we have for A,

A, = %/sin (Wm) r(x —1)*dz

5. Consider the eigenvalue problem,

X" = AX O<z<l1
X'(0) + aX(0) =0
X(1)=0

Solution: When we are looking for positive eigenvalues, we can take A\ = 3%. We are
then looking for solutions to
X// + ﬁQX =0



Solutions to the above are of the form

X = Ccos(fzx) + Dsin(fx)
Now using the boundary conditions X'(0) + a X (0) = 0,

DB+aC =0

and
C'cos(8) + Dsin(f) =0

Simplyfing yields,

p
t ==
an(5) = -
Graphically, we can show that the above has infinite number of solutions by plot-
ting both, tan(J) and g for all values of 3. One would see that the graphs of both

the functions intersect infinite number of times, thereby indicating infinite number of
solutions.

Next, when we are looking for negative eigne values, we use A = — 3% and follow similar
arguments as above and arrive at the final equation for 3 as,

tanh(() = p

a

One can see by plotting the graphs of tanh(3) and g, that when a < 1 there is no
intersection and when a > 1 there is exactly 1 intersection.

. Use seperation of variables to solve

Uy — gy +72u =0 O<ax<lit>0
u(z,0) = ¢(z)

Ut(x,O) = 1/1(@

u(0,t) = u(l,t) =0

where v > 0
Solution:
letting u(x,t) = X (z)T(x) we have,
" _ X ,.)/2

AT X c?

Therefore X (z) solves X" = (A + Z—E)X is of the form,

6



X(z) = Ccos(fz) + Dsin(fx)

boundary conditions imply X (0) = 0 and X (/) = 0 which yields that

C=0
and nr
=T
with - )
= nl;T - Z_Z
Now T'(t) satisfies
T" = AT

Therefore for each \,, T" takes the form,

n2r? 2 _ n2r? 2
T(t) = A, cos ( T §6t> + B, sin (\/ o §6t>

So we have for u(z,t)
> 2.2 2 2.2 2
u(z,t) = ; A, cos ( nl_;r — Z_th> + B, sin ( nl_;r _ Z_zct>] sin (nTW$>

using the boundary conditions for u(z,0) and orthogonality arguments, we have for

A, and B,
9 [l
A, = 7/0 sin (?w) ¢(z)dx

2 [n2n2 A2 -1/2 n  nm
B"_E( 2 —;) /Osm (Ta:> U(z)dx

and




