6 Eigenvalues of the Laplacian

In this section, we consider the following general eigenvalue problem for the Laplacian,

—Av=)v x €
v satisfies symmetric BCs x € 0N).

To say that the boundary conditions are symmetric for an open, bounded set €2 in R”
means that

(u, Av) = (Au,v)

for all functions u and v which satisfy the boundary conditions, where (-,-) denotes the L?
inner product on €2; that is, for any real-valued functions f and g on €2,

(f.9) = / f(2)g(z) da

We note that this definition is equivalent to the definition given earlier for the case when {2
is an interval in R.
The most common symmetric boundary conditions are the following:

1. Dirichlet: v =0

2. Neumann: % =0
14

3. Robin: % +a(x)v =0.

6.1 Application to the Heat Equation

Example 1. Heat Equation on a bounded domain 2 C R",

uy = kAu re,t>0
u(z,0) = ¢(z)
u(0,t) =0 x € 00, t > 0.

Using separation of variables, we look for a solution of the form u(x,t) = v(z)T(¢), which
leads to the following eigenvalue problem,

—Av =\ r €
v=20 x € OS2

6.2 Facts on Eigenvalues

Theorem 2. For any of the boundary conditions listed above,
1. All eigenvalues are real.

2. All eigenfunctions can be chosen to be real-valued.
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3. Eigenfunctions corresponding to distinct eigenvalues are orthogonal.
4. All eigenfunctions may be chosen to be orthogonal by using a Gram-Schmidt process.

Proof. Proofs of properties (3) and (4) are similar to the 1-dimensional case, discussed earlier.
For proofs of (1) and (2), see Strauss. O

Theorem 3. For the eigenvalue problem abowve,
1. All eigenvalues are positive in the Dirichlet case.
2. All eigenvalues are zero or positive in the Neumann case and the Robin case if a > 0.

Proof. We prove this result for the Dirichlet case. The other proofs can be handled similarly.
Let v be an eigenfunction with corresponding eigenvalue A\. Then

)\/UQdm:—/(Av)vdx
Q Q
ov
= Vv2dx—/ v—dS(x
[iwopar— [ o5 asia)

:/|Vv]2da:

Q

/\/v2dx:/|Vv|2deO.
Q Q

/ |Vo|* dz > 0.
Q

We prove this claim as follows. Suppose [, |Vv|*dz = 0, then |Vv| = 0 which implies v is
constant on €. But, by assumption v = 0 on 0f2. Therefore, if v is constant on 2 and v =0
on 0f), then v = 0. However, the zero function is not an eigenfunction. Therefore,

Therefore,
)\/ v? dr = / |Vl dz > 0,
Q Q

Therefore,

Further, we claim that

which implies A > 0.

6.3 Eigenvalues as Minima of the Potential Energy

In general, it is difficult to explicitly calculate eigenvalues for a given domain 2 C R™. In
this section, we prove that eigenvalues are minimizers of a certain functional. This fact will
allow us to approximate eigenvalues for given regions {2 C R".

Consider the eigenvalue problem with Dirichlet boundary conditions,

—Au = \u z € Q)
u=0 x € 0f).



Let 0 < Ay < Ag < ... be the eigenvalues of (6.1).
For a given function w defined on a set {2 C R", we define the Rayleigh Quotient of w
on () as

IVwl[72 ~ JoIVwlPdx

w220 - [ywrds

Theorem 4. (Minimum Principle for the First Eigenvalue) Let
Y ={w:we C*Q),w #0,w=0 forx € 9N}

We call this the set of trial functions for (6.1). Suppose there exists a function u € Y such
that u minimizes the Rayleigh quotient over all trial functions w € Y. That is,

Vul? [Vl

lull> wey U Jwl]* ]

Then m is the first eigenvalue of (6.1). That is, m = A\ and u is a corresponding eigen-
function.

m

Proof. Suppose u is the minimizer of the Rayleigh quotient and m is the Rayleigh quotient
of u. That is,

Jo IVul? dx

= W. (6.2)

Pick a function v € Y. Let
o IV (u+ ev)|? d

Je) = Jo(u+ev)?da
If u minimizes the Rayleigh quotient, then f must satisfy f/(0) = 0. Taking the derivative
of f, we see that
_ (Jou+ev)?dz)(2 [, Vu- Vv + Vo] dz) — ([, 2(u+ ev)vd)( [, |V(u+ ev)? dz)
(Jo(u+ ev)? dx)?

()

Therefore,

(Jou?dx)(2 [, Vu-Vvdr) — (2 [uvdz)( [, [Vul? dx)'

Now, f'(0) = 0 implies

(/udl) (/QVu-Vvdas) - (/uda:) (/Q]Vu|2dx>,

Jo IVu|? dx
Vu-Vvd:U:—2 uv dx

:m/uvd:z:,
Q

which implies



by (6.2). Using the Divergence theorem, we have

—/(Au)vdm—{— @v dS(zx) :m/uv dx.
Q o0 OV Q

By assumption, v = 0 on 0f2. Therefore, the boundary term vanishes. Therefore,

—/(Au)vda::m/uvd:v
Q 0

for all v € Y. Now, as this is true for all trial functions v, we conclude that
—Au = mu,

which means that u is an eigenfunction of (6.1) with corresponding eigenvalue m.

It only remains to show that m is the smallest eigenvalue. Suppose v is another eigen-
function of (6.1) with corresponding eigenvalue \;. We just need to show that A; > m. Using
the Divergence theorem and the fact that v vanishes on the boundary, we have

_ [ Vul]? < Vol [? _ JoVoPde = [o(Av)vda _ Ai Jov*dx

= - =\
lull> = (ol Jyv?de Jo v? de JovPde

Therefore, the theorem is proved.
O

Theorem 5. (Minimum Principle for the nth Eigenvalue) Fiz an integer n > 1. Let v;,
i=1,...,n—1 be the first n — 1 eigenfunctions of (6.1). Without loss of generality, these
eigenfunctions may be chosen to be orthogonal. Let

Y, ={w:we C*(Q),w#0,w=0 forv €0, (w,v;) =0 fori=1,...,n—1}.

Suppose there exists a function u, € Y, which minimizes the Rayleigh quotient over all
functions w € 'Y,,. That s, suppose

_ IVl _ [Vl

5 -

"7l weva ]

Then m,, is the nth eigenvalue of (6.1). That is, A\, = m, and u, is an eigenfunction of
(6.1) with eigenvalue m,.

Proof. Suppose u,, € Y, is the minimizer of the Rayleigh quotient over all functions w € Y,,.

That is,
_MVual? {llVIUllQ}
my, = T2 min o2
[lun|[* weva U [[w]]
Fixing v € Y,,, defining f(€) as before and using the fact that f’(0) = 0, we see that

/(Aun + mpuy,)vde = 0.
Q
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This is true for any v € Y,,. Therefore, we conclude that
/(Aun + muu,)vdr =0 (6.3)
Q

for all trial functions v which satisfy (v,v;) =0fori=1,...,n— 1.
To conclude that
Au, + myu, =0,

we need to show that (6.3) is true for all trial functions (not just those trial functions which
are orthogonal to the first n — 1 eigenvalues).
Now let h be an arbitrary trial function. Let

<h, Uk>
(U, vk)

- Z cpvr(x)  where ¢, =
and the v; are the first n — 1 eigenfunctions. We claim that

/(Aun + muu,)h de = 0.
Q

We note that

/(Aun + mpuy)hde = /(Aun + mpiy)
Q Q

n—1
v+ Z ckvk] dx

k=1

= /(Aun + mpuy)vdr + Z Cr: / (Auy, + myuy,)vg de.
Q

Now, first, we claim that v is orthogonal to v; for i = 1,...,n — 1, and, therefore, the
first term on the right-hand side above vanishes. We prove this claim as follows. Let v; be
an arbitrary eigenfunction for ¢ =1,...,n — 1. Then

n—1
(v,v;) = / vv; dx :/ (h — chvk> v; dx
Q

/hvzdx—ch/vkvldx

/h /vlvzdx
/hvzdx—/hvzdx—()
Q

using the definition of ¢; and the fact that eigenfunctions are orthogonal. Therefore,

o)

o)

/(Aun + mpuy)vdr = 0.
Q



Next, we claim that for all eigenfunctions v;, i =1,...,n —1,

/(Aun + myuy,)v; de = 0.
Q

We prove this claim as follows. Fix an eigenfunction v;. Let \; be its corresponding eigen-
value. Then

/(Aun + Mpup)v; de = — /(Vun - V) dx + %vi dS(z) + / MU V; dx
Q Q on OV Q
/ Av, d / % 45+ [ L ds(a)
= [ u,Avidx — | wu,— dS(z —v; dS(z
Q oo OV a0 OV

—I—/mnunvi dx

Q

= (—)\Z-—l—mn)/unvidac.
Q

By assumption, u, € Y, which implies w, is orthogonal to the first n — 1 eigenvalues.
Therefore, fQ upv;dex =0 for : =1,...,n — 1. Therefore,

/(Aun + myu,)v; dr = 0.
Q

Consequently, we conclude that

/(Aun + muu,)hdr =0,
Q

where h is an arbitrary trial function. Consequently, we conclude that
Au, + myu, =0,

and, therefore, u, is an eigenfunction with eigenvalue m,,.

Now, clearly, m, > A\,_1 > A\y_2 > ... because Y,, C Y,,_1 C .... We can prove that
the other eigenvalues A\, 1, A\pio,... are larger than m,, using the same technique as in the
previous theorem, and the fact that the eigenfunctions vy for k > n + 1 satisfy (vg,v;) =0
fori=1,...,n—1.

]

We can now use the above minimization principles to approximate eigenvalues for given
regions (2 C R™.
Example 6. Let Q = [0, 1]. Use the trial function v(z) = z(1 — x) to approximate the first
eigenvalue of (6.1) for this region €.

(Note: Of course, we already know the eigenvalues for Q = [0,1] are given by N\, = (nm)?.

We use this example just to demonstrate how the above technique works.)
We calculate the Rayleigh quotient of v,

[|Vvl|? _ fol |v'(x)|? dx _ f01(1—2x)2dx _ f01(1—4x+4m2)dx _ (1/3) 10
oll> ffo@)de [ (x—a?)2de ) (a2 — 223 +at)de  (1/30) '

Of course, the first eigenvalue is actually 72 ~ 9.8696, but with a fairly simple choice of trial
function, we get a fairly good approximation.
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6.4 Minimax Principle

In this section, we present another theorem regarding the eigenvalues of (6.1). This theorem
is known as the minimax principle. It will allow us to prove a relationship between eigenvalues
of sets contained within larger sets. In particular, we will show that if € C 25, then
An(1) > Au(£22), where ), is the nth eigenvalue of (6.1). This fact will give us another
means of approximating eigenvalues of arbitrary domains €2. In addition, it will allow us to
prove the completeness of eigenfunctions of (6.1) in the L?-sense. Before we get to these
results, however, we present some motivation for the minimax principle. This motivation
will also provide us another means of approximating eigenvalues.

Rayleigh-Ritz Approximation.
Let wy, ..., w, be n arbitrary trial functions. (Recall: w is a trial function if it is C*(Q)
and vanishes on 0f2, but is not identically zero.) Let

n

w = E CrWg,

k=1

be a linear combination of these trial functions. Suppose we made a really good choice of
trial functions, and, in particular, chose w in such a way that w was an eigenfunction of
(6.1) with eigenvalue A. Of course, this is not likely by randomly guessing, but we will use
this idea to find a way of approximating eigenvalues.

Now, if w was an eigenfunction of (6.1), then we know that

A(wj,w>:)\/ijdx:—/ijwdx:/ij-dex:(ij,Vw>,
Q Q Q

using the fact that w,w; are trial functions, and, therefore, vanish on the boundary of €.
Further, using the definition of w, we have

A <w]~, Z ckwk> = <ij, \V4 (Z ckwk> > s
k=1 k=1

n

A Z Ck (wj, wk> = Ck <ij, Vwk> .
k=1

k=1

which implies

Define
Qi = <ij, Vwk> (6 4)
bjk; = (wj, wk) .

Therefore, if w was actually an eigenfunction, we would have

n

)\chbjk:chajk forj=1,...,n.
k=1

k=1

In other words, defining the n x n symmetric matrices

A= (ap)  B=(bj),



and letting
G

Cn

we would have
ABc=Ac = [A— ABJc=0.

In particular, this would mean A — AB is a singular matrix, and, therefore, det[A — AB] = 0.

Again, it is not likely that we will be so lucky in randomly choosing w, but we use this
technique to approximate our first n eigenvalues. We now state our approximation technique.
Let wy, ..., w, be any n trial functions. For this choice of trial functions, define aji, b;; as
in (6.4) and let A, B be the corresponding n x n symmetric matrices with entries a;p, by,
respectively. Then the n roots of the polynomial equation

det(A— AB) =0

are approximations to the first n eigenvalues Ay, ..., \,.

We now turn to the minimazx principle for eigenvalues of (6.1). We use the Rayleigh-Ritz
approximation method to motivate the minimax principle. First, we prove the following
lemma.

Lemma 7. Let A, B be n X n symmetric matrices. In addition, let B be positive definite.
Fori=1,...,n let \f be the n roots of the characteristic equation det(A — AB) = 0.
The n roots \; are all real, and the largest root X} satisfies

. Ac-c
A, = max :
c€R" Be - ¢

c#0

(6.5)

Remark. For A = (aj;) and B = (bj;z) where a;j, and b;;, are defined as in (6.4) for some
choice of trial functions w;, A and B will satisfy the hypotheses of this lemma. We will use
this lemma to motivate the minimax principle.

In order to prove Lemma 7, we first prove the following claim.

Claim 8. Let A, B be n X n real, symmetric matrices. In addition, assume B is positive
definite. Let \},..., A\, be the n roots of the characteristic equation

det(A — AB) =0.

Then the roots Af are all real. In addition, there exists a set of vectors {v;} which forms
a basis for R™ and such that each v; sastisfies the equation

AUZ‘ = )\;k BUZ‘

for some \:. Further,
Bv;-v; =0 fori # j.



Remark. 1In the proof below, we will use the following fact regarding positive definite, real
symmetric matrices. If B is a positive definite, real symmetric matrix, then there exists a
lower triangular matrix L whose diagonal entries are positive and such that B = LL”. This
is called the Cholesky decomposition. Ref: Linear Algebra with Applications, S. Leon.

Proof. First, we will show that the roots of the characteristic equation
det(A—AB) =0

are all real. Assume \! is a root of this equation. Then, using the fact that B = LLT for
some lower triangular matrix L whose diagonal entries are positive, we have

det(A— N LLT) =0 < det(L*A(L")™" = \:1) = 0.

Therefore, \! is a root of the characteristic equation det(A — AB) = 0 if and only if A} is an
eigenvalue of the matrix
M=L"'ALY™
By a quick calculation, we see that M is real symmetric, and, therefore, all its eigenvalues
are real. In addition, M has an orthonormal eigenbasis {u;}.
We will now use this orthonormal eigenbasis {u;} to construct a basis for R™ consisting
of solutions of Av = ABv for some A € R. Let

v; = (L) 1.

As the {u;} form a basis for R" and (L?)~! has rank n, we see that the set {v;} forms a
basis for R".

We now need to show that each v; satisfies the equation
AUZ‘ = )\;kBUZ

for some \;. By assumption, u; is an eigenvector of M with corresponding eigenvalue \}.
Therefore,

Mu; = Nu; = L7ALT) s = Mg
— (L) 'LTTALT) = A (LT)
= (LL") ' Av; = Ay,
— B 'Av; = Ay,
= Av; = A\ Bv;.
Therefore, we have found a set of vectors {v;} which forms a basis for R™ and such that each

v; satisfies the desired equation for some A} € R.
It remains only to show that

BUZ"’U]':O forz#]

Using the definition of v; and the fact that B = LL” for some lower triangular matrix L
whose diagonal entries are positive, we have

B -v; = LLY (L") "y - (L7) Muy = Luy - (L7) tuy = uf LY(LY) tuy = wluj = w; - uy = 0,

using the fact that the set {u;} is orthonormal. O
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We now have the necessary ingredients to prove Lemma 7.

Proof of Lemma 7. By definition, it is easy to see that B is positive definite. Therefore,
applying Claim 8, we see that all roots of the characteristic equation

det(A—AB) =0

are real. Let ¥ be the largest of these roots. We now need to prove (6.5).
We will begin by showing that

Ac-c
max

ceR™ Be-c
c#0

<\ (6.6)

— n

Let ¢ € R™. By Claim 8, we can write ¢ as a linear combination of the v; where each v; is a

solution of
AUZ‘ = )\;kBUZ

for one of the A\;. Therefore, writing
C=a1U1 + ...+ QpUy,
and using the fact that B is positive definite, we have

Ac-c = Al(av1 + ...+ ayv,) - ¢
= (mA]Bvy + ... + ax AL Boy) - (a1v1 + ... + avy)
= a2\ Bvy-vy + ...+ a2\ Bo, - v,
< ai\:Bvy v+ ...+ a2\ Bu, - v,
= A (Blayvy + ...+ apvy)) - (@101 + ... + ayvp)
= A\ (Bc-c).
Consequently, we have shown that
Ac-c
Bc-c
Taking the maximum of both sides over all ¢ € R", we have proven (6.6).
It remains only to show that

<Al

We do so by finding a specific ¢ € R™ such that

)\*<Ac-c

"~ Be-c

We know that A\’ is a root of the characteristic equation det(A — AB) = 0. Therefore, there
exists a vector v, Z 0 € R" such that (A — A} B)v, = 0. Let ¢ = v,,. Therefore,

An'n A*Bn'n
UU_nU U:)\*

n

Buv,, - v, Buv,, - v,

10



and we have proved (6.7).
OJ
We now return to motivating the minimax principle. Recall from our Rayleigh-Ritz
approximation that for a given set {2 C R"™, we can approximate the first n eigenvalues of
(6.1) by looking for the roots of the characteristic equation

det(A—AB) =0

where A = (aj;) and B = (bji) for aj, b, defined in (6.4) for some choice of trial functions
{w;} for Q. From Lemma 7, we have shown that the largest root of det(A — AB) is given by

\ Ac-c
= max
ceR™ Bc - ¢
c#0
Therefore, for a fixed set of trial functions wy, ..., w, for a given set {2 C R", we have the

following formula for the approximation of the nth eigenvalue of (6.1). Let A = (aj;) =
((Vw;, Vuwy)), B = (bj,) = ((w;, wi)). We see that

Ac-c= <z”: c;Vwj, z”: ckak>

j=1 k=1
n n

Bc-c= g Cijwy, E CLWE ) .
j=1 k=1

Therefore, for A, B defined in terms of the trial functions wy, ..., w,, we see that the largest
root of the characteristic equation det(A — AB) is given by

2 n
A;(wl,‘..,wn):maX{vaH :w:Zciwi}. (6.8)
i=1

cerr | |wl]?
This value A!(wy,...,w,) will give us an approximation to the nth eigenvalue of (6.1). We
will show below that if we take the minimum of X! (wy, ..., w,) over all possible sets of trial

functions, then we will get the ezact value of the nth eigenvalue of (6.1).

Theorem 9. (Minimax Principle) Let Y denote the set of trial functions associated with
(6.1) (see Theorem 4). The nth eigenvalue of (6.1) is given by

An = min A (wy,...,wy,).

That is, the minimum is taken over all possible sets of n linearly independent trial functions.

Proof. First, we will show that A\, < min\}. Fix n linearly independent trial functions

Wi, ..., W, Let
n

w(z) =) ¢jwi(@)

J=1
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be a linear combination of the n trial functions such that w is orthogonal to the first n — 1
eigenfunctions vy, ..., v,—1 of (6.1). That is, choose ¢; such that

n

(w,vk>:ch<wj,vk>:O fork=1,...,n—1.

j=1

We know we can solve this system, because we have only n — 1 equations for our n unknowns

1, ..., Cp. Now from the Minimum Principle for the nth Eigenvalue, we know that
2
A < IVl
|||
because

(VP
A“‘?%%%{an? ’

where Y, is as defined in Theorem 5, and w € Y,,. Therefore,

[Vl _ HVZ}L cjw;

wl|[?2 T cern
ol HZ;& ¢jw;

n X 2 :)\;(wl,...,wn).

Now taking the minimum of both sides over all possible sets of n linearly independent trial
functions, we see that

A < min A (wy,y ..., wy).
(wl7--~7wn)€Y

Now, we need to show that A\, > min\;. In particular, we will show there exists a
particular choice of trial functions wy, . .., w, such that X\*(wq,...,w,) < \,. Let wy, ..., w,
be the first n eigenfunctions of (6.1) with corresponding eigenvalues A,...,\,. Without
loss of generality, we may assume they are orthogonal and normalized.

By definition,

HV > i1 CW;
Ar(wy, ..., wy,) = max
ceR™ n
Hijl ¢jw;

Now, using the fact that the w; are eigenfunctions, orthogonal, and normalized, we have

n 2 n n n n
\Y% E C;W; = E CjVU)j, E CjV'lUj = — E Cjwy, E chwj
j=1 =1 =1 =1 j=1
n

n n n n
f— . . . . . P— . . . . . f— . 2 . . P— . 2
= § :CJwWE :)‘chwj = E :<CJwJ?)‘JCJwJ> = E :)‘ch (wj, wy) = E :)‘ch'
j=1 j=1 j=1 j=1

j=1

2

Again, using the fact that the w; are orthogonal and normalized, we have

n
§ :Cjwj
j=1

n n

2 n n n
— . . . . — . . . . P — 2 . . P — 2
= E :c]w],§ :c]w] = § :(cjwj,c]wj> = § & (wj, wy) = § G-
j=1 j=1 7j=1

Jj=1 J=1

12



Therefore, we have

n 2 n 2
* 23':1 )‘jcj Zj:l )\ncj
Ap(wi, .o wy,) = max—sS-n .2 < max—S-n 2 An.-
e Zj:l G s Zj:l &
Therefore, for this choice of trial functions wy, ..., w,, we have
*
)\n(wla s 7wn) S )\na
and, consequently,
min - A (wy, ..., w,) < Ay
(w1,...,wn)EY

Therefore, our theorem is proved.

We will now use the minimax principle to prove the following theorem

Theorem 10. If Qy C Qs, then A\, (1) > N (Q2), where A\, (£2;) is the nth eigenvalue of the
Dirichlet problem (6.1) on ;.

Proof. Let Y (€;) be the set of trial functions for €;, i = 1,2. Recall
Y () ={w:we C*(Q) :w#0,w=0 for z € O}
For emphasis, we let
Ar(wy, ... ,wn)|Qi = \:(wy,...,w,) where the L? norms are taken over €2;.

By the minimax principle, we know that

A (€2;) = i A
n( l) (w1,...,rul)1nl)réY(Qi) n(wh ’wn)|Qi
IVw|[72, &
= min max & Tw = Z C;W; P .
(w1 ,..;wn )€Y (Q;) cER™ HwHLQ(Qi) —
For a fixed set of trial functions wy, ..., w, for i, let ¢* = ¢*(wy,...,w,) be the vector in

R"™ which maximizes the Rayleigh quotient. That is,

Vwrlfao,

)\;';(wl, Ce ,U)n)

n
* *
Q where w* = E C;W;.
i=1

- ||7U*H%2(Ql)

Now, we can extend each of the trial functions w; to be a trial function for {25 by extending
w; to be zero outside ;. Let w; denote w; extended to €25 in this way. Therefore, it is clear

that s N va*H%2(92) . n .
M (W1, Wa)lg, = T where w EZCiwi.
Willzz @y i-1

As the functions w; are zero outside €2, we see that
)\;(wl,...,wn)bl = /\:L(Uf\)/l,,ﬁ)/nﬂgz (69)

13



Now suppose vy, ..., v, are the n trial functions for €y which minimize A} (wy,...,wy,)|q,-
Then using (6.9), we see that

A (01,5 Un)]g, = An (Vs vn) g,
and, therefore,
An(€) = i Alo. < AT = (92
n( 2) trial funggégseY(QQ) n|92 B n<U1; ﬂjn)’Ql n( 1>7

as claimed.

]

Remark. In the above theorem, when extending the functions w; to {25 by defining w; to
be zero outside €2y, we overlooked the smoothness issues of the extended functions. This is
a technical point which we will not get into here.

Corollary 11. For 2 a bounded subset of R"™, the eigenvalues of the Dirichlet problem,

—Au = \u r €
u=20 T € OS2

form an infinite sequence {\,} such that A\, — +00 as n — +o0.
Proof. For €2 a bounded subset of R", let
R={(z1,...,2,) e R" |15 < M,i=1,....,n}

for M sufficiently large such that 2 C R. Now we can explicitly calculate the eigenvalues of
R. In particular, the eigenvalues are given by

A yeoimn (R) = i (?A;T )2’

1=

where the m; are positive integers. We see that these eigenvalues form an infinite sequence
which goes to infinity. By the above theorem, we know that the corresponding eigenvalues
for Q satisfy A, (2) > An(R). Therefore, we conclude that the eigenvalues of €2 form an
infinite sequence which goes to infinity. O

We now turn to proving the completeness of the eigenfunctions for the Dirichlet problem
(6.1).

Theorem 12. The eigenfunctions of the Dirichlet problem (6.1) are complete in the L*
sense. That is to say, if {v,} is the set of eigenfunctions of (6.1) for a set Q C R", then for
any function f € L*(Q),

N 2 N
Hf—chvn :/]f—chvndeﬁO as N — 400 (6.10)
n=1 LQ(Q) Q n=1
where
Cn = {fyvn) )
(Vn, Un)
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Proof. We will prove this in the case when f is a trial function; that is, f € C?*(Q), f(z) =0
for x € 9Q. To prove this theorem in the case of general f € L?(2), you can use the fact
that any L? function can be approximated in L? norm by a C? function which vanishes on
0f).

So, below, we assume that f is a trial function. Let

ry(z) = f(z) — chvn(‘r)

n=1

<f,vn

where ¢,, = Toney” Without loss of generality, we may assume the v,, are mutually orthogonal.

We claim that7 ||7n]|z2 — 0 as N — +o0.

First, we will show that ry is a trial function which is orthogonal to the first N — 1
eigenfunctions of (6.1). By assumption, f is a trial function. In addition, the eigenfunctions
are trial functions. Therefore, ry is a trial function. We just need to show that it’s orthogonal
to the first V — 1 eigenfunctions. Let v; be one of the first NV — 1 eigenfunctions. Then using

the fact that the eigenfunctions v; are mutually orthogonal, we have

<7’N,UZ - <f chvn>vz>

= (f,vi) ch Un, ;)
= (f,vi) — z’(%%‘)

<f7 Ui>
= s Vi) — Ui, Vi) = O
(10 = 22 )
Consequently, we have shown that ry is a trial function which is orthogonal to the first
N — 1 eigenfunctions. Therefore, by the minimum principle for the Nth eigenvalue, letting
Y denote the set of trial functions, we know that

AN = min {H !2.wEY,(w,vZ}:Oforizl,...,N—l}SM (6.11)
[[wl| [Irwl]
Next, we will show that ||Vry||? < ||V f]|?>. By computation, we see that
N 2
1VrnllFay = ||V =Y caVon
n=1 L2(Q)
N 2
Vf-— Z ¢, Vu,| dx (6.12)
Q n=1

Vou,| dz

N
:/|Vf|2—2Vf-chan+
Q n=1
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Now, by the Divergence theorem,

/Vf~andx:—/fAvndx+ 79U 45(a)
Q Q a0 Ov

— A / Fon de,
9]

using the fact that v, is an eigenfunction and f vanishes on the boundary.
Next, in a similar manner, we see that

(6.13)

/va-anda::—/vavndx—l—/ vm%dS(:c)
Q Q 8

Q aV
:/\n/vmvndx.
Q

Now using the fact that the eigenfunctions v,, are mutually orthogonal, we have

N Jquide m=n
/Qva-andx—{ 0 m % n. (6.14)

Now putting (6.13) and (6.14) into (6.12), we have

N N
VrnlZeg = [ V2 =2) cidafun+ Y A2 da.
L2(Q) 0 n
n=1 n=1

Now substituting in for ¢,,, we have

2y 2 9. _ 2 2
/cn)\nvn dxcn)\n/vn dz
Q Q

AL 9
=c, <Un,Un>)\n/Qvn dx
= Cn)\n <f7 Un>

:cn/\n/fvndx.
Q

Therefore, we have

N N
||VTN||%2(Q) = /Q |Vf|2 —2 ch/\nfvn + ch/\nfvn dx
n=1 n=1

N
- / |Vf|2 - chAnfvn dx
Q n=1

N
- / VP = A da.
Q n=1
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Now using the fact that all eigenvalues of the Dirichlet problem are positive, we see that
I9rslfio < [ V57 do =119 f a0 (6.15)

Now combining (6.11) and (6.15), we see that

IVrall®* _ VI

el = el

Ay <

Therefore,

IV fI”
AN

Now, by assumption, f € C?(2). Therefore, ||V f[|? is bounded. In addition, as we showed
earlier, \y — +00 as N — +o00. Therefore, we conclude that

[lrnll* <

ryl]> =0 as N — +oo.
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