Mathematics Department Stanford University
Math. 285 Homework 5
DUE AT LECTURE WEDNESDAY OCT 29

1. Let v,¢(7),7 be as in Q.1 of hw3.

(i) If A : R™ — R™ is continuous, prove that the change of variable formula

b L
/ h(1(2)) - 7(z) d = /0 hGi(r)) -7 (r) dr

is valid at least when 3¢ > 0 with |y/(x)| > ¢ for a.e. z € [a, b].

Hint: Show in this case that 7 € [0, L] — t(7) € [a,b] is a 1:1, increasing, Lipschitz map of [0, L] onto [a, b], and hence
(by the 1-dimensional area formula) we have fab f(z)dzx = fOL f(t(T))t'(T) dr for each L'([a,d]) function f.

(ii) Prove the formula in (i) is valid without the assumption |y/(x)| > e.

Hint: To start, apply (i) to v.(t) = (y(t),et) : [a,b] — R™™! and note that F.(r) — F(r) on [0, L]—because if
te(7),7e(7), Le are the analogues of ¢(7),7(7), L when we use 7. in place of v, then, as € | 0, L. | L and t.(7)
increases to some limit s(7) with length(v|[a, s(7)]) = 7, hence s(7) < t(7), v|[s(7),¢(7)] = const., and F.(7) =
Ve (te(1)) = 7(s(7)) = (7)) = (7).

2. Using the result of Q.1(ii) above, prove that if 7; : [aj, b;] = R™ is a sequence as in Q.1 of hw4,
then there is a Lipschitz v : [0,1] — R"™ and a subsequence ~;+ such that

b,/ 1
| i) da = [ o1 da

aj/

for each continuous 1-form w = "1, widz® on R™, where (w,v) denotes the dual pairing between

1-forms and vectors in R™.

Note: The above is a version of the 1-dimensional case of the Federer-Fleming compactness theorem for integral
currents.

3. Let U be open in R"* let V = v(M, 0) be a rectifiable n-varifold which is stationary in U, let
wuy be the weight measure (i.e. duy = 0dH™ M), and assume 6 > 1 uy-a.e.

(i) Prove V = v(S5,0), where S = spt uy (closed), and ©(z) = O™ (uy,z), z € S (i.e. prove that
py (S\M)U(M\S)) =0and © =6 py-a.e.on M NS).

(Recall that by definition spt py = {x € U : puy(Bs(x)NU) >0 Vo > 0}.)

(ii) If B,(y) C U and (wnp™) " tuy (B,(y)) < 1, prove that y ¢ S.

4. If U, V, S are as in Q.3 above, if x € U, ¢ € {1,2,...}, and if V has multiplicity ¢ approximate
tangent space at x (i.e. there is an n-dimensional subspace L C R"™+¢ such that fn .8 f 9077;}\ dH" —

qf, fdH" as AL OV f e C)U) ), prove that n, xS — L locally in the Hausdorff distance sense.

Note: 74,25 — L locally in the Hausdorff distance sense means that for each R > 0, € > 0 there is § > 0 with
x2S N Br(0) C {z : dist(z, L) < €} and L N Br(0) C {x : dist(x,n,,5) < e} for all 0 < X < 4.



