October 11, 2000

ME111
Instructor: Peter Pinsky
Class #7
October 11, 2000

Today’s Topics

* Plane stress

« Stress transformation; Mohr’s circle

« Principal stresses; maximum shear stress.

Reading Assignment

Problem Set #3 (Due October 18, 2000)

Juvinall 4.12
4.17
4.21
4.31
4.34

October 11, 2000 ME111 Lecture 7

7.1 Stresses in Three Dimensions

« Stress at point is is expressed in terms of components with respect
to a set of fixed coordinate axes.

. loads
« Consider the stress at
a typical point P:
poP
z
g
zf T,
T e «From equilibrium we know
T —
T, r yz ay Txy = Tyx,
0_ - _
x‘/_ T, |Tw y Ty, =Ty,
« — T, =T,
*There are 3 components of normal stress
0,,0,,0,
*There are 3 components of shear stress
T Tyor T
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« Plane stress assumption:

0,=0,1,=00,=0

October 11, 2000

7.2 Stress in Two Dimensions (Plane Stress)

z
04 0
0 =
04 40: g,
Oy 1T :
xy

X
TO' " .
y « Positive stresses in
— T, plane stress
o) o)
X X
T IO

Txy ————
oy
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7.3 Transformation of Stress in Two Dimensions

* We need to understand how the components of the stress tensor
change with rotation of coordinate axes.

y
—_— Txy
GX
<_‘; or ?—»— X
———
Find
y’
N !
\ oy 1, ., X
GX
>(’ \( 39
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Thought Experiment on Stress Transformation
(Why pure stretching also produces shearing)

Uniaxial tension

« By considering equilibrium, we can relate the components of the stress
at P referred to both coordinate systems (see E14 notes and text):

o, +0, 0,-0 )
0, =—"+"—Ycos20+1,,5n20
2 2 70N T
o, +0, 0,-0 .
o,=———~*-—*—Ycos20-1,,sin20
2 2
o=0y . . 1 | T '
Tey =—Tsm26 +1,,€0520 :
* Observe:
— — 0
@ Oy =o,(af=0+90")
o,+to, 0,-0 )
=X _—Y-—*_—Ycos20 -1,,s5in20 :
2 2 :
2 0,+0,=0,+%0, --called a stress invariant E
After stretching
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Example 7.1 _
o, = 150+50 + 150-50 €0s26 +40sin 260
Given O, =150MPa, o, =50MPa, t,, =40MPa 2
Determine the stresses on an element oriented at 8 = 40° o,= 1502+ 50_150- 5000529 —40sin26
__150-50 .
.= 150; %0, 15050 ;580° + 40sing0” =148.1 Tey =775 SN2+ 40cos26
g, =200 15030 o050 _ 40singo® = 51.9
2 2 200
_150-50

x'y'

sin80° +40cos80° = —-42.3
150

100~

$_.

‘><’
2

\

P\ |
/< -100, | | | | | | |
=200 -150 -100 =50 0 50 100 150 200
0
Rotation (degrees)
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7.4 Principal Stresses in 2-d

* There will exist values of 6 for which the normal stress components
are maximum (minimum):

99,20 0 tan2g,= 2
de ag,-o,

« Provides two angles 9p1 and epzwhich differ by 90° and define
the principal planes

« Using these angles in the expression for the transformed stress gives

0,*+0,, [P0
6, - o,=——*+ | yéﬂ'z
pl X 2 0 Xy

o 2

=0,

o, - o, =%%%_ P90,

” Y2 o200 ”
=0,

« Note that: (1) Shear stress on the principal planes is zero
2 o,>0,
) ) 2r,,
» Question -- Given the two roots of: tan 29p = o -0
X y

how will you decide which angle defines which principal plane?

Answer -- take either root and substitute it into:
g, to, 0,-0 .
o,=—_ "+ _—'c0s20 +T1,,sin20
2
and compare O, with the known values of 0, and 0,
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7.5 Maximum Shear Stresses

* There will exist values of 6 for which the shear stress components
are maximum (minimum):

d L —
Dy g 0 tancg=-2 %
de 2r

xy

« Provides two angles @, and 8, which differ by 90° and define

« Using these angles in the expression for the transformed stress gives

 Note that:

0,-0
(1) T =% (useful result!)

(2) Mean stress on both planes of max/min shear
stress is: g,+0,

2
(3) Observe 0, +to,=0,+0,
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Example 7.2
Given 0O, =150MPa, o, =50MPa, 1, =40MPa

Determine:
(a) the principal planes and principal stresses, and

(b) the planes of maximum shear stress and the maximum shear stress

value.
(a) Principal planes and stresses:

+ —
0'1,2 :Ux 2o.yi 0 Xzay +Tfy
150+50 50-50
= + + 407
20
=164.0, 36.0

Now let’s find the principal planes:
2r
o o 26,= 38.66°, 38.66° +180°
g,-0,

o e,-= 19.33,19.3F +90°

tan20, =

Consider 6, =19.33

+ —
o, = TGy 4 979 osp + T, Sin26
2
- 1502" 50, 1502‘ 90 0052(19.3%°) + 40sin2(19.33)
=164.0

0 6,=193%, 6,,=109.33
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(b) Maximum shear stresses:

Tmax/rmn :.t\/Mg +T>§y :i\/BMé +402 :i64.0
o 2 0O o 2 0

Now let’s find the maximum shear planes:

g,—0
tan26, = - % 0 26,=-51.34°,-51.34°+180°
T
X

0 6,=-2567°,-25.67°+90°

Consider 0§, =—25.67°

o,-0, .
T, =————2sin20 +1, c0s20
2

=- 1502_ Osin 2(~25.67) + 40c0s2(~25.67) = +64.0

0 6,=-2567°, 6,=643%

0,+0, 0,+0, 150+50
Normal stress = 12 2 = > Yy = > =100

Finally, lets check that:

g,-0, _164-36

max 2

-~ +64 =true
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Summar Example 7.3
Returning to Example X.X, determine the principal stresses and
maximum shear stresses at points (a) and (b).

From example X.X, we have:

Max shear

Stresses on o, -7.319 4,753
40° plane o, 0 0
42.3
\1 148.1 Ty -1434 -1,283
Principal stresses \(l '
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Oy :=-7319
Oy =0
Txy = 1434
- (ox+ oy)
2
o= (Ux - “y)
d- —2
2 2
p:=\0d +Txy
01:=0m+p
02:=0m—p

ep = O.Sﬂmwg

0% 0O
Ocheck :=Om + odmos(zmp) + Txy@n(zm)p)
Teheck = ~0g(8n(2B)) + TxyBos(2Bp)

01 =270.93

02 =-7589.93

80
0 = 107

T
Ocheck = ~7589.93

Tcheck =0

Mathcad evaluation

Point (a)

T1:=p
T=-p
[Foq O
05:=0.5atan[+—[]
Oy O

Tcheck = —chin(zms) + Txyﬁhos(ZEHis)
14 = 393043

T, = -3930.43

Tcheck = —3930.43
Onormal *= Om

Gnormal = ~3659.5

October 11, 2000 ME111 Lecture 7 15

October 11, 2000

ME111 Lecture 7

02:=0m—pP

Oy O
ep :=0.5atan [+
0% 0

Ocheck := Om + chbos(ZEBp) + rxyBin(ZEBp)
Teheck = ~0gSin(28p) + Tyyl0s(28p)
o1 =5077.21

09 =-32421

SPE&) =-14.18
T

Ocheck = 5077.21

Tcheck =0
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Poaint (b)

Mathcad evaluation

T1:=p
T2:=—-p
t-oqd
6s:=0.5atan[—[]
Oy O

Tcheck = —od@in(zms) + rxym:os(zte)s)
11 = 2700.71

Tp = -2700.71
80
9551— =30.82
1
Tcheck = —2700.71

Onormal -= Om

Onormal = 23765
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d
7.6 Mohr’s Circle for Plane Stress Example 7.4 5
Given O'x = 150MPa, f
* Mohr’s circle is a geometric interpretation of the plane stress o =50MPa. = 40
transformation formulae: y ~ ! ‘ T 150 X
0 +0 O -0 T, =40MPa
o =L+~ _—Ycos20 +1,,sn20 -~
2 2 Using Mohr’s circle, determine: ‘
__0,-0, . (a) Determine the stresses on an element oriented at ,
Ty =7 5 sin26 +1,, cos20 (b) The principal planes and principal stresses, and 8 =40
(b) The planes of maximum shear stress and the maximum shear stress
« We introduce a special sign convention for shear stresses -- this value. — ol
convention is used only for the construction of Mohr’s circle: § ~ plane
T, (100,64)
T,

y
* @,1,) Mohr’s circle Given:
y — plane
(50,+40)
>0,
2]
p, = plan
(36.0)
(0,Ty)
y y'-plane
A l T (52,-42)
Pairs of shear stresses:
X

Clockwise is positive ¢
Stress tensor:  positive positive
Mohr's circle:  negative positive d=
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« The coordinates of the required “planes” are as follows (computed
from the circular geometry on the previous page):

p, - plane: 6,,=193 o0,=1640,1,,=0

p, - plane: 6,,=109.3 0,=36.0,1,,=0

s - plane: 6,=643 o0,=100.0,1,=64.0(CW)

s, - plane: 6,=1543 ¢, =100.0,1,=-64.0(C-CW)
40° - plane: 6=40" o, =1480,7,, =420 (CW)

130° - plane: 6=130" o, =520, T, =—420(C-CW)

y
ePpP X
19.3 Maximum shear
40° stresses
64.3 ‘ ‘ 64 100
B Lo Ry N4
Principal \‘\\
stresses 64 N /(\ )
52 g >\
= 148
Note: shear stresses
are always zero on Stresses on
the principal planes /<( \ 40° plane
October 11, 2000 ME111 Lecture 7
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y
Example 7.5 |
10
Given 0, =-50MPa, f
- 40
o, =10MPa,
_,T l<_ — x
T, =-40MPa 50
——

Using Mohr’s circle, determine:
(a) Determine the stresses on an element oriented at 6 = 45°

(b) The principal planes and principal stresses, and
(b) The planes of maximum shear stress and the maximum shear stress

value.
TXV

s, — plane
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 The coordinates of the required “planes” are as follows (computed
from the circular geometry on the previous page):

p, - plane: 6,,=634° 0¢,=300

p, - plane: 6,,=1534° 0,=-70.0

s - plane: 6,=184° 0, =-20.0,1, =50.0(CW)

s, - plane: 6,=1084° 0, =-20.0,7, =-50.0(C-CW)
45° - plane: =45 0, =-60.0,T,, =-30.0(C-CW)
135 - plane: =135 0, =200,7,, =30.0(CW)

’]

Principal
stresses

e
30
N

Maximum shear Stresses on
450 plane

stresses

20
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