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suggested references
• Introduction to robotics : mechanics and control 

John J. Craig

• Robot modeling and control 
Mark W. Spong, Seth Hutchinson, M. Vidyasagar

• A mathematical introduction to robotic manipulation 
Richard M. Murray, Zexiang Li, S. Shankar Sastry

• Springer handbook of robotics 
B. Siciliano, Oussama Khatib (eds.) 
https://link-springer-com.stanford.idm.oclc.org/book/
10.1007%2F978-3-319-32552-1
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kinematics
• The study of movement

• The branch of classical mechanics that describes the 
motion of objects without consideration of the 
forces that cause it

• Why do you need it?

– Determine endpoint position and/or joint positions

– Calculate mechanism velocities, accelerations, etc.

– Calculate force-torque relationships
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degrees of freedom

• Number of independent position variables needed 
to in order to locate all parts of a mechanism

• DOF of motion

• DOF of sensing

• DOF of actuation

• The DOF of a mechanism does not always 
correspond to number of joints
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it will help to prototype!

officedepot.com

round head
paper fasteners

www.rogersconnection.com/triangles
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http://www.rogersconnection.com/triangles


joints

• Think of a 
manipulator/ 
interface as a set of 
bodies connected 
by a chain of joints

• Revolute is the 
most common 
joint for robots

From Craig, p. 69

Stanford University                                 ME 327: Design and Control of Haptic Systems                              © Allison M. Okamura, 2020



forward kinematics for 
higher degrees of freedom
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for mechanical trackers that use joint angle sensors, you need a 
map between joint space and Cartesian space

fwd kinematics: from joint angles, calculate endpoint position



joint variables
Be careful how you define joint positions

Absolute
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Relative



absolute forward kinematics

x = L1cos(θ1) + L2cos(θ2)

y = L1sin(θ1) + L2sin(θ2)

(Often done this  
way for haptic devices)
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relative  forward kinematics

x = L1cos(θ1) + L2cos(θ1+θ2)

y = L1sin(θ1) + L2sin(θ1+ θ2)

(Often done this  
way for robots)
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Inverse Kinematics
• Using the end-effector position, calculate the joint 

angles necessary to achieve that position

• Not used often for haptics

– But could be useful for planning/design

• There can be:

– No solution (workspace issue)

– One solution

– More than one solution
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example
• Two possible solutions

• Two approaches:

– algebraic method (using 
transformation matrices)

– geometric method

• Your devices should be simple 
enough that you can just use 
geometry
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computing end-effector velocity

• forward kinematics tells us the endpoint 
position based on joint positions

• how do we calculate endpoint velocity from 
joint velocities?

• use a matrix called the Jacobian

ẋ = J q̇
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formulating the Jacobian

multidimensional form 
of the chain rule: 

ẋ =
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ẋ = J q̇

assemble in 
matrix form: 
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Singularities

• Many devices will have configurations at which the 
Jacobian is singular

• This means that the device has lost one or more 
degrees of freedom in Cartesian Space

• Two kinds:

– Workspace boundary

– Workspace interior
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Singularity Math
• If the matrix is invertible, then it is non-singular.

€ 

˙ θ = J−1˙ x 
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• Can check invertibility of J by taking the 
determinant of J. If the determinant is equal to 0, 
then J is singular.

• Can use this method to check which values of θ 
will cause singularities.



Calculating Singularities

Simplify text: sin(θ1+θ2)=s12 

For what values of θ1 and θ2 does this equal zero?

€ 

det J θ( )( ) =
−L1s1 − L2s12 −L2s12
L1c1 + L2c12 L2c12

= (−L1s1 − L2s12)L2c12 + (L1c1 + L2c12)L2s12
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compute the necessary 
joint torques

the Jacobian can also be used to relate joint 
torques to end-effector forces:

⌧ = JT f
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this is a key equation for multi-degree-of-
freedom haptic devices



how do you get this equation?

the Principle of 
virtual work
states that changing the 
coordinate frame does 
not change the total 
work of a system

f · �x = ⌧ · �q
fT �x = ⌧T �q

fTJ�q = ⌧T �q

fTJ = ⌧T

JT f = ⌧
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force generation signals

D/A

amplifiers

actuator
force/torque

endpoint
force/torque

desired 
force/torque
(in computer) counts

volts

voltage or current

transmission  
& kinematics
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pantograph
mechanism
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pantograph
Definition 1: a mechanical 
linkage connected in a manner 
based on parallelograms so that 
the movement of one pen, in 
tracing an image, produces 
identical movements in a second 
pen.

Definition 2: a kind of structure 
that can compress or extend like 
an accordion

Stanford University                                 ME 327: Design and Control of Haptic Systems                              © Allison M. Okamura, 2020



pantograph haptic device

Xiyang Yeh, ME 327 2012
http://charm.stanford.edu/ME327/Xiyang
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pantograph haptic device

Sam Schorr and Jared Muirhead, ME 327 2012
http://charm.stanford.edu/ME327/JaredAndSam
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pantograph haptic device

Campion and Hayward, IROS 2005
http://ieeexplore.ieee.org/stamp/stamp.jsp?tp=&arnumber=1545066

The Pantograph Mk-II: A Haptic Instrument⇤

Gianni Campion, Student Member, IEEE, Qi Wang, Member, IEEE,
and Vincent Hayward, Senior Member, IEEE

Haptics Laboratory
Centre for Intelligent Machines

McGill University
3480 University Street, H3A 2A7, Montréal, Québec, Canada

www.cim.mcgill.ca/⇠haptic

Abstract—We describe the redesign and the performance
evaluation of a high-performance haptic device system called
the Pantograph. The device is based on a two degree-of-freedom
parallel mechanism which was designed for optimized dynamic
performance, but which also is well kinematically conditioned.
The results show that the system is capable of producing
accurate tactile signals in the DC–400 Hz range and can resolve
displacements of the order of 10 µm. Future improvements are
discussed.
Index Terms—Haptic Devices. Parallel Mechanimsms. Mech-

anism Conditioning. Performance Measures.

I. INTRODUCTION

The scientific study of touch, the design of computational
methods to synthesize tactile signals, studies in the control of
haptic interfaces, the development of force reflecting virtual
environments, and other activities, all require the availability
of devices that can produce reliable haptic interaction signals.
In some cases, it is needed to produce well controlled stimuli.
In other cases, it is important to have the knowledge of
the structural dynamics of a device, but in all cases, these
activities entail having devices which are well characterized.
Following SensAble’s Phantom R� and Immersion’s Im-

pulse Engine R�, several new commercially-available general-
purpose haptic devices have been recently introduced:
MPB’s Freedom-6S R�, Force Dimension’s Omega R�, Hap-
tion’s Virtuose R�, Immersion Canada’s PenCat/Pro R�; plus
other application-specific devices. In addition, interesting,
low-complexity, high-performance devices have also become
available, either from research institutions or from commer-
cial sources [9], [10], [15], [21]. We felt, nonetheless, that a
general-purpose laboratory system having high performance
features, would be a valuable tool.
With this in mind, we set out to redesign the ‘Pantograph’

haptic device, first demonstrated at the 1994 ACM SIGCHI con-
ference in Boston, MA [22]. Our first goal was the creation of
an open architecture system which could be easily replicated
from blueprints and from a list of off-the-shelf components.
The second goal was to obtain a system which would have
superior and known performance characteristics so that it

⇤This research was supported in part by the Institute for Robotics and
Intelligent Systems, and in part by the Natural Sciences and Engineering
Research Council of Canada.

could be used as a scientific instrument. Our intention is
to make the system available in open-source, hardware and
software.
An important aspect of the Pantograph, a planar parallel

mechanism (Fig. 1d), is the nature of its interface: a non-
slip plate on which the fingerpad rests (Fig. 1e). Judiciously
programmed tangential interaction forces fT at the interface
(Fig. 1e) have the effect of causing fingertip deformations and
tactile sensations that resemble exploring real surfaces.
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Fig. 1. Pantograph Mk II electromechanical hardware. a) Side view showing
the main electromechanical components. b) Front view. c) Photograph. d) Top
view of the five-bar mechanism and plate constrained to 2-DOF. e) The
interaction force has two components: fN is measured by the load cell and
fT results from coupling the finger tip to the actuators via linkages.

Proc. IROS 2005, IEEE/RSJ Int. Conf. Intelligent Robots and Systems, pp. 723-728.
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graphkit

Design by Tara Gholami and Joey Campion
http://hapkit.stanford.edu/twoDOF.html
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Fingertip Pantographs

Holdable Haptic Device for 4-DOF Motion Guidance

Julie M. Walker1, Nabil Zemiti2, Philippe Poignet2, and Allison M. Okamura1

Abstract— Hand-held haptic devices can allow for greater
freedom of motion and larger workspaces than traditional
grounded haptic devices. They can also provide more com-
pelling haptic sensations to the users’ fingertips than many
wearable haptic devices because reaction forces can be dis-
tributed over a larger area of skin far away from the stimulation
site. This paper presents a hand-held kinesthetic gripper that
provides guidance cues in four degrees of freedom (DOF).
2-DOF tangential forces on the thumb and index finger combine
to create cues to translate or rotate the hand. We demonstrate
the device’s capabilities in a three-part user study. First, users
moved their hands in response to haptic cues before receiving
instruction or training. Then, they trained on cues in eight
directions in a forced-choice task. Finally, they repeated the
first part, now knowing what each cue intended to convey.
Users were able to discriminate each cue over 90% of the time.
Users moved correctly in response to the guidance cues both
before and after the training and indicated that the cues were
easy to follow. The results show promise for holdable kinesthetic
devices in haptic feedback and guidance for applications such
as virtual reality, medical training, and teleoperation.

I. INTRODUCTION

Humans regularly receive guidance from electronic de-
vices through visual or audio cues. A smart phone can
give verbal instructions to drivers or show arrows on its
screen. Augmented reality headsets can provide instructions
and show trajectories to users as they complete assembly or
manipulation tasks [1]. The sense of touch is a rich platform
for this kind of information. Touch cues can encode direction,
magnitude, and timing. They can be discreet, whereas audio
cues may be disruptive. Additionally, they can be easier
to process than visual or auditory cues when attention is
divided. Touch guidance is central to learning in the physical
world: a tennis instructor may adjust a novice’s racket, and
a guitar teacher may move a student’s fingers. Especially
for tasks that have temporal components, guidance through
the sense of touch can be beneficial in training [2]. In tele-
operation tasks, such as minimally invasive robotic surgery
or remotely operating a robot to complete tasks around a
home, haptic feedback and guidance may be able to improve
performance in ways that visual or audio information cannot.

*This work was supported by a National Science Foundation Graduate
Research Fellowhsip, a Chateaubriand Fellowship, National Science Foun-
dation Grant 1812966, a Stanford Graduate Fellowship, and the Human-
centered AI seed grant program from the Stanford AI Lab, Stanford School
of Medicine and Stanford Graduate School of Business.

1J.M. Walker and A.M. Okamura are with the Department of Me-
chanical Engineering, Stanford University, Stanford, CA 94305, USA
juliewalker, aokamura@stanford.edu

2N. Zemiti and P. Poignet are with the Laboratory of Informat-
ics, Robotics and Microelectronics of Montpellier (LIRMM), Univer-
sity of Montpellier, CNRS, Montpellier, France nabil.zemiti,
philippe.poignet@lirmm.fr

Grip force  
motor 

Pantograph  
mechanism for 

tangential  
fingertip forces 

Palm-grounding  
handle 

Magnetic 
tracker in 

handle base 

		
				

y
z x

Fig. 1. In this holdable haptic device, two pantograph mechanisms provide
tangential displacements to a user’s fingertips. The reaction forces are
distributed at the handle, and thus are not noticeable. In this way, 4-DOF
guidance can be generated: 2-DOF translation and 2-DOF rotation. A motor
at the hinge between the arms allows the fingers to open and close and
provides the potential for grip force feedback.

Traditional kinesthetic devices can provide clear forces
or torques to move a user’s hand or resist motion [3].
Unfortunately, they the end-effector must be physically
grounded through rigid links. Larger workspaces require
larger, more expensive devices. Holdable or wearable devices
can be mobile and allow more freedom of motion, but it is
more difficult to provide compelling directional information
because they lack grounding to a world coordinate frame.

Although they cannot provide net forces or torques, ex-
oskeleton designs or holdable devices can generate guidance
forces on the fingertips because reaction forces can be
distributed across a larger area such as the user’s palm.
Holdable devices are easy to use because they can be picked
up and put down without needing to attach straps or elastics
to the fingers. They may also integrate more naturally with
virtual reality systems, as they are more similar to existing
controllers. So far, most holdable devices for virtual reality or
teleoperation have focused on applying normal forces to the
users’ fingerpads or recreating textures [4], [5]. Their use
for motion guidance beyond navigation has not been fully
explored.

In this paper, we present a holdable device capable of
providing four-degree-of-freedom (DOF) motion guidance
(Fig. 1). Attached to handle are two 2-DOF pantograph
mechanisms that displace the user’s thumb and index finger
to elicit pulling sensations in various directions. We show
that it is able to prompt users to move their hand up/down
and forward/backward as well as to twist (flex/extend) and
tilt (pronate/supinate) their wrists.

Julie Walker 2020
https://arxiv.org/abs/1903.03150




