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Continuum Approximation
•
•
•

•

Gas and liquids are both considered fluids
We do not attempt to represent the fluid motion at the molecular
scale
The mass of the discrete fluid molecules is “smeared” on the
entire volume and the intermolecular interactions are accounted
for in terms of their statistical effects on the macroscopic
properties of the material
To understand this approximation the concept of mean free path
is introduced
‒ λ: distance traveled by an atom before colliding with another
– Reference length of the device of interest,

•
•

Knudsen number: λ/L (for Kn<0.01 continuum assumption is
generally accepted)
Typical values (in standard conditions):
– Water: λ = 10-4 µm
– Air: λ = 60 x10-3 µm

Non-Continuum Flows
•

Two examples of high Knudsen number problems (noncontinuum)
– Space shuttle in the initial phase of atmospheric reentry
• Very low density (rarefied atmosphere)

– Silicon processing systems for chip manufacturing that operate in
near vacuum conditions
• Very low pressure for chemical processing
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Macroscopic Properties
•

The continuum hypothesis allows to define the fluid in terms of
macroscopic properties

•

Density (ρ): mass of material per unit volume [Kg/m3]
– If the density is constant the fluid is said incompressible

•

The measure of the flow compressibility is the Mach number:
the ratio of the fluid velocity and the speed of sound, a
– For Ma<0.3 the density variations can be assumed to be negligible

•

Typical values:
• Water: a = 1,400 m/s
• Air: a = 300 m/s

• Incompressible fluid flows are the focus in this class

High Mach Number Flows

Detonation theory and application group, LANL, http://t14web.lanl.gov/
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Macroscopic Properties
•

Viscosity (µ) : is a measure of the resistance of the fluid to deform
under stress [Kg/m]

•

A solid deforms until the intermolecular forces
balance the external stress
In fluids the deformation increases with time. If the
increase is linear the fluid is said Newtonian

•

• A measure of the importance of viscous effects vs the inertial
contributions is the Reynolds number ρVL/µ
• Typical values:
• Water: µ = 10-4 Kg/ms
• Air: µ = 1.8 x 10-5 Kg/ms

Effect of the Reynolds Number
Turbulent Separation Chaotic

350K < Re

Laminar Separation/Turbulent
Wake Periodic

200 < Re < 350K
40 < Re < 200

Laminar Separated Periodic

5 < Re < 40

Laminar Separated Steady
Laminar Attached Steady

Re < 5
Experimental
Observations

Re

4

1/14/09

Laminar vs. Turbulent Flow

Laminar Flow

The flow is dominated by the
object shape and dimension
(large scale)
Easy to compute

Turbulent Flow

The flow is dominated by the
object shape and dimension (large scale)
and by the motion and evolution of small
eddies (small scales)
Challenging to compute

Coral Reef Wake
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Scaling Laws
D ~ 1cm

D ~ 1km

Conservation Principles
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Control Volume
Let’s consider a region of space Ω, bounded by the surface S. We
are concerned with the properties of a fluid within Ω.
We can characterize the system in terms
of two extensive (depending on the amount
of matter considered) properties:

Mass

Ω
S

Momentum

Conservation Law
Consider a scalar quantity φ [per unit mass] and ρφ [per unit volume]
ρ is the specific mass (density) of the fluid [Kg/m3]
Rate of change
of ρφ

=

Flux through
+
the boundaries

Internal
production

n
INTEGRAL FORM

Ω
Q

S

F
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Conservation Law
Applying Gauss Theorem

Valid for an arbitrary Ω, so by letting the volume tend to zero

DIFFERENTIAL FORM

Ω
Q

S

Q

S

F

Conservation Law
The flux consists of two physically distinct processes

Convective flux: associated to ordered motion

Ω

Amount of scalar transported in a
Background flow

F
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Conservation Law
The flux consists of two physically distinct processes

Diffusive flux: associated to random motion (thermal agitation)
A model is Fick’s law

Ω
Q

S

where χ is the diffusivity constant and
its dimensions are [m2/s] independently of φ

F

Conservation Law
We can write the conservation law for a generic scalar quantity

In vector form (Einstein notation)

We can proceed similarly for a vector quantity
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Conservation Law
Given a vector quantity

The only difference are the fluxes (that become tensors)

The conservation law for a vector is:

Navier-Stokes Equations
Mass conservation: from the scalar conservation law with φ=1

also called CONTINUITY equations

Momentum conservation: from the vector conservation law with

Convective flux:

NON LINEAR
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Navier-Stokes Equations
Momentum conservation:
Diffusive flux: different models for different type of fluids,
we already introduced the Newtonian model

Kroneker symbol
where

Navier-Stokes Equations
Energy conservation: it can be written in different forms
We introduce the total energy:

Diffusive flux: Fourier law (heat conduction) + viscous heating
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Navier-Stokes Equations

In 3D:
5 equations
6 unknowns: p, ρ, vi, E(T)

Need supplemental information: equation of state

Equation of state (EOS)
Relation that links the thermodynamic properties of the fluid
Ideal or Perfect gas:
Gas consisting of identical particles of zero volume, with no
intermolecular forces. Additionally, the constituent atoms or
molecules undergo perfectly elastic collisions with the walls of
the container.
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Approximations
Although the Navier-Stokes equations are considered the appropriate
conceptual model for fluid flows they contain 3 major approximations:
1. Continuum hypothesis
2. Form of the diffusive fluxes
3. Equation of state

Simplified conceptual models can be derived introducing additional
assumptions

Incompressible fluids
Density is constant!
Appropriate for liquids and gases at low Mach number (<0.3)
If we also assume that the Temperature is constant (isothermal flow)

CONTINUITY
MOMENTUM

Equations are NOT easier!
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Inviscid flow
Effect of viscosity are negligible
Appropriate if the Reynolds number is very high.

CONTINUITY
MOMENTUM

Equations (Euler equations) are again NOT easier!, but at least they
involve only first derivatives

Potential flow
Effect of viscosity are negligible + the flow is incompressible + the
field is irrotational

From this condition, it follows that exists a velocity potential Φ

From the continuity:

The momentum equation can be then integrated to give the
Bernoulli equation for p
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Non-dimensional Equations
Traditionally the equations have been cast in non-dimensional form
by introducing reference quantities
The objective was typically to determine relative importance
between terms (e.g. Reynolds number) and provide scaling
arguments to eliminate certain contributions
In numerical methods the use of the non-dimensional form of the
equations does not provide advantages
There are still useful information to be extracted from the
dimensional analysis…
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