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General Optimization Problems I

Let the problem have the general mathematical programming (MP) form

minimize  f(x)

(P)

subjectto x € F.

In all forms of mathematical programming, a feasible solution of a given problem is a vector that satisfies

the constraints of the problem, that is, in JF.

First question: How does one recognize or certify an optimal solution to a generally constrained and

objectived optimization problem?

Answer: Optimality Condition Theory again.
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Descent Direction ' P
e

Let f be a differentiable function on R"™. If point X € R and there exists a vector d such that

Vfx)d <0, ;_‘r&)\

then there exists a scalar 7 > 0 such that

fx+7d) < f(X)forall 7€ (0,7).

—— i

The vector d (above) is called a descent direction at X. If V f(x) # 0, then V f(X) is the direction of
steepest ascent a @ he direction of steepest descent at X.

Denote by Dg the set of descent directions at X, that is,

DY ={d e R":Vf(x)d < 0}.
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Feasible Direction '

At feasible point X, a feasible direction is

DI :={deR":d+#0, x+ )\ € Fforall small A > 0}.
— =2

Examples:
F=R'=D/=R" _
ASK =

F={x: Ax=b} =D/ ={d: Ad = 0}. RC%-H\A\\:“\/)

.
F={x: szb}ipf:{d:AidZO,ViéA(i)}, @

where the active or binding constraint set A(x) := {i: A;x = b; }.
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Optimality Conditions I

Optimality Conditions: given a feasible solution or point X, what are the necessary conditions for X to be a

\Iocaboptimizer?

A general answer would be: there exists no direction at X that is both descent and feasible. Or the

intersection of Dg and D;—]z must be empty.
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Unconstrained Problems T

Consider the unconstrained problem, where f is differentiable on ", ,v@$3 = C
minimize f(x)
(UP)
subjectto x € R".
D! = R",sothat D = {d € R" : Vf(x)d < 0} = 0:
M
Theorem 1 Let X be a (local) minimizer of (UP). If the functions f is continuously differentiable at X, then

V(%)= 0.



Yinyu Ye, MS&E, Stanford MS&E310 Lecture Note #12

Linear Equality-Constrained Problems I

Consider the linear equality-constrained problem, where | is differentiable on R,

minimize f(x)
(LEP)
subjectto Ax = b.

Theorem 2 (the Lagrange Theorem) Let X be a (local) minimizer of (LEP). If the functions [ is

continuously differentiable at X, then
Vi) =y'A
forsomey = (gl; celd gm) c R, which are called Lagrange or dual multipliers.

The geometric interpretation: the objective gradient vector is perpendicular to or the objective level set

tangents the constraint hyperplanes.
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Consider feasible direction space ;
F={x: Ax=b} = D! H{{d: Ad = 0}.
g MK |

If X is a local optimizer, then the intersection of the desce i rection sets at X must be empty

or

~—
has no feasible solution for d. By the Alternative System Theorem it must be true that its alternative

system has a solution, that is, there is y € R such that
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The Logarithmic Barrier Function Problem I

Consider the problem

R n
minimize — > ., logx;

subject to Ax = b,
LX > Oﬁ\——) [¥X0 =b

The non-negativity constraint can be removed if the feasible region has an ”interior”, that is, there is a

feasible solution such that x > 0. Thus, if a minimizer X exists, then x > 0 and

The maximizer is calle the analytic center of the feasible region.
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Linear Inequality-Constrained Problems I

Let us now consider the inequality-constrained problem

minimize f(x)
(LIP)
subjectto Ax > b.

Theorem 3 (the KKT Theorem) Let X be a (local) minimizer of (LIP). If the functions | is continuously

differentiable at X, then
Vix) =y"4,5>0 <
forsomey = (y1;...;Ym) € R™, which are called Lagrange or dual multipliers, and

y, =0, ifi & A(X).

The geometric interpretation: the objective gradient vector is in the cone generated by the normal

directions of the active-constraint hyperplanes.

10
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F={x: AXZb}#D}Z:{dIAidZO,WEAG‘)}H

or

DI ={d: Ad > 0},
— __—\—/_\
where A corresponds to those active constraints. If X is a local optimizer, then the intersection of the

descent and feasible direction sets at X must be empty or

C
@>0 Vf(x @

has no feasible solution. By the Alternative System Theorem it must be true that its alternative system has

a solution, that is, there is y > 0 such that

Vf(_) y A= Z yzA _Zyz i

e A(X)

when let 77, = O for all ¢ ¢ A(X). Then we prove the theorem.

11
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Optimization with Mixed Constraints I

We now consider optimality conditions for problems having both inequality and equality constraints. These

can be denoted

minimize  f(x)
(P) subjectto Ax =Db
X >0

For any feasible point X of (P) we have the sets

=
o dl
|

{J:2; =0}

DY = {d:Vf(x)d <0}

12
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The KKT Theorem Again I

Theorem 4 Let X be a local minimizer for (P). Then there exist multipliers y, such that

Vfx) =ylA4sT
S >0
5 =0 ifj & A(X).

13
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Optimality and Complementarity Conditions I

r;(Vfx)—yTA),;, = 0,Vji=1,...,n
o AX/: b
Vfix)—y'A > 0
x > 0.

xjs;, = 0,Vy=1,...,n
,«rCf Ax = Db
Vfx)—ylA-st = 0
x,s > 0

14
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Sufficient Optimality Conditions I

Theorem 5 If  is a differentiable convex function in the feasible region and the feasible region is a convex

set, then the (first-order) KKT optimality conditions are sufficient for the global optimality of a feasible
solution.

Corollary 1 If [ is differentiable convex function in the feasible region, then the (first-order) KKT optimality

conditions are sufficient for the global optimality of a feasible solution for linearly constrained optimization.

How to check convexity, say f(x) = 27
e Hessian matrix is PSD in the feasible region.

e Epigraph is a convex set.

15
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LCCP Examples: Linear Optimization I

(LP) minimize cl'x

subjectto Ax =Db, x> 0.

For any feasible x of (LP), it's optimal if for some y, s

;S5 = O,Vj:L...,TL
Ax = b
Vicrx)=cl = ylA+s?
x,s > 0.

Here, y are Lagrange multipliers of equality constraints, and s (reduced cost or dual slack vector in LP)

are Lagrange multipliers for x > 0.

16
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W LYY o 3 LCCP Examples: Barrier Optimization I
N (K —l

- 0O~ 3
LDC

7 CY) (s)
wxit f(X) :cTX—,uZlog(xj),/ c+. AXTb , ¥X=0 (20)
j=1

or some fixed 11+ > (. Assume that interior of the feasible region is not empty:

Ax = b l><~= L
(yTA);,"Z 0,¥j=1,...,n A
x > 0. B -

Let s; = % for all j (note that this s is not the s in the KKT condition of f(x)). Then
ris; = W, Vj=1,...,n, @ Hyh""\"l)y

Ax = Db, L

Aly+s = ¢, XQ\A}A O
(x,8) > O. S M)

N LMY

17
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Proof of Uniqueness I

Solution pair of (x, s) of the barrier optimization problem is unique.

AW
Suppose there two different pair (x', s') and (x?, s?). Note that e = pe

Thus, there is 7 such that

If ac} > :U? then sjl < s? since 715t = m?s? — 1t > 0, which leads to (S;L — S

777
contradiction. Similarly, one cannot have x} < x?

(\V}
N~—
/N

3
—
|
3
SN
N—~
A
-
I
QO
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Central Path for Linear Programming I

Let (x(1t),y (1), s(1)) be the KKT solutions of the barried LP problem. Then the path

C={(x(n),y(p),s(p)) € int F: Xs=pe, 0 <p<ooj;
is called the (primal and dual) central path of linear programming.

Theorem 6 Let both (LP) and (LD) have interior feasible points for the given data set (A, b, c). Then for
any 0 < . < oo, the central path point pair (x (1), y (1), s(jt)) exists and is unique. |

19
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(xosls/

KKT Application: Fisher’s Equilibrium Price I produd= (2 uyjevs
X (o < I! w l
(
Player © € B’s optimization problem for given prices P, J € G. :

%\_ N :.
<oV maximize :?’_;G U T :\ e W,

subject to X; 1= Tii < w;, :
- J p i jEGpj i = Wi P\/\. , \Afe/
xij 2 07 \V/], V3
By Gree

Assume that the amount of each good i The equilinitum price vector is the one that for all y € &

Z:C(p)ij = §j ~—

Movizet Cloavare

20
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Example of Fisher’s Equilibrium Price I

There two goods,(XJand@ each with 1 unit on the market. Buyer 1, 2’s optimization problems for given

prices p.. . Top
maximize 2x1 +
1 T Y1 _ WL
subjectto Dy - 1 + Py - Y1 <5,
x1,y1 = 0;
maximize 3582 + Y2
. - We_
subjectto  py - T2 +py - Y2 < 8,
L2, Y2 Z O
26 13 1 . 12 0
Px 3 s\ Py 3 o 1 137 Y1 y L2 137 Y2

21
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Equilibrium Price Conditions I

Player ¢ € B’s dual problem for given prices p;, j € G.

minimize

subject to

Ww;Y;

Py > w;, y; > 0

The necessary and sufficient conditions for an equilibrium point x;. p are:

To _
P X = w;, X; > 0,

T

PiYi = Wij, Yi = 0,

Te __
u; X; = W;Y;,

£— 2. %ij = 5,

Vi,
i p'x; = w;, x; >0,
(2R iq
_ <=> pj > wi o1,
V1, P
Vi 2_i Tij = 55,

22
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Equilibrium Price Conditions (continued) I

These conditions can be equivalently represented by

—
—

Zj gj@ < Zz w;, X; > O, \V/Z, 5‘)(;/ P 'i

(pzwggs | vig
2_i Tij = 55, vJ.

since from the second inequality (after multiplying x;; to both sides and take sum over ) we have

pTXz' > Wy, Vi.
Then, from the rest conditions

Zwi > Zgjpj = ZPTXz' > sz
i j i

7

Thus, every inequality in the sequel has to be equal, that is, pTXZ- = w;, Vi and

. Ui T4 -
i = W, Yi. 7.
PjLij ialx; ) J

23
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Equilibrium Price Property I

If u;; has at least one positive coefficient for every j, then we must have p; > 0 for every j at every

equilibrium. Moreover, The second inequality can be r _§ (x) = -

log(u; x;) + log(p;) > log(w;) 4 log(u;),

—

- \ ——

1,7, Ujj > 0.

——

The function on the left is (strictly) concave in x; and p;. Thus,

Theorem 7 The equilibrium sew Fisher Market is convex, and the equilibrium price vector is unique.

Lp) Yo \

C/:\ c YV

24
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Aggregate Social Optimization I wer SToX

%)

:_":-.\
maximize ZiGB@g(u?@ o<*.< |

subjectto ) .- p T4j <5, VjEG, 2 >0, Vij
A K = :'Fi de\ @
DLE&SSP i - : ) %L%O)( PC. X

= % =
Theorem 8 (Eisenberg and Gale 1959) Optimal dual (Lagrange) multiplier vector of equality constraints is
an equilibrium price vector. P! x*

—

—

The proof is from Optimality Conditions of the Aggregate Social Problem:

w; u%};:z S Pj, \V/ZL] ] plC . 7\@/
w; % = p;Ti;, Vi,7 (complementarity) !
X3 > 07 \V/Z,

which is identical to the equilibrium conditions described earlier.

25
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Rewrite Aggregate Social Optimization I

maximize ) . w;logu;
W, X _ - .
subject to EjeG uj ;i) —u; =0, VieDB
Zz’EB‘rij:‘gﬁ V]GG

Lij > 07 Uj > 07 \V/i,j,

@V\(\I ne_

This is called the weighted analytic center problem.
Question: Is the price vector p unique when at least one u;; > 0 among ¢ € B and u;; > 0 among
j €@.
Aggregate Example:
maximize 5 log(2x1 + y1) + 8log(3z2 + y2)
subjectto x1 + xo = 1,
y1+y2 =1,
T1,T2,Y1,Yy2 > 0.

26



Yinyu Ye, MS&E, Stanford MS&E310 Lecture Note #12

Using the Lagrangian Function to Derive Optimality Conditions I

We consider the general constrained optimization:

min  f(x)
s.t IE:(;) (<,=,>) 0,i=1,...,m,

For Lagrange Multipliers:

—

A={\ (KJiree!,>) 0,1=1,...,m}, ( MSsc !

the Lagrangian Function is given by




