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Optimization Algorithms I

Optimization algorithms tend to be iterative procedures. Starting from a given point x0, they generate a
sequence {Xk} of iterates (or trial solutions) that converge to a “solution” — or at least they are designed
to be so.

Recall that scalar {Zlfk} converges to 0 if and only if for all real numbers £ > ( there exists a positive
integer /< such that
2% < e forallk > K.

Then {x"} converges to solution x* if and only if {||x* — x*||} converges to 0.

We study algorithms that produce iterates according to
e well determined rules—Deterministic Algorithm
e random selection process—Randomized Algorithm.

The rules to be followed and the procedures that can be applied depend to a large extent on the

characteristics of the problem to be solved.
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Generic Algorithms for Minimization and Global Convergence Theorem I

A Generic Algorithm: A point to set mapping in a subspace of R".

Theorem 1 Let A be an “algorithmic mapping” defined over set X , and let sequence {Xk } starting from
a given point <", be generated from

x" e A(xF).
Let a solution set S C X be given, and suppose
i) all points {x"} are in a compact set;

i) there is a continuous (merit) function z(x) such thatif x ¢ S, then z(y) < z(x) forally € A(x);
otherwise, z(y) < z(x) forally € A(x);

iii) the mapping A is closed at points outside S .
Then, the limit of any convergent subsequences of {Xk } is a solution in S .

A mapping is closed if y* = A(x") — y and x¥ — X implies y = A(X) (mostly proved by
contradiction).
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Descent Direction Methods '

In this case, merit function z(x) = f(x), that is, just the objective itself.

(A1) Test for convergence If the termination conditions are satisfied at %", then it is taken (accepted) as a
“solution.” In practice, this may mean satisfying the desired conditions to within some tolerance. If so,
stop. Otherwise, go to step (A2).

(A2) Compute a search direction, say d* = (). This might be a direction in which the function value is

known to decrease within the feasible region.
(A3) Compute a step length, say o’ such that
f(x* 4+ a*d?) < f(x").
This may necessitate a one-dimensional (or line) search.

(A4) Define the new iterate by setting
FH1 — xk 4 ok gk

and return to step (A1).
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Algorithm Complexity and Speeds I

e Finite versus infinite convergence. For some classes of optimization problems there are algorithms

that obtain an exact solution—or detect the unboundedness—in a finite number of iterations.

e Polynomial-time versus exponential-time. The solution time grows, in the worst-case, as a function of

problem sizes (number of variables, constraints, accuracy, etc.).

e Convergence order and rate. If there is a positive number~y such that
o)
kY

then {x”} converges arithmetically to x* with power ~. If there exists a number v € [0, 1) such that

Ix* —x*|| < %" — x|,

XM — x| < AfxF = x| (=[x - xE] <A - xF]),
then {x”} converges geometrically or linearly to x* with rate . If there exists a number v € [0, 1)
1M — x| < yl[x" = x? after y[x" — x| < 1

then {x"} converges quadratically to x* (such as {(%)2k }).

5



CME307/MS&E311: Optimization Lecture Note #16

Algorithm Classes I

Depending on information of the problem being used to create a new iterate, we have

(a) Zero-order algorithms. Popular when the gradient and Hessian information are difficult to obtain, e.g.,

no explicit function forms are given, functions are not differentiable, etc.

Golden-Section Method for one-dimensional search - linear convergence rate 0.618

(b) First-order algorithms. Most popular now-days, suitable for large scale data optimization with low
accuracy requirement, e.g., Machine Learning, Statistical Predictions...

Bi-Section Method for one-dimensional search - linear convergence rate 0.5
(c) Second-order algorithms. Popular for optimization problems with high accuracy need, e.g., some
scientific computing, etc.
Newton’s method: superior local quadratic (order-two) convergence, but may fail globally.
Most algorithm analyses are based on solving various Lipschitz conditions/constants.

All algorithms allow some inexactness in numerical computation.



CME307/MS&E311: Optimization Lecture Note #16

First-Order Algorithms: the Steepest Descent Method I

Let f be a differentiable function and assume we can compute (column vector) V f . We want to solve the

unconstrained minimization problem

L2 150

In the absence of further information, we seek a KKT solution of f, that is, a point x™ at which
V f(x*) = 0. Here we choose direction vector d* = —V f(x*) as the search direction at x”*. The

number " > (), called step-size, is chosen “appropriately,” namely to satisfy
of = argmin f(x" — aVf(x")).
(6%

Then the new iterate is defined as x* 1 = x* — oV f(x").

Now, if V f(x**1) £ 0, then —V f(x"T1) is a direction of descent at x**; in fact, it is the direction of
steepest descent. The convergence speed of SDM is arithmetic with 6% in general, and % in the convex

case, for desired accuracy e.

Many different step-size rules and direction modifications were proposed.
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SDM Variants | '

e The Barzilai and Borwein rule: Let A = x* — x*~! and A} = Vf(x") = Vf(x"1),

o~ (Gl o o = S
(A)TA] (ADTA]

e The fixed step-size rule: aFf = % for objective functions being the (first-order) 3-Lipschitz; that is, for

any two vectors x and d,

[VF(x+d) ~ VG| < Bl = f(x+d)— f(x) < VF(x)Td+ 5 a2

e Doubling/Halving rule: stat at a good step-size guess «:

k k k
Case1: Ifa < 2(/(x7)—J(x +ad7)) then v <— 2, stop as soon as the inequality is reversed and return

[d* ]2
the latest v with v < Q(f(xk)ﬁafﬁ?radk)).
k k k
Case 2: Otherwise o < 1/2; stop as soon as o < /= >\_|<}1fk(:|)|(2 od7)) and return it.
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SDM Variants Il '

e The Accelerated Steepest Descent Method (ASDM): a carefully designed modification of two

consecutive SDM step solutions for for objective functions being the (first-order) 5-Lipschitz, where the

convergence speed of ASDM is arithmetic with 611/2 :

e The Conjugate Gradient (CG) Method: an intermediate SDM and Newton’s method obtained by

successively selecting conjugate-gradient directions as the method progresses.

e The Parallel Tangent Method (PARTAN): a complete cycle consists of taking two steepest descent
steps and then searching along the line connecting the starting point and the point obtained after the

two SDM steps.
e Stochastic (sub)Gradient Method, application to online linear programming.

e The Quasi-Newton (QN) Method: an essentially Newton’s method with a on-line learning process of

Hessian via rank-one or rank-two update.

All of the latter three methods converge in finite number of steps for solving convex quadratic optimization.
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Second-Order (SO) Algorithms: Newton’s Method with a Step-Size I

For unconstrained optimization, the iteration is given by

XM = 1P — oM (VA () TV (D),

where z in the pure Newton’s method o = 1.

Convergence: quadratically if the starting point is close enough AND the Hessian matrix is non-singular at
every iterate and the limit point. It converges in one step if the function is quadratic and the Hessian matrix

IS nhon-singular.

A step-size would work for strictly convex optimization, since (V2 f(x")) ! is positive definite so that
—(V2f(xF)) 1V f(x") is a descent direction.

More generally, a modified Newton method would be
XM= xb = o (VAF(xF) +9M) TV F(xE),
for some positive number 7’“ such that sz(xk) + ka is positive definite for descent property.

The convergence analysis of SO algorithms is typically associated with the so-called second-order
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[-Lipschitz condition: for any two points x and vector d
IVf(x+d) - Vf(x) - Vf(x)d| < gld]?,
which implies
1
Fox+d) — () < Vi()Td + Zd"V?f(x)d + 5 d]P
Note that a function may not be Lipschitz everywhere, but Lipschitz when X is bounded.

Thus, one can solve a sequence of cubic minimization:

1
miél VixMTd + §dTv2f<Xk>d, st ||d]| < «

which is called the spherical “Trust-Region” method, which would be discussed next.

The convergence speed is arithmetic with 6%5 in general, and log(%) in the convex case, for desired

accuracy €.
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Spherical Trust-Region Method for Minimizing Lipschitz f(x)

Recall the second-order 3-Lipschitz condition: for any two points x and d
lg(x +d) — g(x) - Vg(x)d| < glld|]%,

where g(x) = V f(x) and Vg(x) = V?f(x). It implies

f(x+d) - f(x) < Vf(x)'d+ %dTVZf(x)d + ngH?’.
f(x+d)— f(x) - Vf(x)'d - %dTVQf(X)d
[ dT(Vf(x+td) — Vf(x))dt — 1dTV3(x)d
JdT (Vf(x +td) — Vf(x) — V2f(x)(td)) dt
Jo IV £(x + td) = V£(x) — V2 f(x)(td) |t
Jo ||| B][#d||2dt (by 2nd-order -Lipschitz condition)
Blld|® fy ¢t = 5.

VANVA
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The second-order method, at the kth iterate, would let xk+l — xk -+ d* where
. 1
d* = argming (c¥)'d+ 3d"Q%d + ga?’
st 1d]| < e,

with c* = V f(x") and Q% = V2 f(x"). One typically fixed v to a “trusted” radius " so that it
becomes a sphere-constrained problem (the inequality is normally active if the Hessian is non PSD):

(QF + A" I)d" = —c*, (Q" + A1) = 0, [|d"|3 = (a)*.

For fixed o, the method is generally called trust-region method.

The Trust-Region can be ellipsoidal such as || Sd|| < « where S is a PD diagonal scaling matrix.
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Convergence Speed of the Spherical Trust-Region Method I

Is there a trusted radius such that the method converging? A simple choice would fix alf = ﬁ/ﬁ Then
from reduction (??)

Ak 5 A (k)2 5 \F 3/2
PO = fo) < =P + et =~ Baky = -2
Also
B = g0+ — (e +QFaY) + (e + Qtab)|

< |lg(xk ) = (ck + QFa¥)|| + || (ck + QFaF)|
< BIIF]? + A dF|| = B(ak)? + Meak = & 4 2E,

Thus, one can stop the algorithm as soon as )\k < /€ so that the inequality becomes Hg(xkﬂ) 1<%
min(Vg(x"))| < A¥ = /e

2 0 *
Theorem 2 Let the objective function p* = inf f(x) be finite. Then in 2 (fe(f =) jterations of the

and the function value is decreased at least — W Furthermore,

frust-region method, the norm of the gradient vector is less than ¢ and the Hessian is ﬁ -positive

semidefinite, where each iteration solves a spherical-constrained quadratic minimization discussed earlier.
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Adaptive Spherical Trust-Region Method I

One can treat v as a variable in
d¥* = argming, (cf)'d+id7QFd+ ga?’
s.t. |d|| < «a.
Then, the optimality conditions of this sub-problem would be
(QF + A" = —c*, (Q* + ) = 0, |[d|j3 = o,

and o = % Thus, let d(\) = —(Q" + \I)~!cF, the problem becomes finding the root \ of

IdM[]* = =5 =0,

where A > —\,,in (QF) > 0 (assume that the current Hessian is not PSD yet), as in the Hybrid of
Bisection and Newton method discussed earlier in log log(1/¢) arithmetic operations.

In practice, even (3 is unknown, one can forward/backward choose A such as the objective function is
reduced by a sufficient quantity, and there is no need to find the exact root.
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Relation to Quadratic Regularization/Proximal-Point Method I

One can also interpret the Spherical Trust-Region method as the Quadratic Regularization Method

d*(\) = argming (c*)Td+ 1dTQ*d + 5||d|?
where parameter A makes (" + AI) = 0. Then consider the one-variable function

p(A) = f(x" +d"(N))

and do one-variable minimization of ¢(\) over \. Then let \* be a minimizer and
xFTl = xF + d¥(\F).

Thus, based on the earlier analysis, we must have at least

FOMH) - f) < -

for some (local) Lipschitz constant (3 of the objective function.

Note that the algorithm needs to estimate only the minimum eigenvalue, )\mm(Qk), of the Hessian. One
heuristic is to let A" decreases geometrically and do few possible line-search steps.
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Dimension-Reduced Second-Order Method with Trust Region: one dimension I

Let H* = V2 f(x¥), gl = Vf(xF), x"™ = x* — aghorx*T1 = x¥ — agh/|g"|| for some «.
Let g¥ = g” /||g"||. Then, for the second expression, one can solve the one-dimensional trust-region
k

k
problem: o = arg min,cr —||g”||a + 4-a?, subject to spherical trust-region (or interval)

a? < (e/B)?, where ¢" = (g")? H"g". The optimality conditions of this sub-problem are \* > 0 and
(q" + M)a* = |Ig"[|, (¢" + X*) > 0, A*(Ve/B —a*) = 0.

As long as A\ > ﬁ the objective function would be reduced by the same quantity as that in the
full-dimensional case. Otherwise, if further ¢ < /€, we must have ||g"|| < %

Now what happens when \* < /e and ¢* > /€ in the sub-problem? Denote by d* = —a’g”,

xF Tl = xF 4 d¥ and g = V f(x"T1). Then

gk+1 _ (gk—H o gk o dek) + (gk + dek)
and

17
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k)T(gk—l—l o gk L dek> T (gk)T(gk s dek)
)T (gt —gh — H*d*) + ||g"|| - ¢"a”
k)T(gk+1 o gk o dek:) s )\k:ak:.

(gF)Tght!

1]

(
(
(

which implies that (noting ||g" || = 1):
(978" < lgh] - Il(g"+! — g* — H"d¥)| + 5 < Ba*)? + 5 = %

O(BQ(f(lxg)—p*))

=]

VAN
V=]

iterations of

Proposition 1 Let the objective function p* = inf f(x) be finite. Then in
the one-dimensional trust-region method, the absolute-value of a gradient vector norm or the projection of
the new gradient vector onto the current gradient subspace is less than O(e). Furthermore, the Hessian is

\ﬁ -positive semidefinite on the current gradient subspace.

Note that if either ||g" || or ||g”|| is less than ¢, then the algorithm stops. Otherwise, g" ! must be
almost orthogonal to gk which has created a new search direction very different from the previous one.

k k

One can also try x* 1 = x¥ — 098" + a“u” where u” is a random vector
u® e N(0,1 —gh(gh)?) suchthat E[(gF)Tu*] = 0 and E[u”(u”*)? + gh(g")?] = I and
(a9, ™) is decided by solving a two-dimensional trust-region subproblem. Or choose u” as the

momentum direction (x* — x*~1) as follows.

18
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Dimension-Reduced Second-Order Method with Trust Region: two-dimension I

Let H* = V2 f(x"),d" = x* —x""land g" = Vf(x"), and

(g")TH*g" —(d*)"H"g" > —[lg"|I?
Qk — - S 7C p— & R2
_(dk)THk:gk: (dk)THk:dk (gk)Tdk

Then, similar to the full-dimensional Spherical Trust-Region, one can construct a 2-dimensional
trust-region quadratic model:

oF(A\F) = argmingep:  (cF)Ta+ %@TQkoz — ’\—;HOzH2
where parameter \* makes (Q" + A\*I) = 0. Finally let
xFHl = xF — o/fgk + agdk.
Again, if the Hessian sz(xk) is not available, one can approximate
HrgF ~V(x" +g") —g" and H*d" ~ V(x* +d") —g" ~ —(g"' — g");
or more accurate difference approximation between two gradients.
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A Path-Following Algorithm for Unconstrained Optimization | I

For any 11 > 0 consider the (unique) optimal solution x (/) for problem
_ - H 2
x(p) = argmin f(x) + o [|x]%,
and they form a path down to X(O) and satisfy gradient equations with parameter [i:
g(x)+ ux =0, with pu=pu">0. (1)

Let the approximation path error at x " with w = ,uk be
1
k kk k
X))+ uxt| < —u".
Ja(c) + x| < 5o

k“, using Newton’s method with x" as an initial solution, such

Then, we like to compute a new iterate x

that .
Hg(xk+1) + Iuk+1xkz+1 H < %ulﬁtl’ where 0 < Mk+1 < Mk-

If ,uk can be decreased at a geometric rate, independent of €, and each update uses one Newton step,

then this would lead to a linearly convergent algorithm.
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Feasible FO Algorithms for Non-Negative Conic Optimization I

min f(x) st x> 0.

e Interior-Point SDM on Logarithmic Barrier 1. ) _ ; log(;) or Potential Function

2n log(f( Z log(z;)

where 2 is an objective lower bound.

e Interior-Point Affine-Scaling SDM: d* = — (X *)2V f(x"), where X* = diag(x"); and the
step-size is a certain fraction to the boundary and the Lipschitz constant, which ever is smaller. lts
convergence speed is arithmetic with = in general, and = in the convex case, for desired accuracy ¢.

e SDM Followed by Feasible-Region-Projection: Question in HW3
- xhtl — gk lVf(xl‘“)

— xF* = Projg (%FT1)
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Feasible FO Algorithms for SDP Conic Optimization I

min f(X) st X > 0.

e Interior-Point SDM with Logarithmic Barrier ;1 log det(.X') or Potential Function
2nlog(f(X) — z) — log det(X)

where 2 is an objective lower bound.

e Interior-Point Affine-Scaling SDM: D* = — X*V/ f(X*) X*; and the step-size is a certain fraction to
the boundary and the Lipschitz constant, which ever is smaller. Its convergence speed is arithmetic

with eig in general, and % in the convex case, for desired accuracy e.

e SDM Followed by Feasible-Region-Projection (Question in HW3):
vk+1 _ Yk 1 k
- XPtl = X~ — BVf(X )

— X+ = proj (XFH1)
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Feasible FO Algorithms for Optimization with Equality Constraints I

min f(x) st. Ax=be R™ x>0¢c R".

e Reduced Gradient Method: at each step, consider the problem only in terms of the n — m
independent variables due to the linear equality constraints (which variables are called nonbasic
variables in Linear Programming). Then the objective can be viewed as the independent variables, and
its gradient with respect to independent variables is the reduced gradient/cost vector. Therefore, the
problem simply becomes a non-negative conic problem.

e Sequential LP Method: Find a feasible and descent direction from the current feasible iterate xF:

min Vix")d st Ad=0¢ R™, x"+d>0¢c R",

then take a step-size along the minimal direction.

e Interior-Point SDM: minimizing the potential function with only equalty constraints and apply the
Gradient-Projection SDM; and its convergence speed is arithmetic with 6% in general, and % in the
convex case, for desired accuracy e.

e Backtrack step-size rule similar to those discussed earlier.
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SO Algorithms for Linearly Constrained Optimization: Interior-Point Methods I

min f(x) st Ax=beR™ x>0¢c R".

Furthermore, let f(x) be convex and satisfy the second-order (3,-Scaled Concordant Lipschitz condition:
for any point x > O (where the function does not need to be differentiable at the boundary)

| X (Vf(x+d)—Vf(x)—Vf(x)d) | < Bad’ V?f(x)d, whenever || X 'd| < a(< 1).

This condition is specially suitable for analyzing interior-point methods described below.

Given a strictly feasible (x > 0,y,s = V f(x) — A’y > 0), compute direction vectors (d., d,, d):
Sd, +Xd, = r:=

Ad, =
V2f(x)d, — ATd, —d, =

Xs,

n—l—p

e O

Let

ay/min(X Se)

0 —
[(X.S)=1/2r|
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where o € (0 1) is a constant depending on (3, and
xt=x+6d,, y"=y+6d, and st =Vf(x")- AlyT.

Then, <X+ > 0,y, sT > O) is strictly feasible and the algorithm convergence speed is log % For linear
programming, the speed is quadratically convergent once the iterate is close to the optimal solution set.

No need to understand complexity proofs of interior-point methods, but high level ideas and concepts such

as central-path and potential functions!
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The Lagrangian Function and Method I

f*:=min f(x) st h(x)=0, xecX.

Consider

The Lagrangian function:
L(x,y) = f(x) =y h(x),

and the Augmented Lagrangian function:

La(x.y) = £() ~ y"h(x) + 5 [B(x)|*
Let the dual function be:
o(y) = min Lo (x,y); (2)
and the dual problem
(f* 2)¢* :==max ¢(y). 3)

In many cases, one can find y™ of dual problem (3), a unconstrained optimization problem; then go ahead
to find x™ using (2).

26
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e The Augmented Lagrangian Method: (%)

x"*t! = arg min L, (x,y"), and y"t! = y* — Bh(x"1).
x€X
e The ADMM: (*)
le+1 = argminy, Lo(x1,x5,y"%),
x5t = argming, L, (x5, xa, y5),
yFrt = yk — Bh(xf T x5,

e The Multi-Block ADMM and Randomly Permuted Version

k+1 : k ok
X = argminy, Lq(X1,....,X,,y"),
k+1 : k41 k
Xn+ = arg Miny, L, (X7, ... X, ¥"),
k+1 ok k+1 k41
y + —y _/Bh(Xl ,...,X2 ).

27
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Block Coordinate Descent Method for Unconstrained Optimization I

min  f(x) = f((x1; X2, ...; X)), WhereX = (X1; X2} ...; Xp).
x€ERN

Let f (X) be differentiable every where and satisfy the (first-order) [3-Coordinate Lipschitz condition, that
is, for any two points x and y

IVif(x+ej.xd) = V;f(x)]| < 5jlle;. «d
where €; is the unit vector that ¢; = 1 and zero everywhere else, and . is the component-wise product.
e Cyclic Block Coordinate Descent (CBCD) Method (Gauss-Seidel) %
e Aitken Double Sweep Method %
e Gauss-Southwell Method %
e Randomly-Permuted Cyclic Block Coordinate Descent (RCBCD) Method %
e Randomized Block Coordinate Descent (RBCD) Method %

Often, one does not minimize each coordinate exactly, but takes a gradient step.
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Stochastic-Gradient-Method for Minimizing a Large-Sum of Functions I

Large-Sum of Functions, e.g., Sample Average Approximation (SAA):
. I 1 M i
min, Fy(x) == 57 > 1 f(x,0").
Two Approaches:

e Sample-First and lterate-Second, in particular, SAA: collect enough examples then search a solution
of an approximated deterministic optimization problem. The computation of the gradient vector:

V Fun(x ZVf x,w') and x"T' =x" — a"VFy(x").

e Sample and lterate Concurrently — SGD: collect a sample set S* of few samples of w at iteration k:

g" = |S’“ ZVfX W) and x"TT =x" —afgh.
icSk

Key Questions: how many samples are sufficient for an € approximate solution to the original stochastic

optimization problem. This is the information/sample complexity issue in optimization.
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SGD with Batch-Size One '

sampled uniformly at iteration k:

Apply SGD with one wk

g" = Vf(xF wh) and xFT1 =xF —afgh.

e Works in general with the step size rule:

a® =0 and (Z cyk) — 00 (eg., o = O(k~12)).
k=0

; and return X = % Zii_ol x" (L&Y pp292).

e Specifically, o, = —~, where /3 is the largest || g
BVE

e A great technology to potentially reduce the computation complexity — need fewer samples at the
beginning.

e Potentially only select important and sensitive samples — learn where to sample.

e Dynamically incorporate new empirical observations to tune-up the probability distribution.
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Project-l: SNL I

2 . . . .
17 V(Z,j) S Naca 1 <7,

Hakﬁ _XjH2 — szja V(k,]) < Na7

Ixi —x;]* =d

SDP relaxation for solving solve (4): Find a symmetric matrix Z &€ St such that

min Qe ./

s.t. Zl:d,l:d — I)

(0;e; —€;)(0;e; —ej)T @ Z =d2, Vi, j€ Ny, i <}, (5)
(ax; —e;)(ay; —e;)l o Z = CZ,%j, Vk,j€ Ng,
Z = 0.

Also a simple nonlinear least squares (NLS) approach to solve (4):

. 2 2
min - > en, (1% —%50° = d3;)" + 3 4 j)en. (Ha’f —%4* - dii) ©
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P-l: Questions '

e Run some randomly generated problems (in 1D, 2D and 3D) with few (2, 3 and 4) anchors and tens

sensors to compare the SOCP, SDP, and NLS approaches.

e Create some noise data and solve the SDP relaxation to minimize

Ixi = %3017 = ;| + X agyen, [llak — %511 = di;

Z(@'j)eNm
e Use the SDP solution X = [X;, %o, ...., X,,| of Z as the initial solution for model 6 and apply the

Steepest Descent Method for a number steps. How is the final solution?

e Apply ADMM to the split nonlinear least squares:

. 2 2
Hin Z(ij)ENw [(XZ _ XJ')T(yi — Vi) — d?j] + Z(kj)gNa [(ak - Xj)T(ak: — Vi) — dij}

s.t. x; —y; =0, Vj.

e Apply Steepest Descent and Feasible Projection Method to SDP Relaxation (Slide 9 of Lecture 12) by
fixing one sensor at the origin, that is, only needs to localize n — 1 sensors. Furthermore, if the
location of other two sensors are known, then we can determine all other sensor locations.
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Project-ll: An Online Linear Programming/Resource Allocation Example I

order 1(t = 1) | order2(t = 2) | ..... Inventory(b)

Price(7;) $100 $30
Decision T To

Pants 1 0 100
Shoes 1 0 50
T-shirts 0 1 500
Jacket 0 0 200
Socks 1 1 1000
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P-Il: Offline Formulation LP and CP '

LP max wlx CP max wlx+U(s)
st. ATx <b, s.t. ATx+s =b,s>0
X < e, > X < e,
X > 0, X > 0.

U(-),inthe form U(s) = > . u(s;), is a strcitly concave (risk aversion) and increasing value function of

the possible slack variables to value the uncertain revenue of remaining resources.
e Exponential u(s;) = w - (1 — exp(—as;)) for some positive constants a, w.

e Logarithmic u(s;) = w - log(s;) oru(s;) = w - log(1 + s;) for some positive constant w.

w-(1—(1-s;/w)?) 0<s; <w
e Quadratic: u(s;) = (1= i/w)") "~ for some positive constant b.
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P-Il: Price Mechanism and SLPM and SCPM .

The problem would be easy if there is an "ideal price” vector:

Bid1(t =1) | Bid2(t = 2) | ..... Inventory(b) | p*

Bid(7r) $100 $30

Decision T X9
Pants 1 0 100 $45
Shoes 1 0 50 $45
T-shirts 0 1 500 $10
Jackets 0 0 200 $55
Hats 1 1 1000 $15

Could such a "ideal price” vector be learned?
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P-ll: One-Time Learning Algorithm I

e Setx; = 0foralll <t <en;

We start with a simple

e Solve the € portion of the problem

maximizex Y ;. Tily
subjectto > ;0 apx: <e€b; i=1,..,m
0<z; <1 t=1,...,en
and get the optimal Lagrange/dual solution p;

e Determine the future allocation x; as:

0 ifﬂ'tSf)Tat
Tt — T
1 if Ty > P~ ay

t—1 . .
aslongas a;;x; < b; — ijl a;;x; for all 7; otherwise, set x; = 0.
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P-lI: Dynamic/Online Learning Algorithm I

In the dynamic price learning algorithm, we update the price at time en, 2en, 4en, ..., till 28 > 1.

At time ¢ € {en, 2en, } the price vector is the optimal Lagrange/dual solution to the following linear
program:
maximizex Zle T X
subject to Zle ATy < %bi i=1,...m ;
0<ux <1 t=1,...,¢
and this price vector is used to determine the allocation for the next immediate period, which is doubled
each update.
0 ifm <pPe a
Ty =
1 iftm > P a

t—1

aslongas a;; 1y < b; — ijl a;;x ; for all 7; otherwise, set x; = 0.

Do both Learning Mechanisms for the CP model.
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Project-lll: First-Order Methods and Value-lteration for MDP I

MDP problem with m states and total n actions:

Miny D ieA, CiTiT +2 e, CiTj
st D iea (€1 —VPj)Ti+ o D ica (€m —Pj)T; = e, (7)

L

'V
o
<

maximizey Y .o, Y
subjectto  y; — *yp]Ty < ¢, Vje A, Vi
where 1/; represents the cost-to-go value in state .

Question 1: Prove that in (7) every basic feasible solution represent a policy, i.e., the basic variables have
exactly one variable from each state 7. Furthermore, prove each basic variable value is no less than 1, and

the sum of all basic variable values is %
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P-lll: First-Order Methods and Value-lteration for MDP '

The Value-lteration (VI) Method is, starting from any yO,

k+1 - , T k :
yi = min{c; +9p;y"}, Vi

Question 2: Prove the contraction result:

L _ y*Hoo < 'YHyk — y*Hoo, Vk.

ly
where y™ is the fixed-point or optimal value vector, that is, ¥ = min,c 4, {c; + vp?y*h Vi.

Question 3: In the VI method, if starting with any vector y > y* and assuming y! < y°, then prove
the following entry-wise monotone property: v* < y*+1 < y* VL.

On the other hand, if we start from a vector such that ¢ < min;e.4,{c; + ’ypjTyO}, Vi (v in the

interior of the feasible region), then prove the entry-wise monotone property: y* > ykJrl > yk, VEk.
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P-lll: Randomized VI .

Rather than go through all state values in each iteration, we modify the VI method, call it RamdomVI: In the

kth iteration, randomly select a subset of states B % and do

yf“ = min{c; + ijryk}, Vi € B*. (8)
JEA;

In RandomVI, we only update a subset of state values at random in each iteration.

Question 4: What can you tell the convergence of the RandomVI method? Does it make a difference with
the classical VI method? How is the sample size affect the performance? Use simulated computational

experiments to verify your claims.

Importance Sampling: Rather than randomly select a subset of all states in each iteration, suppose we
build an “influence tree” from a given subset of states, say B, for all sates, denoted by I (B), that are
connected by any state in B. Then when states in B are updated in the current iteration, then selected a
subset of states in I(B) for updating in the next iteration. Redo the computational experiments using this
strategy for a sparsely connected (p; is a very sparse distribution vector for each action j) MDP network.

In doing so, many unimportant or irrelevant states may be avoided which results a state-reduction.
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P-1ll: Cyclic VI I

Question 5: Here is another modification, called CyclicVI: In the kth iteration do

e Initialize y* = y*.

e Forr =1tom
~k . _ T~k
Ui —]rglfg{cg +9p; ¥} (9)

k+1 _ ok
o y'tl =y~
In the CyclicVI method, as soon as a state value is updated, we use it to update the rest of state values.

What can you tell the convergence of the CyclicVI method? Does it make a difference with other VI
methods? Use simulated computational experiments to verify your claims. How is this cyclic method

related to the method at the bottom of Question 47?
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P-lll: Randomly Permuted Cyclic VI I

In the CyclicVI method, rather than with the fixed cycle order from 1 to m, we follow a random permutation
order, or sample without replacement to update the state values. More precisely, in the kth iteration do

0. Initialize y* = y* and B* = {1,2,..., m}

1. — Randomly selecti € B”

~k . T~k
, ' ' 10
Ui g%{cg +vp; ¥} (10)

— remove i from B* and return to Step 1.
3. yFtl = y*.
We call it the randomly permuted CyclicVIl or RPCyclicVI in short

What can you tell the convergence of the RPCyclicVI method? Does it compare with other VI methods?

Use simulated computational experiments to verify your claims.
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Project-1IV: ADMM I

minimizey %XTQX +cl'x

s.t. Ax =b, x>0.

(11)
We now reformulate the QP problem as

minimizex x- %XTQX +cl'x
s.t. Ax=Db, (y)
x—x' =0; (s)

x' >0,

and consider the split augmented Lagrangian function:

1
Lix.x > 0.y.5) = 2x" Qe sy (Ax—b) s (x—x) 4 ([[4x — b|]? + [~ x[1?)
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P-1V: Questions .

e Split constraints Ax = b and x" > 0 and add x — x’ = 0 and apply Two-Block ADMM.
e Further partition X into p blocks, x = [Xl, Xy eeny Xp] and apply the cyclic multi-block ADMM.

e Randomly permute the update order of X, X>, ..., X, followed by update of x’ and then the
multipliers y, s, in each cycle of ADMM.

e In each cycle of ADMM, we randomly assemble variables into x1, ..., X,,, and update x according in
the order of 1 to p, followed by updates of x" and then the multipliers y, s.

e Consider the case of each ; = {0, 1} and apply RAC-ADMM. Applications include QAP,

Max-Bisection, Sparse-Portfolio Selection, etc.
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