
Rad229 – MRI Signals and Sequences 

Daniel Ennis & Brian Hargreaves

dbe@stanford.edu –or– bah@stanford.edu



Rad229 – MRI Signals and Sequences

Daniel Ennis 
dbe@stanford.edu

Lecture-15A — Magnetization Preparation II - Diffusion 
Diffusion, Spins, and MRI Signals



Learning Objectives

• Understand that the MRI signal is sensitive to diffusion.


• Appreciate the relationship between random walks, diffusion, 
and MRI signal attenuation.


• Describe the dependence of the MRI signal on the diffusion 
coefficient.


• Recall the spatial and temporal scale of diffusion in biological 
tissues.
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Diffusion – Bloch Equations

• Precession

– Magnitude of  unchanged

– Phase (rotation) of  changes with 


• Relaxation

– T1 change are slow O(100ms)

– T2 changes are fast O(10ms)

– Magnitude of M can be ~0 if T2<<T1


• Diffusion

– Spins are thermodynamically driven to exchange positions.


• This exchange is irreversible and can lead signal attenuation.

⃗M
⃗M ⃗B

Application? Changes in proton self-diffusion are an early indicator of cellular disruption.
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Precession

d⌃M
dt
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Relaxation

Diffusion

{
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{
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{
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{

<latexit sha1_base64="cPlX5iupOwO/n/NFErZsE8gfrVI=">AAAB6XicdVDLSsNAFL2pr1pf8bFzM1gEVyEpgroruLDLKvYBbSiT6aQdOpmEmYlQQ//AjQtF3Lr3Y9y59E+cNgo+D1w4nHMv994TJJwp7bqvVmFufmFxqbhcWlldW9+wN7eaKk4loQ0S81i2A6woZ4I2NNOcthNJcRRw2gpGp1O/dUWlYrG41OOE+hEeCBYygrWRLrpZzy57jjsD+p+Uq+j67ex5J6v37JduPyZpRIUmHCvV8dxE+xmWmhFOJ6VuqmiCyQgPaMdQgSOq/Gx26QTtG6WPwliaEhrN1K8TGY6UGkeB6YywHqqf3lT8y+ukOjz2MyaSVFNB8kVhypGO0fRt1GeSEs3HhmAimbkVkSGWmGgTTsmE4DqV/OXf5DOEZsXxDp2Tc5NGDXIUYRf24AA8OIIq1KAODSAQwg3cwb01sm6tB+sxby1YHzPb8A3W0zsDgpC4</latexit>



Diffusion – 1D Random Walk

Rad229_Random_Walk.m with 55.5µm steps for 100µs.
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10-6 1D Random Walk

%% 1D Random Walk
N_step=100;                 % Number of random walk steps
x = zeros(1,N_step);        % Starting x-position
dx = 55.5e-6;               % Spatial step size per dt [mm]
dt = 1e-6;                  % Temporal step size [s]

rng('default');             % Set random-number-generator seed
p_xp = 0.5;                 % Probability (P) of a +x-step
 
for n = 2:N_step            % Loop over number of steps
  step = 2*(rand>p_xp)-1;   % +/- one step
  x(n) = x(n-1) + dx*step;  % Add +/- displacement step
end
t=0:dt:dt*(numel(x)-1);     % Time-step vector

p+x

<latexit sha1_base64="NGPPQ75QMP22lr68qDU5kjuYOqw=">AAAB7HicdVDLSsNAFL2pr1pf9bFzM1gEQQhpEdRdwYVdVjBtoY1lMp20QyeTMDMRa+g3uHGhiFuXfow7l/6J00bB54ELh3Pu5d57/JgzpR3n1crNzM7NL+QXC0vLK6trxfWNhooSSahLIh7Jlo8V5UxQVzPNaSuWFIc+p01/eDLxm5dUKhaJcz2KqRfivmABI1gbyY27Vxf73WKpbDtToP9JqYqu306ft9J6t/jS6UUkCanQhGOl2mUn1l6KpWaE03GhkygaYzLEfdo2VOCQKi+dHjtGu0bpoSCSpoRGU/XrRIpDpUahbzpDrAfqpzcR//LaiQ6OvJSJONFUkGxRkHCkIzT5HPWYpETzkSGYSGZuRWSAJSba5FMwITh2JXv5N/kMoVGxywf28ZlJowYZ8rANO7AHZTiEKtSgDi4QYHADd3BvCevWerAes9ac9TGzCd9gPb0D73yRzw==</latexit>

p�x

<latexit sha1_base64="cgQz7srXrpEubwr3oKb8jkSf4QA=">AAAB7HicdVDLSsNAFL2pr1pf9bFzM1gEN4a0COqu4MIuK5i20MYymU7aoZNJmJmINfQb3LhQxK1LP8adS//EaaPg88CFwzn3cu89fsyZ0o7zauVmZufmF/KLhaXlldW14vpGQ0WJJNQlEY9ky8eKciaoq5nmtBVLikOf06Y/PJn4zUsqFYvEuR7F1AtxX7CAEayN5Mbdq4v9brFUtp0p0P+kVEXXb6fPW2m9W3zp9CKShFRowrFS7bITay/FUjPC6bjQSRSNMRniPm0bKnBIlZdOjx2jXaP0UBBJU0Kjqfp1IsWhUqPQN50h1gP105uIf3ntRAdHXspEnGgqSLYoSDjSEZp8jnpMUqL5yBBMJDO3IjLAEhNt8imYEBy7kr38m3yG0KjY5QP7+MykUYMMediGHdiDMhxCFWpQBxcIMLiBO7i3hHVrPViPWWvO+pjZhG+wnt4B8oSR0Q==</latexit>

Probability of a 
rightward step.

Probability of a 
leftward step.

�x ⌘ step length

<latexit sha1_base64="verD/nhH8rxq2YbZIYOlBiEkZp0=">AAACDHicdVDLSgMxFM3Ud33Vx85NUARXw7QI6k5Q0KWCVaFTSia904ZmMmNyp7QO/QA3fopuXCji1g9w59I/MW0VfB4IHM45l5t7gkQKg5736uRGRsfGJyan8tMzs3PzhYXFUxOnmkOZxzLW5wEzIIWCMgqUcJ5oYFEg4Sxo7fX9szZoI2J1gt0EqhFrKBEKztBKtcIa9fdBIqMdHy5S0fYROqijzCAkVIJqYLNnU0XXG4D+T9Z26eXbwc1ydlQrvPj1mKcRKOSSGVMpeglWM6ZRcAm9vJ8aSBhvsQZULFUsAlPNBsf06LpV6jSMtX0K6UD9OpGxyJhuFNhkxLBpfnp98S+vkmK4Xc2ESlIExYeLwlRSjGm/GVoXGjjKriWMa2H/SnmTacbR9pe3JXhuaXjyb/JZwmnJLW66O8e2jUMyxCRZIatkgxTJFtklh+SIlAknV+SW3JMH59q5cx6dp2E053zMLJFvcJ7fAd4HnzY=</latexit>

�t ⌘ time step

<latexit sha1_base64="2g+eL0bahr/OkN+gh0WF6mlkYag=">AAACCnicdVDLSgNBEJyNrxhf8XHzMiqCp7ARQb0FFMwxglEhu4TZSa8OmdldZ3rFuOTsxV/RgwdFvPoF3jz6J04SBZ8FDUVVN91dQSKFQdd9dXJDwyOjY/nxwsTk1PRMcXbu0MSp5lDnsYz1ccAMSBFBHQVKOE40MBVIOAraOz3/6By0EXF0gJ0EfMVOIhEKztBKzeKStwsSGUUPzlJx7iFcoFYZCgXUICTdQrO4Ui65fdD/yUqFXr7t3S5ktWbxxWvFPFUQIZfMmEbZTdDPmEbBJXQLXmogYbzNTqBhacQUGD/rv9Klq1Zp0TDWtiKkffXrRMaUMR0V2E7F8NT89HriX14jxXDLz0SUpAgRHywKU0kxpr1caEto4Cg7ljCuhb2V8lOmGUebXi8Et7Q+ePk3+QzhcL1U3iht79s0qmSAPFkky2SNlMkmqZAqqZE64eSK3JB78uBcO3fOo/M0aM05HzPz5Buc53caVJ41</latexit>

p+x = p�x =
1

2

<latexit sha1_base64="CioG02UQyH6nAMi5ta369AO3pLI=">AAACAHicdZDLSsNAFIYn9VbrLV7AhZvBIghiSIqgLgoFF3ZZwV6gjWEyndShkwszE7GGbHwVNy684NbHcOfSN3HSKHg9MMPP/5/DzPnciFEhTfNVK0xMTk3PFGdLc/MLi0v68kpLhDHHpIlDFvKOiwRhNCBNSSUjnYgT5LuMtN3hUZa3LwgXNAxO5Sgito8GAfUoRlJZjr4eOZdnO9Xs3q32PI5wYqVJJXX0smWY44L/i3INXr0dP6wlDUd/6fVDHPskkJghIbqWGUk7QVxSzEha6sWCRAgP0YB0lQyQT4SdjBdI4ZZy+tALuTqBhGP360SCfCFGvqs6fSTPxc8sM//KurH0DuyEBlEsSYDzh7yYQRnCjAbsU06wZCMlEOZU/RXic6QoSMWspCCYRiVf+bf4hNCqGNaecXiiaNRBXkWwATbBNrDAPqiBOmiAJsAgBTfgDtxr19qt9qg95a0F7WNmFXwr7fkdVnGZSw==</latexit>

¡Not a Gaussian!



Diffusion – 1D Random Walk

Rad229_Random_Walk.m with 55.5µm steps for 100µs.
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10-6 1D Random Walk

%% 1D Random Walk
N_step=100;                 % Number of random walk steps
x = zeros(1,N_step);        % Starting x-position
dx = 55.5e-6;               % Spatial step size per dt [mm]
dt = 1e-6;                  % Temporal step size [s]

rng('default');             % Set random-number-generator seed
p_xp = 0.5;                 % Probability (P) of a +x-step
 
for n = 2:N_step            % Loop over number of steps
  step = 2*(rand>p_xp)-1;   % +/- one step
  x(n) = x(n-1) + dx*step;  % Add +/- displacement step
end
t=0:dt:dt*(numel(x)-1);     % Time-step vector

p+x

<latexit sha1_base64="NGPPQ75QMP22lr68qDU5kjuYOqw=">AAAB7HicdVDLSsNAFL2pr1pf9bFzM1gEQQhpEdRdwYVdVjBtoY1lMp20QyeTMDMRa+g3uHGhiFuXfow7l/6J00bB54ELh3Pu5d57/JgzpR3n1crNzM7NL+QXC0vLK6trxfWNhooSSahLIh7Jlo8V5UxQVzPNaSuWFIc+p01/eDLxm5dUKhaJcz2KqRfivmABI1gbyY27Vxf73WKpbDtToP9JqYqu306ft9J6t/jS6UUkCanQhGOl2mUn1l6KpWaE03GhkygaYzLEfdo2VOCQKi+dHjtGu0bpoSCSpoRGU/XrRIpDpUahbzpDrAfqpzcR//LaiQ6OvJSJONFUkGxRkHCkIzT5HPWYpETzkSGYSGZuRWSAJSba5FMwITh2JXv5N/kMoVGxywf28ZlJowYZ8rANO7AHZTiEKtSgDi4QYHADd3BvCevWerAes9ac9TGzCd9gPb0D73yRzw==</latexit>

p�x

<latexit sha1_base64="cgQz7srXrpEubwr3oKb8jkSf4QA=">AAAB7HicdVDLSsNAFL2pr1pf9bFzM1gEN4a0COqu4MIuK5i20MYymU7aoZNJmJmINfQb3LhQxK1LP8adS//EaaPg88CFwzn3cu89fsyZ0o7zauVmZufmF/KLhaXlldW14vpGQ0WJJNQlEY9ky8eKciaoq5nmtBVLikOf06Y/PJn4zUsqFYvEuR7F1AtxX7CAEayN5Mbdq4v9brFUtp0p0P+kVEXXb6fPW2m9W3zp9CKShFRowrFS7bITay/FUjPC6bjQSRSNMRniPm0bKnBIlZdOjx2jXaP0UBBJU0Kjqfp1IsWhUqPQN50h1gP105uIf3ntRAdHXspEnGgqSLYoSDjSEZp8jnpMUqL5yBBMJDO3IjLAEhNt8imYEBy7kr38m3yG0KjY5QP7+MykUYMMediGHdiDMhxCFWpQBxcIMLiBO7i3hHVrPViPWWvO+pjZhG+wnt4B8oSR0Q==</latexit>

Probability of a 
rightward step.

Probability of a 
leftward step.

�x ⌘ step length

<latexit sha1_base64="verD/nhH8rxq2YbZIYOlBiEkZp0=">AAACDHicdVDLSgMxFM3Ud33Vx85NUARXw7QI6k5Q0KWCVaFTSia904ZmMmNyp7QO/QA3fopuXCji1g9w59I/MW0VfB4IHM45l5t7gkQKg5736uRGRsfGJyan8tMzs3PzhYXFUxOnmkOZxzLW5wEzIIWCMgqUcJ5oYFEg4Sxo7fX9szZoI2J1gt0EqhFrKBEKztBKtcIa9fdBIqMdHy5S0fYROqijzCAkVIJqYLNnU0XXG4D+T9Z26eXbwc1ydlQrvPj1mKcRKOSSGVMpeglWM6ZRcAm9vJ8aSBhvsQZULFUsAlPNBsf06LpV6jSMtX0K6UD9OpGxyJhuFNhkxLBpfnp98S+vkmK4Xc2ESlIExYeLwlRSjGm/GVoXGjjKriWMa2H/SnmTacbR9pe3JXhuaXjyb/JZwmnJLW66O8e2jUMyxCRZIatkgxTJFtklh+SIlAknV+SW3JMH59q5cx6dp2E053zMLJFvcJ7fAd4HnzY=</latexit>

�t ⌘ time step

<latexit sha1_base64="2g+eL0bahr/OkN+gh0WF6mlkYag=">AAACCnicdVDLSgNBEJyNrxhf8XHzMiqCp7ARQb0FFMwxglEhu4TZSa8OmdldZ3rFuOTsxV/RgwdFvPoF3jz6J04SBZ8FDUVVN91dQSKFQdd9dXJDwyOjY/nxwsTk1PRMcXbu0MSp5lDnsYz1ccAMSBFBHQVKOE40MBVIOAraOz3/6By0EXF0gJ0EfMVOIhEKztBKzeKStwsSGUUPzlJx7iFcoFYZCgXUICTdQrO4Ui65fdD/yUqFXr7t3S5ktWbxxWvFPFUQIZfMmEbZTdDPmEbBJXQLXmogYbzNTqBhacQUGD/rv9Klq1Zp0TDWtiKkffXrRMaUMR0V2E7F8NT89HriX14jxXDLz0SUpAgRHywKU0kxpr1caEto4Cg7ljCuhb2V8lOmGUebXi8Et7Q+ePk3+QzhcL1U3iht79s0qmSAPFkky2SNlMkmqZAqqZE64eSK3JB78uBcO3fOo/M0aM05HzPz5Buc53caVJ41</latexit>

p+x = p�x =
1

2

<latexit sha1_base64="CioG02UQyH6nAMi5ta369AO3pLI=">AAACAHicdZDLSsNAFIYn9VbrLV7AhZvBIghiSIqgLgoFF3ZZwV6gjWEyndShkwszE7GGbHwVNy684NbHcOfSN3HSKHg9MMPP/5/DzPnciFEhTfNVK0xMTk3PFGdLc/MLi0v68kpLhDHHpIlDFvKOiwRhNCBNSSUjnYgT5LuMtN3hUZa3LwgXNAxO5Sgito8GAfUoRlJZjr4eOZdnO9Xs3q32PI5wYqVJJXX0smWY44L/i3INXr0dP6wlDUd/6fVDHPskkJghIbqWGUk7QVxSzEha6sWCRAgP0YB0lQyQT4SdjBdI4ZZy+tALuTqBhGP360SCfCFGvqs6fSTPxc8sM//KurH0DuyEBlEsSYDzh7yYQRnCjAbsU06wZCMlEOZU/RXic6QoSMWspCCYRiVf+bf4hNCqGNaecXiiaNRBXkWwATbBNrDAPqiBOmiAJsAgBTfgDtxr19qt9qg95a0F7WNmFXwr7fkdVnGZSw==</latexit>

¡Not a Gaussian!

@P (x, t)

@t
= D

@2P (x, t)

@x2

<latexit sha1_base64="YGrPdWJ/6v/oaShezxbl9Ue0is4="></latexit>

Some math...

P (x, t)

<latexit sha1_base64="7Hkp5mIUqmf0E/YmUjLOYvfHxC0=">AAAB7XicdVDJSgNBEO2JW4xbXG5eGoMQQYaZIKi3gAdzjGAWSIbQ0+lJ2vT0DN01YhzyD148KOLVmx/jzaN/YidRcH1Q8Hiviqp6fiy4Bsd5tTIzs3PzC9nF3NLyyupafn2jrqNEUVajkYhU0yeaCS5ZDTgI1owVI6EvWMMfnIz9xiVTmkfyHIYx80LSkzzglICR6tXi1T7sdfIF13YmwP+TQhlfv50+b6XVTv6l3Y1oEjIJVBCtW64Tg5cSBZwKNsq1E81iQgekx1qGShIy7aWTa0d41yhdHETKlAQ8Ub9OpCTUehj6pjMk0Nc/vbH4l9dKIDjyUi7jBJik00VBIjBEePw67nLFKIihIYQqbm7FtE8UoWACypkQHLs0ffk3+QyhXrLdA/v4zKRRQVNk0TbaQUXkokNURhVURTVE0QW6QXfo3oqsW+vBepy2ZqyPmU30DdbTO/HFkcI=</latexit>

Probability 
distribution 
for a spin.

1-D Diffusion Eqn.

Solution from:

x=0 @ t=0.

¡A Gaussian!P (x, t) =
1p
4⇡Dt

e�
x2

4Dt

<latexit sha1_base64="D3Q7Z0uDoaHP8lZBovPCtH0qWoo="></latexit>



Diffusion – 2D Random Walk

Rad229_Random_Walk.m with 100µs steps for 10ms.
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p+x = p�x = p+y = p�y =
1

4

<latexit sha1_base64="GMlpGofUEVBLmbNTQKniRkN0NjY=">AAACDHicdVDLSsNAFJ34rPVVHzs3g0UQxJCUgroQCi7ssoJ9QBvLZDpph04ezEzEGPIBbvwU3bhQxK0f4M6lf+IkUfB5YS6Hc87lzj12wKiQhvGqTUxOTc/MFuaK8wuLS8ulldWW8EOOSRP7zOcdGwnCqEeakkpGOgEnyLUZadvjo1RvnxMuqO+dyigglouGHnUoRlJR/VI56F+c7RymfVf1KMORwj2HIxybSVxNlMvUjazg/6Bcg5dvxzfrcaNfeukNfBy6xJOYISG6phFIK0ZcUsxIUuyFggQIj9GQdBX0kEuEFWfHJHBLMQPo+Fw9T8KM/ToRI1eIyLWV00VyJH5qKfmX1g2ls2/F1AtCSTycL3JCBqUP02TggHKCJYsUQJhT9VeIR0ilIFV+RRWCoVfyk3+DzxBaFd2s6gcnKo06yKsANsAm2AYm2AM1UAcN0AQYXIFbcA8etGvtTnvUnnLrhPYxswa+lfb8Ds0PneM=</latexit>

p+x

<latexit sha1_base64="NGPPQ75QMP22lr68qDU5kjuYOqw=">AAAB7HicdVDLSsNAFL2pr1pf9bFzM1gEQQhpEdRdwYVdVjBtoY1lMp20QyeTMDMRa+g3uHGhiFuXfow7l/6J00bB54ELh3Pu5d57/JgzpR3n1crNzM7NL+QXC0vLK6trxfWNhooSSahLIh7Jlo8V5UxQVzPNaSuWFIc+p01/eDLxm5dUKhaJcz2KqRfivmABI1gbyY27Vxf73WKpbDtToP9JqYqu306ft9J6t/jS6UUkCanQhGOl2mUn1l6KpWaE03GhkygaYzLEfdo2VOCQKi+dHjtGu0bpoSCSpoRGU/XrRIpDpUahbzpDrAfqpzcR//LaiQ6OvJSJONFUkGxRkHCkIzT5HPWYpETzkSGYSGZuRWSAJSba5FMwITh2JXv5N/kMoVGxywf28ZlJowYZ8rANO7AHZTiEKtSgDi4QYHADd3BvCevWerAes9ac9TGzCd9gPb0D73yRzw==</latexit>

p�x

<latexit sha1_base64="cgQz7srXrpEubwr3oKb8jkSf4QA=">AAAB7HicdVDLSsNAFL2pr1pf9bFzM1gEN4a0COqu4MIuK5i20MYymU7aoZNJmJmINfQb3LhQxK1LP8adS//EaaPg88CFwzn3cu89fsyZ0o7zauVmZufmF/KLhaXlldW14vpGQ0WJJNQlEY9ky8eKciaoq5nmtBVLikOf06Y/PJn4zUsqFYvEuR7F1AtxX7CAEayN5Mbdq4v9brFUtp0p0P+kVEXXb6fPW2m9W3zp9CKShFRowrFS7bITay/FUjPC6bjQSRSNMRniPm0bKnBIlZdOjx2jXaP0UBBJU0Kjqfp1IsWhUqPQN50h1gP105uIf3ntRAdHXspEnGgqSLYoSDjSEZp8jnpMUqL5yBBMJDO3IjLAEhNt8imYEBy7kr38m3yG0KjY5QP7+MykUYMMediGHdiDMhxCFWpQBxcIMLiBO7i3hHVrPViPWWvO+pjZhG+wnt4B8oSR0Q==</latexit>

Probability of a 
rightward step.

Probability of a 
leftward step.

p+y

<latexit sha1_base64="nrnCfAB5zo0XHjw1rs6I74d+EPc=">AAAB7HicdVDLSsNAFL3xWeurPnZuBosgCCEtgroruLDLCqYttLFMppN26GQSZiZCDP0GNy4UcevSj3Hn0j9x2ij4PHDhcM693HuPH3OmtOO8WjOzc/MLi4Wl4vLK6tp6aWOzqaJEEuqSiEey7WNFORPU1Uxz2o4lxaHPacsfnU781hWVikXiQqcx9UI8ECxgBGsjuXEvvTzolcoV25kC/U/KNXT9dva8nTV6pZduPyJJSIUmHCvVqTix9jIsNSOcjovdRNEYkxEe0I6hAodUedn02DHaM0ofBZE0JTSaql8nMhwqlYa+6QyxHqqf3kT8y+skOjj2MibiRFNB8kVBwpGO0ORz1GeSEs1TQzCRzNyKyBBLTLTJp2hCcOxq/vJv8hlCs2pXDu2Tc5NGHXIUYAd2YR8qcAQ1qEMDXCDA4Abu4N4S1q31YD3mrTPWx8wWfIP19A7xApHQ</latexit>

p�y

<latexit sha1_base64="iAgfT7DNi7ggEudPJiq+2PhS8Yg=">AAAB7HicdVDLSsNAFL3xWeurPnZuBovgxpAWQd0VXNhlBdMW2lgm00k7dDIJMxMhhn6DGxeKuHXpx7hz6Z84bRR8HrhwOOde7r3HjzlT2nFerZnZufmFxcJScXlldW29tLHZVFEiCXVJxCPZ9rGinAnqaqY5bceS4tDntOWPTid+64pKxSJxodOYeiEeCBYwgrWR3LiXXh70SuWK7UyB/iflGrp+O3vezhq90ku3H5EkpEITjpXqVJxYexmWmhFOx8VuomiMyQgPaMdQgUOqvGx67BjtGaWPgkiaEhpN1a8TGQ6VSkPfdIZYD9VPbyL+5XUSHRx7GRNxoqkg+aIg4UhHaPI56jNJieapIZhIZm5FZIglJtrkUzQhOHY1f/k3+QyhWbUrh/bJuUmjDjkKsAO7sA8VOIIa1KEBLhBgcAN3cG8J69Z6sB7z1hnrY2YLvsF6egf0CpHS</latexit>

Probability of an 
upward step.

Probability of an

downward step.

3D Random Walk

P (~r, t) =
1p
4⇡Dt

exp

✓
� ~r 2

4Dt

◆

<latexit sha1_base64="xSVFH5YZNg3r4lFMxUDO4a9SFgA="></latexit>



Restricted (Anisotropic) Diffusion

Diffusion – Free vs. Restricted

Diffusion in biological tissues can be free (isotropic) or restricted (anisotropic).
Rad229
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y

x

y

x

Cardiomyocyte

Free (Isotropic) Diffusion

P (x, t) =
1p
4⇡Dt

e�
x2

4Dt

<latexit sha1_base64="D3Q7Z0uDoaHP8lZBovPCtH0qWoo="></latexit>

P
(y,t)

=
1

p
4⇡

D
t e �

y
2

4
D

t

<latexit sha1_base64="UYxdhUqtEGxLAgph6ksSl6M4OaQ="></latexit>

P (x, t) = P (y, t)

<latexit sha1_base64="l7PhAdOC1D5RWffXabKI7VtecX8=">AAAB9HicdVDLSsNAFJ3UV62v+ti5GSxCBQlJEdSFUHBhlxHsA9pQJtNJO3QyiTOTYgz9DjcuFHHbj3Hn0j9x2ij4PHC5h3PuZe4cL2JUKst6NXJz8wuLS/nlwsrq2vpGcXOrIcNYYFLHIQtFy0OSMMpJXVHFSCsSBAUeI01veD71myMiJA35lUoi4gaoz6lPMVJacp3yzaE6OHPKiW7dYsk2rRng/6RUhbdvF5Od1OkWXzq9EMcB4QozJGXbtiLlpkgoihkZFzqxJBHCQ9QnbU05Coh009nRY7ivlR70Q6GLKzhTv26kKJAyCTw9GSA1kD+9qfiX146Vf+KmlEexIhxnD/kxgyqE0wRgjwqCFUs0QVhQfSvEAyQQVjqngg7BMivZl3+TzxAaFdM+Mk8vdRo1kCEPdsEeKAMbHIMqqAEH1AEG1+AOPIBHY2TcG0/GczaaMz52tsE3GJN3APyT/w==</latexit>

P (x, t) 6= P (y, t)

<latexit sha1_base64="GHo0Cm3N2vzkAj62PhDt+OPhbMk=">AAAB+nicdVDLSsNAFJ34rPWVqjs3g0WoICEpgroruLDLCPYBbSmT6aQdOpnEmYkaYz/FjQtFBFd+iTuX/onTRsHngQuHc+7l3nu8iFGpbPvVmJqemZ2bzy3kF5eWV1bNwlpdhrHApIZDFoqmhyRhlJOaooqRZiQICjxGGt7waOw3zomQNOSnKolIJ0B9Tn2KkdJS1yy4pctdtdPm5Ay6pUTTrll0LHsC+D8pVuDV2/HTRup2zZd2L8RxQLjCDEnZcuxIdVIkFMWMjPLtWJII4SHqk5amHAVEdtLJ6SO4rZUe9EOhiys4Ub9OpCiQMgk83RkgNZA/vbH4l9eKlX/QSSmPYkU4zhb5MYMqhOMcYI8KghVLNEFYUH0rxAMkEFY6rbwOwbbK2cu/yWcI9bLl7FmHJzqNKsiQA5tgC5SAA/ZBBVSBC2oAgwtwA+7AvXFt3BoPxmPWOmV8zKyDbzCe3wFrj5Xb</latexit>

P (x, t) =
1p
4⇡Dt

e�
x2

4Dt

<latexit sha1_base64="D3Q7Z0uDoaHP8lZBovPCtH0qWoo="></latexit>

P
(y,t)

=
1

p
4⇡

D
t e �

y
2

4
D

t

<latexit sha1_base64="UYxdhUqtEGxLAgph6ksSl6M4OaQ="></latexit>



Diffusion – Free vs. Restricted

The variance of spin position is directly related to the diffusion coefficient.
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Free Diffusion

y

x
Restricted Diffusion

y

x

Cardiomyocyte

Dx = Dy

<latexit sha1_base64="rhy5D3UpUVfpTu0jHpf+NbRIlOM=">AAAB7nicdVDJSgNBEK2JW4xbXG5eGoPgaZgJgnoQAgbMMYJZIA5DT6cnadKz0N0jjkM+wosHRbx68mO8efRP7GQUXB8UPN6roqqeF3MmlWW9GoWZ2bn5heJiaWl5ZXWtvL7RllEiCG2RiEei62FJOQtpSzHFaTcWFAcepx1vdDLxO5dUSBaF5yqNqRPgQch8RrDSUqfuXh3X3dQtV2zTmgL9Tyo1dP12+ryVNd3yy0U/IklAQ0U4lrJnW7FyMiwUI5yOSxeJpDEmIzygPU1DHFDpZNNzx2hXK33kR0JXqNBU/TqR4UDKNPB0Z4DVUP70JuJfXi9R/qGTsTBOFA1JvshPOFIRmvyO+kxQoniqCSaC6VsRGWKBidIJlXQIllnNX/5NPkNoV0173zw602k0IEcRtmEH9sCGA6hBA5rQAgIjuIE7uDdi49Z4MB7z1oLxMbMJ32A8vQM0ypKH</latexit>

Dx < Dy

<latexit sha1_base64="4vH+qUS99oH0zIknbN39m9HEKyc=">AAAB7nicdVDJSgNBEK2JW4xbXG5eGoPgaZgJggoeAgbMMYJZIA5DT6cnadKz0N0jjkM+wosHRbx68mO8efRP7GQUXB8UPN6roqqeF3MmlWW9GoWZ2bn5heJiaWl5ZXWtvL7RllEiCG2RiEei62FJOQtpSzHFaTcWFAcepx1vdDLxO5dUSBaF5yqNqRPgQch8RrDSUqfuXh3X3dQtV2zTmgL9Tyo1dP12+ryVNd3yy0U/IklAQ0U4lrJnW7FyMiwUI5yOSxeJpDEmIzygPU1DHFDpZNNzx2hXK33kR0JXqNBU/TqR4UDKNPB0Z4DVUP70JuJfXi9R/qGTsTBOFA1JvshPOFIRmvyO+kxQoniqCSaC6VsRGWKBidIJlXQIllnNX/5NPkNoV0173zw602k0IEcRtmEH9sCGA6hBA5rQAgIjuIE7uDdi49Z4MB7z1oLxMbMJ32A8vQMzQ5KG</latexit>

�2
x = 2Dxt

<latexit sha1_base64="k1Jsg6eS0BaudtD6wxnF05lEYc0=">AAAB+XicdVDLSsNAFJ3UV42vqEs3g0VwFZIgWBeFgi5cVrCt0MYwmU7aoZNJmJmUltA/cSOiiFv/xI34N04bBZ8HLhzOuZd77wlTRqVynDejtLC4tLxSXjXX1jc2t6ztnZZMMoFJEycsEVchkoRRTpqKKkauUkFQHDLSDoenM789IkLShF+qSUr8GPU5jShGSkuBZXUl7ccoGF97Ne8sGKvAqri2Mwf8n1TqsJbevZq1RmC9dHsJzmLCFWZIyo7rpMrPkVAUMzI1u5kkKcJD1CcdTTmKifTz+eVTeKCVHowSoYsrOFe/TuQolnISh7ozRmogf3oz8S+vk6mo6ueUp5kiHBeLooxBlcBZDLBHBcGKTTRBWFB9K8QDJBBWOixTh+DYXvHyb/IZQsuz3SP75EKnUQUFymAP7IND4IJjUAfnoAGaAIMRuAH34MHIjVvj0XgqWkvGx8wu+Abj+R2daZXv</latexit>

�
2y
=

2D
y t

<latexit sha1_base64="kouyx+lspBVfPOb1hO+/2HhXi5I=">AAAB+XicdVDLSsNAFJ34rPEVdelmsAiuQhIE66JQ0IXLCvYBbQyT6aQdOpmEmUkhhP6JGxFF3PonbsS/cdoo+Dxw4XDOvdx7T5gyKpXjvBkLi0vLK6uVNXN9Y3Nr29rZbcskE5i0cMIS0Q2RJIxy0lJUMdJNBUFxyEgnHJ/N/M6ECEkTfqXylPgxGnIaUYyUlgLL6ks6jFGQX3t17zzIVWBVXduZA/5Pqg1YT+9ezXozsF76gwRnMeEKMyRlz3VS5RdIKIoZmZr9TJIU4TEakp6mHMVE+sX88ik81MoARonQxRWcq18nChRLmceh7oyRGsmf3kz8y+tlKqr5BeVppgjH5aIoY1AlcBYDHFBBsGK5JggLqm+FeIQEwkqHZeoQHNsrX/5NPkNoe7Z7bJ9e6jRqoEQF7IMDcARccAIa4AI0QQtgMAE34B48GIVxazwaT2XrgvExswe+wXh+B6B6lfE=</latexit>�
2y
=

2D
y t

<latexit sha1_base64="kouyx+lspBVfPOb1hO+/2HhXi5I=">AAAB+XicdVDLSsNAFJ34rPEVdelmsAiuQhIE66JQ0IXLCvYBbQyT6aQdOpmEmUkhhP6JGxFF3PonbsS/cdoo+Dxw4XDOvdx7T5gyKpXjvBkLi0vLK6uVNXN9Y3Nr29rZbcskE5i0cMIS0Q2RJIxy0lJUMdJNBUFxyEgnHJ/N/M6ECEkTfqXylPgxGnIaUYyUlgLL6ks6jFGQX3t17zzIVWBVXduZA/5Pqg1YT+9ezXozsF76gwRnMeEKMyRlz3VS5RdIKIoZmZr9TJIU4TEakp6mHMVE+sX88ik81MoARonQxRWcq18nChRLmceh7oyRGsmf3kz8y+tlKqr5BeVppgjH5aIoY1AlcBYDHFBBsGK5JggLqm+FeIQEwkqHZeoQHNsrX/5NPkNoe7Z7bJ9e6jRqoEQF7IMDcARccAIa4AI0QQtgMAE34B48GIVxazwaT2XrgvExswe+wXh+B6B6lfE=</latexit>

�2
x = 2Dxt

<latexit sha1_base64="k1Jsg6eS0BaudtD6wxnF05lEYc0=">AAAB+XicdVDLSsNAFJ3UV42vqEs3g0VwFZIgWBeFgi5cVrCt0MYwmU7aoZNJmJmUltA/cSOiiFv/xI34N04bBZ8HLhzOuZd77wlTRqVynDejtLC4tLxSXjXX1jc2t6ztnZZMMoFJEycsEVchkoRRTpqKKkauUkFQHDLSDoenM789IkLShF+qSUr8GPU5jShGSkuBZXUl7ccoGF97Ne8sGKvAqri2Mwf8n1TqsJbevZq1RmC9dHsJzmLCFWZIyo7rpMrPkVAUMzI1u5kkKcJD1CcdTTmKifTz+eVTeKCVHowSoYsrOFe/TuQolnISh7ozRmogf3oz8S+vk6mo6ueUp5kiHBeLooxBlcBZDLBHBcGKTTRBWFB9K8QDJBBWOixTh+DYXvHyb/IZQsuz3SP75EKnUQUFymAP7IND4IJjUAfnoAGaAIMRuAH34MHIjVvj0XgqWkvGx8wu+Abj+R2daZXv</latexit>



Diffusion and Gradients

Gradients impart a position-dependent phase on the spin.
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Spin History

(Random Walk!)

Applied

Gradient

�(t) = �

Z t

0

~G(⌧) · ~r(⌧)d⌧

<latexit sha1_base64="akruzpqobCMy2sh/xJjsLx8+0tk="></latexit>

Phase from a

Gradient



Diffusion and Gradients

Movies courtesy of Kévin Moulin
Rad229

11
Lec-15A
Slide-

Spin History

(Random Walk!)

Applied

Gradient

�(t) = �

Z t

0

~G(⌧) · ~r(⌧)d⌧

<latexit sha1_base64="akruzpqobCMy2sh/xJjsLx8+0tk="></latexit>

�(t)

<latexit sha1_base64="ktaeP7+pLy8U1kNc+46JjODA0wc=">AAAB7nicdVDLSgNBEOz1GeMr6lGQwSDEy7IJgnoLePGYiHlAsoTZyWwyZHZ2mJkVwpKjH+DFgyJe/QS/w5vf4E84ySr4LGgoqrrp7gokZ9p43qszN7+wuLScW8mvrq1vbBa2tps6ThShDRLzWLUDrClngjYMM5y2paI4CjhtBaOzqd+6okqzWFyasaR+hAeChYxgY6VWVw5ZyRz2CsWy682A/ifFKqq/Xe89X9R6hZduPyZJRIUhHGvdKXvS+ClWhhFOJ/luoqnEZIQHtGOpwBHVfjo7d4IOrNJHYaxsCYNm6teJFEdaj6PAdkbYDPVPbyr+5XUSE574KRMyMVSQbFGYcGRiNP0d9ZmixPCxJZgoZm9FZIgVJsYmlLcheG4le/k3+QyhWXHLR+5p3aZRhQw52IV9KEEZjqEK51CDBhAYwQ3cwb0jnVvnwXnMWuecj5kd+Abn6R0lC5J3</latexit>

~G(t)

<latexit sha1_base64="s7iSRWcQdWM6Ap+UBGkOlwaI7Uc=">AAAB8XicdVDLSgNBEJyNrxhfUY+CDAYhXpZNENRbwIMeEzEPTJYwO+lNhszOLjOzgbDk6B948aCIV3/A7/DmN/gTTrIKPgsaiqpuuru8iDOlHefVyszNLywuZZdzK6tr6xv5za2GCmNJoU5DHsqWRxRwJqCumebQiiSQwOPQ9IanU785AqlYKC71OAI3IH3BfEaJNtJVZwQ0OZsU9UE3XyjZzgz4f1Ko4Nrb9e7zRbWbf+n0QhoHIDTlRKl2yYm0mxCpGeUwyXViBRGhQ9KHtqGCBKDcZHbxBO8bpYf9UJoSGs/UrxMJCZQaB57pDIgeqJ/eVPzLa8faP3YTJqJYg6DpIj/mWId4+j7uMQlU87EhhEpmbsV0QCSh2oSUMyE4djl9+Tf5DKFRtkuH9knNpFFBKbJoB+2hIiqhI1RB56iK6ogigW7QHbq3lHVrPViPaWvG+pjZRt9gPb0DfLeT0Q==</latexit>

Stationary vs. Diffusing Spin

Phase from a

Gradient

t

t
x

y

Stationary spins don’t accumulate phase, but diffusing spins have non-zero phase.



Diffusion and Gradients

Longer and stronger diffusion gradients contribute more sensitivity to diffusion.
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Spin History

(Random Walk!)

Applied

Gradient

�(t) = �

Z t

0

~G(⌧) · ~r(⌧)d⌧

<latexit sha1_base64="akruzpqobCMy2sh/xJjsLx8+0tk="></latexit>

Phase from a

Gradient

�(t)

<latexit sha1_base64="ktaeP7+pLy8U1kNc+46JjODA0wc=">AAAB7nicdVDLSgNBEOz1GeMr6lGQwSDEy7IJgnoLePGYiHlAsoTZyWwyZHZ2mJkVwpKjH+DFgyJe/QS/w5vf4E84ySr4LGgoqrrp7gokZ9p43qszN7+wuLScW8mvrq1vbBa2tps6ThShDRLzWLUDrClngjYMM5y2paI4CjhtBaOzqd+6okqzWFyasaR+hAeChYxgY6VWVw5ZyRz2CsWy682A/ifFKqq/Xe89X9R6hZduPyZJRIUhHGvdKXvS+ClWhhFOJ/luoqnEZIQHtGOpwBHVfjo7d4IOrNJHYaxsCYNm6teJFEdaj6PAdkbYDPVPbyr+5XUSE574KRMyMVSQbFGYcGRiNP0d9ZmixPCxJZgoZm9FZIgVJsYmlLcheG4le/k3+QyhWXHLR+5p3aZRhQw52IV9KEEZjqEK51CDBhAYwQ3cwb0jnVvnwXnMWuecj5kd+Abn6R0lC5J3</latexit>

~G(t)

<latexit sha1_base64="s7iSRWcQdWM6Ap+UBGkOlwaI7Uc=">AAAB8XicdVDLSgNBEJyNrxhfUY+CDAYhXpZNENRbwIMeEzEPTJYwO+lNhszOLjOzgbDk6B948aCIV3/A7/DmN/gTTrIKPgsaiqpuuru8iDOlHefVyszNLywuZZdzK6tr6xv5za2GCmNJoU5DHsqWRxRwJqCumebQiiSQwOPQ9IanU785AqlYKC71OAI3IH3BfEaJNtJVZwQ0OZsU9UE3XyjZzgz4f1Ko4Nrb9e7zRbWbf+n0QhoHIDTlRKl2yYm0mxCpGeUwyXViBRGhQ9KHtqGCBKDcZHbxBO8bpYf9UJoSGs/UrxMJCZQaB57pDIgeqJ/eVPzLa8faP3YTJqJYg6DpIj/mWId4+j7uMQlU87EhhEpmbsV0QCSh2oSUMyE4djl9+Tf5DKFRtkuH9knNpFFBKbJoB+2hIiqhI1RB56iK6ogigW7QHbq3lHVrPViPaWvG+pjZRt9gPb0DfLeT0Q==</latexit>

Stationary vs. Diffusing Spin

t

t
x

y

�(t)

<latexit sha1_base64="ktaeP7+pLy8U1kNc+46JjODA0wc=">AAAB7nicdVDLSgNBEOz1GeMr6lGQwSDEy7IJgnoLePGYiHlAsoTZyWwyZHZ2mJkVwpKjH+DFgyJe/QS/w5vf4E84ySr4LGgoqrrp7gokZ9p43qszN7+wuLScW8mvrq1vbBa2tps6ThShDRLzWLUDrClngjYMM5y2paI4CjhtBaOzqd+6okqzWFyasaR+hAeChYxgY6VWVw5ZyRz2CsWy682A/ifFKqq/Xe89X9R6hZduPyZJRIUhHGvdKXvS+ClWhhFOJ/luoqnEZIQHtGOpwBHVfjo7d4IOrNJHYaxsCYNm6teJFEdaj6PAdkbYDPVPbyr+5XUSE574KRMyMVSQbFGYcGRiNP0d9ZmixPCxJZgoZm9FZIgVJsYmlLcheG4le/k3+QyhWXHLR+5p3aZRhQw52IV9KEEZjqEK51CDBhAYwQ3cwb0jnVvnwXnMWuecj5kd+Abn6R0lC5J3</latexit>

t

An ensemble of diffusing spins will 
accumulate different amounts of phase.


The larger the phase dispersion,

The higher the diffusion coefficient.

S = S0e
�h�2i = S0e

�bD

<latexit sha1_base64="D8k0RcjAGbe0yp5gFwNHnNRNS4Q=">AAACFnicdVDLSgMxFM3UVx1foy7dBIvgpsO0COqiUNCFy0rtAzrTIZOmbWgmMyQZoQz9Cjfu9SfcuFDErbgR/8a0VfF5IHByzr03uSeIGZXKcV6NzMzs3PxCdtFcWl5ZXbPWN+oySgQmNRyxSDQDJAmjnNQUVYw0Y0FQGDDSCAZHY79xToSkET9Tw5h4Iepx2qUYKS35Vr5aqvoOJO007zLEe4xAN+7TdhG6YnIdffrB8ci3cgXbmQD+T3JlePViluLrim89u50IJyHhCjMkZavgxMpLkVAU69mmm0gSIzxAPdLSlKOQSC+drDWCO1rpwG4k9OEKTtSvHSkKpRyGga4MkerLn95Y/MtrJap74KWUx4kiHE8f6iYMqgiOM4IdKghWbKgJwoLqv0LcRwJhpZM0dQiOXZyu/Jt8hFAv2oU9+/BUp1EBU2TBFtgGu6AA9kEZnIAKqAEMLsANuAP3xqVxazwYj9PSjPHeswm+wXh6A/ZwoRY=</latexit>

Variance of the 

Phase Distribution

b-value Diffusion

Coefficient

Signal without

Diffusion Effects

Diffusion 
Weighted Signal

Movies courtesy of Kévin Moulin

What is the b-value?



Diffusion – b-value [s/mm2]

The signal attenuation depends on the diffusion coefficient and the b-value.
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S = S0e
�bD

S

S0

b-value [s/mm2]
1500 20000 1000500

0

1

DH2O

Free Diffusion•  mm2/s at 37°C

– After 50 ms


• ~32% of spins ≥17μm in 50 ms

• ~5% of spins reach >34 μm!


– For b-value = 1000 s/mm2


• Water signal attenuated 95%!

DH2O ≈ 3.0x10−3

Example from LeBihan  PLoS 2015



Diffusion – b-value [s/mm2]

High (fast) diffusion coefficients contribute more signal de-phasing (signal drop).
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S = S0e
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Free Diffusion•  mm2/s at 37°C

– After 50 ms


• ~32% of spins ≥17μm in 50 ms

• ~5% of spins reach >34 μm!


– For b-value = 1000 s/mm2


• Water signal attenuated 95%!

DH2O ≈ 3.0x10−3
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D < DH2O

D > DH2O

Example from LeBihan  PLoS 2015



Diffusion – b-value [s/mm2]

• 1000 s/mm2 is typical. Why?

– For D=700 mm2/s, S/S0~50%.

https://radiopaedia.org/articles/apparent-diffusion-coefficient-1?
Rad229
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[10-6 mm2/s]

White matter 670-800
Cortical grey matter 800-1000
Deep grey matter 700-850

CSF 3000-3400
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How do we acquire diffusion weighted images?	



Rad229 – MRI Signals and Sequences 
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