STATS 200: Introduction to Statistical Inference Autumn 2016

Lecture 15 — Fisher information and the Cramer-Rao bound

15.1 Fisher information for one or more parameters

For a parametric model {f(z]f) : 6 € Q} where § € R is a single parameter, we showed

last lecture that the MLE 6, based on Xi,..., X, L f(x]0) is, under certain regularity

conditions, asymptotically normal:

. 1
0,
Vel =8 =N ( 1(9))
in distribution as n — oo, where

I(0) := Vary [869 10gf(X‘9)] = —Ey [8892

is the Fisher information. As an application of this result, let us study the sampling
distribution of the MLE in a one-parameter Gamma model:

g F(X1)

Example 15.1. Let Xy,..., X, 0 Gamma(a, 1). (For this example, we are assuming that
we know = 1 and only need to estimate «.) Then

1
log f(z]|a) = log o) 2 e = —log'(a) + (o — 1) logz — x.

The log-likelihood of all observations is then

n

l(a) = Z (—log'(a) + (o — 1) log X; — X;)

i=1
= —nlogl(a) + (o —1) ZlogX ZX

Introducing the digamma function ¥ (a) = 1;((3)), the MLE & is obtained by (numerically)
solving

0=10(a)=—nY(a ZlogX.

What is the sampling distribution of &7 We compute

2

0
—log f(zla) = —'(a).

As this does not depend on z, the Fisher information is I(a) = —E,[—9'(a)] = ¥'(a). Then

for large n, & is distributed approximately as N (a, #(a))
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Asymptotic normality of the MLE extends naturally to the setting of multiple parameters:

Theorem 15.2. Let {f(x]0) : 0 € Q} be a parametric model, where § € R* has k parameters.

Let X4,..., X, o f(x|@) for 0 € Q, and let 0,, be the MLE based on X1, ..., X,. Define the

Fisher information matrix I(0) € R*** as the matriz whose (i,7) entry is given by the
equivalent expressions

0 0
o FXI), - 0w 5X16)| =~ |

Then under the same conditions as Theorem 14.1,
\/ﬁ(én - 9) — N(O> I<9)71)7

where I1(0)™! is the k x k matriz inverse of 1(0) (and the distribution on the right is the
multivariate normal distribution having this covariance).

2

I(Q)U = COV@ 89186]

log f(X|0)] . (15.1)

(For k = 1, this definition of I(#) is exactly the same as our previous definition, and 7(6)~*

is just ﬁ. The proof of the above result is analogous to the k£ = 1 case from last lecture,

employing a multivariate Taylor expansion of the equation 0 = Vl(é) around 0 = 6.)

Example 15.3. Consider now the full Gamma model, Xi,..., X, 1y Gamma(a, ). Nu-
merical computation of the MLEs & and [ in this model was discussed in Lecture 13. To
approximate their sampling distributions, note

/80[

log f(x|a, B) = log Wxa_le_ﬁx =alogf —logl'(a) + (o — 1) logx — px,
SO
82 2 1 82
g (el ) = (@), 0B f(elaf) = 5. o flale ) =

These partial derivatives again do not depend on z, so the Fisher information matrix is

o= ("9 ).

B2
and its inverse is )
1 = 3
[(&,ﬂ)lzf@ 0 )
Y()g -2 \5 Vi
(&, 3) is approximately distributed as the bivariate normal distribution A (e, B), 21(ct, B)71).
In particular, the marginal distribution of & is approximately

1 «Q
N (‘“’ W) % - éW) |

Suppose, in this example, that in fact the true parameter 5 = 1. Then the variance of
& reduces to m, which is not the variance m obtained in Example 15.1—the
variance here is larger. The difference is that in this example, we do not assume that we
know $ = 1 and instead are estimating § by its MLE B As a result, the MLEs of « in
these two examples are not the same, and here our uncertainty about [ is also increasing
the variability of our estimate of a.
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More generally, for any 2 x 2 Fisher information matrix

the first definition of equation (15.1) implies that a,c¢ > 0. The upper-left element of !
is #2/& which is always at least % This implies, for any model with a single parameter
0, that is contained inside a larger model with parameters (0, 6,), that the variability of
the MLE for 6; in the larger model is always at least that of the MLE for #; in the smaller
model; they are equal when the off-diagonal entry b is equal to 0. The same observation is
true for any number of parameters £ > 2 in the larger model.

This is a simple example of a trade-off between model complexity and accuracy of esti-
mation, which is fundamental to many areas of statistics and machine learning: a complex
model with more parameters might better capture the true distribution of data, but these
parameters will also be more difficult to estimate than those in a simpler model.

15.2 The Cramer-Rao lower bound

Let’s return to the setting of a single parameter § € R. Why is the Fisher information 7(9)

called “information”, and why should we choose to estimate # by the MLE 0?
11D

If Xy,...,X, ~" f(z|6p) for a true parameter 6y, and [(0) = > 7"  log f(X;|0) is the
log-likelihood function, then

2

100) = ~Eay | g5 (10w FXI0)], | = =L Ealt" 0]

I(6p) measures the expected curvature of the log-likelihood function I(#) around the true
parameter 6 = 6. If [(0) is sharply curved around fy—in other words, I(6y) is large—then a
small change in # can lead to a large decrease in the log-likelihood I(#), and hence the data
provides a lot of “information” that the true value of 0 is close to 6. Conversely, if I(6y)
is small, then a small change in 6 does not affect {(#) by much, and the data provides less
information about #. In this (heuristic) sense, I(6y) quantifies the amount of information
that each observation X; contains about the unknown parameter.

The Fisher information I(f) is an intrinsic property of the model {f(x|6) : 6 € Q}, not
of any specific estimator. (We’ve shown that it is related to the variance of the MLE, but
its definition does not involve the MLE.) There are various information-theoretic results
stating that I(0) describes a fundamental limit to how accurate any estimator of § based on
Xi,...,X, can be. We'll prove one such result, called the Cramer-Rao lower bound:

Theorem 15.4. Consider a parametric model {f(x|0) : 0 € Q} (satisfying certain mild

reqularity assumptions) where 6 € R is a single parameter. Let T be any unbiased estimator

of 0 based on data X, ..., X, '~ f(x]0). Then

1
nl(6)

Varg [T] Z
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Proof. Recall the score function

O f(x]6
“(0.0) = pos elo) = 20

and let Z := Z(Xy,...,X,,,0) => ", 2(X;,0). By the definition of correlation and the fact
that the correlation of two random variables is always between -1 and 1,

Covg[Z, T)? < Vary[Z] x Var[T).

The random variables z(Xy,0), ..., z(X,,#) are IID, and by Lemma 14.1, they have mean 0
and variance I(#). Then

Varyg[Z] = n Vary[z(X1,0)] = nl(0).
Since T is unbiased,

0 =Ey[T] = /n T(xy,...,20) f(21|0) X ... X f(x,|0)dxy ... dz,.

Differentiating both sides with respect to # and applying the product rule of differentiation,

1= /n T(xy,...,2,) (%f{azl\@) X f(xa]0) x ... % f(x,|0)

+ f(21]0) X 9 (22]0) X ... X f(xa|0) + ...

00
+ f(21]0) x f(22]0) x ... X %f(:cn\e))dxl ...dx,
:/ T(xy,...,¢0)Z (21, ..., 20, 0)f(21|0) X ... X f(z,|0)dxy ... d2x,

= Eo[TZ).

Since Ey[Z] = 0, this implies Covy[T', Z] = Ey[T'Z] = 1, so Vary[T] > M;@ as desired. O

For two unbiased estimators of #, the ratio of their variances is called their relative effi-
ciency. An unbiased estimator is efficient if its variance equals the lower bound #ﬁ")' Since
the MLE achieves this lower bound asymptotically, we say it is asymptotically efficient.

The Cramer-Rao bound ensures that no unbiased estimator can achieve asymptotically
lower variance than the MLE. Stronger results, which we will not prove in this class, in fact
show that no estimator, biased or unbiased, can asymptotically achieve lower mean-squared-
error than n+®’ except possibly on a small set of special values § € Q.! In particular,
when the method-of-moments estimator differs from the MLE, we expect it to have higher
mean-squared-error than the MLE for large n, which explains why the MLE is usually the
preferred estimator in simple parametric models.

1For example, the constant estimator § = ¢ for fixed ¢ € Q achieves 0 mean-squared-error if the true
parameter happened to be the special value ¢, but at all other parameter values is worse than the MLE for
sufficiently large n.
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