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Problem 1
(a)

Since T'(x) is a sufficient statistics of statistical model P;, by definition, the conditional distribution of

[X|T(X) = t] under each Py € P are the same. Since Py C Py, the conditional distribution of [ X |T'(X) = ]
under each Py € Py are the same. By definition, T'(x) is a sufficient statistics of statistical model Py.

(b)

For any g such that Eg[g(T'(X))] = 0 for § € Py, by the completeness of T' w.r.t. Py, we have Pg(g(T(X)) =
0) =1 for @ € Py. By the null set property of P; and Py, we have Pgo(g(T(X)) =0) =1 for 8 € P;. That
is, T' is complete sufficient w.r.t. Py.

(c)

Consider the exponential family

Po = {Pe(ﬂc) = c(0) exp (91 ixz +...+9nzn:x? - zn:xf”) 10 € R"}.
i=1 i=1 i=1

It is easy to see that Py C P. By the property of exponential family, the complete sufficient statistics for
Po gives To(x) = (O @iy, 2 iy @P). Denote T'(x) = (1) -+, T(ny). By the hints, for any =,y € R",
we have Ty(x) = To(y) if and only if T(x) = T'(y). Hence T is also a complete sufficient statistics for Py.
Since all distributions in P has densities, it satisfies the null set property. By problem (b), T is a complete
sufficient statistics for P.

(d)

Consider estimator
n

AX) =) 1z <a}/n.

i=1

This estimator is a function of the order statistics. It is also unbiased for [ f(t)dt. So it is UMVU.

Problem 2
(a)

Let « ~ Binom(2,6). For any estimator 6(z), we have

Eq[0()] = E[0(0)](1 — ) + E[6(1)]260(1 — 0) + E[0(2)]6.



For any fixed numbers E[0(4)] for ¢ = 0,1, 2, Eg[f(x)] is a degree 2 polynomial of §, and it cannot be identical
to a degree 3 polynomial. R
Let  ~ Binom(3,0). For any deterministic estimator 6(x), we have

Eg[0(x)] = 0(0)(1 — 6)> + 6(1)30(1 — 0)% + 0(2)36%(1 — 0) + 6(3)6°.

Setting 0(3) = 1 and 6(0) = (1) = 6(2) = 0, we get an unbiased estimator for 63.

(b)
An unbiased estimator is
A(CB) = 1{371 =Ty = X3 = 1}

Using the conditioning mechanism, we have

A, (t) =Eg[1{X, = Xo = X3 = 1}|T(X) = 1] = Pg(X; = Xo = X3 = 1|T(X) = t)
=Py(X1=Xo=X3=1, X;=t—3)/P X, =t
(v xS s ()

—0? <” _§’> 0'=3(1 — )" 1{t > 3}/[(?) o'(1 — Q)H]

t—
=t(t —1)(t — 2)/[n(n — 1)(n — 2)].
Hence the UMVU gives A, (T(x)) = T'(z)(T(z) — 1)(T(x) — 2)/[n(n — 1)(n — 2)].

Problem 3
(a)

The log-likelihood function gives

n

£(0) zlogH |:P(}/i = yi| X = mz)PX(wz)}

=1

:ilo exp{y(0, xi)}

T+ oxp{ @)}

i=1

= Z [yi<0, x;) — log(1 + exp{(0, x;)}) + log pX(wi)].

Hence
n

(8) =" [y — exo{(6,2)}/(1 + exp{(8,2)})] 2.

i=1

The Fisher information matrix gives

Ip(8) =nEe{[y — exp{(6,2)}/(1 + exp{(6, x)})*zz"}
=nEzEo{[y — exp{(0,x)}/(1 + exp{(0, z)})]*za |z}
=nEq{{[exp{(6, 2)}/(1 + exp{(0,2)})]*/(1 + exp{(0,z)})
+[1/(1+ exp{(0, ) })] exp{(0, x)} /(1 + exp{(0, x)}) }ax"}
=nEq{[exp{(8, )}/ (1 + exp{(0, x)})*JxaT}.



(b)
Let U be the orthogonal transform such that U8 = fe; where 6 = ||0||2. Let z = Uz. Since © ~ N(0,1,),
we have z = Uz ~ N(0,1;). Note (8, x) = 021, we have
Ir(0) = nEx{[exp{(0,2)} /(1 + exp{(8,x)})}|xx"} = nUTE,{[exp{02z1}/(1 + exp{fz1})?]zz" }U.
Denote
S(0) = E.{[exp{0z1}/(1 + exp{fz1})*]z=z"}.

Then Ir(0) = nUTS(0)U.
The off-diagonal elements of S(6) must be 0, because z; and z; for i # j are mean zero independent
Gaussians. The first diagonal element of S(6) gives

di(0) = S(0)11 = Egun(o,1) {lexp{0G}/(1 + exp{0G})*)G?}.
The other diagonal elements of S(6) gives
d2(0) = S()22 = -+ = S(0)nn = Egrno,) {[exp{0G}/(1 + exp{6G})*]}.
As a result, we have

Ir(0) =nU"S(0)U = nU " [da(0)T + (d1(0) — da(0))e1e] |U = n[do(0)I + (d1(0) — do2(6))06T /6?]
=co([|0]l2)La + c1(]|6][2)067,
where
co(0) =nEgno,1){lexp{0G}/(1 + exp{0G})*]},
c1(0) =nEgno,1){lexp{0G}/(1 + exp{0G})*|(G* - 1)} /6.

(c)

Let y = X~ %2z. Since  ~ N(0,X), we have y = £~ /22 ~ N(0,1,). Let U be the orthogonal transform
such that UX/20 = fe;, where 6 = ||£'/20||5. Let 2z = Uy = UL~ /2x, then 2z ~ N(0,1,). We have (note
(0, x) = 0z, where 6 = || 1/20)|5)

Ir(8) =nXY2UTE, {[exp{021}/(1 + exp{021})?|zzT Y USY? = n2V2UTS(H)ULY?,
=nXY2UT[dy (0)T + (d1(0) — do(0))]ULY? = n[da(0)T + (d1(0) — do(0))26007% /62
=co([[1?0]12)E + 1 (||21/26]2) 26007,

where )
co =nEgno,1) {lexp{0G}/(1 + exp{0G})7]},
c1 =nEgn(0,1){[exp{0G}/ (1 + exp{0G})*)(G* — 1)} /6>



