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The problem

> have a (permutation) symmetric function h: X% — R

> wish to estimate
0= E[h(Xl, ce ,Xk)]

Example (Some measures of dispersion)

> variance with h(y,z) = 1(y — z)?

1
0 = Var(X) = SE[(X1 — X2)?] = E[X?] — E[X]?,
» dispersion probabilities

1 1
0=P(X1 2 Xott), hy,z)=sl{y=zz+t}+71{z=2y+1}
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U-statistics

Definition (U-statistic)

Let h: X" — R be a symmetric function (called the kernel) and
X; 'S P. Define 0(P) := Ep[h(X4, ..., X,)]. Then

Un == (:)_1 > h(Xp)

|B|=r.BC[n]
is the associated U-statistic of order r, 3 ranging over (ordered)

subsets of [n] = {1,...,n}.

» unbiased estimator as E[U,] = E[h(X1,...,X;) = 0(P).
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Why U-statistics?
> we could just use

1 n/r
nlr ; h(Xir—1)415 - -+ Xir)

» consider instead un-ordered sample {X(y), ..., X()} (order
statistics, histogram, or type)

Rao-Blackwellization: statistic {X(y),..., X(n} is sufficient

Observation (Rao-Blackwell)
If L is convex and X; id P, then

Un = E[h(Xb s 7Xr) | X(1)7 s 7X(n)]
and for any T, = Conv{h(Xg) | |B| =r,B C [n]},

E[L(Uy = 0(P))] < E[L(T, — 6(P))]
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Examples of U-statistics

> Variance: for h(x,y) = 3(x — y)?,

U—”_1 X X) = — Xi — X:)?
"—(2) > (X, j)—2n(n_1)dz:( i = X)

i<j

» Gini's mean difference: h(x,y) = |x — y|, and
0 = E[|X1 — Xz|]

» Quantiles: r=1,and h(x) =1{x<t}, 0 =P(X <)
» Signed rank statistic (gives location information):
h(x,y) =1{x+y >0}, so r =2 and

Q(P) = P(X1 + X5 > 0)
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Two-sample U-statistics

» samples {Xi,..., Xm} and {Y1,..., Y}
» function h symmetric in first r and second s inputs (not
across all)

-0 0,5 e

Example (Mann-Whitney statistic)
To test a difference in location, use h(x,y) = 1{x <y},

1
= <Y,
U= — %:ux < Y}

with null Ho : P(X < Y) =13
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Variance of U-statistics (Hoeffding)

idea: project out low order terms and use what's left for
asymptotics

» for h an order r kernel, for ¢ < r define

he(xt, ..., xc) == E[h(x1, ..., xc, Xet1s -+, Xr)]
= E[h(XT, X41) | X7 = x{]

» notice hg = E[h(X{)] = 0(P) and E[h(X{)] = 6(P) for all ¢
> centered statistics he = hc — 0(P)
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Variance of U-statistics

Define “intersection” covariances
Ce = E[h(Xa)h(Xp)]

for A,B C [n] with |[A|=|B|=rand |[ANB|=c<r

Observation R
These covariances satisfy (. = E[h.(X{)?]
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The variance of a U-statistic (finally)

Proposition
Let h be a kernel of order r and U, = (,:)—1 2 18=r N(X). Then

r2
Var(Un) = —G + o(n™2).
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Hilbert spaces

Definition
A vector space H is a Hilbert space if is a complete normed space
with inner product (-, -), where

ul> = (u,u) and (x+y,u+v) = (x,u)+ (x,v)+{y, u) + (y,v)

Example (Standard Hilbert spaces)

» R” with standard inner product (x,y) = xTy =37, x;y;
> [2(P)={f:X = Rwith [f(x)?dP(x) < oo}, with inner
product (f, g) = [ fgdP
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Projections

> Let S be a closed linear subspace of H
» For v € H, define the projection

ms(v) := argmin ||v — s]|?
seS

Theorem
The projection ms(v) exists and is uniquely defined by

(v—ms(v),s) =0 forallseS.
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Projection examples

Example (Collections of random variables)

In L2(P), let S be a collection of random variables (functions) with
E[S?] < oo, closed under linear combinations. Then S is the
projection of a random variable T onto § if and only if

E[(T —5)S| =0 forall S€S.

Proposition (Moreau decomposition)

VI = Ir (WP + [lv = = (v)]1*.

For any v € H,
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Conditional expectations as projections in L?(P)

Let Y be a random variable and

S = {Linear span of g(Y) s.t. g measurable, Pg(Y)? < oo}

Definition
The conditional expectation of X € L2(P) given Y is

E[X | Y] := Projection of X onto S.

» E[X | Y] is random variable (function of Y) with

E[(X —E[X | Y])g(Y)] =0 all g integrable
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Consequences of projections

> iterating expectations: E[X] = E[E[X | Y]]
» product properties: for all £,

E[f(Y)X [ Y] = f(Y)E[X | Y]

> tower property: E[E[X | Y,Z]| Y] =E[X | Y]
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Why projections?

» ignore smaller-order terms!

Proposition

Let S, be a sequences of subspaces of L?(P) and T, be random
variables. Let S, = ws,(Tyn). If Var(T,)/Var(S,) — 1, then

Th —E[Ta]  Sn—E[S)] »
VVar(T,)  V/Var(S,)
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Hajek Projections

idea: project U-statistic U, onto independent sums

Let Xi,..., X, be independent and

s —{Zg, )& < P)}

Lemma
Let E[T?] < co. Then

S=ns(T) = ZE[T | Xi] — (n = 1)E[T]

i=1
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Projecting U, onto i.i.d. sums

> recall hi(x) = E[h(x, X5)] — 6

Lemma (H&jek projection)
If

U,, = Projection(U,7 — @ onto S = { Zgi(xi)}>
i=1

then ., .
~ r
U, = ;E[Un —0] X = - ; i (X;)
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Asymptotic normality of U-statistics
Theorem
Let h be an order r symmetric kernel with ¢; = E[h1(X)?]. Then

V(U —0—0,) B0 and vn(U, — 0) 3 N(0, 2G).
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Projection of two-sample U-statistics

=) (1) Z Erem

lo|=r |B=s]|
where for N = m + n, have f — XA € (0,1)

Lemma
Define

hl,O(X) = E[h(X, X2ra Yls)] -0
hO,l(X) = E[h(Xlr’ya YZS)] — 0.

Then the projection Uy onto o (X)) + 30 gi(Y)) is
N r m s n
Uy=— h1.0(X; — ho.1(Y;
N m; 1,0( )+n; 0,1(Y7)
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Asymptotic normality of two-sample U-statistics

Theorem
Let E[hZ(X{, Y?)] < oo. Then

VN GNP d r’Cio . s%Co1
(Un—0—Un) 20 and VN(Uy—0) SN (0, R Y

where

Cesa = Cov (MOXT, YE), hOXE, Xy oo X0 Y Vi, YD)
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Pivotal quantities (robustness of U-statistics)

» often U-statistic has asymptotically pivotal distribution under
null Hg

Example (Signed rank)

Un = (5) " Xie; 1{X; + X; > 0} is pivotal under null Ho that X
has continuous cdf F symmetric about O.
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Example: the Mann-Whitney statistic

> test “stochastically larger” statistic § = P(X < Y) (or for a
difference in location)

> kernel h(x,y) =1{x <y}

Example (Mann-Whitney)

Under Hy : X dist Y with continuous distribution,

1 m n
Uy ::%221{&5 Yi}

i=1 j=1

satisfies \/12mn/N(Uy — 3) iN(O, 1)
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