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December 10, 2019

In this session, we will go through some practice problems. These problems fall in the scope of
Stats 310A and involves a lot of what we learned comprehensively.

Problem 1 Let X be a set, B be a countably generated o-algebra of subsets of X'. Let P(X, B) be
the set of all probability measures on (X, B). Make P(X, B) into a measurable space by declaring
that the map P +— P(A) is Borel measurable for each A € B. Call the associated o-algebra B*.

(a) Show that B* is countably generated.
(b) For pu € P(X,B), show that {u} € B*.

(c) For p,v € P(X,B), let
[l = vl = sup [u(A) — v(A)].
AeB

Show that the map (u,v) — [|u — v|| is B* x B* measurable.

Problem 2 Let {X,}, be iid symmetric random variables such that

y* Pr(|Xi1| > y)

li =0. 1
3% B(XE (X0 < 9) W)

Show that there exists a sequence {by, },, of positive constants such that

1 d
— Y X — N(0,1). (2)
bn k=1

Problem 3 Recall that given two measures p, v on (R, Br), a coupling of p and v is any probabil-
ity measure v on (R?, Bg2) such that, for any Borel set A, we have y(AxR) = u(A), y(Rx A) = v(A).
(In words, the one-dimensional marginals of ~ are —respectively— u and v.) We denote by I'(u, v)
the set of couplings of ;v and v. For p > 1, let P, be the space of probability measures p such that
[ |z|P p(dz) < oo. For p,v € Py, their p-th Wasserstein distance is

1/p

W) ={_ it [ o= yPatanan] ®)
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1. For p=N(0,1) and v = N (a, 1), prove that Wa(u,v) = |al.

2. For p=N(0,1) and v = N(0,v), v > 1, prove that Wa(u,v) = /v — 1.

3. Prove that I'(u, v) is uniformly tight.



4. Fix p > 1. Prove that there exists a sequence of probability measures {v, }ner C I'(u, v) amd
v € T'(u, v) such that 7, = ~, and

lim |z = y[P yn(dz, dy) = Wp(p, v)P. (4)

n—oo RxR

5. Prove that (for {7, }nen, 7 constructed as in the previous point)

lim inf [ [z — P y(da, dy) > / | — yIP y(dz, dy) (5)
n—0 JpxR RxR
and deduce that
1/p
Wyt) ={ [l = yratanan] (6)
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