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Chapter 1

Introduction and setting

This set of lecture notes explores some of the (many) connections relating information theory,
statistics, computation, and learning. Signal processing, machine learning, and statistics all revolve
around extracting useful information from signals and data. In signal processing and information
theory, a central question is how to best design signals—and the channels over which they are
transmitted—to maximally communicate and store information, and to allow the most effective
decoding. In machine learning and statistics, by contrast, it is often the case that there is a
fixed data distribution that nature provides, and it is the learner’s or statistician’s goal to recover
information about this (unknown) distribution.

A central aspect of information theory is the discovery of fundamental results: results that
demonstrate that certain procedures are optimal. That is, information theoretic tools allow a
characterization of the attainable results in a variety of communication and statistical settings. As
we explore in these notes in the context of statistical, inferential, and machine learning tasks, this
allows us to develop procedures whose optimality we can certify—no better procedure is possible.
Such results are useful for a myriad of reasons; we would like to avoid making bad decisions or false
inferences, we may realize a task is impossible, and we can explicitly calculate the amount of data
necessary for solving different statistical problems.

1.1 Information theory

Information theory is a broad field, but focuses on several main questions: what is information,
how much information content do various signals and data hold, and how much information can be
reliably transmitted over a channel. We will vastly oversimplify information theory into two main
questions with corresponding chains of tasks.

1. How much information does a signal contain?
2. How much information can a noisy channel reliably transmit?
In this context, we provide two main high-level examples, one for each of these tasks.

Example 1.1 (Source coding):  The source coding, or data compression problem, is to
take information from a source, compress it, decompress it, and recover the original message.
Graphically, we have

Source — Compressor — Decompressor — Receiver
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The question, then, is how to design a compressor (encoder) and decompressor (decoder) that
uses the fewest number of bits to describe a source (or a message) while preserving all the
information, in the sense that the receiver receives the correct message with high probability.
This fewest number of bits is then the information content of the source (signal). &

Example 1.2: The channel coding, or data transmission problem, is the same as the source
coding problem of Example [Tl except that between the compressor and decompressor is a
source of noise, a channel. In this case, the graphical representation is

Source — Compressor — Channel — Decompressor — Receiver

Here the question is the maximum number of bits that may be sent per each channel use in
the sense that the receiver may reconstruct the desired message with low probability of error.
Because the channel introduces noise, we require some redundancy, and information theory
studies the exact amount of redundancy and number of bits that must be sent to allow such
reconstruction. &

1.2 Moving to statistics

Statistics and machine learning can—broadly—be studied with the same views in mind. Broadly,
statistics and machine learning can be thought of as (perhaps shoehorned into) source coding and
a channel coding problems.

In the analogy with source coding, we observe a sequence of data points X1, ..., X,, drawn from
some (unknown) distribution P on a space X. For example, we might be observing species that
biologists collect. Then the analogue of source coding is to construct a model (often a generative
model) that encodes the data using relatively few bits: that is,

X1,..,X P .
Source (P) “ %" Compressor —» Decompressor — Receiver.

Here, we estimate P—an empirical version of the distribution P that is easier to describe than
the original signal Xj,...,X,, with the hope that we learn information about the generating
distribution P, or at least describe it efficiently.

In our analogy with channel coding, we make a connection with estimation and inference.
Roughly, the major problem in statistics we consider is as follows: there exists some unknown
function f on a space X that we wish to estimate, and we are able to observe a noisy version
of f(X;) for a series of X; drawn from a distribution P. Recalling the graphical description of
Example[[L2] we now have a channel P(Y | f(X)) that gives us noisy observations of f(X) for each
X;, but we may (generally) now longer choose the encoder/compressor. That is, we have

Xl’“'vXn

Vi Y
Source (P) ~ %" Compressor L

FXD)f ) cpannel PY | f(X)) =" Decompressor.

The estimation—decompression—problem is to either estimate f, or, in some cases, to estimate
other aspects of the source probability distribution P. In general, in statistics, we do not have
any choice in the design of the compressor f that transforms the original signal Xy, ..., X,,, which
makes it somewhat different from traditional ideas in information theory. In some cases that we
explore later—such as experimental design, randomized controlled trials, reinforcement learning
and bandits (and associated exploration/exploitation tradeoffs)—we are also able to influence the
compression part of the above scheme.



Stanford Statistics 311/Electrical Engineering 377 John Duchi

Example 1.3: A classical example of the statistical paradigm in this lens is the usual linear
regression problem. Here the data X; belong to R?, and the compression function f(z) =6z
for some vector § € R?. Then the channel is often of the form

}/z:eTXz“‘ )
N~ =~

signal noise

where ¢; g N(0,0?) are independent mean zero normal perturbations. The goal is, given a
sequence of pairs (X;,Y;), to recover the true 6 in the linear model.

In active learning or active sensing scenarios, also known as (sequential) experimental design,
we may choose the sequence X; so as to better explore properties of §. Later in the course we
will investigate whether it is possible to improve estimation by these strategies. As one concrete
idea, if we allow infinite power, which in this context corresponds to letting || X;|| — oco—
choosing very “large” vectors z;—then the signal of " X; should swamp any noise and make
estimation easier. ¢

For the remainder of the class, we explore these ideas in substantially more detail.



Chapter 2

Review of basic (and not so basic)
concepts in information theory

Readings covering the material in this set of notes: Chapter 2 of Cover and Thomas M], which
covers all of the results for the discrete case. For the more advanced (measure-theoretic) version,
see Chapter 5 of Gray ﬂa] (available on Bob Gray’s webpage), or Chapter 7 of the second edition
of the same book.

2.1 Basics of Information Theory

In this section, we review the basic definitions in information theory, including (Shannon) entropy,
KL-divergence, mutual information, and their conditional versions. Before beginning, I must make
an apology to any information theorist reading these notes: any time we use a log, it will always
be base-e. This is more convenient for our analyses, and it also (later) makes taking derivatives
much nicer.

In this first section, we will assume that all distributions are discrete; this makes the quantities
somewhat easier to manipulate and allows us to completely avoid any complicated measure-theoretic
quantities. In Section of this note, we show how to extend the important definitions (for our
purposes)—those of KL-divergence and mutual information—to general distributions, where basic
ideas such as entropy no longer make sense. However, even in this general setting, we will see we
essentially lose no generality by assuming all variables are discrete.

2.1.1 Definitions

Entropy: We begin with a central concept in information theory: the entropy. Let P be a distri-
bution on a finite (or countable) set X, and let p denote the probability mass function associated
with P. That is, if X is a random variable distributed according to P, then P(X = x) = p(x). The
entropy of X (or of P) is defined as

H(X):= = p(x)logp(z).

Because p(x) < 1 for all z, it is clear that this quantity is positive. We will show later that if X
is finite, the maximum entropy distribution on X is the uniform distribution, setting p(z) = 1/|X|
for all z, which has entropy log(|X]).
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While we do not explore it in this class, there is an operational interpretation of entropy via
Shannon’s source-coding theorem (see, for example, Chapter 5 of Cover and Thomas M]) In
particular, Shannon’s source coding theorem states that if we wish to encode a random variable
X, distributed according to P, with a k-ary string (i.e. each entry of the string takes on one of k
values), then the minimal expected length of the encoding is given by H(X) = — > p(x) log, p(x).
Moreover, this is achievable (to within a length of at most 1 symbol) by using Huffman codes
(among many other types of codes). As an example of this interpretation, we may consider encoding
a random variable X with equi-probable distribution on m items, which has H(X) = log(m). In
base-2, this makes sense: we simply assign an integer to each item and encode each integer with
the natural (binary) integer encoding of length [logm].

We can also define the conditional entropy, which is the amount of information left in a random
variable after observing another. In particular, we define

HX|Y =y) ==Y pl|ylogp(x|y) and H(X|Y)= Zp H(X|Y =y),

where p(x | y) is the p.m.f. of X given that Y = y.
Let us now provide a few examples of the entropy of various discrete random variables

Example 2.1 (Uniform random variables): As we noted earlier, if a random variable X is
uniform on a set of size m, then H(X) =logm. &

Example 2.2 (Bernoulli random variables): Let hao(p) = —plogp — (1 — p) log(1 — p) denote
the binary entropy, which is the entropy of a Bernoulli(p) random variable. &

Example 2.3 (Geometric random variables): A random variable X is Geometric(p), for some
p € [0,1], if it is supported on {1,2,...}, and P(X = k) = (1 — p)*~!p; this is the probability
distribution of the number X of Bernoulli(p) trials until a single success. The entropy of such
a random variable is

H(X) ==Y (1—p)* 'p[(k—1)log(1 —p) +logp] = = > (1 —p)*p[klog(l — p) +logp].
k=1 k=0
As Y ok = ﬁ and %ﬁ = (1_%)2 = ka*~1, we have

H(X) = —plog(1—p)- > k(1 —p)* —plogp-> (1—-p)* = - ;plog(l —p) — (1—p)logp.
k

As p | 0, we see that H(X) T co. &

Il
—

Example 2.4 (A random variable with infinite entropy): While most “reasonable” discrete
random variables have finite entropy, it is possible to construct distributions with infinite
entropy. Indeed, let X have p.m.f. on {2,3,...} defined by

A — 1
k)= here A7 1= ——— < oo,
Pk) = gt " z::klong OO

dz < oo if and only if & > 1: for v = 1, we have [ =

the last sum finite as [, wlog - tlogt

log log x, while for o > 1, we have

1

d
. 1 11—« — 1 o
(log:2)! ™ = (1= ) e

dx
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so that fe tlog aydt = (11 & To see that the entropy is infinite, note that
log A +log k + 2loglog k log k
:AZ og A+ logk + 2loglog —AZ og2 -,
= klog? k k22k10g k

where C is a numerical constant. &

KL-divergence: Now we define two additional quantities, which are actually much more funda-
mental than entropy: they can always be defined for any distributions and any random variables,
as they measure distance between distributions. Entropy simply makes no sense for non-discrete
random variables, let alone random variables with continuous and discrete components, though it
proves useful for some of our arguments and interpretations.

Before defining these quantities, we recall the definition of a convex function f : R¥ — R as any
bowl-shaped function, that is, one satisfying

fQz+ (1 =Ny) <Af(z) + (1 =) f(y) (2.1.1)

for all A € [0,1], all z,y. The function f is strictly convex if the convexity inequality (2I.1]) is
strict for A € (0,1) and = # y. We recall a standard result:

Proposition 2.5 (Jensen’s inequality). Let f be convex. Then for any random variable X,

FE[X]) < E[f(X)].
Moreover, if f is strictly convex, then f(E[X]) < E[f(X)] unless X is constant.

Now we may define and provide a few properties of the KL-divergence. Let P and @ be
distributions defined on a discrete set X'. The KL—divergence between them is

D (P|Q) =) plx log
reX

We observe immediately that Dy (P|Q) > 0. To see this, we apply Jensen’s inequality (Proposi-
tion[2.8)) to the function — log and the random variable ¢(X)/p(X), where X is distributed according
to P:

Dy (PIQ) = —E [mg 28] 2 g 23]

“log (Zp x q;) ~log(1) = 0.

Moreover, as log is strictly convex, we have Dy (P|Q) > 0 unless P = Q). Another consequence of
the positivity of the KL-divergence is that whenever the set X is finite with cardinality |X| < oo,
for any random variable X supported on X we have H(X) < log |X|. Indeed, letting m = |X|, @
be the uniform distribution on X" so that ¢(x) = %, and X have distribution P on X, we have

p(z)
0<Dy(P|Q)= Zp log () Zp Ylogq(z) = —H(X) + logm, (2.1.2)

so that H(X) < logm. Thus, the uniform distribution has the highest entropy over all distributions
on the set X.

10
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Mutual information: Having defined KL-divergence, we may now describe the information
content between two random variables X and Y. The mutual information I(X;Y) between X and
Y is the KL-divergence between their joint distribution and their products (marginal) distributions.
More mathematically,

_ ) log L& Y)
) —;;p( l ® p@p(y) (2:1.3)

We can rewrite this in several ways. First, using Bayes’ rule, we have p(x,y)/p(y) = p(z | y), so

Zp p(x | y)log (gzl)y)

:_Zzp p(z | y) log p(z +Zp )> plx | y)logp(z | y)

= H(X) - H(X|Y).

Similarly, we have I(X;Y) = H(Y) — H(Y | X), so mutual information can be thought of as the
amount of entropy removed (on average) in X by observing Y. We may also think of mutual infor-
mation as measuring the similarity between the joint distribution of X and Y and their distribution
when they are treated as independent.

Comparing the definition (ZI1.3) to that for KL-divergence, we see that if Pxy is the joint
distribution of X and Y, while Px and Py are their marginal distributions (distributions when X
and Y are treated independently), then

I(X,Y) = Dkl (ny”PX X Py) > 0.

Moreover, we have I(X;Y) > 0 unless X and Y are independent.
As with entropy, we may also define the conditional information between X and Y given Z,
which is the mutual information between X and Y when Z is observed (on average). That is,

I(X;Y | 2): ZIXsz_z) (2)=H(X|2)—-H(X|Y,Z)=H(Y | Z2)-H(Y | X, Z).

Entropies of continuous random variables For continuous random variables, we may define
an analogue of the entropy known as differential entropy, which for a random variable X with
density p is defined by

hMX):= —/p(w) log p(z)dz. (2.1.4)

Note that the differential entropy may be negative—it is no longer directly a measure of the number
of bits required to describe a random variable X (on average), as was the case for the entropy. We
can similarly define the conditional entropy

h(X 1Y) = —/p(y)/p(w | y)logp(z | y)dzdy.

We remark that the conditional differential entropy of X given Y for Y with arbitrary distribution—
so long as X has a density—is

WX |Y)=E [— [ o1 ¥ vogpt | V]

11
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where p(z | y) denotes the conditional density of X when Y = y. The KL divergence between
distributions P and ) with densities p and ¢ becomes
(z)

Du (PIQ) = / pla)log B

and similarly, we have the analogues of mutual information as

p(z,y)

106Y) = [ plavy)log 250 dudy = h(X) = KX |Y) = B(Y) = B(Y | X).
p(x)p(y)

As we show in the next subsection, we can define the KL-divergence between arbitrary distributions

(and mutual information between arbitrary random variables) more generally without requiring

discrete or continuous distributions. Before investigating these issues, however, we present a few

examples. We also see immediately that for X uniform on a set [a,b], we have h(X) = log(b — a).

Example 2.6 (Entropy of normal random variables): The differential entropy (ZI.4) of a
normal random variable is straightforward to compute. Indeed, for X ~ N(u,0?) we have

p(x) = \/2}r7 exp(—ﬁ(x — 11)?), so that

1 1 1 2 1 oy E[(X-p? 1 2
h(X) = —/p(:c) [2 logm — @(x -l = 510g(27r0 )+ — g2 = §log(27rea ).

For a general multivariate Gaussian, where X ~ N(y, ) for a vector p € R™ and ¥ > 0 with
1

density p(z) = EmEYERy ey exp(—%(m — ) "S "z — p)), we similarly have
1
h(X) = E [n log(27) + log det(S) + (X — p) TS (X — p)

n

1 1 1
= glog(%r) +3 log det(X) 4+ B tr(x 1) = 5 log(2me) + 5 log det(eX).

&

Continuing our examples with normal distributions, we may compute the divergence between
two multivariate Gaussian distributions:

Example 2.7 (Divergence between Gaussian distributions): Let P be the multivariate normal
N(p1,%), and @ be the multivariate normal distribution with mean p9 and identical covariance
> > 0. Then we have that

1 .
Dy (P|Q) = 5(#1 — p2) T2 (g — o). (2.1.5)
We leave the computation of the identity (215 to the reader. &

An interesting consequence of Example 2.7 is that if a random vector X has a given covari-
ance ¥ € R™" then the multivariate Gaussian with identical covariance has larger differential
entropy. Put another way, differential entropy for random variables with second moments is always
maximized by the Gaussian distribution.

Proposition 2.8. Let X be a random vector on R™ with a density, and assume that Cov(X) = X.
Then for Z ~ N(0,%), we have
h(X) < h(Z).

12
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Proof Without loss of generality, we assume that X has mean 0. Let P be the distribution of
X with density p, and let ) be multivariate normal with mean 0 and covariance X; let Z be this
random variable. Then

Dy (P|Q) —/ (x)log Ei;dx = —h(X) —i—/p(x) B log(27) — %xTE_lx dx

= —h(X) +h(2),
because Z has the same covariance as X. As 0 < Dy (P|Q), we have h(Z) > h(X) as desired. [

We remark in passing that the fact that Gaussian random variables have the largest entropy has
been used to prove stronger variants of the central limit theorem; see the original results of Barron
E], as well as later quantitative results on the increase of entropy of normalized sums by Artstein
et al. ﬂa] and Madiman and Barron ﬂQ]

2.1.2 Properties and data processing
We now illustrate several of the properties of entropy, KL divergence, and mutual information;

these allow easier calculations and analysis.

Chain rules: We begin by describing relationships between collections of random variables
X1,..., X, and individual members of the collection. (Throughout, we use the notation X; =
(Xi, Xit1,...,X;) to denote the sequence of random variables from indices i through j.)

For the entropy, we have the simplest chain rule:

H(X1,...,X,)=H(X1) +HXo | X1) +...+ HX, | X77h).

This follows from the standard decomposition of a probability distribution p(x,y) = p(z)p(y | =).
to see the chain rule, then, note that

Zp p(y | x)logp(x)p(y | x)
Z—Zp Zpylxlogp Zp Z (y | z)logp(y | 2) = H(X) + H(Y | X).

Now set X = X771 Y = X,,, and simply induct.
A related corollary of the definitions of mutual information is the well-known result that con-
ditioning reduces entropy:

H(X|Y)< H(X) because I(X;Y)=H(X)—H(X|Y)>0.

So on average, knowing about a variable Y can only decrease your uncertainty about X. That
conditioning reduces entropy for continuous random variables is also immediate, as for X continuous
we have I(X;Y) =h(X)—h(X |Y) >0, so that h(X) > h(X |Y).

Chain rules for information and divergence: As another immediate corollary to the chain
rule for entropy, we see that mutual information also obeys a chain rule:

n
(XY =) I(X;Y; | Y.
=1

13
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Indeed, we have

I(X;YP) =HY!) -HYP | X) =) [HY |V H-HY | X,y Y] =) I(X;%: | ).
i=1 i=1

The KL-divergence obeys similar chain rules, making mutual information and KL-divergence mea-
sures useful tools for evaluation of distances and relationships between groups of random variables.

Expanding upon this, we give several tensorization identities, showing how to transform ques-
tions about the joint distribution of many random variables to simpler questions about their
marginals. As a first example, we see that as a consequence of the fact that conditioning de-
creases entropy, we see that for any sequence of (discrete or continuous, as appropriate) random
variables, we have

H(X1,...,X,) <H(X)) +- 4+ H(X,) and h(X1,...,X,) < k(X)) + ...+ h(X,).

Both equalities hold with equality if and only if X,..., X, are mutually independent. (The only
if follows because I(X;Y’) > 0 whenever X and Y are not independent, by Jensen’s inequality and
the fact that Dy (P|Q) > 0 unless P = Q.)

We return to information and divergence now. Suppose that random variables Y; are inde-
pendent conditional on X, meaning that P(Y; = y1,...,Y, =y, | X =2) =PV 1 =y | X =
x)---P(Y, =y, | X =x). Such scenarios are common—as we shall see—when we make multiple
observations from a fixed distribution parameterized by some X. Then we have the inequality

n
I(X;Yh,.. Yo) = Y [HY; | Y7 = H(Y; | X, YY)
. = . (2.1.6)

=D HY: | Y{) —H(Y; | X)] < Y [H(Y) - H(Y; | X)] = Y I(X;Y)),
=1

i=1 i=1

where the inequality follows because conditioning reduces entropy.

As a second example, suppose that the distribution P = Pix Py X---X Py, and Q = Q1 X+ - - X Qy,
that is, that P and ) are product distributions over independent random variables X; ~ P; or
X; ~ @;. Then we immediately have the tensorization identity

Dy (P|Q) = Dia (Py X -+ X Pa]Q1 X - X Qu) = Y _ Dia (Pi]Qs) -
i=1

We remark in passing that these two identities hold for arbitrary distributions P; and ); or random
variables X,Y.

Data processing inequalities: A standard problem in information theory (and statistical in-
ference) is to understand the degradation of a signal after it is passed through some noisy channel
(or observation process). The simplest of such results, which we will use frequently, is that we can
only lose information by adding noise. In particular, assume we have the Markov chain

X =Y > 27

Then we obtain the classical data processing inequality.

14
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Proposition 2.9. With the above Markov chain, we have I(X;Z) < I(X;Y).
Proof We expand the mutual information I(X;Y,Z) in two ways:
I(X;Y,2) = I(X;2) + [(X;Y | Z)
— I(XY)+ I(X:Z]Y),
—
where we note that the final equality follows because X is independent of Z given Y':
I(X;Z|Y)=H(X |Y)-H(X|Y,Z)=H(X|Y) - HX|Y)=0.
Since I(X;Y | Z) > 0, this gives the result. O

2.2 General divergence measures and definitions

Having given our basic definitions of mutual information and divergence, we now show how the
definitions of KL-divergence and mutual information extend to arbitrary distributions P and @
and arbitrary sets X'. This requires a bit of setup, including defining set algebras (which, we will
see, simply correspond to quantization of the set X'), but allows us to define divergences in full
generality.

2.2.1 Partitions, algebras, and quantizers

Let X be an arbitrary space. A quantizer on X is any function that maps X to a finite collection
of integers. That is, fixing m < oo, a quantizer is any function q : X — {1,...,m}. In particular,
a quantizer q partitions the space X into the subsets of z € X for which q(x) = i. A related
notion—we will see the precise relationship presently—is that of an algebra of sets on X. We say
that a collection of sets A is an algebra on X if the following are true:

1. The set X € A.

2. The collection of sets A is closed under finite set operations: union, intersection, and com-
plementation. That is, A, B € A implies that A€ A, ANBe€ A, and AUB € A.

There is a 1-to-1 correspondence between quantizers—and their associated partitions of the set
X—and finite algebras on a set X', which we discuss brieﬂyEl It should be clear that there is a
one-to-one correspondence between finite partitions of the set X and quantizers q, so we must argue
that finite partitions of X are in one-to-one correspondence with finite algebras defined over X.

In one direction, we may consider a quantizer q : X — {1,...,m}. Let the sets Aj,..., 4,
be the partition associated with g, that is, for # € A; we have q(z) = i, or A; = q~*({i}). Then
we may define an algebra Aq as the collection of all finite set operations performed on Aq,..., A,
(note that this is a finite collection, as finite set operations performed on the partition Ay,..., A,

induce only a finite collection of sets).

For the other direction, consider a finite algebra A over the set X. We can then construct a
quantizer g4 that corresponds to this algebra. To do so, we define an atom of A as any non-empty
set A € A such that if B C A and B € A, then B = A or B = (). That is, the atoms of A are the
“smallest” sets in A. We claim there is a unique partition of X with atomic sets from A; we prove
this inductively.

!Pedantically, this one-to-one correspondence holds up to permutations of the partition induced by the quantizer.
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Base case: There is at least 1 atomic set, as A is finite; call it A;.

Induction step: Assume we have atomic sets Aj,..., Ay € A. Let B = (A1 U---U Ag)¢ be their
complement, which we assume is non-empty (otherwise we have a partition of X’ into atomic sets).
The complement B is either atomic, in which case the sets {Aj, Ao, ..., Ak, B} are a partition of
X consisting of atoms of A, or B is not atomic. If B is not atomic, consider all the sets of the form
AN B for A € A. Each of these belongs to A, and at least one of them is atomic, as there is a
finite number of them. This means there is a non-empty set Ay11 C B such that Aiyq is atomic.

By repeating this induction, which must stop at some finite index m as A is finite, we construct
a collection Ay, ..., A, of disjoint atomic sets in A for which and U;A; = X'. (The uniqueness is
an exercise for the reader.) Thus we may define the quantizer q 4 via

qa(xz) =i when x € A;.

2.2.2 KL-divergence

In this section, we present the general definition of a KL-divergence, which holds for any pair of
distributions. Let P and () be distributions on a space X. Now, let A be a finite algebra on X
(as in the previous section, this is equivalent to picking a partition of X and then constructing the
associated algebra), and assume that its atoms are atoms(.A). The KL-divergence between P and

Q@ conditioned on A is
P(A
Da(PIQ| A= S P(4)log L)
Acatoms(A) Q(A)

That is, we simply sum over the partition of X'. Another way to write this is as follows. Let
q:X — {1,...,m} be a quantizer, and define the sets 4; = q~!({i}) to be the pre-images of each
i (i.e. the different quantization regions, or the partition of X’ that q induces). Then the quantized
KL-divergence between P and @ is

Du(PIQ |a) = 3 P(A) log 1 7
i=1 ’

We may now give the fully general definition of KL-divergence: the KL-divergence between P
and @ is defined as

Dy (P|Q) :==sup{Dy (P|Q | A) such that A is a finite algebra on X'}

2.2.1
=sup{Dy (P|Q | q) such that q quantizes X'} . ( )

This also gives a rigorous definition of mutual information. Indeed, if X and Y are random variables
with joint distribution Pxy and marginal distributions Px and Py, we simply define

I(X,Y) = Dkl (PXy”PX X Py) .
When P and @ have densities p and ¢, the definition (Z21]) reduces to

D (PIQ) = [ pla)loZlas.
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while if P and @ both have probability mass functions p and ¢, then—as we will see in the
homework—the definition (Z2Z1]) is equivalent to

Dy (P|Q) = ZP IOg

precisely as in the discrete case.

We remark in passing that if the set X' is a product space, meaning that X = X} x Xy x --- x A,
for some n < oo (this is the case for mutual information, for example), then we may assume our
quantizer always quantizes sets of the form A = Ay x Ay x --- x A,, that is, Cartesian products.
Written differently, when we consider algebras on X', the atoms of the algebra may be assumed to be
Cartesian products of sets, and our partitions of X can always be taken as Cartesian products. (See
Gray ﬂa, Chapter 5].) Written slightly differently, if P and @ are distributions on X = &} x--- x X,
and q' is a quantizer for the set X; (inducing the partition A%, ..., Afm of X;) we may define

P(A] x A% x---x A% )

1 n 1 2 n
Du(PlQ1a',....q") = > P(A} x A3, x .- xAjn)IOgQ(AJll A AT
Jlseessdn Ji J2 Jn

Then the general definition ([Z2.1]) of KL-divergence specializes to
Dy (P|Q) = sup {Dk1 (PHQ laql,. .., q”) such that q° quantizes Xi} .

So we only need consider “rectangular” sets in the definitions of KL-divergence.

Measure-theoretic definition of KL-divergence If you have never seen measure theory be-
fore, skim this section; while the notation may be somewhat intimidating, it is fine to always
consider only continuous or fully discrete distributions. We will describe an interpretation that will
mean for our purposes that one never needs to really think about measure theoretic issues.

The general definition ([222.1]) of KL-divergence is equivalent to the following. Let 4 be a measure
on X, and assume that P and () are absolutely continuous with respect to u, with densities p and
g, respectively. (For example, take yp = P + @).) Then

Du(PIQ) = [ plo)tog " du(o) (2.2.2)

The proof of this fact is somewhat involved, requiring the technology of Lebesgue integration. (See
Gray ﬂa, Chapter 5].)

For those who have not seen measure theory, the interpretation of the equality ([Z2.2]) should be
as follows. When integrating a function f(xz), replace [ f(x)du(z) with one of two pairs of symbols:
one may simply think of du(x) as dz, so that we are performing standard integration [ f(z)dz, or
one should think of the integral operation [ f(z)du(x) as summing the argument of the integral, so
dp(z) =1 and [ f(z = >, f(x). (This corresponds to p being “counting measure” on X.)

2.2.3 f-divergences

A more general notion of divergence is the so-called f-divergence, or Ali-Silvey divergence @, ]
(see also the alternate interpretations in the article by Liese and Vajda ﬂﬁ]) Here, the definition is
as follows. Let P and @ be probability distributions on the set X', and let f : Ry — R be a convex
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function satisfying f(1) = 0. Assume w.l.0.g. that P and @ are absolutely continuous with respect
to the base measure p. The f divergence between P and (@ is

Ds(P1Q) = [ ot (22 ) duto) (223

In the first homework set, you will explore several properties of f-divergences, including a quantized
representation equivalent to that for the KL-divergence ([2:2I)). Broadly, f-divergences satisfy
essentially the same properties as KL-divergence, such as data-processing inequalities, and they
provide a generalization of mutual information.

Examples We give three examples of f-divergences here; in Section [[3.2.2] we provide a few
examples of their uses as well as providing a few natural inequalities between them.

1. KL-divergence: by taking f(¢) = tlogt, which is convex and satisfies f(1) = 0, we obtain
Dy (P|Q) = Di (P|Q).

2. KL-divergence, reversed: by taking f(t) = —logt, we obtain Dy (P|Q) = Di (Q|P).

3. The total variation distance between probability distributions P and @) defined on a set X is
defined as the maximum difference between probabilities they assign on subsets of X"

1P = Qllpy := sup [P(A) = Q(A)[. (2.2.4)

Note that (by considering compliments P(A¢) = 1—P(A)) the absolute value on the right hand
side is unnecessary. The total variation distance, as we shall see later in the course, is very
important for verifying the optimality of different tests, and appears in the measurement of
difficulty of solving hypothesis testing problems. An important inequality, known as Pinsker’s
inequality, is that

1P @l < 5D (PIQ). (225)

By taking f(t) = 1|t — 1|, we obtain the total variation distance. Indeed, we have

F (Pl =5 [ |25 -1 Ip(z) — q(2)|du()
/|56 1| =3 |

. g x x)| du(x
-AW»WF() @)+ [ o) = )]t

p[P(A) = Q(A)] + % sup [Q(A) = P(A)] = [P = Qllpy -

)
1
= — Su
2 Acx Acx

4. The Hellinger distance between probability distirbutions P and ) defined on a set X is
generated by the function f(t) = (vt — 1) =t — 2y/t + 1. The Hellinger distance is then

dhat(P, Q)’ /v/ ~ Va@)2du(z) (2.2.6)

5. The x?-divergence is generated by taking f(t) = %(t —1)2, and between distributions P and

Q is given by
1 [ (p(z) ’
D2 (P|Q) = 2/ (q@) - ) q(x)dp(x). (2.2.7)
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There are a variety of inequalities relating different f-divergences, which are often convenient
for analyzing the properties of product distributions (as will become apparent in Chapter
We enumerate a few of the most important inequalities here, which provide inequalities relating
variation distance to the others.

Proposition 2.10. The total variation distance satisfies the following relationships:

(a) For the Hellinger distance,

1
2a(P.Q)? < 1P = Qllyy < dua(P,Q)V/1 = dra(P.QP/.
(b) Pinsker’s inequality: for any distributions P, @,

1P = Qlf3y < 3D (PIQ).

We provide the proof of Proposition 210 in Section R.AT]

2.3 First steps into optimal procedures: testing inequalities

As noted in the introduction, a central benefit of the information theoretic tools we explore is that
they allow us to certify the optimality of procedures—that no other procedure could (substantially)
improve upon the one at hand. The main tools for these certifications are often inequalities gov-
erning the best possible behavior of a variety of statistical tests. Roughly, we put ourselves in the
following scenario: nature chooses one of a possible set of (say) k worlds, indexed by probabil-
ity distributions Py, Ps, ..., Py, and conditional on nature’s choice of the world—the distribution
P* € {Py,...,P;} chosen—we observe data X drawn from P*. Intuitively, it will be difficult to
decide which distribution F; is the true P* if all the distributions are similar—the divergence be-
tween the P; is small, or the information between X and P* is negligible—and easy if the distances
between the distributions P; are large. With this outline in mind, we present two inequalities, and
first examples of their application, to make concrete these connections to the notions of information
and divergence defined in this section.

2.3.1 Le Cam’s inequality and binary hypothesis testing

The simplest instantiation of the above setting is the case when there are only two possible dis-
tributions, P, and P, and our goal is to make a decision on whether P} or Ps is the distribution
generating data we observe. Concretely, suppose that nature chooses one of the distributions P;
or P, at random, and let V' € {1,2} index this choice. Conditional on V' = v, we then observe a
sample X drawn from P,. Denoting by P the joint distribution of V' and X, we have for any test
U : X — {1,2} that the probability of error is then

1 1
P(X) £ V) = S PI(U(X) £ 1) + S Po(U(X) £2).
We can give an exact expression for the minimal possible error in the above hypothesis test.
Indeed, a standard result of Le Cam (see ﬂﬂ, , Lemma 1)) is the following variational representation

of the total variation distance (ZZ4), which is the f-divergence associated with f(t) = |t — 1, as
a function of testing error.
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Proposition 2.11. Let X be an arbitrary set. For any distributions Py and P» on X, we have
inf {P(U(X) # 1)+ B(V(X) #2)} =1~ [P = Poflpy
where the infimum is taken over all tests ¥ : X — {1,2}.

Proof Any test ¥: X — {1,2} has an acceptance region, call it A C X', where it outputs 1 and
a region A® where it outputs 2.

PV #1)4+ Py(V#2) =P (A°) 4+ P(A) =1 - Pi(A) + P (A).
Taking an infimum over such acceptance regions, we have

inf {PL(U £ 1) + Py(W £2)} = inf {1~ (Pi(A) — Po(A))} = 1 — sup (Pi(4) — Py(4)),
- ACX

which yields the total variation distance as desired. O

In the two-hypothesis case, we also know that the optimal test, by the Neyman-Pearson lemma,
is a likelihood ratio test. That is, assuming that P, and P, have densities p; and p2, the optimal

test is of the form )
1 if & >t

U(X)= X
() {2 fp1§X§ <t

for some threshold ¢ > 0. In the case that the prior probabilities on P; and P, are each %, then
t =1 is optimal.
We give one example application of Proposition Z11] to the problem of testing a normal mean.

Example 2.12 (Testing a normal mean): Suppose we observe Xi,..., X, - pofor P = P

or P = P, where P, is the normal distribution N(j,,0?), where p; # 2. We would like to
understand the sample size n necessary to guarantee that no test can have small error, that
is, say, that

DO | =

By Proposition [2.17], we have that
ir‘ﬁf {PL(U(X1,...,.Xn) # 1)+ PB(V(Xy,...,X,) #2)} > 1—||P" = Py

where P’ denotes the n-fold product of P,, that is, the distribution of X1,..., X, L P,.

The interaction between total variation distance and product distributions is somewhat subtle,
so0 it is often advisable to use a divergence measure more attuned to the i.i.d. nature of the sam-
pling scheme. Two such measures are the KL-divergence and Hellinger distance, both of which
we explore in the coming chapters. With that in mind, we apply Pinsker’s inequality (2.2.0)

to see that || P* — ]32"||TV < 1Dy (P}|Py) = 2Dy (P | P2), which implies that

1
n( 1 2) 2 V| = p2|
— — —_ _— — :1
\/g<202(u1 'u2)) 2 o

In particular, if n < ﬁ, then we have our desired lower bound of l.

Conversely, a calculation yields that n >

N

14wu%%mn—/DMM&>

2
W’ for some numerical constant C' > 1, implies

small probability of error. We leave this calculation to the reader. &
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2.3.2 Fano’s inequality and multiple hypothesis testing

There are of course situations in which we do not wish to simply test two hypotheses, but have
multiple hypotheses present. In such situations, Fano’s inequality, which we present shortly, is
the most common tool for proving fundamental limits, lower bounds on probability of error, and
converses (to results on achievability of some performance level) in information theroy. We write
this section in terms of general random variables, ignoring the precise setting of selecting an index
in a family of distributions, though that is implicit in what we do.

Let X be a random variable taking values in a finite set X', and assume that we observe a
(different) random variable Y, and then must estimate or guess the true value of X. That is, we
have the Markov chain

XY X ,

and we wish to provide lower bounds on the probability of error—that is, that X # X. If we let
the function hg(p) = —plogp — (1 — p) log(1 — p) denote the binary entropy (entropy of a Bernoulli
random variable with parameter p), Fano’s inequality takes the following form [e.g. @ Chapter 2|:

Proposition 2.13 (Fano inequality). For any Markov chain X —Y — X, we have
ho(P(X # X)) +P(X # X)log(|X]| — 1) > H(X | X). (2.3.1)

Proof  This proof follows by expanding an entropy functional in two different ways. Let E be
the indicator for the event that X # X, that is, £ =1 if X # X and is 0 otherwise. Then we have
H(X,E|X)=H(X|E,X)+H(E|X)
—P(E=1)H(X|E=1,X)+P(E=0)H(X |E=0,X)+H(E | X),

=0

where the zero follows because given there is no error, X has no variability given X. Expanding
the entropy by the chain rule in a different order, we have

HX,E|X)=H(X|X)+H(E|X,X),
=0
because E is perfectly predicted by X and X. Combining these equalities, we have
H(X | )2) =H(X,FE | )/f) =PE=1)HX|E= 1,)?)+H(E | X).

Noting that H(E | X) < H(E) = he(P(E = 1)), as conditioning reduces entropy, and that
H(X|E=1X) <log(]X|] —1), as X can take on at most |X| — 1 values when there is an error,
completes the proof. ]

We can rewrite Proposition 2.1 in a convenient way when X is uniform in &. Indeed, by
definition of the mutual information, we have I(X;X) = H(X) — H(X | X), so Proposition [[3.§]
implies that in the canonical hypothesis testing problem from Section [3.2.1] we have

Corollary 2.14. Assume that X is uniform on X. For any Markov chain X —Y — )?,

I(X;Y) + log?2
log(|X1)

P(X # X)>1 (2.3.2)
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Proof Let Peyor = P(X # X ) denote the probability of error. Noting that ha(p) < log?2 for any
p € [0,1] (recall inequality (ZI2)), that is, that uniform random variables maximize entropy), then
using Proposition [[3.8], we have

1082 + Perror 108(|X]) > ha(Perror) + Perror log(1X] — 1) > H(X | X) @ H(X) - 1(X; X).
Here step (i) uses Proposition and step (ii) uses the definition of mutual information, that
I(X;X)=H(X)— H(X | X). The data processing inequality implies that I(X;X) < I(X;Y),
and using H(X) = log(|X|) completes the proof. O

In particular, Corollary 214 shows that when X is chosen uniformly at random and we observe
Y, we have
I(X;Y) + log2

log|X|

where the infimum is taken over all testing procedures V. Some interpretation of this quantity
is helpful. If we think roughly of the number of bits it takes to describe a variable X uniformly
chosen from X, then we expect that log, |X| bits are necessary (and sufficient). Thus, until we
collect enough information that I(X;Y') = log |X|, so that I(X;Y)/log|X| =~ 1, we are unlikely to
be unable to identify the variable X with any substantial probability. So we must collect enough
bits to actually discover X.

inf P(U(Y) # X) > 1 -

Example 2.15 (20 questions game): In the 20 questions game—a standard children’s game—
there are two players, the “chooser” and the “guesser,” and an agreed upon universe X. The
chooser picks an element z € X', and the guesser’s goal is to find x by using a series of yes/no
questions about x. We consider optimal strategies for each player in this game, assuming that
X is finite and letting m = |X’| be the universe size for shorthand.

For the guesser, it is clear that at most [log, m]| questions are necessary to guess the item
X that the chooser has picked—at each round of the game, the guesser asks a question that
eliminates half of the remaining possible items. Indeed, let us assume that m = 2! for some
[ € N; if not, the guesser can always make her task more difficult by increasing the size of X
until it is a power of 2. Thus, after k rounds, there are m2~* items left, and we have

1\*
m <2> <1 if and only if k£ > logy,m.

For the converse—the chooser’s strategy—let Y7, Ya, ..., Y} be the sequence of yes/no answers
given to the guesser. Assume that the chooser picks X uniformly at random in X. Then Fano’s
inequality (Z3.2) implies that for the guess X the guesser makes,

IS I(X;Y1,...,Y, log 2
P(X#X)Zl— ( y 41, ak)+0g )
logm
By the chain rule for mutual information, we have
k k k
I(X3Yy, .. V) =Y I(X3Yi | Yiaa) = > H(Yi | Yiaoa) = HY: | Va1, X) < H(Y)).
i=1 i=1 i=1
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As the answers Y; are yes/no, we have H(Y;) < log2, so that I(X;Y7.,) < klog2. Thus we

find kE+1)log2 1 1 k
P@#X)Zl_(Jr)og _ logym—1 7
logm logom loge m

so that we the guesser must have k > logy(m/2) to be guaranteed that she will make no
mistakes. &

2.A Deferred proofs

2.A.1 Proof of Proposition 2.10}
For part (@), we begin with the upper bound. We have by Hélder’s inequality that

[ @)~ a@duta) = [ 1Vo@) = Va@) - 1pl@) + Valolduta
< ([ /i@ - va@auta)) : ([t + MFom(x))é
- (P, (24 [ Vi)’

But of course, we have dpei (P, Q)? =2 — [ /p(x)q(z)du(x), so this implies

/ [p(2) = q(@)|dp(x) < dna(P,Q)(4 = dna( P, Q)%)?.

Dividing both sides by 2 gives the upper bound on ||[P — Q| py. For the lower bound on total
variation, note that for any a,b € Ry, we have a + b — 2vab < |a — b| (check the cases a > b and
a < b separately); thus

Ba(P.QY = [ [p@) + (o) ~ 2v/p(@)a(@)] dusw) < [ (o) ~ a(o)l (o)

For part ([Bl) we present a proof based on the Cauchy-Schwarz inequality, which differs from
standard arguments @, } From the notes on KL-divergence and information theory and Question
5 of homework 1, we may assume without loss of generality that P and @ are finitely supported,
say with p.m.f.s p1,...,pm and g1, . .., gm. Define the function h(p) = " pilog p;. Then showing
that Dy (P|Q) > 2||P — Q|3 = 3 [lp — ||} is equivalent to showing that

1
h(p) = h(q) + (VA(g).p —a) + 5 P — al i (2.A.1)
because by inspection h(p)—h(q)—(Vh(q),p —q) = >, pilog %. We do this via a Taylor expansion:

we have

Vh(p) = [logp; + 1J{2; and V?h(p) = diag([1/pi]21).
By Taylor’s theorem, there is some p = (1 — t)p + tq, where t € [0, 1], such that

h(p) = hla) + (Vhla)p — a) + 5 (p— 0. V(D) (p — ) .
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But looking at the final quadratic, we have for any vector v and any p > 0 satisfying >, p; = 1,

(0. 7) = 3 = oy > > (S v ) - e,
=1 i=1 i=1

where the inequality follows from Cauchy-Schwarz applied to the vectors [\/p;]; and [|vs|/\/Pili-
Thus inequality (2.AT) holds. O
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Chapter 3

Concentration Inequalities

In many scenarios, it is useful to understand how a random variable X behaves by giving bounds
on the probability that it deviates far from its mean or median. This can allow us to give prove
that estimation and learning procedures will have certain performance, that different decoding and
encoding schemes work with high probability, among other results. In this chapter, we give several
tools for proving bounds on the probability that random variables are far from their typical values,
using more advanced information-theoretic ideas to give stronger results.

A few references on concentration, random matrices, and entropies include Vershynin’s extraor-
dinarily readable lecture notes m], the comprehensive book of Boucheron, Lugosi, and Massart
M], and the more advanced material in Buldygin and Kozachenko ﬂa] Many of our arguments are
based off of those of Vershynin and Boucheron et al.

3.1 Basic tail inequalities

In this first section, we have a simple to state goal: given a random variable X, how does X
concentrate around its mean? That is, assuming w.l.o.g. that E[X] = 0, how well can we bound

P(X >t)?

We begin with the three most classical three inequalities for this purpose: the Markov, Chebyshev,
and Chernoff bounds, which are all instances of the same technique.
The basic inequality off of which all else builds is Markov’s inequality.

Proposition 3.1 (Markov’s inequality). Let X be a nonnegative random variable, meaning that

X > 0 with probability 1. Then

POc s < B

Proof For any random variable, P(X > t) = E[1{X > t}] < E[(X/t)1{X > t}] < E[X]/t, as
X/t > 1 whenever X > t. O

When we know more about a random variable than that its expectation is finite, we can give
somewhat more powerful bounds on the probability that the random variable deviates from its
typical values. The first step in this direction, Chebyshev’s inequality, requires two moments, and
when we have exponential moments, we can give even stronger results. As we shall see, each of
these results is but an application of Proposition Bl
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Proposition 3.2 (Chebyshev’s inequality). Let X be a random variable with Var(X) < co. Then
Var(X) - Var(X)

P(X —EX]21) <~ <=

and P(X —E[X] < —t)

for allt > 0.

Proof We prove only the upper tail result, as the lower tail is identical. We first note that
X —E[X] >t implies that (X —E[X])? > ¢2. But of course, the random variable Z = (X — E[X])?
is nonnegative, so Markov’s inequality gives P(X — E[X] > t) < P(Z > t?) < E[Z]/t?, and
E[Z] = E[(X — E[X])?] = Var(X). O

If a random variable has a moment generating function—exponential moments—we can give
bounds that enjoy very nice properties when combined with sums of random variables. First, we
recall that

px(A) = E[M]

is the moment generating function of the random variable X. Then we have the Chernoff bound.

Proposition 3.3. For any random variable X, we have

E eAX 3
P(X >t) < [e’\t ] = px(N)e ™M
for all X > 0.
Proof This is another application of Markov’s inequality: for A\ > 0, we have e’ > e if and
only if X > t, so that P(X > t) = P(e? > M) < E[eM]/eM. O

In particular, taking the infimum over all A > 0 in Proposition B3] gives the more standard Chernoff
(large deviation) bound

P(X >t) <exp </i\1;%10g ox(A) — At> .

Example 3.4 (Gaussian random variables): When X is a mean-zero Gaussian variable with
variance o2, we have

ox(A) = E[exp(AX)] = exp ()\2202> . (3.1.1)

To see this, we compute the integral; we have

* 1 1
Elexp(AX)] = / Noroe exp </\:c — Maﬂ) dx

2202 > 1 1
=e 2 / exp | — = (z — A\o*z)? ) du,
—00 V2mo? 20

=1

because this is simply the integral of the Gaussian density.
As a consequence of the equality [BI1]) and the Chernoff bound technique (Proposition B3),
we see that for X Gaussian with variance o2, we have

t2 t2
P(X > E[X]+1t) <exp <_%c2) and P(X <E[X]—t) <exp <—M>
for all t > 0. Indeed, we have logpx_gx)(A) = #, and ian{# — At} =
attained by A = S X

o2

2 C
—;7, which is
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3.1.1 Sub-Gaussian random variables

Gaussian random variables are convenient for their nice analytical properties, but a broader class
of random variables with similar moment generating functions are known as sub-Gaussian random
variables.

Definition 3.1. A random variable X is sub-Gaussian with parameter o2 if

2,2
Elexp(A(X — E[X]))] < exp <)\2 >

for all X € R. We also say such a random variable is o?-sub-Gaussian.

Of course, Gaussian random variables satisfy Definition 3] with equality. This would be un-
interesting if only Gaussian random variables satisfied this property; happily, that is not the case,
and we detail several examples.

Example 3.5 (Random signs (Rademacher variables)): The random variable X taking values
{—1,1} with equal property is 1-sub-Gaussian. Indeed, we have
1, 1Nk

1, _ 1
HoeO 0l =a e "= el k)
=0

as claimed. &

Bounded random variables are also sub-Gaussian; indeed, we have the following example.

Example 3.6 (Bounded random variables):  Suppose that X is bounded, say X € [a,b].
Then Hoeffding’s lemma states that

]E[eA(X—E[X])] < exp <A2(b8— a>2> ’

so that X is (b — a)?/4-sub-Gaussian.
We prove a somewhat weaker statement with a simpler argument communicated to us by

Martin Wainwright; the homework gives one approach to proving the above statement. First,

let ¢ € {—1,1} be a Rademacher variable, so that P(e = 1) = P(e = —1) = 1. We apply

a so-called symmetrization technique—a common technique in probability theory, statistics,
concentration inequalities, and Banach space research—to give a simpler bound. Indeed, let
X’ be an independent copy of X, so that E[X’] = E[X]. We have

px-gx](A) = E [exp(MX — E[X]))] < E [exp(A(X — X"))]
=E [exp(Ae(X — X))],

where the inequality follows from Jensen’s inequality and the last equality is a conseqence of
the fact that X — X’ is symmetric about 0. Using the result of Example [3.5]

E [exp(Ae(X — X'))] <E [exp (AQ(X;XI)H < exp <A2(b;“)2> ;

where the final inequality is immediate from the fact that [ X — X'| <b—a. &
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Chernoff bounds for sub-Gaussian random variables are immediate; indeed, they have the same
concentration properties as Gaussian random variables, a consequence of the nice analytical prop-
erties of their moment generating functions (that their logarithms are at most quadratic). Thus,
using the technique of Example B4l we obtain the following proposition.

Proposition 3.7. Let X be a o?-sub-Gaussian. Then for all t > 0 we have

P(X —E[X] >t) VP(X — E[X] < —t) < exp (—;;> .

Chernoff bounds extend naturally to sums of independent random variables, because moment
generating functions of sums of independent random variables become products of moment gener-
ating functions.

Proposition 3.8. Let X1, Xo,..., X, be independent U?—sub—Gaussian random variables. Then

E [exp <)\ zn:(Xi - E[XZ-}))] < exp (W> for all X € R,

- 2
i=1

that is, S . X; is Y1, o?-sub-Gaussian.
) =1 =11

Proof We assume w.l.o.g. that the X; are mean zero. We have by independence that and
sub-Gaussianity that

E [exp <A§:;X)] - E[exp (AgxiﬂE[exp(/\Xn)] < exp (AQ;’%) E [exp (Anix)]

=1

Applying this technique inductively to X,,_1,..., X1, we obtain the desired result. O

Two immediate corollary to Propositions 3.7 and show that sums of sub-Gaussian random
variables concentrate around their expectations. We begin with a general concentration inequality.

Corollary 3.9. Let X; be independent a?—sub—Gaussz’(m random variables. Then for allt >0

max {P(ZH:(XZ- _E[X)]) > t),P(Zn:(XZ- _E[X)]) < t> } < exp (227;:2102> .

i=1 =1

Additionally, the classical Hoeffding bound, follows when we couple ExampleB.Glwith Corollary B.9t
if X; € [CLi, bl], then

P(i(xi SEX]) > t> < exp (—Zfbt_)) |

To give another interpretation of these inequalities, let us assume that X; are indepenent and
o%-sub-Gaussian. Then we have that

p<; Zn:(xi _E[X))) > t) < exp <—;ﬁ> :

i=1
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n2y g op g = VI8

or, for 6 € (0,1), setting exp(—g5) = = we have that

1 \/20%log %
= X, — E[X;]) < ——— with probability at least 1 — 4.
n;( [Xi]) Tn with probability at leas

There are a variety of other conditions equivalent to sub-Gaussianity, which we relate by defining
the sub-Gaussian norm of a random variable. In particular, we define the sub-Gaussian norm
(sometimes known as the 9-Orlicz norm in the literature) as

1
1, o= sup EE[!X!’“W’“ (3.1.2)

Then we have the following various characterizations of sub-Gaussianity.

Theorem 3.10. Let X be a mean-zero random variable and o> > 0 be a constant. The following
statements are all equivalent, meaning that there are numerical constant factors K; such that if one
statement (i) holds with parameter K;, then statement (j) holds with parameter K; < CK;, where
C' is a numerical constant.

(1) Sub-gaussian tails: P(|X| >t) < 2exp(—Kt2 ) for allt > 0.

102

(2) Sub-gaussian moments: E[| X |F|V/* < Kook for all k.
(3) Super-exponential moment: Elexp(X?/(K30?))] < e.
(4) Sub-gaussian moment generating function: E[exp(AX)] < exp(K4A?0?) for all X € R.

Particularly, (1) implies (2) with Ky = 1 and Ko < e'/¢; (2) implies (3) with Ky = 1 and
K3 = e\/ -2 < 3; (3) implies (4) with K3 =1 and K4 < 3; and (4) implies (1) with Ky = § and

4’
K <2

This result is standard in the literature on concentration and random variables; our proof is based
on Vershynin ﬂﬁ] See Appendix B.AT] for a proof of this theorem. We note in passing that in
cach of the statements of Theorem B.I0, we may take o = [|X|,,, and (in general) these are the
sharpest possible results except for numerical constants.

For completeness, we can give a tighter result than part (3) of the preceding theorem, giving a
concrete upper bound on squares of sub-Gaussian random variables. The technique used in the ex-
ample, to introduce an independent random variable for auxiliary randomization, is a common and
useful technique in probabilistic arguments (similar to our use of symmetrization in Example B.0]).

Example 3.11 (Sub-Gaussian squares): Let X be a mean-zero o2-sub-Gaussian random
variable. Then 1

L
[1—202)\]%

and expression ([B.13) holds with equality for X ~ N(0, o?).

E[exp(AX?)] < : (3.1.3)
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To see this result, we focus on the Gaussian case first and assume (for this case) without loss
of generality (by scaling) that 02 = 1. Assuming that \ < %, we have

1 —(2-))22 1 _1-2x 2 V2T 1

——e \2 dz= | —e™ 2 “dz = ———,

V2T V2T V1—=2XV2m

the final equality a consequence of the fact that (as we know for normal random variables)

1

i ¢ 377 dz = /2102, When \ > 1, the above integrals are all infinite, giving the equality in

expression ([B.1.3)).

For the more general inequality, we recall that if Z is an independent N(0, 1) random variable,
then Elexp(tZ)] = exp(%)7 and so

Blexp(122)] = |

Elexp(\X?)] = Efexp(VEAX2)] £ B fexp(ro?22)] @ — 1
[1— 202)]

—+ vl

where inequality (i) follows because X is sub-Gaussian, and inequality (ii) because Z ~ N(0, 1).

&

3.1.2 Sub-exponential random variables

A slightly weaker condition than sub-Gaussianity is for a random variable to be sub-exponential,
which—for a mean-zero random variable—means that its moment generating function exists in a
neighborhood of zero.

Definition 3.2. A random variable X is sub-exponential with parameters (72,b) if for all X\ such
that |\ < 1/b,

2,2
E[eM X ERXD] < exp (A T ) .
- 2

It is clear from Definition that a o?-sub-Gaussian random variable is (02, 0)-sub-exponential.
A variety of random variables are sub-exponential. As a first example, y?-random variables are
sub-exponential with constant values for 7 and b:

Example 3.12: Let X = Z2, where Z ~ N(0,1). We claim that

E[exp(A(X — E[X]))] < exp(2A?) for A < . (3.1.4)

=

Indeed, for A < % we have that
2 2 1 @ 2
E[exp(A(Z? — E[Z?]))] = exp -5 log(1 —2X) = A ) <exp (A+2)\* =)

where inequality (i) holds for A < 1, because —log(1 —2X) <2XA+4A? for A < 1. &

As a second example, we can show that bounded random variables are sub-exponential. It is
clear that this is the case as they are also sub-Gaussian; however, in many cases, it is possible to
show that their parameters yield much tighter control over deviations than is possible using only
sub-Gaussian techniques.
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Example 3.13 (Bounded random variables are sub-exponential): Suppose that X is a mean
zero random variable taking values in [—b,b] with variance 0? = E[X?] (note that we are
guaranteed that o < b? in this case). We claim that

AZ 2
Elexp(AX)] < exp (3 o

1
for |\ < —. 3.1.5
) fori< g (3.15)

To see this, note first that for & > 2 we have E[|X|*] < E[X2*72] = 02b¥=2. Then by an
expansion of the exponential, we find

MNE[X?] X AE[XF] N2 SN AR 2ph?
E[eXp()‘X)]:1+E[)‘X]+7+ZT§1+ 5 + il
k=3 k=3
Ao = (A)E @ N2 N2
=1+ + )2 <1 Ao
Tt ‘7;(1<:+2)!—Jr 2 10

inequality (i) holding for A < %. Using that 1 4+ z < e® gives the result. &

In particular, if the variance 0? < b2, the absolute bound on X, inequality (B.L5]) gives much
tighter control on the moment generating function of X than typical sub-Gaussian bounds based
only on the fact that X € [—b, 0] allow.

We can give a broader characterization, as with sub-Gaussian random variables in Theorem 310,
First, we define the sub-exponential norm (in the literature, there is an equivalent norm often called
the Orlicz 1;-norm)

1
Xy, = sup ~E[| X |F]V/*.
X1l Sup X1

For any sub-Gaussian random variable—whether it has mean-zero or not—we have that sub-
exponential is sub-Gaussian squared:

1X15, < 1IX3[],,, < 20113, (3.1.6)

I,

which is immediate from the definitions. More broadly, we can show a result similar to Theo-
rem . 10

Theorem 3.14. Let X be a random variable and o > 0. Then—in the sense of Theorem [T 10—the
following statements are all equivalent for suitable numerical constants K1, ..., Ky.

(1) Sub-exponential tails: P(|X| > t) < 2exp(—KLIU) forallt >0

(2) Sub-exponential moments: E[|X|*]"/* < Kook for all k > 1.

(3) Existence of moment generating function: Elexp(X/(Ks0))] < e.

(4) If, in addition, E[X] = 0, then E[exp(AX)] < exp(K4\?0?) for all |\| < K} /0.
In particular, if (2) holds with Ko = 1, then (4) holds with Ky = 2¢* and K}, = i

The proof, which is similar to that for Theorem B.I0] is presented in Section

While the concentration properties of sub-exponential random variables are not quite so nice as
those for sub-Gaussian random variables (recall Hoeffding’s inequality, Corollary B.9]), we can give
sharp tail bounds for sub-exponential random variables. We first give a simple bound on deviation
probabilities.
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Proposition 3.15. Let X be a mean-zero (12,b)-sub-exponential random variable. Then for all
t>0,

1 2
P(X > 1) VP(X < —1) < exp (—Qmm{g,;}) .
T

Proof The proof is an application of the Chernoff bound technique; we prove only the upper tail
as the lower tail is similar. We have

E AX (4) 2,2
P(X >t) < [ee ]<exp<)\T —/\t>,

inequality (i) holding for |[A| < 1/b. To minimize the last term in A, we take A = min{-%,1/b},
which gives the result. O

Comparing with sub-Gaussian random variables, which have b = 0, we see that Proposition
gives a similar result for small t—essentially the same concentration sub-Gaussian random variables—
while for large ¢, the tails decrease only exponentially in t.

We can also give a tensorization identity similar to Proposition

Proposition 3.16. Let X1,...,X,, be independent mean-zero sub-exponential random variables,
where X; is (Gf, b;)-sub-exponential. Then for any vector a; € R™, we have

n A2 202
E [exp (AZX,-) < exp <M> for [N <
i=1

2
where b, = max; b;|a;|. That is, {a, X) is (3 i, a?c?, min; ﬁ)—sub—exponentml.

<L
b’

Proof We apply an inductive technique similar to that used in the proof of Proposition

First, for any fixed i, we know that if [A[ < & ‘a r, then la; | < b%- and so

2.2 2
Elexp(Aa; X;)] < exp ()\C;”) :

Now, we inductively apply the preceding inequality, which applies so long as |A| < b-\1a-| for all .
We have

E [exp <)\zn:aiXi>] HEeXp Aa; X;)] < Hexp< A2 2 2)
i=1

=1

which is our desired result. ]

As in the case of sub-Gaussian random variables, a combination of the tensorization property—
that the moment generating functions of sums of sub-exponential random variables are well-
behaved—of Proposition and the concentration inequality (BI5) immediately yields the fol-
lowing Bernstein-type inequality. (See also Vershynin [10].)

Corollary 3.17. Let Xq,..., X, be independent mean-zero (af,bi)—sub—exponentz'al random vari-
ables (Definition [33). Define b, := max;b;. Then for all t > 0 and all vectors a € R", we

have
" - 1 t2 t
IF’( a-X-2t>\/IF’< a-X'S—t> < exp (—min{ })
Z Z 2 | S, 2o bellall
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It is instructive to study the structure of the bound of Corollary B.I7 Notably, the bound is
similar to the Hoeffding-type bound of Corollary 39 (holding for o?-sub-Gaussian random variables)

that
P( a; X; > t) < exp <—2> )
; 2 ||ally o2

so that for small ¢, Corollary B.I7 gives sub-Gaussian tail behavior. For large ¢, the bound is weaker.
However, in many cases, Corollary B.I7 can give finer control than naive sub-Gaussian bounds.
Indeed, suppose that the random variables X; are i.i.d., mean zero, and satisfy X; € [—b, b] with
probability 1, but have variance 0 = E[X?] < b? as in Example B.I3l Then Corollary B.I7 implies

that
- 1 5 2 t
P a;X;>t) <exp|——=min< = , . 3.1.7
(E: ) p( 2 {6aﬂm@ %me}> (317

i=1

When applied to a standard mean (and with a minor simplification that 5/12 < 1/3) with a; = %,
we obtain the bound that 2 Y% | X; < ¢ with probability at least 1—exp(—n min{%, ). Written

3log 1 4blog L .
2985 851 to obtain
n

differently, we take t = max{o

1 /31083 ablogd | N
— Z X; <max<{ o , with probability 1 — 4.
n = vn n

The sharpest such bound possible via more naive Hoeffding-type bounds is by/2log % /v/n, which
has substantially worse scaling.

3.1.3 First applications of concentration: random projections

In this section, we investigate the use of concentration inequalities in random projections. As
motivation, consider nearest-neighbor (or k-nearest-neighbor) classification schemes. We have a
sequence of data points as pairs (u;,;), where the vectors u; € R? have labels y; € {1,...,L},
where L is the number of possible labels. Given a new point v € R% that we wish to label, we find
the k-nearest neighbors to w in the sample {(u;,y;)}~, then assign u the majority label of these
k-nearest neighbors (ties are broken randomly). Unfortunately, it can be prohibitively expensive to
store high-dimensional vectors and search over large datasets to find near vectors; this has motivated
a line of work in computer science on fast methods for nearest neighbors based on reducing the
dimension while preserving essential aspects of the dataset. This line of research begins with Indyk
and Motwani ﬂQ], and continuing through a variety of other works, including Indyk ﬂ] and work
on locality-sensitive hashing by Andoni et al. E], among others. The original approach is due

to Johnson and Lindenstrauss, who used the results in the study of Banach spaces [9]; our proof
follows a standard argument.
The most specific variant of this problem is as follows: we have n points ui,...,u,, and we

could like to construct a mapping ® : R? — R™, where m < d, such that
1®u; — Puyl|* € (1 €) us —

Depending on the norm chosen, this task may be impossible; for the Euclidean (¢2) norm, however,
such an embedding is easy to construct using Gaussian random variables and with m = O(}2 logn).
This embedding is known as the Johnson-Lindenstrauss embedding. Note that this size m is
independent of the dimension d, only depending on the number of points n.
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Example 3.18 (Johnson-Lindenstrauss): Let the matrix ® € R™*? be defined as follows:
@ij "< N(0,1/m),
and let ®; € R? denote the ith row of this matrix. We claim that
8 . .. 2 2
m > =) 2logn + logg implies || ®u; — Pujll; € (1% €) [lus — ujlf;

for all pairs u;, u; with probability at least 1 —4. In particular, m 2 loﬁ%” is sufficient to achieve

accurate dimension reduction with high probability.
To see this, note that for any fixed vector wu,

m

= (@i u/ |lully)?

i=1

<(I>i’ u>

[l

2
[Pully

[

~ N(0,1/m), and

is a sum of independent scaled x2-random variables. In particular, we have E[||®u/ ||u||2||§] =1,
and using the y?-concentration result of Example 312 yields

P ([I0ul / ully =1 = €) =P (m|l@ul3 /llul; - 1| = me)

me>
<2 inf exp (Zm/\2 — )\me) = 2exp (_> ,
IN<% 8

the last inequality holding for € € [0, 1]. Now, using the union bound applied to each of the
pairs (u;, u;) in the sample, we have

2
P (there exist i # j s.t. ||| ®(u; — uj)||§ — |Ju; — uj||§ > e ||lu; — uj||§) < 2<Z> exp (_me) _

Taking m > 6% log %2 = % logn + 6% log% yields that with probability at least 1 — §, we have
[Pu; — Pujl|5 € (1£e€) |lu; —usll5. &

Computing low-dimensional embeddings of high-dimensional data is an area of active research,
and more recent work has shown how to achieve sharper constants ﬂa] and how to use more struc-
tured matrices to allow substantially faster computation of the embeddings ®u (see, for example,
Achlioptas @] for early work in this direction, and Ailon and Chazelle Eig for the so-called “Fast
Johnson-Lindenstrauss transform”).

3.1.4 A second application of concentration: codebook generation

We now consider a (very simplified and essentially un-implementable) view of encoding a signal for
transmission and generation of a codebook for transmitting said signal. Suppose that we have a set
of words, or signals, that we wish to transmit; let us index them by i € {1,...,m}, so that there are
m total signals we wish to communicate across a binary symmetric channel (), meaning that given
an input bit € {0,1}, Q outputs a z € {0,1} with Q(Z =z |z)=1—cand Q(Z =1—z | z) =,
for some € < % (For simplicity, we assume @ is memoryless, meaning that when the channel is
used multiple times on a sequence x1, ..., T,, its outputs Z1, ..., Z,, are conditionally independent:

Q(len = Z1n | :L'l:n) = Q(Zl =z | 5171) ce Q(Zn = Zn | xn))
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We consider a simplified block coding scheme, where we for each ¢ we associate a codeword
z; € {0,1}%, where d is a dimension (block length) to be chosen. Upon sending the codeword over
the channel, and receiving some 2™° € {0,1}%, we decode by choosing

i* € argmax Q(Z = 2'°° | x;) = argmin ||2"z;]|, , (3.1.8)
i€[m] i€[m]
the maximum likelihood decoder. We now investigate how to choose a collection {z1,...,Zn}

of such codewords and give finite sample bounds on its probability of error. In fact, by using
concentration inequalities, we can show that a randomly drawn codebook of fairly small dimension
is likely to enjoy good performance.

Intuitively, if our codebook {z1,...,z,} C {0,1}¢ is well-separated, meaning that each pair of
words x;, x), satisfies ||x; — x1|; > cd for some numerical constant ¢ > 0, we should be unlikely to
make a mistake. Let us make this precise. We mistake word ¢ for word & only if the received signal
Z satisfies || Z — x4||; > ||Z — x|y, and letting J = {j € [d] : @i; # x1;} denote the set of at least
¢ - d indices where x; and x;, differ, we have

1Z = 2illy 2 |1 Z — axll, if and only if > |Z; — x4 — | Z; — 2] > 0.
jeJ

If x; is the word being sent and z; and xy, differ in position j, then |Z; — xi;| — | Z; — x| € {—1,1},
and is equal to —1 with probability (1 —€) and 1 with probability e. That is, we have || Z — z;||; >
|Z — x|, if and only if

> 125 = wijl = 125 — wgl + | T|(1 = 2€) > | J|(1 — 2€) > ed(1 — 2e),
jeJ
and the expectation Eq[|Z; — xi;| — |Z; — xkj| | ] = —(1 —2€) when x;; # ;. Using the Hoeffding

bound, then, we have

J|(1 —2¢)? cd(1 — 2¢)?
QUIZ = ail, 2 12 =l | 3) < xp (220 < o (222,

where we have used that there are at least |J| > cd indices differing between z; and xj. The
probability of making a mistake at all is thus at most mexp(—gcd(1 — 2¢)?) if our codebook has
separation c - d.

For low error decoding to occur with extremely high probability, it is thus sufficient to choose
a set of code words {z1,...,x,,} that is well separated. To that end, we state a simple lemma.

Lemma 3.19. Let X;, i = 1,...,m be drawn independently and uniformly on the d-dimensional
hypercube Hg := {0, 1}, Then for any t > 0,

d 2
P (3 ivj st X=Xl < 5 - dt) < (7;) exp (~2dt?) < - exp (~2dt?).

Proof First, let us consider two independent draws X and X’ uniformly on the hypercube. Let
z=y41 {Xj ”] X]’} = dyum (X, X) = || X — X'||,. Then E[Z] = 4. Moreover, Z is an ii.d.

sum of Bernoulli % random variables, so that by our concentration bounds of Corollary B.9] we have

d 2t2
P (HX x| <t t) < exp <_d> .
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Using a union bound gives the remainder of the result. O

Rewriting the lemma slightly, we may take 6 € (0,1). Then

d 1
P (Ei i,j st || X — X, < 3 \/dlog(s —l—dlogm) < 0.

As a consequence of this lemma, we see two things:

(i) If m < exp(d/16), or d > 16logm, then taking § 1 1, there at least exists a codebook
{x1,...,2m} of words that are all separated by at least d/4, that is, ||z; — x;||, > % for all
0,7

(ii) By taking m < exp(d/32), or d > 32logm, and § = e~%32 then with probability at least
1—e~ %32 _exponentially large in d—a randomly drawn codebook has all its entries separated
by at least ||lz; — x|, > 4.

Summarizing, we have the following result: choose a codebook of m codewords x1, . .., Z,, uniformly
at random from the hypercube Hy = {0,1}% with

8log 5
d 2 max < 32 log m, (1_726)2 .
Then with probability at least 1 — 1/m over the draw of the codebook, the probability we make a
mistake in transmission of any given symbol i over the channel @) is at most §.

3.2 Martingale methods

3.3 Entropy and concentration inequalities

In the previous sections, we saw how moment generating functions and related techniques could
be used to give bounds on the probability of deviation for fairly simple quantities, such as sums of
random variables. In many situations, however, it is desirable to give guarantees for more complex
functions. As one example, suppose that we draw a matrix X € R™*", where the entries of X are
bounded independent random variables. The operator norm of X, | X|| := sup, ,{u" Xv : [[u, =
|lvull, = 1}, is one measure of the size of X. We would like to give upper bounds on the probability
that || X|| > E[||X||] + ¢ for ¢ > 0, which the tools of the preceding sections do not address well
because of the complicated dependencies on || X]|.

In this section, we will develop techniques to give control over such complex functions. In
particular, throughout we let Z = f(X;,...,X,) be some function of a sample of independent
random variables X;; we would like to know if Z is concentrated around its mean. We will use
deep connections between information theoretic quantities and deviation probabilities to investigate
these connections.

First, we give a definition.

Definition 3.3. Let ¢ : R — R be a convex function. The ¢-entropy of a random variable X is
Hy (X) := E[p(X)] — o(E[X]), (3.3.1)

assuming the relevant expectations exist.
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A first example of the ¢-entropy is the variance:

Example 3.20 (Variance as ¢-entropy): Let ¢(t) = 2. Then Hy(X) = E[X?] — E[X]? =
Var(X). &

This example is suggestive of the fact that ¢-entropies may help us to control deviations of random
variables from their means. More generally, we have by Jensen’s inequality that Hg(X) > 0 for
any convex ¢; moreover, if ¢ is strictly convex and X is non-constant, then Hg(X) > 0. The
rough intuition we consider throughout this section is as follows: if a random variable X is tightly
concentrated around its mean, then we should have X ~ E[X]| “most” of the time, and so Hy(X)
should be small. The goal of this section is to make this claim rigorous.

3.3.1 The Herbst argument

Perhaps unsurprisingly given the focus of these lecture notes, we focus on a specific ¢, using
¢(t) = tlogt, which gives the entropy on which we focus:

H(Z) := E[Z log Z] — E[Z] log E[Z], (3.3.2)

defined whenever Z > 0 with probability 1. As our particular focus throughout this chapter, we
consider the moment generating function and associated transformation X — e*X. If we know the
moment generating function px () := E[e**], then ¢y () = E[Xe ], and so

H(eM) = Apx (A) — ox (A) log px (A).

This suggests—in a somewhat roundabout way we make precise—that control of the entropy H(e*¥)
should be sufficient for controlling the moment generating function of X.
The Herbst argument makes this rigorous.

Proposition 3.21. Let X be a random variable and assume that there exists a constant o < oo

such that
)\20.2

H(eM) < ox(N). (3.3.3)

for all X € R (respectively, X € R, ) where ¢x()\) = E[e*X] denotes the moment generating function
of X. Then

A2
Blexp(A(X - BX))] < exp ()
for all X € R (respectively, X € R ).

Proof Let ¢ = px for shorthand. The proof procedes by an integration argument, where we
2 .2
show that log p(\) < 222-. First, note that

¢'(A) = E[XeM],

so that inequality [.3.3) is equivalent to

A9’ (A) — p(A) log p(\) = H(eM) <
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and dividing both sides by A2¢()\) yields the equivalent statement

(N 1 o’
— loge(N) < Z.
o) a2 sV =5

But by inspection, we have

Moreover, we have that

_ /
i 08PN _ . logp(d) —logp(0) _ ¢'(0) _ E[X].
A=0 A A—0 A ©(0)

Integrating from 0 to any Ag, we thus obtain

1 Mol Ao 52 o Xo
—1 M) — E[X] = —=1 A) | dr < —d\ = ——.
" og p(Ao) — E[X] /0 {8)\)\ og ¢( )] _/0 5 5
Multiplying each side by A\g gives
o2 N\2
log E[e* X —EXD] = 10g B[e?X] — NE[X] < 5 0
as desired. ]

It is possible to give a similar argument for sub-exponential random variables, which allows us
to derive Bernstein-type bounds, of the form of Corollary B.I7, but using the entropy method. In
particular, in the exercises, we show the following result.

Proposition 3.22. Assume that there exist positive constants b and o such that
H(eM) < A2 [’y (N) + ox (M) (02 — bE[X])] (3.3.4a)

for all A € [0,1/b). Then X satisfies the sub-exponential bound

log E[e*X—EXD) N (3.3.4b)

og ke < .3.
[1— b,

for all X > 0.

An immediate consequence of this proposition is that any random variable satisfying the entropy
bound (@343l is (202,2b)-sub-exponential. As another immediate consequence, we obtain the
concentration guarantee

P(X > E[X] +1) < exp <_imm{iz}>

as in Proposition [3.15
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3.3.2 Tensorizing the entropy

A benefit of the moment generating function approach we took in the prequel is the excellent
behavior of the moment generating function for sums. In particular, the fact that x, ..+ x, (A) =
[T ox, () allowed us to derive sharper concentration inequalities, and we were only required to
work with marginal distributions of the X;, computing only the moment generating functions of
individual random variables rather than characteristics of the entire sum. One advantage of the
entropy-based tools we develop is that they allow similar tensorization—based on the chain rule
identities of Chapter 2 for entropy, mutual information, and KL-divergence—for substantially more
complex functions. Our approach here mirrors that of Boucheron, Lugosi, and Massart M]

With that in mind, we now present a series of inequalities that will allow us to take this approach.
For shorthand throughout this section, we let

X\Z- = (X1, , X1, Xit1, -, Xn)

be the collection of all variables except X;. Our first result is a consequence of the chain rule for
entropy and is known as Han’s inequality.

Proposition 3.23 (Han’s inequality). Let X1,...,X,, be discrete random variables. Then

HXP) < = S H(X,)

)

Proof The proof is a consequence of the chain rule for entropy and that conditioning reduces
entropy. We have

H(XT) = H(X; | X\;) + H(X\;) < H(X; | X{7) + H(Xy,).
Writing this inequality for each i = 1,...,n, we obtain
n n ) n
nH(X{) <Y H(X\)+ Y H(X; [ X{7h) = H(X\,) + H(XT]),
i=1 i=1 i=1

and subtracting H(X7{) from both sides gives the result. O

We also require a divergence version of Han’s inequality, which will allow us to relate the entropy
H of a random variable to divergences and other information-theoretic quantities. Let X be an
arbitrary space, and let ) be a distribution over X™ and P = P; X - - - X P,, be a product distribution
on the same space. For A C X"~!, define the marginal densities

QW(A):=Q(X\; € A) and PY(A)=P(X € A).
We then obtain the tensorization-type Han’s inequality for relative entropies.

Proposition 3.24. With the above definitions,

n

Dy (QIP) <) [Dkl (QIP) — D (Q(“IIP(“)} :

=1
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Proof We have seen earlier in the notes (recall the definition (Z21]) of the KL divergence as
a supremum over all quantizers and the surrounding discussion) that it is no loss of generality to
assume that X is discrete. Thus, noting that the probability mass functions

q(l) (x\l> = Z Q(xil_lvxam'?—&-l) and p Hp] 33]
T J#i
we have that Han’s inequality (Proposition B:23)) is equivalent to
(n—1)Y q@Plogq(@]) =Y > ¢ (x\;)logq" (z;).

Now, by subtracting ¢(z)log p(z}) from both sides of the preceding display, we obtain

(n =)D (QIP) = (n—1)) _q(a})logq(z}) = (n— 1)) _ q(a7)logp(T)

zt af
>33 @) log gD () — (0 —1)'S glaf) log plaf)-

We expand the final term. Indeed, by the product nature of the distributions p, we have

(n—1) Zq(:r’f)logp(x?) =(n-1) Z q(zf E:logpZ x;)

=3 q(=]) ) logpi(xi) = Z > gD () log P ().

Ty
=1 =7 J#i i=1 @\,
—_—
=log p() (w\ ;)

Noting that

Zq (2\i) log ¢ (2,) — Zq(z (2\4) log p'(@;) = Dy (Q(i)”P(i))

T\q T\

and rearranging gives the desired result. O

Finally, we will prove the main result of this subsection: a tensorization identity for the entropy
H(Y) for an arbitrary random variable Y that is a function of n independent random variables.
For this result, we use a technique known as tilting, in combination with the two variants of Han’s
inequality we have shown, to obtain the result. The tilting technique is one used to transform
problems of random variables into one of distributions, allowing us to bring the tools of information
and entropy to bear more directly. This technique is a common one, and used frequently in
large deviation theory, statistics, for heavy-tailed data, amont other areas. More concretely, let
Y = f(Xy,...,X,) for some non-negative function f. Then we may always define a tilted density

flze, ... zn)p(Te, ..o xn)
Eplf(X1,...,Xn)]
which, by inspection, satisfies [¢(27) = 1 and ¢ > 0. In our context, if f ~ constant under the

distribution P, then we should have f(z])p(z}) ~ ¢p(z}) and so Dy (Q|P) should be small; we
can make this rigorous via the following tensorization theorem.

q(x1, ... xn) = (3.3.5)
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Theorem 3.25. Let Xi,..., X, be independent random variables and Y = f(X7), where f is a
non-negative function. Define H(Y | X\;) = E[Y logY | X\;]. Then

HGUgEhZHQﬂX@} (3.3.6)
i=1

Proof Inequality ([.3.0) holds for Y if and only if holds identically for ¢Y for any ¢ > 0, so
we assume without loss of generality that Ep[Y] = 1. We thus obtain that H(Y) = E[Y logY] =
E[¢(Y)], where assign ¢(t) = tlogt. Let P have density p with respect to a base measure p. Then
by defining the tilted distribution (density) ¢(z7) = f(z})p(z]), we have Q(X™) = 1, and moreover,
we have

q(7)

D P :/ ) 1o
1 (QP) q(z7) gp(x?)
Similarly, if ¢(t) = tlogt, then
Dy <Q(i) ||p(i)>

l) SC i X, X i du(x .
/Xn (/ Ji e )pi@)dy m) o LI po(x\z)ﬂ)p( D)0 0t

dp(ay) = /f(w’f)p(x?) log f(x7)dp(xt) = Ep[Y log Y] = H(Y).

= [ B Loy logBLY | Jp o))
= E[p(E[Y | X\;])]-
The tower property of expectations then yields that
Elp(Y)] - E[p(E[Y" | X\;])] = E[E[¢(Y) | X\;] — ¢(E[Y | X\;])] = E[H(Y | X;)].
Using Han’s inequality for relative entropies (Proposition B.23) then immediately gives

H(Y) = D (Q|P) < Z [Dkl (QIP) — Du (Q(i)ﬂp(i)” ZE (Y | X\0)l,
=1

which is our desired result. O

Theorem [3.25 shows that if we can show that individually the conditional entropies H(Y | X\;)
are not too large, then the Herbst argument (Proposition B:2T]or its variant Proposition [3.22]) allows
us to provide strong concentration inequalities for general random variables Y.

Examples and consequences

We now show how to use some of the preceding results to derive strong concentration inequalities,
showing as well how we may give convergence guarantees for a variety of procedures using these
techniques.

We begin with our most straightforward example, which is the bounded differences inequality.
In particular, we consider an arbitrary function f of n independent random variables, and we

assume that for all x1., = (x1,...,2,), we have the bounded differences condition:
/
sup ‘f(xl, e T, By T 1y e Tp) — [T, T, X T, .,xn)‘ < ¢ for all my;.
rzeX ' €X

(3.3.7)
Then we have the following result.
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Proposition 3.26 (Bounded differences). Assume that f satisfies the bounded differences condi-
tion B3), where 3" | ¢? < 0. Let X; be independent. Then'Y = f(Xu,...,X,) is o2-sub-

K2
Gaussian.

Proof We use a similar integration argument to the Herbst argument of Proposition B:21] and
we apply the tensorization inequality (3.3.6]). First, let U be an arbitrary random variable taking
values in [a,b]. We claim that if ¢ (\) = E[e*V] and ¥()\) = log py(A) is its cumulant generating
function, then
H(eAV) - N(b—a)?
E[e] = 8

(3.3.8)

To see this, note that

0 / " 1 A " )‘2(1) — a) §
SR =B =), s0 ) =) = [ < A0
where we have used the homework exercise XXXX (recall Hoeffding’s Lemma, Example B.0]), to

argue that " (t) < % for all t. Recalling that

H() = 2y (N) = ouN9(A) = [M(N) = (V)] ()
gives inequality (3.3.8).
Now we apply the tensorization identity. Let Z = e*Y. Then we have
- - Nz - N sz
H(Z) < E[;H(Z y X\i)} < E[; B | X\i]} = ; . !

Applying the Herbst argument gives the final result. O

As an immediate consequence of this inequality, we obtain the following dimension independent
concentration inequality.

Example 3.27: Let Xi,..., X, be independent vectors in R%, where d is arbitrary, and
assume that ||.X;||, < ¢; with probability 1. (This could be taken to be a general Hilbert space
with no loss of generality.) We claim that if we define

n t— 02
o2 = Zc?, then IP’< > t> < exp <—2[0\2/T+ .
2

i=1
Indeed, we have that Y = ||>°7 | X;||2 satisfies the bounded differences inequality with param-

eters ¢;, and so
Zt> _IP< —E >t—E )
2 — 2

n n
IP’( ZXi ZXi
i=1 2 i=1 2

t—EI" . X2
=11

n

>

=1

n

>

=1

n
>
=1

Noting that E[| Sy Xilla] < /B[S0, Xil3] = /Sy BIIX(3) gives the result. &
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3.3.3 Concentration of convex functions

We provide a second theorem on the concentration properties of a family of functions that are quite
useful, for which other concentration techniques do not appear to give results. In particular, we
say that a function f : R" — R is separately convez if for each i € {1,...,n} and all z\; € R71
(or the domain of f), we have that

X — f(:):l, ey L1, X, L1y - - .,xn)

is convex. We also recall that a function is L-Lipschitz if |f(z) — f(y)| < ||z — yl|, for all z,y €
R™; any L-Lipschitz function is almost everywhere differentiable, and is L-Lipschitz if and only if
|V f(z)|ly <L for (almost) all . With these preliminaries in place, we have the following result.

Theorem 3.28. Let X1,...,X,, be independent random variables with X; € [a,b] for alli. Assume
that f : R™ — R is separately convex and L-Lipschitz with respect to the ||-||, norm. Then

Elexp(A(f(X1:n) — E[f(X1:0)]))] < exp (A*(b—a)®L?) for all A > 0.

We defer the proof of the theorem temporarily, giving two example applications. The first is to
the matrix concentration problem that motivates the beginning of this section.

Example 3.29: Let X € R™*" be a matrix with independent entries, where X;; € [—1,1]
for all i,j, and let [|-|| denote the operator norm on matrices, that is, [[A| = sup, ,{u'Av :
llull < 1,[v]y < 1}. Then Theorem B.28 implies

2
POIX] > E[IXI) +1) < exp (fﬁ)

for all ¢ > 0. Indeed, we first observe that
HXT =V <IX =Y < IX =Yg,

where ||| denotes the Frobenius norm of a matrix. Thus the matrix operator norm is 1-
Lipschitz. Therefore, we have by Theorem [B.28 and the Chernoff bound technique that

P(IX]| > E[IX]] + 1) < exp(4A? — At)
for all A > 0. Taking A = ¢/8 gives the desired result. &

As a second example, we consider Rademacher complexity. These types of results are important
for giving generalization bounds in a variety of statistical algorithms, and form the basis of a variety
of concentration and convergence results. We defer further motivation of these ideas to subsequent
chapters, just mentioning here that we can provide strong concentration guarantees for Rademacher
complexity or Rademacher chaos.

Example 3.30: Let A C R” be any collection of vectors. The the Rademacher complexity of

the class A is
n
sup » aig;l| , (3.3.9)

R,(A):=E
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where ¢; are i.i.d. Rademacher (sign) variables. Let R,(A) = SUPgea 2oy aig; denote the
empirical version of this quantity. We claim that

P(Rn(A) > Rn(A) + 1) < exp <— 16 diam(A)? > ’

where diam(A) := sup,c 4 ||all,- Indeed, we have that & — sup,c 4a'¢ is a convex function,
as it is the maximum of a family of linear functions. Moreover, it is Lipschitz, with Lipschitz
constant bounded by sup,¢ 4 [la|ly. Applying Theorem B.28 as in Example ?? gives the result.
&

Proof of Theorem [3.28] The proof relies on our earlier tensorization identity and a sym-
metrization lemma.

Lemma 3.31. Let X,Y P e independent. Then for any function g : R — R, we have
H(e™) < NE[(g(X) — g(¥))?eM 1 {g(X) = g(Y)}] for A= 0.
Moreover, if g is conver, then
H(eMN)) < NE[(X — Y)?(g/(X))2eMN)] for A > 0.

Proof For the first result, we use the convexity of the exponential in an essential way. In
particular, we have

H(eMX)) = E[Ag(X)eMX)] — B[] 1og B[]

E\g(X)eM] — E[MMAg(Y)],

IN

because log is concave and e* > 0. Using symmetry, that is, that g(X) — g(Y) has the same
distribution as g(Y') — g(X), we then find

H(eM™) < SENg(X)—g(Y))(eM0) =) = E[A(g(X) —g(Y) (M) —eM0)1 {g(X) = g(Y)}].

[N

Now we use the classical first order convexity inequality—that a convex function f satisfies f(t)
f(s)+f'(s)(t—s) for all t and s, Theorem [A14lin the appendices—which gives that e! > e*+e®(t—s
for all s and ¢. Rewriting, we have e® —e' < e*(s—t), and whenever s > ¢, we have (s —t)(e® —e)
e*(s —t)?. Replacing s and t with Ag(X) and Ag(Y), respectively, we obtain

Y

~—

IN

A(g(X) — g(V))(e¥) — 21 {g(X) > g(V)} < N (g(X) — g(V))2eM )1 {g(X) > g(Y)}.

This gives the first inequality of the lemma.
To obtain the second inequality, note that if g is convex, then whenever g(x) — g(y) > 0, we

have g(y) > g(x) + ¢'(z)(y — @), or ¢'(z)(z — y) = g(x) — g(y) = 0. In particular,
(9(X) = g(Y)*1{g(X) > g(Y)} < (¢'(X)(X = Y))?,

which gives the second result. O

45



Stanford Statistics 311/Electrical Engineering 377 John Duchi

Returning to the main thread of the proof, we note that the separate convexity of f and the
tensorization identity of Theorem B.25] imply

0

n n 2
H(e)\f(Xl:n)) S E[ZH(G)\f(Xln) ’ X\l):| S E|:Z )\2]E (Xl o }/2)2 <af(X1n)> 6)\f(X1:n) ‘ X\’L] :| ,
— X

i=1

where Y; are independent copies of the X;. Now, we use that (X; —Y;)? < (b—a)? and the definition
of the partial derivative to obtain

H(eM(¥4) < X2(b — )|V S (Xi) 0.

Noting that |V f(X )||§ < L2, and applying the Herbst argument, gives the result. O

3.A Technical proofs

3.A.1 Proof of Theorem

(1) implies (2) Let K; = 1. Using the change of variables identity that for a nonnegative
random variable Z and any k > 1 we have E[Z*] = kfy° th=1P(Z > t)dt, we find

e’} [e%} t2 [e’¢)
E[|X|*] = k/ tFIP(| X | > t)dt < 2k/ tF L exp (—2> dt = kak/ uk2 ey,
0 0 g 0

where for the last inequality we made the substitution u = t?/o2. Noting that this final integral is
I'(k/2), we have E[| X |¥] < ko*T'(k/2). Because I'(s) < s° for s > 1, we obtain

E[| X |F]Y* < k% 6\/k/2 < /o k.
Thus (2) holds with Ky = e!/¢.
k

(2) implies (3) Let o = | X||,, = supy> kz_%E[|X|k]1/’“, so that Ky = 1 and E[|X|¥] < k20 for
all k. For K3 € R, we thus have

s o E[XH] S oMk ()&
Elexp(X*/(K30)] = > o Ko < Z I K%U% < Z
k=0 =0
where inequality (i) follows because k! > (k/e)*, or 1/k! < (e/k)*. Noting that > 7 a* = -,
we obtain (3) by taking K3 =ey/2/(e — 1) ~ 2.933.

(3) implies (4) Let us take K3 = 1. We claim that (4) holds with K4 = 2. We prove this
result for both small and large A. First, note the (highly non-standard, but true!) inequality that

912
e? < x+e16 for all z. Then we have

Efexp(AX)] < EAX] +E [eXp <9A12§ 2>]
=0
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Now note that for |\ < %, we have 92202 /16 < 1, and so by Jensen’s inequality,

9N X2 242 2,2
E [exp ( >} =E [exp(XZ/UZ)gAw } < ¥,

16

C:L'2

For large A, we use the simpler Fenchel-Young inequality, that is, that Ax < ;‘—Z + %5~ valid for all
¢ > 0. Then we have for any 0 < ¢ < 2 that

20'2 X2 20'2 c
Elexp(AX)] < e’ % E [exp <C22>} < e’3 ez,
g

where the final inequality follows from Jensen’s inequality. If |A| > %, then % < 22202, and we

32
have
1

2 2
Elexp(AX)] < inf elaat3513%0 _ exp <3/\ o > '
T c€l0,2] 1

(4) implies (1) This is the content of Proposition B, with K, = % and Ky = 2.

3.A.2 Proof of Theorem [3.14]

(1) implies (2) As in the proof of Theorem B.I0] we use that for a nonnegative random variable
Z we have E[Z¥] = k [[°t*"'P(Z > t)dt. Let K1 = 1. Then

B[ X[¥] = k /0 UB(|X| > £)dt < 2k /0 =L exp(—t /o) dt = 2ko® /0 = exp(—u)du,

where we used the substitution u = t/o. Thus we have E[| X |¥] < 2T'(k+1)o*, and using I'(k+1) <
k¥ yields E[|X|*]'/F < 2V/Fko, so that (2) holds with Ky < 2.

(2) implies (3) Let Ky = 1, and note that

_y B R 1O e
Elexp(X/(K30))] = kZ:oKil’fakk! = Zil 4 = ;0 (K3) 7

where inequality (i) used that k! > (k/e)*. Taking K3 = e¢?/(e — 1) < 5 gives the result.
(3) implies (1) If Elexp(X/o)] <e, then for t >0
P(X >t) < Elexp(X/o)]e ™7 < 77,
With the same result for the negative tail, we have
P(IX| > 1) <277 A1 < 2e 57,

so that (1) holds with K; = 5.

47



Stanford Statistics 311/Electrical Engineering 377 John Duchi

(2) if and only if (4) Thus, we see that up to constant numerical factors, the definition || X||,, =
SUPg>1 k~E[|X|¥]*/* has the equivalent statements

P(IX] > t) < 2exp(—t/(K1[[X],,)) and  Elexp(X/(Kz | X]l,,))] <e.
Now, let us assume that (2) holds with Ky = 1, so that o = [|X||,, and that E[X] = 0. Then we
have E[X*] < k¥ || X||}, , and

— ME[XF] — kg vk K — \k(vik k
Elexp(AX)] = HZT <14 MX, - T < T+ ) My, e,
k=2 ’ k=2 ’ k=2

the final inequality following because k! > (k/e)*. Now, if |\| < m, then we have
1

o0
Elexp(AX)] < 1+ A% | X[y, D (AIX ]y, ©)F < 14262 | X7, A%,
k=0

as the final sum is at most Y po 27 % = 2. Using 1 + 2 < €% gives that (2) implies (4). For
the opposite direction, we may simply use that if (4) holds with K4 = 1 and K} = 1, then
Elexp(X/o)] < exp(1), so that (3) holds.
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Chapter 4

Beginning generalization bounds and
complexity classes

Now that we have explored a variety of concentration inequalities, we show how to put them to
use in demonstrating that a variety of estimation and learning procedures have nice convergence
properties, focusing on some standard tasks from machine learning.

Throughout this section, we will focus on so-called empirical risk minimization procedures and
problems. The setting is as follows: we have a sample Z1,...,7, € Z drawn i.i.d. according to
some (unknown) distribution P, and we have a collection of functions F from which we wish to
select an f that “fits” the data well, according to some loss measure ¢ : F x Z — R. That is, we
wish to find a function f € F minimizing the risk

R(f) == EplU(f, 2)]. (4.0.1)

In general, however, we only have access to the risk via the empirical distribution of the Z;, and
we often choose f by minimizing the empirical risk

n

~ 1
Ry(f) = o Zé(f, Z;). (4.0.2)
=1
As written, this formulation is quite abstract, so we provide a few examples to make it somewhat
more concrete.

Example 4.1 (Binary classification problems): One standard problem—still abstract—that
motivates the formulation ([A0.1)) is the binary classification problem. Here the data Z; come in
pairs (X,Y), where X € X' is some set of covariates (independent variables) and Y € {—1,1}
is the label of example X. The function class F consists of functions f : X — R, and the goal
is to find a function f such that

P(sign(f(X)) #Y)
is small, that is, minimizing the risk E[¢(f, Z)] where the loss is the 0-1 loss, £(f, (z,y)) =
1{f(z)y<0}. &
Example 4.2 (Multiclass classification): The multiclass classifcation problem is identical to

the binary problem, but instead of Y € {—1,1} we assume that Y € [k] = {1,...,k} for some
k > 2, and the function class F consists of (a subset of) functions f : X — R¥. The goal is to
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find a function f such that, if ¥ = y is the correct label for a datapoint x, then f,(x) > fi(z)
for all [ # y. That is, we wish to find f € F minimizing

P (31 # Y such that f;(X) > fy(X)).
In this case, the loss function is the zero-one loss £(f, (z,y)) = 1 {max;», fi(x) > fy(x)}. &

Example 4.3 (Binary classification with linear functions): In the standard statistical learning
setting, the data z belong to R%, and we assume that our function class F is indexed by a
set © C R? so that F = {fp : fo(x) = 072,60 € ©}. In this case, we may use the zero-one
loss, the convex hinge loss, or the (convex) logistic loss, which are variously £, (fg, (z,v)) :=
1 {yHTx < 0}, and the convex losses

Ehinge(va (LL‘, y)) = [1 - y$T0:| n and flogit(ft% (:Ev y)) = log(l + exp(—ymTH))

The hinge and logistic losses, as they are convex, are substantially computationally easier to
work with, and they are common choices in applications. &

The main motivating question that we ask in this question is the following: given a sample
Z1y ...y Iy, if we choose some fn € F based on this sample, can we guarantee that it generalizes to
unseen data? In particular, can we guarantee that (with high probability) we have the empirical
risk bound

RalF) = S U7 2) < R(E) +e (103)
=1

for some small €7 If we allow f; to be arbitrary, then this becomes clearly impossible: consider
the classification example B and sct f,, to be the “hash” function that sets ﬁl(a:) = y if the pair
(z,y) was in the sample, and otherwise fn(x) = —1. Then clearly En(fn) = 0, while there is no
useful bound on R(f,,).

4.1 Finite and countable classes of functions

In order to get bounds of the form ([A0.3]), we require a few assumptions that are not too onerous.
First, throughout this section, we will assume that for any fixed function f, the loss ¢(f,Z) is
o2-sub-Gaussian, that is,

20_2
Eafoxp (617 2) ~ R < exp () (a11)

for all f € F. (Recall that the risk functional R(f) = Ep[l(f, Z)].) For example, if the loss is the
zero-one loss from classification problems, inequality (I is satisfied with o2 = % by Hoeffding’s

lemma. In order to guarantee a bound of the form (ZIJ]) for a function  chosen dependent on
the data, in this section we give uniform bounds, that is, we would like to bound

P (there exists f € F s.t. R(f) > Ru(f) +t) or P (sup Ru(f) — R(f)‘ > t> .
feF

Such uniform bounds are certainly sufficient to guarantee that the empirical risk is a good proxy
for the true risk R, even when f, is chosen based on the data.
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Now, recalling that our set of functions or predictors F is finite or countable, let us suppose
that for each f € F, we have a complexity measure ¢(f)—a penalty—such that

d e <. (4.1.2)

ferF

This inequality should look familiar to the Kraft inequality—which we will see in the coming
chapters—from coding theory. As soon as we have such a penalty function, however, we have the
following result.

Theorem 4.4. Let the loss ¢, distribution P on Z, and function class F be such that ((f,Z) is
o2-sub-Gaussian for each f € F, and assume that the complexity inequality [ETLZ) holds. Then
with probability at least 1 — § over the sample Z1.,,

log% + c(f)

R(f) gﬁn(f)+\/2a2 for all f € F.

Proof First, we note that by the usual sub-Gaussian concentration inequality (Corollary B.9]) we
have for any ¢ > 0 and any f € F that

~ nt?
> < —— .
P (R = Rath) +1) < o (505 )
Now, if we replace ¢ by /t? + 202¢(f)/n, we obtain

P (RU) 2 Ralf) + VEF 27 m) < b~ —el1)).

Then using a union bound, we have

Setting t? = 202 log % /n gives the result. O

As one classical example of this setting, suppose that we have a finite class of functions F. Then
we can set ¢(f) = log|F|, in which case we clearly have the summation guarantee ({.12]), and we
obtain

log%—i-log\ﬂ
n

R(f) < Ru(f) + \/202 uniformly for f € F

with probability at least 1 —§. To make this even more concrete, consider the following example.
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Example 4.5 (Floating point classifiers): ~ We implement a linear binary classifier using
double-precision floating point values, that is, we have fy(z) = 'z for all § € R? that may
be represented using d double-precision floating point numbers. Then for each coordinate of
6, there are at most 254 representable numbers; in total, we must thus have | F| < 2044 Thus,
for the zero-one loss £,0(fg, (z,y)) = 1 {6 zy < 0}, we have

log § + 45d

R(fg) < Rulfo) + 5

for all representable classifiers simultaneously, with probability at least 1 — §, as the zero-one
loss is 1/4-sub-Gaussian. (Here we have used that 64log2 < 45.) &

We also note in passing that by replacing 6 with /2 in the bounds of Theorem 4] a union
bound yields the following two-sided corollary.

Corollary 4.6. Under the conditions of Theorem[].4), we have

2
Ro(f) —R(f)‘ < \/20210“:0“) forall f € F

with probability at least 1 — 6.

4.2 Structural risk minimization and adaptivity

In general, for a given function class F, we can always decompose the excess risk into the approxi-
mation/estimation error decomposition. That is, let

R* =inf R(f),

where the preceding infimum is taken across all (measurable) functions. Then we have

R(f,) — R* = R(f,) — inf R inf R(f) — R*. 4.2.1
(fn) (fn) inf. (f)+]}gf (f) (4.2.1)
estimation approximation

There is often a tradeoff between these two, analogous to the bias/variance tradeoff in classical
statistics; if the approximation error is very small, then it is likely hard to guarantee that the esti-
mation error converges quickly to zero, while certainly a constant function will have low estimation
error, but may have substantial approximation error. With that in mind, we would like to develop
procedures that, rather than simply attaining good performance for the class F, are guaranteed
to trade-off in an appropriate way between the two types of error. This leads us to the idea of
structural risk minimization.

In this scenario, we assume we have a sequence of classes of functions, Fp, Foa, ..., of increasing
complexity, meaning that F; C F» C .... For example, in a linear classification setting with
vectors € R? we might take a sequence of classes allowing increasing numbers of non-zeros in
the classification vector 6:

Fi= {fg(x) = 0"z such that |||, < 1}, Fo = {fg(x) = 0"z such that |||, < 2} fen
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More broadly, let {Fj}reny be a (possibly infinite) increasing sequence of function classes. We
assume that for each Fj, and each n € N, there exists a constant C,, ;(d) such that we have the
uniform generalization guarantee

P | sup
JEFy

For example, by Corollary .6 if F is finite we may take

o k(é):\/20_210g\]:k|+10g(15+k10g2
mn, n .

(We will see in subsequent sections of the course how to obtain other more general guarantees.)
We consider the following structural risk minimization procedure. First, given the empirical
risk R, we find the model collection k£ minimizing the penalized risk

k= argmin{ inf R,(f) + C’mk(é)} . (4.2.2a)
keN FeFy

We then choose J?to minimize the risk over the estimated “best” class F7, that is, set

f := argmin Ru(f). (4.2.2b)
fe]'—g

With this procedure, we have the following theorem.

Theorem 4.7. Let f be chosen according to the procedure #22a)-([E22L). Then with probability

at least 1 — &, we have

o~

R(]) < jnf, inf {R(f)+20,4(0)}.

Proof First, we have by the assumed guarantee on C,, (9) that

P <3 k € Nand f € Fy such that sup |Rn(f) — R(f)‘

fEF

<> P(3 f € Fi such that sup
k=1 fEFK

k=1

On the event that sup ez, IR.(f) — R(f)| < Ch k(9) for all k, which occurs with probability at
least 1 — 9, we have

R(P) < Balf) +C, 5(0) = inf, inf {Ba(F) +Co(0)} < inf, inf {R(F) +2C,4(6))

by our choice of ]? This is the desired result. O

We conclude with a final example, using our earlier floating point bound from Example [£35]
coupled with Corollary and Theorem (7]
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Example 4.8 (Structural risk minimization with floating point classifiers): Consider again
our floating point example, and let the function class Fj consist of functions defined by at
most k double-precision floating point values, so that log |Fi| < 45d. Then by taking

log 1 + 65k log 2

we have that | R, (f)—R(f)| < Ch,1(9) simultaneously for all f € F, and all F, with probability
at least 1 — ¢. Then the empirical risk minimization procedure ([L22) guarantees that

. 2log i + 91k
< inf { inf ek B
R = el AR

Roughly, we trade between small risk R(f)—as the risk infcr R(f) must be decreasing in
k—and the estimation error penalty, which scales as {/(k + log %) /n. &
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Chapter 5

Basics of source coding

In this chapter, we explore the basic results in source coding—that is, given a sequence of random
variables X7, Xo,... distributed according to some known distribution P, how much storage is
required for us to encode the random variables? The material in this chapter is covered in a variety
of sources; standard references include Cover and Thomas m and Csiszar and Korner ﬂ]

5.1 The source coding problem

The source coding problem—in its simplest form—is that of most efficiently losslessly encoding a
sequence of symbols (generally random variables) drawn from a known distribution. In particular,
we assume that the data consist of a sequence of symbols X1, Xo, ..., drawn from a known distri-
bution P on a finite or countable space X'. We wish to choose an encoding, represented by a d-ary
code function C that maps X to finite strings consisting of the symbols {0, 1,...,d—1}. We denote
this by C: X — {0,1,...,d — 1}*, and use {c(x) to denote the length of the string C(x).

In general, we will consider a variety of types of codes; we define each in order of complexity of
their decoding.

Definition 5.1. A d-ary code C: X — {0,...,d—1}* is non-singular if for each z,2" € X we have

C(z) # C(2') ifw # 2.

While Definition [5]is natural, generally speaking, we wish to transmit or encode a variety of code-
words simultaneously, that is, we wish to encode a sequence X1, Xo, ... using the natural extension
of the code C as the string C(X;)C(X2)C(X3)---, where C(z1)C(x2) denotes the concatenation of
the strings C(z1) and C(x2). In this case, we require that the code be uniquely decodable:

Definition 5.2. A d-ary code C: X — {0,...,d — 1}* is uniquely decodable if for all sequences
T1,...,2n € X and 2, ... 2], € X we have

C(z1)C(x2) - Cxy,) = C(xh)C(ah) -+ - C(x)) if and only if x1 = 2y, ..., 2, = 2),.
That is, the extension of the code C to sequences is non-singular.

While more useful (generally) than simply non-singular codes, uniquely decodable codes may require
inspection of an entire string before recovering the first element. With that in mind, we now consider
the easiest to use codes, which can always be decoded instantaneously.
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Definition 5.3. A d-ary code C: X — {0,...,d — 1}* is uniquely decodable or instantaneous if
no codeword is the prefix to another codeword.

As is hopefully apparent from the definitions, all prefix/instantaneous codes are uniquely decodable,
which are in turn non-singular. The converse is not true, though we will see a sense in which—as
long as we care only about encoding sequences—using prefix instead of uniquely decodable codes
has negligible consequences.

For example, written English, with periods (.) and spaces ( ) included at the ends of words
(among other punctuation) is an instantaneous encoding of English into the symbols of the alphabet
and punctuation, as punctuation symbols enforce that no “codeword” is a prefix of any other. A
few more concrete examples may make things more clear.

Example 5.1 (Encoding strategies): Consider the encoding schemes below, which encode
the letters a, b, ¢, and d.

Symbol | Ci(z) | Co(x) | Cs(x)
a 0 00 0
b 00 10 10
c 000 11 110
d 0000 110 111

By inspection, it is clear that C; is non-singular but certainly not uniquely decodable (does
the sequence 0000 correspond to aaaa, bb, aab, aba, baa, ca, ac, or d?), while Cs is a prefix
code. We leave showing that Cy is uniquely decodable is an exercise for the interested reader.

&

5.2 The Kraft-McMillan inequalities

We now turn toward a few rigorous results on the coding properties and the connections between
source-coding and entropy. Our first result is an essential result that—as we shall see—essentially
says that there is no difference in code-lengths attainable by prefix codes and uniquely decodable
codes.

Theorem 5.2. Let X be a finite or countable set, and let £ : X — N be a function. If ¢(x) is the
length of the encoding of the symbol x in a uniquely decodable d-ary code, then

dodtm <1 (5.2.1)

reX

Conversely, given any function ¢ : X — N satisfying inequality (5.2.1), there is a prefix code whose
codewords have length ¢(x) for each x € X .

Proof We prove the first statement of the theorem first by a counting and asymptotic argument.

We begin by assuming that X is finite; we eliminate this assumption subsequently. As a
consequence, there is some maximum length £« such that £(z) < £« for all x € X. For a sequence
x1,...,o, € X, we have by the definition of our encoding strategy that £(z1,...,z,) = Y iy £(x;).
In addition, for each m we let

E,(m) = {z1., € X" such that {(z1.,) = m}
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Figure 5.1. Prefix-tree encoding of a set of symbols. The encoding for x; is 0, for x5 is 10, for x3
is 11, for x4 is 12, for x5 is 20, for zg is 21, and nothing is encoded as 1, 2, or 22.

denote the symbols x encoded with codewords of length m in our code, then as the code is uniquely
decodable we certainly have card(FE,(m)) < d™ for all n and m. Moreover, for all x1.,, € X™ we
have (21.,) < nlmax. We thus re-index the sum ) d~%*) and compute

nlmax

Z d*f(fﬂly--wxn) — Z C&I‘d(En(m))dim
L1,y €EX™ m=1

nlmax

< Z d"" = nlpax.
m=1

The preceding relation is true for all n € N, so that

1/n
( 3 d—ﬂw) < nl/ngn 51

T1:n €EXM
as n — oo. In particular, using that

Y oatem) = Y gt gt - (Zd—em)n,

1., EXT L1y, T EXT reX

we obtain Y, d @) < 1,
We remark in passing if card(X) = oo, then by defining the sequence

Dy = Z 4@,

zeX l(x)<k

as each subset {z € X : {(z) < k} is uniquely decodable, we have Dj < 1 for all k¥ and 1 >

limy o0 Dy = 3 ep d~4@.
The achievability of such a code is straightforward by a pictorial argument (recall Figure [B5.1]),
so we sketch the result non-rigorously. Indeed, let 7; be an (infinite) d-ary tree. Then, at each
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level m of the tree, assign one of the nodes at that level to each symbol 2 € X such that ¢(x) = m.
Eliminate the subtree below that node, and repeat with the remaining symbols. The codeword
corresponding to symbol x is then the path to the symbol in the tree. O

With the Kraft-McMillan theorem in place, we we may directly relate the entropy of a random
variable to the length of possible encodings for the variable; in particular, we show that the entropy
is essentially the best possible code length of a uniquely decodable source code. In this theorem,
we use the shorthand

— Y plx)logyp(z

reX

Theorem 5.3. Let X € X be a discrete random variable distributed according to P and let (o be
the length function associated with a d-ary encoding C : X — {0,...,d — 1}*. In addition, let C be
the set of all uniquely decodable d-ary codes for X. Then

Hy(X) < inf {Ep[tc(X)] : CeC} < Hy(X)+1.

Proof The lower bound is an argument by convex optimization, while for the upper bound
we give an explicit length function and (implicit) prefix code attaining the bound. For the lower
bound, we assume for simplicity that X is finite, and we identify X = {1,...,|X|} (let m = |X| for
shorthand). Then as C consists of uniquely decodable codebooks, all the associated length functions
must satisfy the Kraft-McMillan inequality (521]). Letting ¢; = £(i), the minimal encoding length

is at least
m m
inf 2y dli<1y.

By introducing the Lagrange multiplier A > 0 for the inequality constraint, we may write the
Lagrangian for the preceding minimization problem as

LN =p 0+ A (Z dt - 1) with VL(6\) =p— A [d—fi log drl
i=1 =

In particular, the optimal ¢ satisfies ¢; = log, p% for some constant 0, and solving > ", d loga % =1
gives §# = 1 and £(i) = log, p%.

To attain the result, simply set our encoding to be ¢(z) = [logd m-‘, which satisfies the
Kraft-McMillan inequality and thus yields a valid prefix code with

=Zp(x)[10gd w — Y " pla)logyp(z) + 1= Hy(X) +1

zeX reX

as desired. O
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5.3 Entropy rates and longer codes

Finally, we show that it is possible, at least for appropriate distributions on random variables X,
to achieve a per-symbol encoding length that approaches a limiting version of the Shannon entropy
of a random variable. To that end, we give two definitions capturing the limiting entropy properties
of sequences of random variables.

Definition 5.4. The entropy rate of a sequence X1, Xs, ... of random variables is
1
H{X;}):= lim —H(Xy,...,X,) (5.3.1)
n—oo N

whenever the limit exists.

In some situations, the limit (531]) may not exist. However, there are a variety of situations in
which it does, and we focus generally on a specific but common instance in which the limit does
exist. First, we recall the definition of a stationary sequence of random variables.

Definition 5.5. We say a sequence X1, Xo, ... of random variable is stationary if for all n and all
k € N and all measurable sets Ay, ..., A C X we have

P(Xl c€A,.... X, € Ak) = P(Xn_H € Aq,.. cy Xptk € Ak).
With this definition, we have the following result.

Proposition 5.4. Let the sequence of random variables {X;}, taking values in the discrete space
X, be stationary. Then

H({XZ}) = l;m H(Xn | X1, ceey Xn—l)
and the limits (531)) and above eist.

Proof We begin by making the following standard observation of Cesaro means: if ¢,, = % Yo ai
and a; — a, then ¢, — all Now, we note that for a stationary sequence, we have that

H(Xn | Xl:n—l) - H(Xn—i-l ‘ X2:n)7
and using that conditioning decreases entropy, we have
H(Xn+1 ‘ Xl:n) S H(Xn ‘ Xl:n—l)-

Thus the sequence a,, := H(X,, | X1.,—1) is non-increasing and bounded below by 0, so that it has
some limit lim,, oo H(Xy, | Xim—1). As H(X1,...,X,) = > H(X; | X1:5-1) by the chain rule
for entropy, we achieve the result of the proposition. O

Finally, we present a result showing that it is possible to achieve average code length of at most
the entropy rate, which for stationary sequences is smaller than the entropy of any single random
variable X;. To do so, we require the use of a block code, which (while it may be prefix code) treats
sets of random variables (X1,...,X,,) € X™ as a single symbol to be jointly encoded.

! Indeed, let € > 0 and take N such that n > N implies that |a; — a| < e. Then for n > N, we have

n n

1 N(eny —a) 1 N(en —a)
n — = — i = — i — — 2 +e
c a= - ;(a a) - + - iz%_l(a a) € - €

Taking n — oo yields that the term N(ecn — a)/n — 0, which gives that ¢, — a € [—¢, €] eventually for any € > 0,
which is our desired result.
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Proposition 5.5. Let the sequence of random wvariables X1, Xa,... be stationary. Then for any
€ > 0, there exists an m € N and a d-ary (prefix) block encoder C : X™ — {0,...,d — 1}* such that

1
lim *Ep[fc(Xlzn)] < H({Xl}) +e= limH(Xn | Xl, .. .,Xn_1) + €.
n n n

Proof Let C:X™ — {0,1,...,d —1}* be any prefix code with

le(T1:m) < {log P(X1:m1: xl:m)—‘ .

Then whenever n/m is an integer, we have

Ep [lc(X1:n)] = Z Ep [lc(Xmit1s-- - Xmt1))] < Z [H(Xomit1, - Xingisn)) + 1]
i=1 i=1
n

= M, X,
m m
Dividing by n gives the result by taking m suitably large that % + %H(Xl, ey X)) < e+ H{X}).
Note that if the m does not divide n, we may also encode the length of the sequence of encoded
words in each block of length m; in particular, if the block begins with a 0, it encodes m symbols,
while if it begins with a 1, then the next [log;m] bits encode the length of the block. This would
yields an increase in the expected length of the code to

2n + [logy m]|

EP[EC(Xlzn)] S m

n
+—H(X1,..., Xm).
m

Dividing by n and letting n — oo gives the result, as we can always choose m large. O
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Chapter 6

Exponential families and maximum
entropy

In this set of notes, we give a very brief introduction to exponential family models, which are a broad
class of distributions that have been extensively studied in the statistics literature M, Iﬂ, E, B] There
are deep connections between exponential families, convex analysis ﬂ], and information geometry
and the geometry of probability measures @], and we will only touch briefly on a few of those here.

6.1 Review or introduction to exponential family models

We begin by defining exponential family distributions, giving several examples to illustrate a few
of their properties. To define an exponential family distribution, we always assume there is some
base measure 4 on a space X, and there exists a sufficient statistic ¢ : X — R%, where d € N is
some fixed integer. For a given sufficient statistic function ¢, let § € R? be an associated vector of
canonical parameters. Then with this notation, we have the following.

Definition 6.1. The exponential family associated with the function ¢ and base measure p is
defined as the set of distributions with densities py with respect to u, where

po(x) = exp ((0, ¢(z)) — A(0)), (6.1.1)

and the function A is the log-partition-function (or cumulant function) defined by

A(6) = log / exp ({0, $(x))) du(z), (6.1.2)

X

whenever A is finite.

In some settings, it is convenient to define a base function h : & — R and define

po(x) = h(x) exp((0, o(x)) — A(0)),

though we can always simply include h in the base measure p. In some scenarios, it may be convient
to re-parameterize the problem in terms of some function 7(6) instead of 6 itself; we will not worry
about such issues and simply use the formulae that are most convenient.

We now give a few examples of exponential family models.
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Example 6.1 (Bernoulli distribution): In this case, we have X € {0,1} and P(X =1) =p
for some p € [0, 1] in the classical version of a Bernoulli. Thus we take p to be the counting
measure on {0, 1}, and by setting 6 = log % to obtain a canonical representation, we have

P(X =) = p(z) = p“(1 — p)'™* = exp(xlogp — zlog(1 — p))

= exp (x log 1 fp + log(1 —p)> = exp (x@ —log(1 + 60)> .

The Bernoulli family thus has log-partition function A() = log(1 + ¢%). &

Example 6.2 (Poisson distribution): The Poisson distribution (for count data) is usually
parameterized by some A > 0, and for z € N has distribution Py(X = z) = (1/z!)A*e”A. Thus
by taking u to be counting (discrete) measure on {0, 1, ...} and setting § = log A\, we find the
density (probability mass function in this case)

1 1 1
p(x) = a)\ﬂle—/\ = exp(xlog A — )\)E = exp(zf — ee)a.

Notably, taking h(z) = (2!)~! and log-partition A(#) = e’, we have probability mass function
po(x) = h(z) exp(fz — A(0)). &

Example 6.3 (Normal distribution): For the normal distribution, we take u to be Lebesgue
measure on (—o0o,00). Then N(ju,Y) can be re-parameterized as as © = X! and § = X~ !y,
and we have density

po.o(@) x exp <<9, ) + % <m:T, @>> ,

where (-,-) denotes the Euclidean inner product. &

6.1.1 Why exponential families?

There are many reasons for us to study exponential families. As we see presently, they arise as the
solutions to several natural optimization problems on the space of probability distributions. They
also enjoy certain robustness properties related to optimal Bayes’ procedures (more to come on this
topic). Moreover, they are analytically very tractable, and have been the objects of substantial
study for nearly the past hundred years. As one example, the following result is well-known (see,
e.g., Wainwright and Jordan ﬂ, Proposition 3.1] or Brown [4]):

Proposition 6.4. The log-partition function 0 — A(0) is infinitely differentiable on its open do-
main © := {0 € R?: A(0) < oo}. Moreover, A is convex.

Proof We show convexity; the proof of the infinite differentiability follows from an argument
using the dominated convergence theorem that allows passing the derivative through the integral
defining A. For convexity, let let 6y = A0 + (1 — A\)f2, where 01,05 € ©. Then 1/\ > 1 and
1/(1 = X) > 1, and Holder’s inequality implies

log [ expl(6a, (o)) () = o [ exp((61, 6(2)))* exp((62: 6(2))' i)
1-X\

<o | exp<<91,¢<x>>>idu<x>)A ([ et o0 PR aute))
— Mog [ exp((61,6(a)))di(a) + (1~ Nlog [ exp((2,6(a)du(a),
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as desired. 0]

As a final remark, we note that this convexity makes estimation in exponential families sub-
stantially easier. Indeed, given a sample X, ..., X,,, assume that we estimate 6 by maximizing the
likelihood (equivalently, minimizing the log-loss):

n

= [ (0, 6(X3)) + A(0)],

i=1

1
Po(Xi)

n
mini@mize E log
i=1

which is thus convex in 6. This means there are no local minima, and tractable algorithms exist for
solving maximum likelihood. Later we will explore some properties of these types of minimization
and log-loss problems.

6.2 Shannon entropy

We now explore a generalized version of entropy known as Shannon entropy, which allows us to
define an entropy functional for essentially arbitrary distributions. This comes with a caveat,
however: to define this entropy, we must fix a base measure p ahead of time against which we
integrate. In this case, we have

Definition 6.2. Let i be a base measure on X and assume P has density p with respect to p. Then
the Shannon entropy of P is

H(P) =~ [ p(o)ogpla)du(a)

Notably, if X' is a discrete set and p is counting measure, then H(P) = — > p(x)logp(x) is
simply the standard entropy. However, for other base measures the calculation is different. For
example, if we take pu to be Lebesgue measure, meaning that du(x) = dz and giving rise to the
usual integral on R (or R?), then we obtain differential entropy |5, Chapter 8].

Example 6.5: Let P be the uniform distribution on [0,a]. Then the differential entropy
H(P)= —1log(l/a) =loga. &

Example 6.6: Let P be the normal distribution N(u, ) and pu be Lebesgue measure. Then

HG»=—/¢@)Fg%iﬁﬁn—;m—ﬂfz*@—uidx

= %log(%r det(X)) + %E[(X — ) TSTHX — )]

1
=35 log(2r det(X)) +

N |
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6.3 Maximizing Entropy

The maximum entropy principle, proposed by Jaynes in the 1950s (see Jaynes ﬂa]), originated in
statistical mechanics, where Jaynes showed that (in a sense) entropy in statistical mechanics and
information theory were equivalent. The maximum entropy principle is this: given some constraints
(prior information) about a distribution P, we consider all probability distributions satisfying said
constraints. Then to encode our prior information while being as “objective” or “agnostic” as
possible (essentially being as uncertain as possible), we should choose the distribution P satisfying
the constraints to maximize the Shannon entropy.

While there are many arguments for and against the maximum entropy principle, we shall not
dwell on them here, instead showing how maximizing entropy naturally gives rise to exponential
family models. We will later see connections to Bayesian and minimax procedures. The one thing
that we must consider, about which we will be quite explicit, is that the base measure p is essential
to all our derivations: it radically effects the distributions P we consider.

6.3.1 The maximum entropy problem

We begin by considering linear (mean-value) constraints on our distributions. In this case, we are
given a function ¢ : X — R? and vector a € R?, we wish to solve

maximize H(P) subject to Ep[¢(X)] =« (6.3.1)

over all distributions P having densities with respect to the base measure u, that is, we have the
(equivalent) absolute continuity condition P < p. Rewriting problem ([G.30]), we see that it is
equivalent to

maximize — /p(x) log p(x)du(z)
subject to /p(x)qbi(a:)du(x) =, p(r)>0forze X, /p(x)du(a:) =1.

Let .
Pin = (P < pu: Ep[(X)] = a}

be distributions with densities w.r.t. u satisfying the expectation (linear) constraint E[¢(X)] = a.
We then obtain the following theorem.

Theorem 6.7. For 0 € R?, let Py have density
po(x) = exp((8, 6(x)) — A(6)), A(9) = log / exp((8, ¢(x)))dp(z),

with respect to the measure pu. If Ep,[¢(X)] = «, then Py mazimizes H(P) over P"; moreover,
the distribution Py is unique.

Proof We first give a heuristic derivation—which is not completely rigorous—and then check to
verify that our result is exact. First, we write a Lagrangian for the problem (6.3.1]). Introducing
Lagrange multipliers A\(x) > 0 for the constraint p(z) > 0, 6y € R for the normalization constraint
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that P(X) = 1, and 6; for the constraints that Ep[¢;(X)] = a;, we obtain the following Lagrangian:
£(p.0.00.%) = [ pla)logpie +Ze (0= [ po)ontalanta))

oo / p(a)du(z) — 1) - [ X@p@ina)

Now, heuristically treating the density p = [p(x)]zcx as a finite-dimensional vector (in the case
that X is finite, this is completely rigorous), we take derivatives and obtain

6’;()11)5(19, 6,60, \) = 1 +log p(x Zem +00 — A(z) =1+ logp(z) — (0, $(2)) + o — A2).

To find the minimizing p for the Lagrangian (the function is convex in p), we set this equal to zero
to find that

p(x) = exp ({0, (x)) =1 = 0o — A(x)).
Now, we note that with this setting, we always have p(x) > 0, so that the constraint p(z) > 0
is unnecessary and (by complementary slackness) we have A(z) = 0. In particular, by taking
0p = —1+A(0) = —1+log [ exp((0, ¢(z)))du(x), we have that (according to our heuristic derivation)
the optimal density p should have the form

po(x) = exp ((0, ¢(x)) — A(0)).

So we see the form of distribution we would like to have.
Let us now consider any other distribution P € P and assume that we have some  satisfying
Ep,[¢(X)] = c. In this case, we may expand the entropy H(P) as

H(P) = —/plogdeZ —/plog p%du— /plogpedu
= —Dy (P|Py) - /p(w)[<9,¢>(fc)> — A(0)]dp(x)

*

) _ Dy (P|Py) — / Po()(6, 6()) — A(®)du(z)
= —Dy (P|Py) — H(Fp),

—~
=

where in the step (x) we have used the fact that [ p(z)¢(z)du(z) = [ po(z)p(z)du(z) = a. As
Dy (P|Py) > 0 unless P = Py, we have shown that P is the unique distribution maximizing the
entropy, as desired. ]

6.3.2 Examples of maximum entropy

We now give three examples of maximum entropy, showing how the choice of the base measure
1 strongly effects the resulting maximum entropy distribution. For all three, we assume that the
space X = R is the real line. We consider maximizing the entropy over all distributions P satisfying

Ep[X?] =1
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Example 6.8: Assume that the base measure p is counting measure on the support {—1, 1},
so that pu({—1}) = u({1}) = 1. Then the maximum entropy distribution is given by P(X =
x)=3forze{-1,1}. &

Example 6.9: Assume that the base measure p is Lebesgue measure on X = R, so that
p([a,b])) = b—a for b > a. Then by Theorem [67] we have that the maximum entropy
distribution has the form pg(z) o exp(—6x?); recognizing the normal, we see that the optimal
distribution is simply N(0,1). &

Example 6.10: Assume that the base measure 1 is counting measure on the integers 7Z =
{-..,—=2,-1,0,1,...}. Then Theorem shows that the optimal distribution is a discrete
version of the normal: we have pg(z) o exp(—0z?) for x € Z. That is, we choose 6 > 0 so that
the distribution py(z) = exp(—0x2)/ Dt o exp(—03?) has variance 1. &

6.3.3 Generalization to inequality constraints

It is possible to generalize Theorem in a variety of ways. In this section, we show how to
generalize the theorem to general (finite-dimensional) convex cone constraints (cf. Boyd and Van-
denberghe E, Chapter 5]). To remind the reader, we say a set C is a convex cone if for any two
points x,y € C, we have A\x 4+ (1 — \)y € C for all A € [0, 1], and C is closed under positive scaling:
x € C implies that tx € C for all £ > 0. While this level of generality may seem a bit extreme, it
does give some nice results. In most cases, we will always use one of the following two standard
examples of cones (the positive orthant and the semi-definite cone):

i. The orthant. Take C = Ri ={z cR¢: xj > 0,7 =1,...,d}. Then clearly C is convex and
closed under positive scaling.

ii. The semidefinite cone. Take C = {X € R4 : X = XT X = 0}, where a matrix X = 0 means
that a' Xa > 0 for all vectors a. Then we have that C is convex and closed under positive
scaling as well.

Given a convex cone C, we associate a cone ordering = with the cone and say that for two
elements x,y € C, we have z = y if x —y > 0, that is, x — y € C. In the orthant case, this simply
means that x is component-wise larger than y. For a given inner product (-, ), we define the dual

cone
C*:={y:(y,z) >0 forall z € C}.

For the standard (Euclidean) inner product, the positive orthant is thus self-dual, and similarly the
semidefinite cone is also self-dual. For a vector vy, we write y =, 0 if y € C* is in the dual cone.

With this generality in mind, we may consider the following linearly constrained maximum
entropy problem, which is predicated on a particular cone C with associated cone ordering < and
a function ¥ mapping into the ambient space in which C lies:

maximize H(P) subject to Ep[¢p(X)] =a, Ep[(X)] <5, (6.3.2)

where the base measure p is implicit. We denote the family of distributions (with densities w.r.t.
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) satisfying the two above constraints by 7)3116 Equivalently, we wish to solve
maximize — /p(:v) log p(x)du(z)
subject to [ pla)o(e)du(z) = a, [ pla)i(e)dun(z) <.

p(z) >0 forz € X, /p(x)du(x) =1.

We then obtain the following theorem:

Theorem 6.11. For 6 € R? and K € C*, the dual cone to C, let Py i have density

po.i (x) = exp ({0, ¢(2)) — (K, ¢(x)) — A(0, K)), A6, K) :log/exp(w’¢($)>—<K,¢(fv)>)du(9ﬁ),
with respect to the measure . If

Epy x[0(X)] =a and Ep, [$(X)] = B,

then Py i mazximizes H(P) over Pcljnﬁ Moreover, the distribution Py g is unique.

We make a few remarks in passing before proving the theorem. First, we note that we must assume
both equalities are attained for the theorem to hold. We may also present an example.

Example 6.12 (Normal distributions maximize entropy subject to covariance constraints): Sup-
pose that the cone C is the positive semidefinite cone in R%*?, that o = 0, that we use the
Lebesgue measure as our base measure, and that ¢(z) = zo' € R¥4. Let us fix 8 = ¥ for
some positive definite matrix . This gives us the problem

maximize — /p(x) log p(z)dx subject to Ep[XX ] < %

Then we have by Theorem BT that if we can find a density px(z) o« exp(—(K,zz')) =
exp(—z " Kz) satisfying E[X X '] = ¥, this distribution maximizes the entropy. But this is not
hard: simply take the normal distribution N(0, ), which gives K = %Z’l. )

Now we provide the proof of Theorem
Proof We can provide a heuristic derivation of the form of py g identically as in the proof of The-
orem [6.7] where we also introduce the dual variable K € C* for the constraint [ p(z)¢(x)du(z) < 5.
Rather than going through this, however, we simply show that the distribution Py x maximizes

H(P). Indeed, we have for any P € 773% that

p(z)

po.x ()

H(P) = - / p(z) log p(a)dp(z) = — / p(a) log dpu(z) - / p() log po.c («)du(x)

= =D (P|Py,x) — /p(fv) [(0, d(x)) — (K 9 (x)) — A6, K)] dp(x)
< —-Dy (PHPO,K) - [<9,0é> - <K7/8> - A(@,K)] )
where the inequality follows because K =, 0 so that if E[¢)(X)] < 3, we have

(K,E[p(X) = f]) <(K,0) =0 or (K,E[¢(X)]) <(K,f).
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Now, we note that [ pg i (z)¢(z)du(z) =  and [ pg i (x)¢(x)dp(z) = 8 by assumption. Then we
have

H(P) < =D (P|Py,r) = [(0, ) = (K, ) = A(0, K]

= —Dyu (P|Pyx) — /pe,K(if) [0, ¢(x)) — (K, (x)) — A0, K)] du(z)
= —Dy (P|Py k) — /pe,K(ﬂJ) log pg. i (x)dp(x) = =D (PP, i) + H(Pp k).

As Dy (P| Py i) > 0 unless P = Py g, this gives the result. O
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Chapter 7

Robustness, duality, maximum
entropy, and exponential families

In this lecture, we continue our study of exponential families, but now we investigate their properties
in somewhat more depth, showing how exponential family models provide a natural robustness
against model mis-specification, enjoy natural projection properties, and arise in other settings.

7.1 The existence of maximum entropy distributions

As in the previous chapter of these notes, we again consider exponential family models. For
simplicity throughout this chapter, and with essentially no loss of generality, we assume that all of
our exponential family distributions have (standard) densities. Moreover, we assume there is some
fixed density (or, more generally, an arbitrary function) p satisfying p(z) > 0 and for which

po(x) = p(x) exp((0, ¢(x)) — A(0)), (7.1.1)

where the log-partition function or cumulant generating function A(0) = log [ p(x) exp((0, ¢(z)))dx
as usual, and ¢ is the usual vector of sufficient statistics. In the previous chapter, we saw that if we
restricted consideration to distributions satisfying the mean-value (linear) constraints of the form

pin = {Q:q(w)=p(x)f(fv), where 2 0and. [ giote)is =, [ q(sc)dwzl},

then the distribution with density pg(z) = p(z)exp({0, ¢(x)) — A(#)) uniquely maximized the
(Shannon) entropy over the family P if we could find any @ satisfying Ep,[¢(X)] = a. (Recall
Theorem [6.71) Now, of course, we must ask: does this actually happen? For if it does not, then all
of this work is for naught.

Luckily for us, the answer is that we often find ourselves in the case that such results occur.
Indeed, it is possible to show that, except for pathological cases, we are essentially always able to
find such a solution. To that end, define the mean space

My = {a eR?:3Q s.t. q(z) = f(z)p(z), f >0, and /q(a:)qﬁ(a:)da; = a}

Then we have the following result, which is well-known in the literature on exponential family
modeling; we refer to Wainwright and Jordan ﬂa, Proposition 3.2 and Theorem 3.3] for the proof.
In the statement of the theorem, we recall that the domain dom A of the log partition function is
defined as those points 6 for which the integral [ p(z)exp((0, ¢(x)))dz < cc.
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Theorem 7.1. Assume that there exists some point 0y € intdom A, where dom A := {# € R? :
A(0) < oo}. Then for any o in the interior of Mgy, there exists some § = 6(c) such that

Epy[6(X)] = a.

Using tools from convex analysis, it is possible to extend this result to the case that dom A has no
interior but only a relative interior, and similarly for My (see Hiriart-Urruty and Lemaréchal @]
or Rockafellar ﬂj} for discussions of interior and relative interior). Moreover, it is also possible to
show that for any o € M (not necessarily the interior), there exists a sequence 01, 03, . . . satisfying
the limiting guarantee lim, Ep, [¢(X)] = a. Regardless, we have our desired result: if Pl s not
empty, maximum entropy distributions exist and exponential family models attain these maximum
entropy solutions.

7.2 I-projections and maximum likelihood

We first show one variant of the robustness of exponential family distributions by showing that
they are (roughly) projections onto constrained families of distributions, and that they arise nat-
urally in the context of maximum likelihood estimation. First, suppose that we have a family II
of distributions and some fixed distribution P (this last assumption of a fixed distribution P is
not completely essential, but it simplifies our derivation). Then the I-Projection (for information
projection) of the distribution P onto the family II is

P* := argmin Dy (Q|P), (7.2.1)
Qell

when such a distribution exists. (In nice cases, it does.)

Perhaps unsurprisingly, given our derivations with maximum entropy distributions and expo-
nential family models, we have the next proposition. The proposition shows that I-Projection is
essentially the same as maximum entropy, and the projection of a distribution P onto a family of
linearly constrained distributions yields exponential family distributions.

Proposition 7.2. Suppose that Il = P, Ifpy(z) = p(z) exp({(0, p(x))—A(0)) satisfies Ep, [¢(X)] =

a, then py solves the I-projection problem (L2Z1]). Moreover we have (the Pythagorean identity)
Dy (QP) = Dia (By|P) + D (Q[ Fp)

for Q € Pin,

Proof Our proof is to perform an expansion of the KL-divergence that is completely parallel to
that we performed in the proof of Theorem Indeed, we have
q(z)

D (QIP) = / o(w) log 225

po(®) @) 4,
q(z)log (@) dx + /q(w) log pg(x)d

_ /q(x)[w, 6(x)) — A0)]dz + Dy (QIPy)

po()[(0, ¢(x)) — A(0)ldz + Dy (Q[ Fp)

- /pg(x) log ];fg)) + D (Q[ Py) ,
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where equality (%) follows by assumption that Ep, [¢(X)] = a. O

Now we consider maximum likelihood estimation, showing that—in a completely handwavy
fashion—approximates I-projection. First, suppose that we have an exponential family {FPy}pco of
distributions, and suppose that the data comes from a true distribution P. Then to maximizing
the likelihood of the data is equivalent to maximizing the log likelihood, which, in the population
case, gives us the following sequence of equivalences:

maximize Ep[logpg(X)] = minimize Ep[log ——

= minimize Ep [log
= miniemize Dy (P|Fy),
so that maximum likelihood is essentially a different type of projection.
Now, we also consider the empirical variant of maximum likelihood, where we maximize the
likelihood of a given sample X, ..., X,,. In particular, we may study the structure of maximum like-

lihood exponential family estimators, and we see that they correspond to simple moment matching
in exponential families. Indeed, consider the sample-based maximum likelihood problem of solving

n 1 n
maximize £[1 po(X;) = maximize - ; og pe(X;) (7.2.2)

where as usual we assume the exponential family model py(x) = p(z)exp((0, ¢(z)) — A(F)). We
have the following result.

Proposition 7.3. Let & = 1 3" | ¢(X;). Then the mazimum likelihood solution is given by any
0 such that Ep,[¢(X)] = a.

Proof The proof follows immediately upon taking derivatives. We define the empirical negative
log likelihood (the empirical risk) as

0= L ) = -1 30,0000+ 40) - LS st

=1

which is convex as 6 — A(6) is convex (recall Proposition [6.4]). Taking derivatives, we have

VoR :——Z¢ ) + VA(0)

:_5Z¢<Xi>+ )exp o [ (@) exp((6. () do
ngb )+ Ep, [6(X)].

In particular, finding any 6 such that VA(0) = Ep [¢(X)] gives the result. O
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As a consequence of the result, we have the following rough equivalences tying together the
preceding material. In short, maximum entropy subject to (linear) empirical moment constraints
(Theorem [67)) is equivalent to maximum likelihood estimation in exponential families (Proposi-
tion [C.3), which is equivalent to I-projection of a fixed base distribution onto a linearly constrained
family of distributions (Proposition [[.2]).

7.3 Basics of minimax game playing with log loss

The final set of problems we consider in which exponential families make a natural appearance are
in so-called minimax games under the log loss. In particular, we consider the following general
formulation of a two-player minimax game. First, we choose a distribution @ on a set X (with
density ¢). Then nature (or our adversary) chooses a distribution P € P on the set X', where P is
a collection of distributions on X, so we suffer loss

1
]sjlg))Ep[— logq(X)] = ]sglg)p/p(x) log @d.’r. (7.3.1)

In particular, we would like to solve the minimax problem

minimize sup E[— log ¢(X)].
peP

To motivate this abstract setting we give two examples, the first abstract and the second somewhat
more concrete.

Example 7.4: Suppose that receive n random variables X; R P; in this case, we have the
sequential prediction loss

Ep [_1quX1 ZEP |:10g (X ‘XZ 1):|7

which corresponds to predicting X; given Xi_l as well as possible, when the X; follow an
(unknown or adversarially chosen) distribution P. &

Example 7.5 (Coding): Expanding on the preceding example, suppose that the set X" is
finite, and we wish to encode X into {0,1}-valued sequences using as few bits as possible.
In this case, the Kraft inequality (recall Theorem [(.2)) tells us that if C : X — {0,1}* is an
uniquely decodable code, and () denotes the length of the encoding for the symbol x € X,

then
Z 9—tle(@) <1

Conversely, given any length function ¢ : X — N satisfying > 2~ {z) < 1, there exists an
instantaneous (prefix) code C' with the given length function. Thus, if we deﬁne the p.m.f.
qo(z) = 27te@ /5~ 9=te(@) we have

n

—logy qo(f) = D |€o(w:) +1log Y 270 | <> " ho(xy).
T =1

i=1
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In particular, we have a coding game where we attempt to choose a distribution @ (or sequential
coding scheme C') that has as small an expected length as possible, uniformly over distributions
P. (The field of universal coding studies such questions in depth; see Tsachy Weissman’s course
EE376b.) &

We now show how the minimax game (Z3.]]) naturally gives rise to exponential family models,
so that exponential family distributions are so-called robust Bayes procedures (cf. Griinwald and
Dawid E]) Specifically, we say that () is a robust Bayes procedure for the class P of distributions if
it minimizes the supremum risk (7.3.I]) taken over the family P; that is, it is uniformly good for all
distributions P € P. If we restrict our class P to be a linearly constrained family of distributions,
then we see that the exponential family distributions are natural robust Bayes procedures: they
uniquely solve the minimax game. More concretely, assume that P = Pi" and that Py denotes the
exponential family distribution with density pg(z) = p(z)exp((, ¢(x)) — A(0)), where p denotes
the base density. We have the following.

Proposition 7.6. If Ep, [¢(X)] = «, then

inf sup Ep[—logq(X)] = sup Ep[—logpp(X)] = sup infEp[—logq(X)].
Q peplin Peplin Peplin

Proof This is a standard saddle-point argument (cf. M, E, m]) First, note that

sup Ep[—logps(X)] = sup Ep[—(¢(X),0) + A(6)]
Pecplin Peplin

— (@, 0) + A(0) = Ep,[— (0, ¢(X)) + A(0)] = H(Fp),

where H denotes the Shannon entropy, for any distribution P € P, Moreover, for any Q # Py,
we have

sup Ep[—logq(X)] = Ep,[—1log q(X)] > Ep,[—log pp(X)] = H(Fy),

( )dx > (0. This shows the first

where the inequality follows because Dy (P|Q) = [ po(z @)

equality in the proposition.
For the second equality, note that

inf Epl— log ¢(X)] = inf Ex log ggﬂ ~Epllogp(a)] = H(P).

=0

But we know from our standard maximum entropy results (Theorem [6.7]) that Py maximizes the
entropy over Pi" that is, sup pepiin H(P) = H(Fp). O

In short: maximum entropy is equivalent to robust prediction procedures for linear families of
distributions Pi" | which is equivalent to maximum likelihood in exponential families, which in turn
is equivalent to I-projection.
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Chapter 8

Fisher Information

Having explored the definitions associated with exponential families and their robustness properties,
we now turn to a study of somewhat more general parameterized distributions, developing connec-
tions between divergence measures and other geometric ideas such as the Fisher information. After
this, we illustrate a few consequences of Fisher information for optimal estimators, which gives a
small taste of the deep connections between information geometry, Fisher information, exponential
family models. In the coming chapters, we show how Fisher information measures come to play a
central role in sequential (universal) prediction problems.

8.1 Fisher information: definitions and examples

We begin by defining the Fisher information. Let {Py}gco denote a parametric family of distribu-
tions on a space X, each where § € © C R? indexes the distribution. Throughout this lecture and
the next, we assume (with no real loss of generality) that each Py has a density given by py. Then
the Fisher information associated with the model is the matrix given by

Iy = Eq | Vologpo(X)V log po(X)" | = Eolfofy . (8.1.1)

where the score function 5 = Vg log pe(x) is the gradient of the log likelihood at 6 (implicitly
depending on X) and the expectation Ey denotes expectation taken with respect to Py. Intuitively,
the Fisher information captures the variability of the gradient V log py; in a family of distributions
for which the score function f4 has high variability, we intuitively expect estimation of the parameter
0 to be easier—different 6 change the behavior of ég—though the log-likelihood functional 6 —
Eg, [log pp(X )] varies more in 6.

Under suitable smoothness conditions on the densities py (roughly, that derivatives pass through
expectations; see Remark Bl at the end of this chapter), there are a variety of alternate definitions
of Fisher information. These smoothness conditions hold for exponential families, so at least in
the exponential family case, everything in this chapter is rigorous. (We note in passing that there
are more general definitions of Fisher information for more general families under quadratic mean
differentiability; see, for example, van der Vaart M]) First, we note that the score function has

78



Stanford Statistics 311/Electrical Engineering 377 John Duchi

mean zero under Py: we have

Eg[flo] = /pe(x)ve log po(z)dzx :/Ziig)pe(fﬁ)dﬂ?
= /Vpg(x)dx @ V/pg(ac)d:c =V1=0,

where in equality (x) we have assumed that integration and derivation may be exchanged. Under
similar conditions, we thus attain an alternate definition of Fisher information as the negative
expected hessian of log pg(X). Indeed,

Vipg(x) V() Vpe(z)T _ Vpy(x)
po(x) po(x)? po(x)

V*log py(x) =
so we have that the Fisher information is equal to
Iy =Eyllyly] = — /Z?H(OU)V2 log pg(z)dx +/V2p9(ﬂ3)d90

= E[V?logpp(z)] + V2 / po(a)dz = —E[V2 log py(x)]. (8.1.2)
=1

Summarizing, we have that
Iy = Eglloly) = —Eg[V? log pg(X)].

This representation also makes clear the additional fact that, if we have n i.i.d. observations from the
model Py, then the information content similarly grows linearly, as log pp(X7') = > ;- log pa(X;).

We now give two examples of Fisher information, the first somewhat abstract and the second
more concrete.

Example 8.1 (Canonical exponential family): In a canonical exponential family model, we
have log pg(z) = (0, ¢(x)) — A(0), where ¢ is the sufficient statistic and A is the log-partition
function. Because £y = ¢(z) — VA(0) and VZlogpg(r) = —V2A(0) is a constant, we obtain

Iy = V2A(9).
&

Example 8.2 (Two parameterizations of a Bernoulli): In the canonical parameterization of a

Bernoulli as an exponential family model (Example [6.1)), we had py(z) = exp(fz —log(1 + %))
o 1

If we make the change of variables p = Py(X = 1) = €/(1 + €?), or 6 = log 25, we have
Iy = p(1 — p). On the other hand, if P(X = z) = p®(1 — p)!=% for p € [0,1], the standard
formulation of the Bernoulli, then Vlog P(X = x) = e 12 "56 that

1p
X 1-x)\?
Ip:Ep!(z?_ 1p>

That is, the parameterization can change the Fisher information. ¢

for € {0,1}, so by the preceding example the associated Fisher information is

R B
p 1—p pl-p)
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8.2 Estimation and Fisher information: elementary considerations

The Fisher information has intimate connections to estimation, both in terms of classical estimation
and the information games that we discuss subsequently. As a motivating calculation, we consider

estimation of the mean of a Bernoulli(p) random variable, where p € [0,1], from a sample X}’ g
Bernoulli(p). The sample mean p satisfies

. 1 p(l—p) 1 1

E[(p —p)?] = — Var(X) = ——2 = — . =

[(p—p)T] = Var(X) - L n

where I, is the Fisher information for the single observation Bernoulli(p) family as in Example

In fact, this inverse dependence on Fisher information is unavoidable, as made clear by the Cramér
Rao Bound, which provides lower bounds on the mean squared error of all unbiased estimators.

Proposition 8.3 (Cramér Rao Bound). Let ¢ : R? — R be an arbitrary differentiable function and
assume that the random function (estimator) T is unbiased for ¢(6) under Py. Then

Var(T) > V¢(0) ' I, V¢(0).

As an immediate corollary to Proposition B3, we may take ¢(0) = (A, 6) for A € R% Then
varying \ over all of R?, and we obtain that for any unbiased estimator T for the parameter § € R,
we have Var((\,T)) > ATI,;'\. That is, we have

Corollary 8.4. Let T be unbiased for the parameter 0 under the distribution Py. Then the covari-
ance of T' has lower bound
Cov(T) = I, *.

In fact, the Cramér-Rao bound and Corollary hold, in an asymptotic sense, for substantially
more general settings (without the unbiasedness requirement). For example, see the books of
van der Vaart M] or Le Cam and Yang B, Chapters 6 & 7|, which show that under appropriate
conditions (known variously as quadratic mean differentiability and local asymptotic normality)
that no estimator can have smaller mean squared error than Fisher information in any uniform
sense.

We now prove the proposition, where, as usual, we assume that it is possible to exchange
differentiation and integration.
Proof Throughout this proof, all expectations and variances are computed with respect to FPy.
The idea of the proof is to choose A € R? to minimize the variance

Var(T — (X, fg)) > 0,

then use this A to provide a lower bound on Var(T').
To that end, let /y; = % log pg(X) denote the jth component of the score vector. Because

Eq [ég] = 0, we have the covariance equality

a%pe(fﬁ)

Cov(T = 6(0).f0,) = BI(T = (0))iy] = B{Tip ] = [ T@) "oz —po(a)da

= 55 [ T@wola)az = 5000,
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where in the final step we used that 7' is unbiased for ¢(6). Using the preceding equality,
Var(T — (X, £g)) = Var(T) + XTIy — 2E[(T — ¢(8))(\, £g)] = Var(T) + AT Igh — 2(\, V¢(6)).

Taking A = I, 'V(0) gives 0 < Var(T — (A, 4g)) = Var(T) — Vo(0) "I, 'V¢(0), and rearranging
gives the result. O

8.3 Connections between Fisher information and divergence mea-
sures

By making connections between Fisher information and certain divergence measures, such as KL-
divergence and mutual (Shannon) information, we gain additional insights into the structure of
distributions, as well as optimal estimation and encoding procedures. As a consequence of the
asymptotic expansions we make here, we see that estimation of 1-dimensional parameters is gov-
erned (essentially) by moduli of continuity of the loss function with respect to the metric induced
by Fisher information; in short, Fisher information is an unavoidable quantity in estimation. We
motivate our subsequent development with the following example.

Example 8.5 (Divergences in exponential families): Consider the exponential family density
po(x) = h(x)exp({0, p(x)) — A(f)). Then a straightforward calculation implies that for any 6y
and 6y, the KL-divergence between distributions Py, and Py, is

Dy (Po, | Po,) = A(02) — A(01) — (VA(6),02 — 01) .

That is, the divergence is simply the difference between A(fy) and its first order expansion
around 6. This suggests that we may approximate the KL-divergence via the quadratic re-
mainder in the first order expansion. Indeed, as A is infinitely differentiable (it is an exponential
family model), the Taylor expansion becomes

1
Dy (Po, | Po,) = 3 (01 — 05, V2A(01) (61 — 62)) + O(||61 — 62]*)

1
=5 (01 — 02, 1o, (01 — 02)) + O(]|61 — 6a%).

&

In particular, KL-divergence is roughly quadratic for exponential family models, where the
quadratic form is given by the Fisher information matrix. We also remark in passing that for a
convex function f, the Bregman divergence (associated with f) between points z and y is given
by By¢(z,y) = f(x) — f(y) — (Vf(y),z —y); such divergences are common in convex analysis,
optimization, and differential geometry. Making such connections deeper and more rigorous is the
goal of the field of information geometry (see the book of Amari and Nagaoka @] for more).

We can generalize this example substantially under appropriate smoothness conditions. Indeed,
we have

Proposition 8.6. For appropriately smooth families of distributions {Pp}eco,

1
Dy (Po, | Po,) = 3 (01 — 0, Ip, (61 — 02)) + o([|61 — 6). (8.3.1)
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We only sketch the proof, as making it fully rigorous requires measure-theoretic arguments and
Lebesgue’s dominated convergence theorem.
Sketch of Proof By a Taylor expansion of the log density log pg, (z) about 6;, we have

log po, (z) = log pg, (x) + (V log pg, (), 01 — 02)
1
+ 501 - 02) " V2 log pg, (x)(01 — 02) + R(61, 02, z),

where R(01, 02, x) = O(]|01 — 02]*) is the remainder term, where O, denotes a hidden dependence
on x. Taking expectations and assuming that we can interchange differentiation and expectation
appropriately, we have

Eg, [log pa, (X )] = Eg, [log pg, (X)] + <E91 [0, ], 01 — 92>

1
+ 501 - 02) "Eg, [V? log pg, (X)](01 — 62) + Eg, [R(01, 02, X)]
1
= Eg, [log po, (X)] = 5 (61 = 02) "Iy, (61 — 02) + 0|61 — 02*),
where we have assumed that the O(]|6; — 02”3) remainder is uniform enough in X that E[R] =
o(||61 — 62]|*) and used that the score function ¢4 is mean zero under P. O

We may use Proposition to give a somewhat more general version of the Cramér-Rao bound
(Proposition [B3)) that applies to more general (sufficiently smooth) estimation problems. Indeed,
we will show that Le Cam’s method (recall Chapter [[3.3)) is (roughly) performing a type of discrete
second-order approximation to the KL-divergence, then using this to provide lower bounds. More
concretely, suppose we are attempting to estimate a parameter € parameterizing the family P =
{Py}oco, and assume that © C R? and 6 € int ©. Consider the minimax rate of estimation of g
in a neighborhood around 6y; that is, consider

inf sup  Eo[|6(XT) — 0]%],

0 0=0p+ve®
where the observations X; are drawn i.i.d. Py. Fixing v € R? and setting 6 = 6y + dv for some
d > 0, Le Cam’s method (I3:33)) then implies that
&% ||o|*

inf  max  Eg[]|0(X]) —0]?] >

o 0e{bo,0+6v} [1 - HPéé - PQT(LhL(SUHTV] :

Using Pinsker’s inequality that 2 ||P — QH?EV < Dy (P|Q) and the asymptotic quadratic approxi-
mation (831]), we have

N

n Vn
155, = Bitesullry < \/ 5D (oo Pagrsn) = 5= (%0 Iogv + 06 [0]*))

By taking 62 = (nv' Is,v)~!, for large enough v and n we know that 6y + dv € int © (so that the
distribution Py, s, exists), and for large n, the remainder term 0(52 |v||*) becomes negligible. Thus
we obtain

2 11112 2
o~ 1
inf = max E9[||9(X?)—9|!2]25 loll” _ ol

= — . 8.3.2
9 0e{6o,0+6v} 16 16 nv' Iy,v ( )

In particular, in one-dimension, inequality ([83.2]) implies a result generalizing the Cramér-Rao
bound. We have the following asymptotic local minimax result:

82



Stanford Statistics 311/Electrical Engineering 377 John Duchi

Corollary 8.7. Let P = {Py}oco, where © C R, be a family of distributions satisfying the quadratic
approzimation condition of Proposition[80. Then there exists a constant ¢ > 0 such that

~ 1
lim lim inf sup Eg [(HH(X{‘) - 9)2] > 0—19_01.
VOO N0 G .10y |<v//1 n

Written differently (and with minor extension), Corollary gives a lower bound based on a
local modulus of continuity of the loss function with respect to the metric induced by the Fisher
information. Indeed, suppose we wish to estimate a parameter 6 in the neighborhood of 6y (where
the neighborhood size decreases as 1/4/n) according to some loss function ¢ : © x © — R. Then if
we define the modulus of continuity of ¢ with respect to the Fisher information metric as

6(90, 0y + 51))
0,6y) := -
CUZ( ) 0) U;ﬁvu“pgl 5QUTIQOU )

the combination of Corollary and inequality (83.2) shows that the local minimax rate of esti-
mating Eg[l(6,,0)] for 6 near §y must be at least wy(n~/2, 6). For more on connections between
moduli of continuity and estimation, see, for example, Donoho and Liu E]

Remark 8.1: In order to make all of our exchanges of differentiation and expectation rigorous, we
must have some conditions on the densities we consider. One simple condition sufficient to make
this work is via Lebesgue’s dominated convergence theorem. Let f: X x ©® — R be a differentiable
function. For a fixed base measure p assume there exists a function g such that g(x) > [|[Vg f(x,0)]]
for all @, where

| s@dnto) < .
X

Then in this case, we have Vg [ f(z,0)du(z) = [ Vof(z,0)dp(z) by the mean-value theorem and
definition of a derivative. (Note that for all 6y we have sup,. |, <s [[Vof(z,0)ll; ‘92904—1} < g(z).)
More generally, this type of argument can handle absolutely continuous functions, which are dif-
ferentiable almost everywhere. <
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Chapter 9

Universal prediction and coding

In this chapter, we explore sequential game playing and online probabilistic prediction schemes.
These have applications in coding when the true distribution of the data is unknown, biological
algorithms (encoding genomic data, for example), control, and a variety of other areas. The field of
universal prediction is broad; in addition to this chapter touching briefly on a few of the techniques
therein and their relationships with statistical modeling and inference procedures, relevant reading
includes the survey by Merhav and Feder ﬂﬁ], the more recent book of Griinwald ﬂa], and Tsachy
Weissman’s EE376¢ course at Stanford.

9.1 Universal and sequential prediction

We begin by defining the universal prediction (and universal coding) problems. In this setting, we
assume we are playing a game in which given a sequence X' of data, we would like to predict the
data (which, as we saw in Example [[5] is the same as encoding the data) as as if we knew the true
distribution of the data. Or, in more general settings, we would like to predict the data as well as
all predictive distributions P from some family of distributions P, even if a priori we know little
about the coming sequence of data.

We consider two versions of this game: the probabilistic version and the adversarial version.
We shall see that they have similarities, but there are also a few important distinctions between
the two. For both of the following definitions of sequential prediction games, we assume that p and
q are densities or probability mass functions in the case that X is continuous or discrete (this is no
real loss of generality) for distributions P and Q.

We begin with the adversarial case. Given a sequence =7 € X", the regret of the distribution
Q for the sequence x7 with respect to the distribution P is

1 1
Re Pz lo —lo lo —log —m8m—— 9.1.1
g(Q, P,a7) :=log w8 Z g— m STl et (9.1.1)

where we have written it as the sum over ¢(z; | 0 ') to emphasize the sequential nature of the
game. Associated with the regret of the sequence x7 is the adversarial regret (usually simply called
the regret) of @ with respect to the family P of distributions, which is

Ry (Q,P):= sup Reg(Q,Pal). (9.1.2)
PePaleXxn
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In more generality, we may which to use a loss function ¢ different than the log loss; that is, we
might wish to measure a loss-based version the regret as

D Ui QC et ™)) — Llas, P(- |2y h),
i=1

where {(z;, P) indicates the loss suffered on the point x; when the distribution P over X; is played,
and P(- | #'7!) denotes the conditional distribution of X; given x'~! according to P. We defer
discussion of such extensions later, focusing on the log loss for now because of its natural connections
with maximum likelihood and coding.

A less adversarial problem is to minimize the redundancy, which is the expected regret under a
distribution P. In this case, we define the redunancy of () with respect to P as the expected regret

of (Q with respect to P under the distribution P, that is,

1 1
o) o8 iy | = P (PIQ), (9.1.3)

where the dependence on n is implicit in the KL-divergence. The worst-case redundancy with
respect to a class P is then

Red,(Q, P) := Ep |log

R, (Q,P) := sup Red,(Q, P). (9.1.4)
Pep

We now give two examples to illustrate the redundancy.

Example 9.1 (Example on coding, continued): We noted in Example that for any
pm.fs p and ¢ on the set X, it is possible to define coding schemes C},, and C, with code
lengths

te, () = [mg p(lx)w and €, (z) = ’Vlog q(lx)]

Conversely, given (uniquely decodable) encoding schemes Cp, and Cy : X — {0,1}*, the func-
tions pc, () = 2~ tep(®) and qc,(r) = 2740 (®) gatisty 3 pc,(z) <land ) qc,(x) < 1. Thus,
the redundancy of ) with respect to P is the additional number of bits required to encode
variables distributed according to P when we assume they have distribution Q:

& 1 1
Red,(Q, P) = Ep [log — — log — ]
; Q(Xz‘ | Xl 1) P(Xz‘ | Xl 1)

= ZEP[ECC, (Xi)] — Epllc, (Xi)],
=1

where ¢¢(x) denotes the number of bits C' uses to encode x. Note that, as in Chapter [, the
code [—logp(x)] is (essentially) optimal. &

As another example, we may consider a filtering or prediction problem for a linear system.

Example 9.2 (Prediction in a linear system): Suppose we believe that a sequence of random
variables X; € R? are Markovian, where X; given X; 1 is normally distributed with mean
AX;_ 1+ g, where A is an unknown matrix and g € R? is a constant drift term. Concretely, we
assume X; ~ N(AX;_1 + g,0%I5x4), where we assume o2 is fixed and known. For our class of
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predicting distributions @, we may look at those that at iteration i predict X; ~ N(u;, 021).
In this case, the regret is given by

n

1 2
Reg(Q7P7 :LJIL) = Z ﬁ H,Uz - xz”2 -
i=1

1
952 |Az;i1 +g — l‘z‘Hg ;

while the redundancy is

n

1 .
Redn(Q, P) = 55 S E[AXi 1+ g — p( XTI
=1

assuming that P is the linear Gaussian Markov chain specified. &

9.2 Minimax strategies for regret

Our definitions in place, we now turn to strategies for attaining the optimal regret in the adversarial
setting. We discuss this only briefly, as optimal strategies are somewhat difficult to implement, and
the redundancy setting allows (for us) easier exploration.

We begin by describing a notion of complexity that captures the best possible regret in the ad-
versarial setting. In particular, assume without loss of generality that we have a set of distributions
P = {Py}gco parameterized by 6 € ©, where the distributions are supported on X™. We define
the complexity of the set P (viz. the complexity of ©) as

Comp,(©) = log/ sup pg(x)dzy or generally Comp,(0) := log/ sup pg(x)dp(zy),
X" 0cO X" 0cO
(9.2.1)

where £ is some base measure on X™. Note that we may have Comp,,(©) = 400, especially when
© is non-compact. This is not particularly uncommon, for example, consider the case of a normal
location family model over X = R with © = R.

It turns out that the complexity is precisely the minimax regret in the adversarial setting.

Proposition 9.3. The minimax regret

igf RY(Q,P) = Comp, (0).

Moreover, if Comp,,(0) < 400, then the normalized maximum likelihood distribution (also known
as the Shtarkov distribution) Q, defined with density

g(a) = —SWPoeo Po(1)
J supg po(«})dat’

18 uniquely minimazx optimal.

The proposition completely characterizes the minimax regret in the adversarial setting, and it
gives the unique distribution achieving the regret. Unfortunately, in most cases it is challenging
to compute the minimax optimal distribution @, so we must make approximations of some type.
One approach is to make Bayesian approximations to Q, as we do in the sequel when we consider
redundancy rather than adversarial regret. See also the book of Grinwald [5] for more discussion
of this and other issues.
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Proof We begin by proving the result in the case that Comp,, < +oco. First, note that the
normalized maximum likelihood distribution () has constant regret:

_ 1 1
mf(Q,P): sup [log — —log ]

apexn | g(ah) supg po (1)
su x)dx? 1
= sup [log J 5up Po 172 L _log n] = Comp,,(P).
zp supy p(«1) supg p(27)

Moreover, for any distribution Q on X" we have

mn (Q?P) > / |:Og q(x?) 0og Supepe(xqf) q(xl) )

_ / [log Zgg +C0mpn(@)} g da?

= Dy (Q[Q) + Comp,(©), (9.2.2)

so that @ is uniquely minimax optimal, as Dy (@HQ) > 0 unless Q = Q.

Now we show how to extend the lower bound ([@.2.2) to the case when Comp,,(©) = +oo. Let
us assume without loss of generality that X" is countable and consists of points 1, x3,... (we can
discretize X otherwise) and assume we have n = 1. Fix any € € (0,1) and construct the sequence
01,02,... so that py (zj) > (1 — €)suppeg po(x), and define the sets ©; = {01,...,0;}. Clearly
we have Comp(©;) < logj, and if we define §;(z) = maxpeo, po(r)/ D, cr MaXoco, po(z), we may
extend the reasoning yielding inequality ([@.2.2]) to obtain

1 1
RY(Q,P) = sup [log —— —log ]
TEX q(z) Supgee Po()

> %:qj(w) [log q(lm) —log 1}

maxgpeo,; po(T)

Y 4@ llog L) gy géféxpe(ﬂﬁl)] = D4y (@,1) + Comp(®)).

But of course, by noting that

J

Comp(®;) > (1 —¢ su i) + max pg(x;) — +0o
P(©;) = ( )Z eppe( i) Z%ejpe( i)

i=1 1>]

as j — 0o, we obtain the result when Comp,,(0) = oc. O
We now give an example where (up to constant factor terms) we can explicitly calculate the

minimax regret in the adversarial setting. In this case, we compete with the family of i.i.d. Bernoulli

distributions.

Example 9.4 (Complexity of the Bernoulli distribution): In this example, we consider
competing against the family of Bernoulli distributions { Py }gc(o,1), where for a point = € {0,1},
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we have Py(x) = 6%(1 — §)1~*. For a sequence z} € {0,1}" with m non-zeros, we thus have
for 6 = m/n that

~ ~

sup Py(af) = Py(a]) = 0™ (1 — )" ™™ = exp(—nha(0)),
0€[0,1]

where ha(p) = —plogp — (1 — p)log(1 — p) is the binary entropy. Using this representation, we
find that the complexity of the Bernoulli family is

Comp,, ([0, 1]) 1ogz< ) —nha (3,

Rather than explicitly compute with this, we now use Stirling’s approximation (cf. Cover and
Thomas B, Chapter 17]): for any p € (0,1) with np € N, we have

n 1 1 1
<”P> " Vi [\/819(1 —p) /(1 —p)] xplnap)

Thus, by dealing with the boundary cases m = n and m = 0 explicitly, we obtain

3 () exotontaliy =2 37 () exo-ntaC
o[ L LY o
m=1 n n

—n [L0(1-0))"2

the noted asymptote occuring as n — oo by the fact that this sum is a Riemann sum for the
integral fo 1/2 9)*1/2d0. In particular, we have that as n — oo,

inf %7(Q, P) = Comp,, ([0, 1]) = log (2 +[87Y2 am Y 2pt/2 (1)

[ i)+

1
zilogn—Hog do + O(1).

[ i

We remark in passing that this is equal to %logn + log fol VTpdf, where I denotes the Fisher
information of the Bernoulli family (recall Example B2)). We will see that this holds in more
generality, at least for redundancy, in the sequel. &

9.3 Mixture (Bayesian) strategies and redundancy

We now turn to a slightly less adversarial setting, where we assume that we compete against a
random sequence X7 of data, drawn from some fixed distribution P, rather than an adversarially
chosen sequence z7. Thinking of this problem as a game, we choose a distribution @) according
to which we make predictions (based on previous data), and nature chooses a distribution Py €
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P = {Pyp}oco. In the simplest case—upon which we focus—the data X7" are then generated i.i.d.
according to Py, and we suffer expected regret (or redundancy)

Redn(Q, Pg) Eg |:10g 0 [log pe(l‘X{L)] = Dkl (Pgn ”Qn) y (931)

1
q(X ”)} -
where we use @, to denote that @ is applied on all n data points (in a sequential fashion, as
Q| X f_l)). In this expression, g and p denote the densities of ) and P, respectively. In a slightly
more general setting, we may consider the expected regret of () with respect to a distribution Py
even under model mis-specification, meaning that the data is generated according to an alternate
distribution P. In this case, the (more general) redundancy becomes

1

Ep |L
Pe po(XT)

—log (9.3.2)

1

q(XT)

In both cases (@3] and ([@3.2), we would like to be able to guarantee that the redundancy
grows more slowly than n as n — oco. That is, we would like to find distributions @ such that, for
any 0y € ©, we have %Dkl (Pgé ||Qn) — 0 as n — oco. Assuming we could actually obtain such a
distribution in general, this is interesting because (even in the i.i.d. case) for any fixed distribution
Py # Py,, we must have Dy (Pj|P') = nDi (P, |Py') = Q(n). A standard approach to attaining
such guarantees is the mizture approach, which is based on choosing () as a convex combination
(mixture) of all the possible source distributions Py for 6 € ©.

In particular, given a prior distribution 7 (weighting function integrating to 1) over O, we define
the mixture distribution

QT (A) = / T(0)Py(A)d0 for A C X" (9.3.3)
©
Rewriting this in terms of densities pg, we have
iiat) = [ =Opofat)as
Conceptually, this gives a simple prediction scheme, where at iteration ¢ we play the density

q" (z})

i—1\
q"(zi | o )—qﬁ(xyi_l)a

which is equivalent to playing
¢ (2 | i) = /@q(wi,ﬁ 28 1)dg — /@pg(xi)w(e 2o,

by construction of the distributions Q™ as mixtures of i.i.d. Fy. Here the posterior distribution
7(0 | i71) is given by

. i—1 m(0) exp ( —log xli_l
71_(@ ‘ le—l) _ ( ) ( ) _ ( Po 1 ))7 <9.3.4)

Jom(@)per(271)d0" [ m(0)py (xy)dd’

where we have emphasized that this strategy exhibits an exponential weighting approach, where
distribution weights are scaled exponentially by their previous loss performance of log 1/pg(z} =y,
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This mixture construction ([@.3.3]), with the weighting scheme (0.34]), enjoys very good perfor-
mance. In fact, we say that so long as the prior m puts non-zero mass over all of ©, under some
appropriate smoothness conditions, the scheme Q7 is universal, meaning that Dy (Py'|Q]) = o(n).
We have the following theorem illustrating this effect. In the theorem, we let m be a density on O,
and we assume the Fisher information Iy for the family P = {Py}gco exists in a neighborhood of
0o € int ©, and that the distributions Py are sufficiently regular that differentiation and integration
can be interchanged. (See Clarke and Barron [2] for precise conditions.) We have

Theorem 9.5 (Clarke and Barron E]) Under the above conditions, if QF = [ Pjmw(0)df is the
mizture (Q3.3), then

d n 1 1
Dy (Pg |Q7) — B log I log w(60) + 3 log det(Ip,) asn — oo. (9.3.5)
While we do not rigorously prove the theorem, we give a sketch showing the main components

of the result based on asymptotic normality arguments for the maximum likelihood estimator in
Section See Clarke and Barron E] for a full proof.

Example 9.6 (Bernoulli distributions with a Beta prior): Consider the class of binary (i.i.d.
or memoryless) Bernoulli sources, that is, the X; are i.i.d Bernoulli(§), where § = Py(X =1) €
[0,1]. The Beta(a, 8)-distribution prior on ¢ is the mixture = with density

_ I'(a+p)

m(0) = =0 (1 - 6)"!
O~ N 47
on [0,1], where I'(a) = [ t*~e~dt denotes the gamma function. We remark that that under
the Beta(a, ) distribution, we have Ex[0] = ;95. (See any undergraduate probability text for

such results.)

If we play via a mixture of Bernoulli distributions under such a Beta-prior for 6, by Theo-
rem [9.5 we have a universal prediction scheme. We may also explicitly calculate the predictive
distribution Q. To do so, we first compute the posterior 7(6 | X1) as in expression (1.3.4)). Let
S; = 23:1 X be partial sum of the X's up to iteration i. Then

. V(0 ) .
71'(9 ‘ 1:11) _ p@(xl)zr( ) o 952(1 - 9)1—&9&—195—1 — 90{—}-51-—1(1 - 0)64—2—51—17
q(z7)
where we have ignored the denominator as we must simply normalize the above quantity in

6. But by inspection, the posterior density of 6 | X} is a Beta(a + S;, 8+ — S;) distribution.

Thus to compute the predictive distribution, we note that Ey[X;] = 6, so we have

; ; Si +a
X;=1|X)=E;[0| X}] = ———.

QX = 1] X]) = EAff | X{] =

Moreover, Theorem [0.5 shows that when we play the prediction game with a Beta(c, 3)-prior,
we have redundancy scaling as

D(a)I'(B) 1
D(a+B3) 03711 — 0p)8—1

1 n 1 1
Do (PP 107 = L 10s ™ 41 5108 gm0 +oll
w (P 1Q7) 2og2m+0g +2Og9o(1—90)+0()

for 6y € (0,1). &
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As one additional interesting result, we show that mixture models are actually quite robust,
even under model mis-specification, that is, when the true distribution generating the data does not
belong to the class P = {Py}gco. That is, mixtures can give good performance for the generalized
redundancy quantity (IEIZI) For this next result, we as usual define the mixture distribution Q™
over the set X via Q7(A) = [g Pp(A)dr(f). We may also restrict this mixture distribution to a

subset ©9 C © by deﬁmng
1

7(69)

Then we obtain the following robustness result.

Qb (4) = /@ Py(A)dr(0).

Proposition 9.7. Assume that Py have densities pg over X, let P be any distribution having
density p over X, and let g™ be the density associated with Q™. Then for any ©y C O,

1 1
Ep |log —log ] log ——— 4+ Dy (P|Q%,) — Dw (P|Fp) -
(X)) =B ey P (198
In particular, Proposition shows that so long as the mixture distributions QF can closely
approximate Py, then we attain a convergence guarantee nearly as good as any in the family P =

{Pyp}oco. (This result is similar in flavor to the mutual information bound ([IG.1.3]), Corollary [6.2]
and the index of resolvability quantity.)

1
q™(X)

Proof Fix any ©9 C ©. Then we have ¢"(z) = [ po(2)dm(0) > [o, po(x)dn(0). Thus we have
p(X) } p(X)
Ep |lo <E lnf log ——F—-F———
: [ S(X)] = |euce T, pelw)dr(0)
: p(X)m (@0) . p(X)
=Ep |inflo =Ep |inflog ————| .
P [60 & 7(Oo) f@ po(x)dm(0) Pl gW(QO)ng(X)

This is certainly smaller than the same quantity with the infimum outside the expectation, and

noting that . [log 1 o 1 ] u [log p(X) ] _E, [log p(X)]
7~ (X) po(X) q(X) po(X)

gives the result. O

9.3.1 Bayesian redundancy and objective, reference, and Jeffreys priors

We can also imagine a slight variant of the redundancy game we have described to this point. Instead
of choosing a distribution @ and allowing nature to choose a distribution Py, we could switch the
order of the game. In particular, we could assume that nature first chooses prior distribution 7
on 6, and without seeing 6 (but with knowledge of the distribution 7) we choose the predictive
distribution (). This leads to the Bayesian redundancy, which is simply the expected redundancy
we suffer:

[ 70D (B1Qu) a0
©

However, recalling our calculations with mutual information (equations (I3.4.4)), (I6.1.1]), and (I6.1.4)),
we know that the Bayes-optimal prediction distribution is Q7. In particular, if we let 7" denote
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a random variable distributed according to m, and conditional on 7" = # assume that the X; are
drawn according to Py, we have that the mutual information between 7" and X7 is

L(TsXT) = [ (0)D (P7IQ7) o = inf [ 7(0)Dia (PF1Q) b (9.3.6)

With Theorem in hand, we can give a somewhat more nuanced picture of this mutual
information quantity. As a first consequence of Theorem [@.5 we have that

Vdet Iy
()

LT x7) = Llog -+ / log (0)d6 + o1), (9.3.7)
2 21e
where Iy denotes the Fisher information matrix for the family {FPy}gpco. One strand of Bayesian
statistics—we will not delve too deeply into this now, instead referring to the survey by Bernardo
|—known as reference analysis, advocates that in performing a Bayesian analysis, we should
choose the prior 7 that maximizes the mutual information between the parameters 6 about which
we wish to make inferences and any observations X' available. Moreover, in this set of strategies,
one allows n to tend to co, as we wish to take advantage of any data we might actually see. The
asymptotic formula ([@3.7) allows us to choose such a prior.
In a different vein, Jeffreys ﬂﬂ] proposed that if the square root of the determinant of the Fisher
information was integrable, then one should take 7 as

Vdet Iy
Wjeffreys(e) — W
o et Iydb

known as the Jeffreys prior. Jeffreys originally proposed this for invariance reasons, as the inferences
made on the parameter 6 under the prior mjegreys are identical to those made on a transformed pa-
rameter ¢(f) under the appropriately transformed Jeffreys prior. The asymptotic expression (0.3.7]),
however, shows that the Jeffreys prior is the asymptotic reference prior. Indeed, computing the
integral in (@3.7]), we have

1 jeffreys 6
e (6) e 7(0)
_Dkl (Trnﬂjeﬁ"reys) + 10g/ det I@d@,

whenever the Jeffreys prior exists. Moreover, we see that in an asymptotic sense, the worst-case
prior distribution 7 for nature to play is given by the Jeffreys prior, as otherwise the — Dy (7| Tjefireys )
term in the expected (Bayesian) redundancy is negative.

Example 9.8 (Jeffreys priors and the exponential distribution): Let us now assume that our
source distributions Py are exponential distributions, meaning that 6 € (0,00) and we have
density pgp(x) = exp(—0x — log %) for x € [0,00). This is clearly an exponential family model,
and the Fisher information is easy to compute as Iy = 83—922 log% =1/6? (cf. Example B)).

In this case, the Jeffreys prior is Tjefireys(6) o VI =1/, but this “density” does not integrate
over [0,00). One approach to this difficulty, advocated by Bernardo ﬂ, Definition 3| (among
others) is to just proceed formally and notice that after observing a single datapoint, the
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“posterior” distribution (¢ | X) is well-defined. Following this idea, note that after seeing
some data X1,...,X;, with S; = Z}Zl X as the partial sum, we have

. . . : 1
(0| 1) o< po(x])Tjetireys(0) = 0" exp ( - Hij> 9= 0" exp(—6S;).
j=1

Integrating, we have for s; = Zj’:l xj

. 0 . 0 Do i1 0 1 oo
x| x)) = x)w(0 | ] d00</ Oe """ e "%idl = / u'e” "du
oo |2 = [ "m0 ap)as | el ,
where we made the change of variables u = 6(s; + x). This is at least a distribution that
normalizes, so often one simply assumes the existence of a piece of fake data. For example, by
saying we “observe” xy = 1, we have prior proportional to () = e~? which yields redundancy
n

1
Dy (P |Q7) = 5 log

1
0y + log — 1).
3 +o+og90+o()

2me
The difference is that, in this case, the redundancy bound is no longer uniform in 6y, as it
would be for the true reference (or Jeffreys, if it exists) prior. &

9.3.2 Redundancy capacity duality

Let us discuss Bayesian redundancy versus worst-case redundancy in somewhat more depth. If we
play a game where nature chooses 1" according to the known prior m, and draws data X7' ~ P
conditional on 7' = €, then we know that as in expression ([0.3.7), we have

inf Er [Da (Pr|Q)] = /Dkl (Fg'|Qn) m(0)do = I+(T; X7').

A natural question that arises from this expression is the following: if nature chooses a worst-case
prior, can we swap the order of maximization and minimization? That is, do we ever have the
equality
sup I+(T; XT') = inf sup Dig (F'1Q)
s

so that the worst-case Bayesian redundancy is actually the minimax redundancy? It is clear that
if nature can choose the worst case Py after we choose (), the redundancy must be at least as bad
as the Bayesian redundancy, so

sup In(T; X7') < igf sup Dy (Pf'|Q) = igf R, (Q,P).

Indeed, if this inequality were an equality, then for the worst-case prior 7*, the mixture Q7 would
be minimax optimal.

In fact, the redundancy-capacity theorem, first proved by Gallager M], and extended by Haussler
ﬂa] (among others) allows us to do just that. That is, if we must choose a distribution @) and then
nature chooses Py adversarially, we can guarantee to worse redundancy than in the (worst-case)
Bayesian setting. We state a simpler version of the result that holds when the random variables
X take values in finite spaces; Haussler’s more general version shows that the next theorem holds
whenever X € X and X is a complete separable metric space.
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Theorem 9.9 (Gallager M]) Let X be a random variable taking on a finite number of values and
© be a measurable space. Then

sup inf/Dkl (Py|Q) dm(0) = sup I:(T; X) = inf sup Dy (Fy|Q) .
r Q 7 Q peo

Moreover, the infimum on the right is uniquely attained by some distribution Q*, and if ™™ attains
the supremum on the left, then Q* = [ Pydm*(9).

See Section for a proof of Theorem

This theorem is known as the redundancy-capacity theorem in the literature, because in classical
information theory, the capacity of a noisy channel 7" — X7' is the maximal mutual informationx
sup, I:(T; XT"). In the exercises, you explore some robustness properties of the optimal distribution
Q™ in relation to this theorem. In short, though, we see that if there is a capacity achieving
prior, then the associated mixture distribution )™ is minimax optimal and attains the minimax
redundancy for the game.

9.4 Asymptotic normality and Theorem [9.5]

In this section, we very briefly (and very hand-wavily) justify the asymptotic expression (@.3.3]). To
do this, we argue that (roughly) the posterior distribution 7(6 | X{") should be roughly normally
distributed with appropriate variance measure, which gives the result. We now give the intuition for
this statement, first by heuristically deriving the asymptotics of a maximum likelihood estimator,
then by looking at the Bayesian case. (Clarke and Barron ﬂﬂ] provide a fully rigorous proof.)

9.4.1 Heuristic justification of asymptotic normality

First, we sketch the asymptotic normality of the maximum likelihood estimator 5, that is, 0 is
chosen to maximize logpg(X7). (See, for example, Lehmann and Casella B] for more rigorous
arguments.) Assume that the data are generated i.i.d. according to Py,. Then by assumption that
f maximizes the log-likelihood, we have the stationary condition 0 = Vlog p;(X7'). Performing a
Taylor expansion of this quantity about 6y, we have

0 = Vlogps(XT") = Vlogpg,(XT) + V7 log pg, (X7)(0 — 6o) + R

where R is a remainder term. Assuming that 0 — 0y at any reasonable rate (this can be made
rigorous), this remainder is negligible asymptotically.
Rearranging this equality, we obtain

0 — 0y ~ (—V>1og pg, (XT)) ™'V log pg, (X]")

1/ 1 B
— n(—nZVQIngQO(Xi)> ZVIOgPOO(Xi)
i=1 i=1
o
1 n
~ g[ei)l > Vlog pg, (X),

i=1

95



Stanford Statistics 311/Electrical Engineering 377 John Duchi

where we have used that the Fisher information Iy = —Ey[V?logpy(X)] and the law of large
numbers. By the (multivariate) central limit theorem, we then obtain the asymptotic normality
result

~ 1 & B
V0= o) =0y 3 Vlog pay (X) 4N, 1Y),
i=1

where % denotes convergence in distribution, with asymptotic variance
—1 Ti7-1 —1 —1 —1
Iy, Eg,[V log pa, (X )V log pa, (X) ]Ieo =1y oo 1y, =1y, -
Completely heuristically, we also write

B “~" N(bo, (nlg,) ). (9.4.1)

9.4.2 Heuristic calculations of posterior distributions and redundancy

With the asymptotic distributional heuristic ([@.4.1]), we now look at the redundancy and posterior
distribution of # conditioned on the data X{* when the data are drawn i.i.d. Pp,. When @7 is the
mixture distribution associated with 7, the posterior density of 6 | X7 is

pB(Xl) (0)
w(0 | X7 T
By our heuristic calculation of the MLE, this density (assuming the data overwhelms the prior) is

approximately a normal density with mean 6y and variance (nfgo)_l, where we have used expres-
sion (@.41]). Expanding the redundancy, we obtain

[ Pag <X?>] pa(X )7 (0)  Poo(XT)
° an(XT) ’ an(XT) ’ p§(X1)
Now we use our heuristic. We have that

Eq

pg(X{‘)W(a) 1 L~ T 17
| &~ +Eg, | —=(0 — 6 1, 0—10
o |108 an(X7) °8 (27)d/2 det(nfgo)—l/2 o 2( o) (nae) ™ ( )|

by the asymptotic normality result, 77(5) = m(0y) + O(1/4/n) again by the asymptotic normality
result, and

-
log p5(X7') ~ log pg, (X7") + (Z V log pg, (X > (0 —0o)

T n
/1
~ log pg, (X71') <E V log pg, (X > 1901 (n E Vlogpgo(Xi)>.
i=1

Substituting these three into the redundancy expression ([@.4.2)), we obtain

ng(X{L) 1 1 ~ T P
By, |log P22 | Eo, | —= (0 — 00) T (nlg,) " (6 — 6
o [ e | ~ % G+ [0 006
1 n T B 1 n
-+ log m — ]E90 [(Z V logpgo (XZ)> '[901 <n Z V lng@O (Xz)>]
=1 i=1

d n 1
=3 log o + 3 log det(Ig,) + log

1
—d+ R,
m(6o)

where R is a remainder term. This gives the major terms in the asymptotic result in Theorem
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9.5 Proof of Theorem

In this section, we prove one version of the strong saddle point results associated with the universal
prediction game as given by Theorem [0.9 (in the case that X belongs to a finite set). For shorthand,
we recall the definition of the redundancy

Red(Q,0) := Ep, [~ log Q(X) + log Py(X)] = D ([ Q) ,

where we have assumed that X belongs to a finite set, so that Q(X) is simply the probability of
X. For a given prior distribution 7 on 6, we define the expected redundancy as

Red(Q), ) /%%MW)

Our goal is to show that the max-min value of the prediction game is the same as the min-max
value of the game, that is,

sup I(T; X) = supinf Red(Q, 7) = inf sup Red(Q, ).
™ T Q Q pco
Proof We know that the max-min risk (worst-case Bayes risk) of the game is sup, I:(T"; X);
it remains to show that this is the min-max risk. To that end, define the capacity of the family

{Ps}oco as
C:=supI.(T; X). (9.5.1)

Notably, this constant is finite (because I (T; X) < log|X|), and there exists a sequence 7, of prior
probabilities such that I, (T; X) — C. Now, let Q be any cluster point of the sequence of mixtures
Q= f Pydm,(0); such a point exists because the space of probability distributions on the finite
set X is compact. We will show that

Z Py(z “’“)) <C forallfeo, (9.5.2)
(z
and we claim this is sufficient for the theorem. Indeed, suppose that inequality (@.5.2]) holds. Then
in this case, we have

inf sup Red(Q, §) < sup Red(Q, ) = sup Dy (R]Q) < C,
@ veo SC)

which implies the theorem, because it is always the case that

sup inf Red(Q, 0) < inf sup Red(Q, 7) = inf sup Red(Q, 0).
T Q Q = Q 6co
For the sake of contradiction, let us assume that there exists some # € © such that inequal-
ity (@5.2) fails, call it *. We will then show that suitable mixtures (1 — A\)7 4+ Adg~, where dp+ is
the point mass on 6%, could increase the capacity ([@.5.1]). To that end, for shorthand define the
mixtures

T = (1= Ny + Adg- and Q™ = (1 - A)Q™ + APp-

for A € [0,1]. Let us also use the notation H, (X | T') to denote the conditionaly entropy of
the random variable X on T (when T is distributed as w), and we abuse notation by writing
H(X)= H(P) when X is distributed as P. In this case, it is clear that we have

H

T, \

(X |T)=(1-NHy (X |T)+ H(X | T = 6%),
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and by definition of the mutual information we have

I7Tn,)\ (T7 X) = Hﬂ'n,/\ (X) - Hﬂ—n,)\ (X | T)
=H((1-XM)Q™ +APp-) — (1 =NH, (X |T) - AH(X | T =6%).
To demonstrate our contradiction, we will show two things: first, that at A = 0 the limits of both
sides of the preceding display are equal to the capacity C, and second, that the derivative of the

right hand side is positive. This will contradict the definition ([@.51]) of the capacity.
To that end, note that

lim H,, (X | T) = lim H,, (X) - I, (T; X) = H(Q) —
by the continuity of the entropy function. Thus, we have
liTanLrn’A(T; X)=H((1-=NQ+APy:) — (1 =N (H(Q) — C) — NH(Py). (9.5.3)

It is clear that at A = 0, both sides are equal to the capacity C, while taking derivatives with
respect to A we have

0

A —NQ+APp) = =Y (P () = Q(x)) log (1 = N)Q(z) + APy ()) .

xT

Evaluating this derivative at A = 0, we find

A=0

== Pp(2)log Q(x +ZQ )log Q(a C+ZP9* ) log Py-(x)

= *ZL‘OPQ*()—
= Pp(z)log Q) C

In particular, if inequality (@.5.2]) fails to hold, then 8% limy, I, A(T; X)|a=0 > 0, contradicting the
definition ([@.5.0) of the channel capacity.

The uniqueness of the result follows from the strict convexity of the mutual information I in
the mixture channel Q. O
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Chapter 10

Universal prediction with other losses

Thus far, in our discussion of universal prediction and related ideas, we have focused (essentially)
exclusively on making predictions with the logarithmic loss, so that we play a full distribution over
the set X' as our prediction at each time step in the procedure. This is natural in settings, such
as coding (recall examples and [@0.]), in which the log loss corresponds to a quantity we directly
care about, or when we do not necessarily know much about the task at hand but rather wish
to simply model a process. (We will see this more shortly.) In many cases, however, we have a
natural task-specific loss. The natural question that follows, then, is to what extent it is possible
to extend the results of Chapter [@ to different settings in which we do not necessarily care about
prediction of an entire distribution. (Relevant references include the paper of Cesa-Bianchi and
Lugosi E}, which shows how complexity measures known as Rademacher complexity govern the
regret in online prediction games; the book by the same authors M], which gives results covering a
wide variety of online learning, prediction, and other games; the survey by Merhav and Feder Né],
and ﬂﬁ study of consequences of the choice of loss for universal prediction problems by Haussler
et al. [7].)

10.1 Redudancy and expected regret

We begin by considering a generalization of the redundancy (O.I.3)) to the case in which we do not
use the log loss. In particular, we have as usual a space X and a loss function £ : X x X — R, where
0(Z, z) is the penalty we suffer for playing z when the instantaneous data is z. (In somewhat more
generality, we may allow the loss to act on X x X, where the prediction space X may be different
from X.) As a simple example, consider a weather prediction problem, where X; € {0,1} indicates
whether it rained on day 7 and )?Z denotes our prediction of whether it will rain. Then a natural
loss includes ¢(Z,z) = 1 {Z - x < 0}, which simply counts the number of mistaken predictions.
Given the loss ¢, our goal is to minimize the expected cumulative loss

ZEPV()?@X%

where )?Z are the predictions of the procedure we use and P is the distribution generating the data
X7 In this case, if the distribution P is known, it is clear that the optimal strategy is to play the
Bayes-optimal prediction

X* € argmin Ep[t(z, X;) | X' = argmin / (e, ) dP(a; | X0, (10.1.1)
xEAA,’ ze)?
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In many cases, however, we do not know the distribution P, and so our goal (as in the previous chap-
ter) is to simultaneously minimize the cumulative loss simultaneously for all source distributions in
a family P.

10.1.1 Universal prediction via the log loss

As our first idea, we adapt the same strategies as those in the previous section, using a distribution
@ that has redundancy growing only sub-linearly against the class P, and making Bayes optimal
predictions with Q. That is, at iteration i, we assume that X; ~ Q(- | X{_l) and play

X; € argmin Eg[¢(z, X;) | X| 1] = / Oz, 2;)dQ(x; | Xi7h). (10.1.2)
reX X

Given such a distribution @), we measure its loss-based redundancy against P via

n

> UX X)) - Zn:z(xi*,xi)] : (10.1.3)
i=1

=1

Redn(Q, P, f) =Ep

where X; chosen according to Q(- | Xi™1) as in expression (IILLZ). The natural question now, of
course, is whether the strategy (I0.1.2) has redundancy growing more slowly than n.

It turns out that in some situations, this is the case: we have the following theorem ﬂﬁ, Section
ITI.A.2], which only requires that the usual redundancy (@I3) (with log loss) is sub-linear and the
loss is suitably bounded. In the theorem, we assume that the class of distributions P = {FPy}sco is
indexed by 6 € ©.

Theorem 10.1. Assume that the redundancy Red,, (Q, Py) < R, (0) and that |¢(z,x) —{(z*,z)| < L
for all x and predictions T,z*. Then we have

LRed, (Q, Py 0) < Ly| 2 Ru(0).
n n

To attain vanishing expected regret under the loss £, then, Theorem [I0.1] requires only that we
play a Bayes’ strategy (I0.12) with a distribution @) for which the average (over n) of the usual
redundancy (@.I.3]) tends to zero, so long as the loss is (roughly) bounded. We give two examples of
bounded losses. First, we might consider the 0-1 loss, which clearly satisfies |¢(7, x) — ¢(z*,z)| < 1.
Second, the absolute value loss (which is used for robust estimation of location parameters Nﬁh, @]),
given by 4(Z,x) = |z — Z|, satisfies [{(Z, x) — £(z*,z)| < |T — x*|. If the distribution Py has median
0 and © is compact, then E[|Z — X|] is minimized by its median, and |Z — z*| is bounded by the
diameter of ©.

Proof The theorem is essentially a consequence of Pinsker’s inequality (Proposition ZI0). By
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expanding the loss-based redundancy, we have the following chain of equalities:

Red,(Q, Py, /) Z]Ee (X5, X)) — Bglb(X [, X;)]
_ i—1 il 5 . i1
= Z/  pe(r] )/ po(zi | 27 7) [E(Xz,xl) — (X ,xz)} dx;idx]
i1 YA X
= Z/Xilpe(ﬂfil)/ (po(wi | 277") — gl | 2171)) [f()?iawi) — (X}, 2) | dwdat ™

+ Z / (Y EQe(Xi, X)) — 64X}, X;) | i Y dai™Y, (10.1.4)

<0

where for the inequality we used that the play )?Z minimizes
Eql0(Xi, X;) — (X}, Xi) | X{7']

by the construction (T.LZ).
Now, using Holder’s inequality on the innermost integral in the first sum of expression (I0.1.4]),

we have

/ (polxi | 2 —qlai | =171) [f()?ivxi) - f(XZ-*,SUi)} dx;
X

<21t 157 = QU L gy sup (i) — X7, )

< 2L || Py(- | 27 - Q( | 2t HTV’

where we have used the definition of total variation distance. Combining this inequality with (I0.1.4]),
we obtain

Red,(Q,Pint) <203 /X Y [PoCe 12 = QC Lty dat!

< 2LZ </X P l)dﬂﬂil);(/xilpe(ﬁl) [Py | zi71) — Q- | iUli”Hiv)

- 2L; ([ mape s -t ey )

where the inequality (%) follows by the Cauchy-Schwarz inequality applied to the integrands /pg
and /pg ||P — Q|lty- Applying the Cauchy-Schwarz inequality to the final sum, we have

NI

VI

1

Red (@, P 1) < 2L¢ﬁ(2 [ mGD IR Qe )

N

(k) . . ;
2 o z [ e D (e ) )
=I\V2n D (P}Q).
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where inequality (%) is an application of Pinsker’s inequality. But of course, we know by that
Red, (@, Py) = Dy (P} |Q) by definition (@I3)) of the redundancy. O

Before proceding to examples, we note that in a variety of cases the bounds of Theorem [0l are
loose. For example, under mean-squared error, universal linear predictors ﬂa, @] have redundancy
O(logn), while Theorem [[0.1] gives at best a bound of O(y/n).

TODO: Add material on redundancy/capacity (Theorem [0.9]) analogue in general loss case,
which allows playing mixture distributions based on mixture of {FPpy}oco.

10.1.2 Examples

We now give an example application of Theorem [[0.J]with an application to a classification problem
with side information. In particular, let us consider the 0-1 loss ¢yp_1(9,y) = 1{y-y < 0}, and
assume that we wish to predict y based on a vector x € R? of regressors that are fixed ahead of
time. In addition, we assume that the “true” distribution (or competitor) Py is that given z and
6, Y has normal distribution with mean (6, z) and variance o2, that is,

Y= (0,2:) + e, e RN, 02).

Now, we consider playing according to a mixture distribution ([@.3.3)), and for our prior m we choose
0 ~ N(0,72I%q), where 7 > 0 is some parameter we choose.

Let us first consider the case in which we observe Y7, ..., Y, directly (rather than simply whether
we classify correctly) and consider the prediction scheme this generates. First, we recall as in the
posterior calculation (@.3.4]) that we must calculate the posterior on @ given Y7,...,Y; at step i + 1.
Assuming we have computed this posterior, we play

Y; := argmin Eg«[fo—1(y, ;) | V{~!] = argmin Q" (sign(Y;) # sign(y) | Yy 1)
yeR yeR

= argmin/ Py(sign(Y;) # sign(y))m(0 | Y{~1)d6. (10.1.5)
yeR —00

With this in mind, we begin by computing the posterior distribution on 6:

Lemma 10.2. Assume that 6 has prior N(0,7%14x4). Then conditional on Yy = yi and the first i
vectors z = (z1,...,2;) C RY, we have

i i
o 3 B 1 1
0y, zi ~N|[ K, 1 g xy;, K; 1 ,  where K; = ﬁIdxd + 2 Zx]x;r
j= j=1

Deferring the proof of Lemma [[0.2] temporarily, we note that under the distribution Q7, as by
assumption we have Y; = (0, x;) + &;, the posterior distribution (under the prior = for #) on Y;i;
conditional on Yf = yf and x1,...,%;41 18

%
Yier = (0, 2i1) + i1 | 41,21 ~ N <<$i+17Ki1 ijyj>a$;-1K;1xi+1 + 02)-
j=1
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Consequently, if we let t9@+1 be the posterior mean of 0| yl, ¢ (as given by Lemma[I0.2), the optimal
prediction (I0.I0) is to choose any Yii1 satisfying 81gn(YZ+1) = sign((x;+1,0i+1)). Another option
is to simply play

i
Yigr = xglfgl(zijj) (10.1.6)
which is E[Yj41 | Y, X = E[(0, X;41) | Y{, X}], because this Yi41 has sign that is most probable

for Y11 (under the mixture Q7).

Let us now evaluate the 0-1 redundancy of the prediction scheme ([I0.1.6). We first compute
the Fisher information for the distribution Y; ~ N({(0,z;),0%). By a straightforward calculation,
we have Iy = %XTX, where the matrix X € R" 9 is the data matrix X = [z; --- z,,]". Then for

any 0y € R? Theorem implies that for the prior 7 () = W exp(—giz 16]13), we have (up

to constant factors) the redundancy bound
1
Red,,(Q", Py,) < dlogn +dlogT + — 160]13 4 log det(c2X T X).
T

Thus the expected regret under the 0-1 loss £y_1 is

1
Red,,(Q™, Py, lo-1) < \/ﬁ\/dlogn +dlog(oT) + = 160]|3 + log det(X T X) (10.1.7)
T

by Theorem [[0.Jl We can provide some intuition for this expected regret bound. First, for any 6,
we can asymptotically attain vanishing expected regret, though larger 6y require more information
to identify. In addition, the less informative the prior is (by taking 7 1 4+00), the less we suffer by
being universal to all 6y, but there is logarithmic penalty in 7. We also note that the bound (I0.1.7])
is not strongly universal, because by taking ||fy|| — oo we can make the bound vacuous.

We remark in passing that we can play a similar game when all we observe are truncated (signed)
normal random variables, that is, we see only sign(Y;) rather than Y;. Unfortunately, in this case,
there is no closed form for the posterior updates as in Lemma [[0.21 That said, it is possible to play
the game using sampling (Monte Carlo) or other strategies.

Finally, we prove Lemma
Proof We use Bayes rule, ignoring normalizing constants that do not depend on 6. In this case,
we have the posterior distribution proportional to the prior times the likelihood, so

n
w6 | i) ox w(0) T polon | 1) ox exp |~ 5 1012 — 5 QZ ~ (.0
=1

Now, we complete the square in the exponent above, which yields

1 (1 I~ Ll
5z 1913+ 5 22 — 2,00 = 567 | Slaxat 5 ) wjaj | 0-67) yje;+C
Jj=1 Jj=1
. T )
1 d i
:5 H—K,L-_lzijj Kz Q—Ki_lzyj.%'j +C,,
= =

where C,C" are constants depending only on the 3¢ and not z} or 6, and we have recalled the
definition of K; = 7 2l xq + 025" =1 LT T. By inspection, this implies our desired result. ]
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10.2 Individual sequence prediction and regret

Having discussed (in some minor detail) prediction games under more general losses in an expected
sense, we now consider the more adversarial sense of Section [0.2] where we wish to compete against
a family of prediction strategies and the data sequence observed is chosen adversarially. In this
section, we look into the case in which the comparison class—set of strategies against which we
wish to compete—is finite.

As a first observation, in the redundancy setting, we see that when the class P = {Py}gpco has
|O| < oo, then the redundancy capacity theorem (Theorem [0.9) implies that

inf sup Red,, (@, Py) = inf sup Dy (F'|Q) = sup I»(T; XT') < log|©)|,
Q geo Q oco T

where T' ~ 7 and conditioned on T' = 6 we draw X]' ~ Fy. (Here we have used that I(T; X]") =
H(T)-H(T | X)) < H(T) < log|©], by definition ([Z.I.3]) of the mutual information.) In particular,
the redundancy is constant for any n.

Now we come to our question: is this possible in a purely sequential case? More precisely,
suppose we wish to predict a sequence of variables y; € {—1, 1}, we have access to a finite collection
of strategies, and we would like to guarantee that we perform as well in prediction as any single
member of this class. Then, while it is not possible to achieve constant regret, it is possible to have
regret that grows only logarithmically in the number of comparison strategies. To establish the

setting, let us denote our collection of strategies, henceforth called “experts”, by {xi,j}?zp where
i ranges in 1,...,n. Then at iteration i of the prediction game, we measure the loss of expert j by

(i, y)-

We begin by considering a mixture strategy that would be natural under the logarithmic loss,
we assume the experts play points z; ; € [0,1], where z; ; = P(Y; = 1) according to expert j.
(We remark in passing that while the notation is perhaps not completely explicit about this, the
experts may adapt to the sequence Y;".) In this case, the loss we suffer is the usual log loss,

Uzij,y) = ylogﬁj + (1 — y)log 17;“. Now, if we assume we begin with the uniform prior

distribution 7(j) = 1/d for all j, then the posterior distribution, denoted by 7T§~ =7(j | Yffl), is

: i
. . — - 71 1
. W(])Hﬁlj(l _ ﬁUl,j)l Y =7(j)exp <—Z {yz log o + (1 — ) log 1_ mlj})
=1 7

=1 bi

= w(j)exp <— Z£<xl,j7yl)> :
=1

This strategy suggests what is known variously as the multiplicative weights strategy ﬂ], exponenti-
ated gradient descent method @], or (after some massaging) a method known since the late 1970s
as the mirror descent or non-Euclidean gradient descent method (entropic gradient descent) ﬂE, B]

In particular, we consider an algorithm for general losses where fix a stepsize n > 0 (as we cannot
be as aggressive as in the probabilistic setting), and we then weight each of the experts j by expo-
nentially decaying the weight assigned to the expert for the losses it has suffered. For the algorithm
to work, unfortunately, we need a technical condition on the loss function and experts z; ;. This
loss function is analogous to a weakened version of exp-concavity, which is a common assumption
in online game playing scenarios (see the logarithmic regret algorithms developed by Hazan et al.
B], as well as earlier work, for example, that by Kivinen and Warmuth ﬂﬂ] studying regression
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problems for which the loss is strongly convex in one variable but not simultaneously in all). In
particular, exp-concavity is the assumption that

x — exp(—L(x,y))

is a concave function. Because the exponent of the logarithm is linear, the log loss is obviously
exp-concave, but for alternate losses, we make a slightly weaker assumption. In particular, we
assume there are constants ¢,n such that for any vector 7 in the d-simplex (i.e. m € Ri satisfies

2?21 mj = 1) there is some way to choose ¥ so that for any y (that can be played in the game)

d d
1 ~
exp <—c€(y,y)> > mjexp(—nl(xijy) or L(Gy) < —clog [ > mjexp(—nl(zi;,y))

J=1 J=1
(10.2.1)
By inspection, inequality (I0.2I]) holds for the log loss with ¢ = n = 1 and the choice § =
Z;l:l mjx; j, because of the exp-concavity condition; any exp-concave loss also satisfies inequal-
ity (I02Z1) with ¢ = n = 1 and the choice of the posterior mean y = Z?:l mjx; 5. The idea in
this case is that losses satisfying inequality (I0.2T]) behave enough like the logarithmic loss that a
Bayesian updating of the experts works. (Condition (I0.2.]]) originates with the work of Haussler

et al. ﬂ], where they name such losses (¢, n)-realizable.)

Example 10.3 (Squared error and exp-concavity): Consider the squared error loss £(¥,y) =
%@— y)?, where 7,y € R. We claim that if z; € [0, 1] for each j, 7 is in the simplex, meaning
zj mj =1 and 7; > 0, and y € [0, 1], then the squared error = — ({7, x),y) is exp-concave,
that is, inequality (I0.2.1]) holds with ¢ =7 =1 and y = (7, z). Indeed, computing the Hessian
of the exponent, we have

V2 exp (~3((ma) —)?) = Ve | —exp (=3 ({ma) =0 ) () — s
~exp <—;((W,x> _ y)2> (((m,2) — 9)> — 1) 22"

Noting that | (r,z) — y| < 1 yields that ({(m,z) —y)? — 1 <0, so we have

1
V2exp (= ({ma) = 9)?) = O

under the setting of the example. We thus have exp-concavity as desired. &

We can also show that the 0-1 loss satisfies the weakened version of exp-concavity in inequal-
ity (I0:2]), but we have to take the constant ¢ to be larger (or n to be smaller).

Example 10.4 (Zero-one loss and weak exp-concavity): Now suppose that we use the 0-1
loss, that is, p_1(y,y) = 1{y-y < 0}. We claim that if we take a weighted majority vote
under the distribution 7, meaning that we set 7 = Z?Zl 7jsign(z;) for a vector x € R?, then
inequality (I0.2.0]) holds with any ¢ large enough that

¢t <log (10.2.2)

14e 0
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Demonstrating inequality (I0.2.2)) is, by inspection, equivalent to showing that

d
60—1(@\7 3/) < —clog ( Z Wj€*n50—1(xj ,y)) .

j=1

If y has the correct sign, meaning that sign(y) = sign(y), the result is trivial. If sign(y) is not
equal to sign(y) € {—1,1}, then we know at least (by the weights 7;) half of the values z; have
incorrect sign. Thus

Thus, to attain

d
lo—1(y,y) =1 < —clog <Z7Tje—n€o—1(xj,y)>

=1
it is sufficient that

1+€_77 d Y] 2
1< —clog( 5 ) < —clog (Zﬂ'j@n 0—1(90;»1/))7 or ¢! <log <1 +e—n> '

J=1

This is our desired claim (I0.2.2]). &

Having given general conditions and our motivation of exponential weighting scheme in the case
of the logarithmic loss, we arrive at our algorithm. We simply weight the experts by exponentially
decaying the losses they suffer. We begin the procedure by initializing a weight vector w € R? with
w; = 1 for j = 1,...,d. After this, we repeat the following four steps at each time ¢, beginning
with 7 = 1:

1. Set w§ = exp (—7] Sl E(ml’j,yl))

2. Set Wi = 25:1 w; and 7r;- = w;/VVZ for each j € {1,...,d}

3. Choose y; satisfying (I0.2.1)) for the weighting 7 = 7 and expert values {x; ; };-lzl
4. Observe y; and suffer loss £(y;, y;)

With the scheme above, we have the following regret bound.

Theorem 10.5 (Haussler et al. ﬂ]) Assume condition (I0.21]) holds and that y; is chosen by the
above scheme. Then for any j € {1,...,d} and any sequence yi' € R,

Zé(@;, y;) < clogd+ cn Zé(xm, Yi).

i=1 i=1

Proof Thisis an argument based on potentials. At each iteration, any loss we suffer implies that
the potential W’ must decrease, but it cannot decrease too quickly (as otherwise the individual
predictors z; ; would suffer too much loss). Beginning with condition (I0.2]), we observe that

d ) Wi—l—l
{Gi) < ~clog | 3 exp(-ntlasg. ) | = —etoe (T

J=1
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Summing this inequality from i = 1 to n and using that W' = d, we have

n R Wn+1 d n
Zf(?/i,yi) < —clog <I/V1> = clogd — clog Zexp (‘nzg(%}j»?/i))
i=1 i=1

j=1
n

< clogd — clogexp (—nZE(xi’j,yi)> ,
i=1

where the inequality uses that exp(-) is increasing. As logexp(a) = a, this is the desired result. [

We illustrate the theorem by continuing Example[I0.4] showing how Theorem [[0.5] gives a regret
guarantee of at most \/nlog d for any set of at most d experts and any sequence y;' € R" under the
zero-one loss.

Example (Example [[04 continued): By substituting the choice ¢! = log i +i_,7 into the
regret guarantee of Theorem [I0L5] (which satisfies inequality (I0.ZT]) by our guarantee (I0.2.2l)

from Example [[0.4]), we obtain

log d (77 —log %) 2 izt o-1(%i 3, vi)
2 + 2 ’
1+e=n 14+e=7

n
D o1 (@i yi) = Lo-1 (i, y:) <
i=1

~ log log

Now, we make an asymptotic expansion to give the basic flavor of the result (this can be made
rigorous, but it is sufficient). First, we note that

and substituting this into the previous display, we have regret guarantee

logd

+0Y lo1 (i, ). (10.2.3)

n
250—1(@7 yi) — Lo—1(xij,ui) S
1=1 =1

By making the choice n = y/log d/n and noting that ¢y_; < 1, we obtain

25071@7%) —lo1(zij,y) S /nlogd

i=1
for any collection of experts and any sequence yi'. &

We make a few remarks on the preceding example to close the chapter. First, ideally we would
like to attain adaptive regret guarantees, meaning that the regret scales with the performance of
the best predictor in inequality (I0.2.3). In particular, we might expect that a good expert would
satisfy > 7" Lo—1(w;j,vi) < n, which—if we could choose

)~ ( logd ) 2
Yo bo—1(@ige,vi) )
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where j* = argmin; o1 Lo—1(ij, yi)—then we would attain regret bound

n
logd - Zﬁo_l(:(:m*,yi) < y/nlogd.
i=1

For results of this form, see, for example, Cesa-Bianchi et al. ﬂa] or the more recent work on mirror
descent of Steinhardt and Liang NE]

Secondly, we note that it is actually possible to give a regret bound of the form (I0.23]) without
relying on the near exp-concavity condition (I0.ZJ]). In particular, performing mirror descent on

the convex losses defined by
d

m s | Y sign(@ ;) — sign(yi)],
=1

which is convex, will give a regret bound of y/nlogd for the zero-one loss as well. We leave this
exploration to the interested reader.
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Chapter 11

Online convex optimization

A related notion to the universal prediction problem with alternate losses is that of online learning
and online convex optimization, where we modify the requirements of Chapter [I0 further. In the
current setting, we essentially do away with distributional assumptions at all, including prediction
with a distribution, and we consider the following two player sequential game: we have a space W
in which we—the learner or first player—can play points wi, wo, . . ., while nature plays a sequence
of loss functions ¢; : W — R. The goal is to guarantee that the regret

n

> [e(wr) = te(w™)] (11.0.1)

t=1

grows at most sub-linearly with n, for any w* € W (often, we desire this guarantee to be uniform).
As stated, this goal is too broad, so in this chapter we focus on a few natural restrictions, namely,
that the sequence of losses ¢; are convex, and W is a convex subset of R?. In this setting, the
problem ([II.0J]) is known as online convexr programming.

11.1 The problem of online convex optimization

Before proceeding, we provide a few relevant definitions to make our discussion easier; we refer to
Appendix [A] for an overview of convexity and proofs of a variety of useful properties of convex sets
and functions. First, we recall that a set W is convez if for all A € [0,1] and w,w’ € W, we have

Aw+ (1= Nw e W.
Similarly, a function f is convex if
fOw 4 (1 = M) < Af(w) + (1= A) f(w)

for all A € [0,1] and w,w’. The subgradient set, or subdifferential, of a convex function f at the
point w is defined to be

Of(w) :={g € R: f(v) > f(w) + (g,v — w) for all v},

and we say that any vector g € R? satisfying f(v) > f(w)+ (g,v — w) for all v is a subgradient. For
convex functions, the subdifferential set 0 f(w) is essentially always non-empty for any w € dom f El

'Rigorously, we are guaranteed that 9f(w) # §) at all points w in the relative interior of the domain of f.
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We now give several examples of convex functions, losses, and corresponding subgradients. The
first two examples are for classification problems, in which we receive data points z € R? and wish
to predict associated labels y € {—1,1}.

Example 11.1 (Support vector machines): In the support vector machine problem, we
receive data in pairs (24, 7:) € R? x {—1,1}, and the loss function
b(w) = [1 =y (w, 7y)] ;. = max{1l — y; (w, 1) , 0},

which is convex because it is the maximum of two linear functions. Moreover, the subgradient
set is
— YTy if yp (w, zy) < 1
0l(w) = ¢ =X -yxy for A € [0,1] if y¢ (w,2) = 1

0 otherwise.

&

Example 11.2 (Logistic regression): As in the support vector machine, we receive data in
pairs (z;,7;) € R x {—1,1}, and the loss function is

b (w) = log(1 + exp(—yt (1, w))).

To see that this loss is convex, note that if h(t) = log(1 + e?), then A'(t) = ﬁ and A" (t) =
—t

(Heei,t)g > 0, and /4 is the composition of a linear transformation with h. In this case,
ot =V S S
t(w) = Vi (w) = T 1 ewlanw) YtTt.
&

Example 11.3 (Expert prediction and zero-one error): By randomization, it is possible to
cast certain non-convex optimization problems as convex. Indeed, let us assume that there
are d experts, each of which makes a prediction z;; (for j = 1,...,d) at time ¢, represented
by the vector z; € R? of a label 3 € {—1,1}. Each also suffers the (non-convex) loss
lo—1(zrj,y:) = 1{zs;u <0}, By assigning a weight w; to each expert z;; subject to the
constraint that w > 0 and (w, 1) = 1, then if we were to randomly choose to predict using
expert j with probability w;, we would suffer expected loss at time ¢ of

d
gt(w) = ijKO—l(xt,ja yt) - <gt7w> )

j=1

where we have defined the vector g; = [fo—1 (x4 j, yt)];l:l € {0,1}%. Notably, the expected zero-
one loss is convex (even linear), so that its online minimization falls into the online convex
programming framework. &

As we see in the sequel, online convex programming approaches are often quite simple, and, in
fact, are often provably optimal in a variety of scenarios outside of online convex optimization. This
motivates our study, and we will see that online convex programming approaches have a number of
similarities to our regret minimization approaches in previous chapters on universal coding, regret,
and redundancy.
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11.2 Online gradient and non-Euclidean gradient (mirror) descent

We now turn to an investigation of the single approach we will use to solve online convex opti-
mization problems, which is known as mirror descentE Before describing the algorithm in its full
generality, however, we first demonstrate a special case (though our analysis will be for the general
algorithm).

Roughly, the intuition for our procedures is as follows: after observing a loss ¢;, we make a
small update to move our estimate w; in a direction to improve the value of the losses we have
seen. However, so that we do not make progress too quickly—or too aggressively follow spurious
information—we attempt to keep new iterates close to previous iterates. With that in mind, we
present (projected) online gradient descent, which requires only that we specify a sequence 7; of
non-increasing stepsizes.

Input: Parameter space W, stepsize sequence 7.
Repeat: for each iteration ¢, predict w; € W, receive function ¢; and suffer loss ¢;(wy).
Compute any g; € 9¢;(w;), and perform subgradient update

Wy 1 = we = Nege, W1 = My (wyy1), (11.2.1)

where IIyy denotes (Euclidean) projection onto W.

Figure 11.1: Online projected gradient descent.

An equivalent formulation of the update (IT21]) is to write it as the single step

wis1 = argmin {<gt,w> NEATE wtyg} , (11.2.2)
wew Mt

which makes clear that we trade between improving performance on ¢; via the linear approximation
of £y(w) ~ €(wy) + g/ (w — w;) and remaining close to w; according to the Euclidean distance ||-||,.
In a variety of scenarios, however, it is quite advantageous to measure distances in a way more
amenable to the problem structure, for example, if W is a probability simplex or we have prior
information about the loss functions ¢; that nature may choose. With this in mind, we present a
slightly more general algorithm, which requires us to give a few more definitions.

Given a convex differentiable function ¢ : R — R, we define the Bregman divergence associated
with 9 by

By (w,v) = ¥(w) — (v) — (Vib(v),w — v). (11.2.3)

The Bregman divergence is always non-negative, as By (w,v) is the gap between the true function
value ¢(w) and its linear approximation at the point v (see Figure[[L.2)). A few examples illustrate
its properties.

Example 11.4 (Euclidean distance as Bregman divergence): Take 1(w) = % [w]|3 to obtain

B(w,v) = % ||w — v||3. More generally, if for a matrix A we define [Jw||% = w" Aw, then takin
Y(w) = Jw" Aw, we have

1 1
By(w,v) = 5(w — o) A(w —v) = 5 [l = vlf}

So Bregman divergences generalize (squared) Euclidean distance.

2The reasons for this name are somewhat convoluted, and we do not dwell on them.
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(w, 9 (w))

By(w,v)

Figure 11.2: Tllustration of Bregman divergence.

Example 11.5 (KL divergence as a Bregman divergence): Take (w) = Z;'l:1 w; log w.
Then v is convex over the positive orthant Ri (the second derivative of wlogw is 1/w), and
for w,v € Ag = {u € R4 : (1,u) = 1}, we have

W
By(w,v) = ij log w;j — Zvj logv; — Z(l +logv;)(w; —v;) = ij log v—] = Dy (w|v),
J

J J J

where in the final equality we treat w and v as probability distributions on {1,...,d}. &

With these examples in mind, we now present the mirror descent algorithm, which is the natural
generalization of online gradient descent.

Input: proximal function v, parameter space ¥, and non-increasing stepsize sequence
M2y -

Repeat: for each iteration ¢, predict w; € W, receive function ¢; and suffer loss ¢4 (wy).
Compute any g; € 0¢;(w;), and perform non-Euclidean subgradient update

1
Wy = argmin {(gt,w> + — By (w, wt)} . (11.2.4)
wew Uz

Figure 11.3: The online mirror descent algorithm

Before providing the analysis of Algorithm [TT.3], we give a few examples of its implementation.
First, by taking W = R? and ¢ (w) = 3 |w||3, we note that the mirror descent procedure simply
corresponds to the gradient update w41 = w;—n:g:. We can also recover the exponentiated gradient

algorithm, also known as entropic mirror descent.
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Example 11.6 (Exponentiated gradient algorithm): Suppose that we have W = Ay = {w €
]Ri : (1,w) = 1}, the probability simplex in R%. Then a natural choice for ¢ is the negative
entropy, ¥ (w) = Zj wj logwj, which (as noted previously) gives By (w,v) = Zj wj log f—;
We now consider the update step (IL.24]). In this case, fixing v = w; for notational simplicity,
we must solve ]

minimize (g, w) + p ij log % subject to w € Ay

j J

in w. Writing the Lagrangian for this problem after introducing multipliers 7 € R for the
contraint that (1,w) =1 and A € R? for w = 0, we have

d
1 .
L(w A7) = (g,w) + 3w log ~L— (\w) +((1w) - 1),
j=1 /

which is minimized by taking
wj = vjexp(—=ng; + Ajn —7n—1),

and as w; > 0 certainly, the constraint w = 0 is inactive and A\; = 0. Thus, choosing 7 to
normalize the w;, we obtain the exponentiated gradient update

wt Z-e_ntgt,i
3
e~ Ntgt,j
Zj Wt,j€ /

as the explicit calculation of the mirror descent update (IL2]). &

Wil = fori=1,...,d,

We now turn to an analysis of the mirror descent algorithm. Before presenting the analysis, we
require two more definitions that allow us to relate Bregman divergences to various norms.

Definition 11.1. Let ||-|| be a norm. The dual norm ||-||, associated with ||-|| is
lyll, == sup 2Ty
x| <1

For example, a straightforward calculation shows that the dual to the ¢, -norm is the ¢;-norm,
and the Euclidean norm ||-||, is self-dual (by the Cauchy-Schwarz inequality). Lastly, we require a
definition of functions of suitable curvature for use in mirror descent methods.

Definition 11.2. A convex function f : R? — R is strongly convex with respect to the norm ||-||
over the set W if for all w,v € W and g € 0f(w) we have
1
J@) 2 f(w) +{g,0 = w) + 5 [lw — v

That is, the function f is strongly convex if it grows at least quadratically fast at every point in its
domain. It is immediate from the definition of the Bregman divergence that ¢ is strongly convex
if and only if

1 2
By(w,v) 2 5w — vl
As two examples, we consider Euclidean distance and entropy. For the Euclidean distance, which
_ 1 2 _
uses Y(w) = 3 [|w||3, we have Vi(w) = w, and
Lo 1 2 1.9 1 2
S0l = 5w+ v = w] = S lwll3 + Gw,0 = w) + 3 1w — vl

by a calculation, so that v is strongly convex with respect to the Euclidean norm. We also have
the following observation.
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Observation 11.7. Let (w) = Zj w;logw; be the negative entropy. Then 1) is strongly convex
with respect to the {1-norm, that is,

1
By (w,v) = Dy (w|v) > 5 Jw —vlf} .

Proof The result is an immediate consequence of Pinsker’s inequality, Proposition 2.10 O

With these examples in place, we present the main theorem of this section.

Theorem 11.8 (Regret of mirror descent). Let ¢; be an arbitrary sequence of convex functions,
and let wy be generated according to the mirror descent algorithm [I1.3. Assume that the proximal
function 1 is strongly convex with respect to the norm |||, which has dual norm |-||,. Then

(a) If ;w = n for all t, then for any w* € W,

n

mewﬂ<n<%wum me

t=1

(b) If W is compact and By(w*,w) < R* for any w € W, then

n

* 1 g
D) = () < 5 R+ 37l
n t=1

t=1

Before proving the theorem, we provide a few comments to exhibit its power. First, we consider
the Euclidean case, where ¢ (w) = %||w||§, and we assume that the loss functions ¢; are all L-
Lipschitz, meaning that |¢;(w) — ¢;(v)| < L|lw — vy, which is equivalent to ||g¢/, < L for all
gt € 00 (w). In this case, the two regret bounds above become

1 * 2, N ;9 I E U
~ Jjw* - TnL? and —R*+Y M2,
2 ||w wi |5 + 2n an o —|—t: 5

respectively, where in the second case we assumed that |[w* —w|, < R for all ¢. In the former
case, we take n = L—%, while in the second, we take 7, = %, which does not require knowledge
of n ahead of time. Focusing on the latter case, we have the following corollary.

Corollary 11.9. Assume that W C {w € R? : ||w|l, < R} and that the loss functions {; are
L-Lipschitz with respect to the Euclidean norm. Take ny = i\/{. Then for all w* € W,

n

S [l(we) — bi(w*)] < 3RLy/n.

t=1

Proof For any w,w* € W, we have ||w — w*|, < 2R, so that By (w*,w) < 4R%. Using that

n 1 n 1
> e g/ t"2dt = 2\/n
t=1

0

gives the result. O
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Now that we have presented the Euclidean variant of online convex optimization, we turn to an
example that achieves better performance in high dimensional settings, as long as the domain is
the probability simplex. (Recall Example for motivation.) In this case, we have the following
corollary to Theorem

Corollary 11.10. Assume that W = Ay = {w € RL : (1,w) = 1} and take the prozimal function
Y(w) =3 wjlogw; to be the negative entropy in the mirror descent procedure[L3 Then with the
fized stepsize n and initial point as the uniform distribution wy = 1/d, we have for any sequence of

convezx losses ¥y
- log d -
> (wn) = fo(wh)] < gz loell%
t=1 t=1

Proof Using Pinsker’s inequality in the form of Observation [I.7, we have that v is strongly
convex with respect to ||-|[;. Consequently, taking the dual norm to be the ¢s-norm, part (a) of
Theorem [I1.§ shows that

n

d * n
* 1 * wj
Do l(w) — @] < — > wilog—L + 23 gz
iz WLy t=1

t=1

Noting that with wy = 1/d, we have By (w*, wi) < logd for any w* € W gives the result. OJ

Corollary yields somewhat sharper results than Corollary I1.9] though in the restricted
setting that W is the probability simplex in R%. Indeed, let us assume that the subgradients
gt € [-1, 1]d, the hypercube in R%. In this case, the tightest possible bound on their ¢;-norm is
lgell, < V/d, while ||g;|| ., < 1 always. Similarly, if W = A4, then while we are only guaranteed that
|w* —wi]|, < 1. Thus, the best regret guaranteed by the Euclidean case (Corollary I1.9) is

1 * 2 n . . 1

— ||lw* — wi]|5; + =nd < Vnd with the choice n = —,

while the entropic mirror descent procedure (Alg. I3 with ¢(w) = 3, w;logw;) guarantees

v2logd
2vn

The latter guarantee is exponentially better in the dimension. Moreover, the key insight is that

we essentially maintain a “prior,” and then perform “Bayesian”-like updating of the posterior
distribution w; at each time step, exactly as in the setting of redundancy minimization.

logd

+ gn < +/2nlogd with the choice n = (11.2.5)

11.2.1 Proof of Theorem I1.8

The proof of the theorem proceeds in three lemmas, which are essentially inductive applications of
optimality conditions for convex optimization problems. The first is the explicit characterization
of optimality for a convex optimization problem. (For a proof of this lemma, see, for example, the
books of Hiriart-Urruty and Lemaréchal E, E], or Section 2.5 of Boyd et al. ﬂ])

Lemma 11.11. Let h: RY = R be a conver function and W be a convex set. Then w* minimizes
h(w) over W if and only if there exists g € Oh(w*) such that

(g,w—w*) >0 for allwe W.
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Lemma 11.12. Let 4, : W — R be any sequence of convex loss functions and n; be a non-increasing
sequence, where ny = co. Then with the mirror descent strategy ([I2A), for any w* € W we have

1 1
Z& wy) — l(w*) < Z (77 — 771) By (w*,wy) + Z [—an(’th,wt) + (g, wp — wig1)
¢ M ¢

Proof Our proof follows by the application of a few key identities. First, we note that by
convexity, we have for any g, € 9¢;(w;) that

Et(wt) — Et(w*) S <9t, wg — w*> . (1126)
Secondly, we have that because wy41 minimizes
1
(gt w) + — By (w, wy)
Ug
over w € W, then Lemma [IT.TT] implies
(mgt + Vw(wtﬂ) — Vi/)(wt), w — ’LUt+1> Z 0 for all w e W. (11.2.7)
Taking w = w* in inequality (IT.2.7) and making a substitution in inequality (IL.2.0]), we have
Ci(we) — Le(w™) < {ge, wp — w*) = (g, w1 — W) + (ge, W — Wip1)
1
< " (Vip(wir1) — V(we), w* — wig1) + (ge, we — wer1)
t
1
= 77 [Bw(ﬂ)*, wt) — Bw(w*, wt+1) — B¢(wt+1, wt)} + <9t7 wy — ’UJt+1> (1128)
t
where the final equality (IL2.8) follows from algebraic manipulations of By(w,w’). Summing

inequality (IT.2Z8) gives

PNACHE Z Bw w*,wp) = By(w*, wigr) = By(werr, we)] + Y (ge, we — wign)
- =1
1 1 1 1
= — — —— | By(w*,w) + — By (w*,wy) — — By (w*, wy,
Z (nt Mt— 1) 1/1( t) m 1/1( 1) Mn 1/’( +1)

1
+ Z _7B¢(wt+1awt) + <9t,wt - wt+1>
i—1 Mt

as desired. O

It remains to use the negative terms — By, (w;, wy11) to cancel the gradient terms (g, wy — wi41).
To that end, we recall Definition [T.T] of the dual norm ||-||, and the strong convexity assumption
on . Using the Fenchel-Young inequality, we have

Mt 9 1 2
(gt; we — wir1) < lgell, lwe — wepa || < 5 lgells + o |we — wep||”

Now, we use the strong convexity condition, which gives
1 1 9
——By (w1, w) < —-— |lwr — we]|” .
S Bulwen ) € —5 | [

Combining the preceding two displays in Lemma [I[T.12] gives the result of Theorem [I1.8]
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11.3 Online to batch conversions

Martingales!

11.4 More refined convergence guarantees

It is sometimes possible to give more refined bounds than those we have so far provided. As
motivation, let us revisit Example [1.3] but suppose that one of the experts has no loss—that
is, it makes perfect predictions. We might expect—accurately!—that we should attain better
convergence guarantees using exponentiated weights, as the points w; be maintain should quickly
eliminate non-optimal experts.

To that end, we present a refined regret bound for the mirror descent algorithm with the
entropic regularization ¢ (w) = . w; logw;.

Proposition 11.13. Let (w) = > wjlogw;, and assume that the losses £y are such that their
subgradients have all non-negative entries, that is, g« € O0l;(w) implies g = 0. For any such
sequence of loss functions £y and any w* € W = Ay,

n

n d
o o logd n
D lw) = b < =5 > wiggl;
t=1 j=1

t=1

While as stated, the bound of the proposition does not look substantially more powerful than
Corollary [T.10, but a few remarks will exhibit its consequences. We prove the proposition in
Section [T.4.1l to come.

First, we note that because w; € Ay, we will always have Zj wt,jg,aj < H!]t”io So certainly
the bound of Proposition is never worse than that of Corollary Sometimes this can
be made tighter, however, as exhibited by the next corollary, which applies (for example) to the
experts setting of Example[IT.3l More specifically, we have d experts, each suffering losses in [0, 1],
and we seek to predict with the best of the d experts.

Corollary 11.14. Consider the linear online convex optimization setting, that is, where ly(w;) =
(g, wy) for vectors g;, and assume that g; € R% with ||g;||, < 1. In addition, assume that we know
an upper bound LY on Y ;' l(w*). Then taking the stepsize n = min{1,/logd/+/L%}, we have

3 [ei(wr) — €i(w?)] < 3max {1og d, /L% log d} .

t=1

Note that when ¢;(w*) = 0 for all w*, which corresponds to a perfect expert in Example [T.3]
the upper bound becomes constant in n, yielding 3logd as a bound on the regret. Unfortunately,
in our bound of Corollary [T.14], we had to assume that we knew ahead of time a bound on the
loss of the best predictor w*, which is unrealistic in practice. There are a number of techniques for
dealing with such issues, including a standard one in the online learning literature known as the
doubling trick. We explore some in the exercises.

Proof First, we note that wjgt%j < (w, g) for any nonnegative vector w, as g;; € [0,1]. Thus,
Proposition gives

n

> [l(wy) — by(w*)] <

t=1

log d

l\D\d

- _ logd -~
£33 ) = 54 33 ).
t=1 t=1

120



Stanford Statistics 311/Electrical Engineering 377 John Duchi

Rearranging via an algebraic manipulation, this is equivalent to

(1= 3) Doltawe) = to(w)] < logd+gZet(w*)
t=1 " t=1

Take n = min{1, \/logd/L%}. Then if y/logd/L% < 1, we have that the right hand side of the
above inequality becomes /L% log d + %\ /L% log d. On the other hand, if L} < logd, then the right

hand side of the inequality becomes logd + %L’;l < %log d. In either case, we obtain the desired
result by noting that 1 — 7 > 1. O

11.4.1 Proof of Proposition 11.13

Our proof relies on a technical lemma, after which the derivation is a straightforward consequence
of Lemma [IT.121 We first state the technical lemma, which applies to the update that the expo-
nentiated gradient procedure makes.

Lemma 11.15. Let ¢(z) = Zj xzjlogxj, and let x,y € Ag be defined by

z; exp(—ngi)
> rjexp(—ng;)’

;=

where g € Ri is non-negative. Then

w\d

Deferring the proof of the lemma, we note that it precisely applies to the setting of Lemma[IT.T2
Indeed, with a fixed stepsize 71, we have

1
—HBw(y,x) + (g, z —

= 1 11
D li(wr) = ly(w*) < EBw(UJ*,M) +> [—nsz(tha’wt) + (g6, we — wet1)
t=1 t=1

Earlier, we used the strong convexity of 9 to eliminate the gradient terms (g;, wy — wy4+1) using the
bregman divergence By. This time, we use Lemma [I1.12} setting y = w;y1 and x = w; yields the

bound
d
2
Z 9t,iWt,i
i=1

SRS

Zﬁt wt —ft )< wa w1 +Z
t=1

as desired.
Proof of Lemma 1.5 We begin by noting that a direct calculation yields By (y,z) =
Dy (y|x) = >, yilog 2. Substituting the values for x and y into this expression, we have

Zyz log— Zyz log ( ' T exp(—ngi? ‘ ) = —nlg,y) — Zyilog (ije—ngj)‘

(> exp(—ngj)z;)
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Now we use a Taylor expansion of the function g — log(zj xje” "9 ) around the point 0. If we
define the vector p(g) by pi(g) = zie™"/(3_; xje~"9), then

2

log (D aje ™) = log((1,)) =0 (p(0). 9) + L9 (diag(p(@)) ~ p@p(@) .

where g = Ag for some A € [0, 1]. Noting that p(0) = = and (1,z) = (1,y) = 1, we obtain

2
By(y.x) = = {g,y) +log(1) + 1 (g,2) = “-g" (diag(p(@)) — p(@p(@) g,

whence

1\9\3

d
Z (11.4.1)

1
- EBw(y,w) + (g, —

Lastly, we claim that the function
d )
Z —)\g]

is non-increasing on A € [0, 1]. Indeed, we have

dn) = i gizie M) (X, gPrie ) Y gwie 0 Xy gigimimje M — 3 glawjen AT
(D2 wie=9)? > xie N (D wie=r9i)? '
Using the Fenchel-Young inequality, we have ab < %]aF’ 2 \b\3/ 2 for any a, b, so gzg <3 193 ¢+ g;’

This implies that the numerator in our expression for s’ ()\) is non-positive. Thus we “have s()\) <
s(0) = Zle g?w;, which gives the result when combined with inequality ([T4.T]). O
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Chapter 12

Exploration, exploitation, and bandit
problems

Consider the following problem: we have a possible treatment for a population with a disease, but
we do not know whether the treatment will have a positive effect or not. We wish to evaluate the
treatment to decide whether it is better to apply it or not, and we wish to optimally allocate our
resources to attain the best outcome possible. There are challenges here, however, because for each
patient, we may only observe the patient’s behavior and disease status in one of two possible states—
under treatment or under control-—and we wish to allocate as few patients to the group with worse
outcomes (be they control or treatment) as possible. This balancing act between exploration—
observing the effects of treatment or non-treatment—and exploitation—giving treatment or not as
we decide which has better palliative outcomes—underpins and is the paridigmatic aspect of the
multi-armed bandit problem

Our main focus in this chapter is a fairly simple variant of the K-armed bandit problem, though
we note that there is a substantial literature in statistics, operations research, economics, game
theory, and computer science on variants of the problems we consider. In particular, we consider the
following sequential decision making scenario. We assume that there are K distributions Py, ..., Pk
on R, which we identify (with no loss of generality) with K random variables Yi,...,Yx. Each
random variable Y; has mean p; and is o%-sub-Gaussian, meaning that

252
E [exp (A(Y; — )] < exp (A 5 > . (12.0.1)

The goal is to find the index ¢ with the maximal mean u; without evaluating sub-optimal “arms”
(or random variables Y;) too often. At each iteration ¢ of the process, the player takes an action
A; € {1,...,K}, then, conditional on i = Ay, observes a reward Y;(¢) drawn independently from
the distribution P;. Then the goal is to minimize the the regret after n steps, which is

n
Reg, := > i — fia,, (12.0.2)
t=1

!The problem is called the bandit problem in the literature because we imagine a player in a casino, choosing
between K different slot machines (hence a K-armed bandit, as this is a casino and the player will surely lose
eventually), each with a different unknown reward distribution. The player wishes to put as much of his money as
possible into the machine with the greatest expected reward.
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where ¢* € argmax; p; SO pi = max; i;. The regret Reg, as defined is a random quantity, so we
generally seek to give bounds on its expectation or high-probability guarantees on its value. In this
chapter, we generally focus for simplicity on the expected regret,

n
Reg, = E[Z i — ,J,At} , (12.0.3)
t=1

where the expectation is taken over any randomness in the player’s actions A; and in the repeated
observations of the random variables Y7,..., Yk.

12.1 Confidence-based algorithms

A natural first strategy to consider is one based on confidence intervals with slight optimism.
Roughly, if we believe the true mean p; for an arm 4 lies within [i; — ¢;, 1; + ¢;], where ¢; is some
interval (whose length decreases with time t), then we optimistically “believe” that the value of
arm 1 is [i; + ¢;; then at iteration ¢, as our action A; we choose the arm whose optimistic mean is
the highest, thus hoping to maximize our received reward.

This strategy lies at the heart of the Upper Confidence Bound (UCB) family of algorithms, due
to ﬂa], a simple variant of which we describe here. Before continuing, we recall the standard result on
sub-Gaussian random variables of Corollary B9 in our context, though we require a somewhat more
careful calculation because of the sequential nature of our process. Let T;(t) = card{r <t: A, =i}
denote the number of times that arm i has been pulled by time ¢ of the bandit process. Then if we
define )

,Ul(t) = T(t) <ZAY;(T)>
T<t,Ar=i
to be the running average of the rewards of arm i at time ¢ (computed only on those instances in
which arm i was selected), we claim that for all ¢ and all ¢,

o?log 3

o?log +
— =0 | 4. 12.1.1
i) ’ R

VP [ ai(t) < pi— o) <

P fi(t) > pi +

That is, so long as we pull the arms sufficiently many times, we are unlikely to pull the wrong arm.
We prove the claim (IZIT) in the appendix to this chapter.
Here then is the UCB procedure:

Input: Sub-gaussian parameter o and sequence of deviation probabilities d1, da, . . ..
Initialization: Play each arm ¢ =1,..., K once
Repeat: for each iteration ¢, play the arm maximizing

o?log +
i (t —t

Figure 12.1: The Upper Confidence Bound (UCB) Algorithm

If we define
Aj = g —
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to be the gap in means between the optimal arm and any sub-optimal arm, we then obtain the
following guarantee on the expected number of pulls of any sub-optimal arm i after n steps.

Proposition 12.1. Assume that each of the K arms is o?-sub-Gaussian and let the sequence
01 > 9o > -+ be non-increasing and positive. Then for any n and any arm i # i*,

40210
[ g5 +2Z§t

Proof  Without loss of generality, we assume arm 1 satlsﬁes 11 = max; p;, and let arm ¢ be any
sub-optimal arm. The key insight is to carefully consider what occurs if we play arm ¢ in the UCB
procedure of Figure [2.1l In particular, if we play arm ¢ at time ¢, then we certainly have

2 1 2
N o logét — o 10g5t
T;(¢) Ty (t

For this to occur, at least one of the following three events must occur (we suppress the dependence
on i for each of them):

E[Ti(n)] <

o2 log %

N N o2 log(%
E1(t) == mi(t) > pi + Ti(t) ;o Ea(t) = () < pp— -

Ti(t) |’

o2 log é

E3(t) == qA; <2 T(t)

Indeed, suppose that none of the events &1, &>, 3 occur at time t. Then we have

2log g o2log L
5t 6t<Mz+A = i < fin(t) + | ot
Ti(t)

the inequalities followmg by &1, &3, and &, respectlvely.
Now, for any | € {1,...,n}, we see that

- f:n-zu (A, =i} = iE[l (A =i, Ti(t) > 1} + 1{A, = i, T;(t) < 1}]

Now, we use that J; is non-increasing, and see that if we set

1
. {402 log 5”}
= 4= |

then to have T;(t) > [* it must be the case that &£(¢) cannot occur—that is, we would have
2\/02 log (s—lt/TZ(t) > 2\/02 log 5—1t/l > A;. Thus we have

ZE {Ar =} < 1"+ Z (Ar =i, E3(t) fails)

t= l*+1
<IF Z t) or E(t)) < I* + Z 26;.
t=l*+1 t=l*+1
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This implies the desired result. OJ

Naturally, the number of times arm i is selected in the sequential game is related to the regret
of a procedure; indeed, we have

n K

K
Reg, =Y (wir — pa,) = Y (e — ) Ti(n) = > ATi(n).
i=1

t=1 i=1

Using this identity, we immediately obtain two theorems on the (expected) regret of the UCB
algorithm.

Theorem 12.2. Let 6, = 6/t% for all t. Then for any n € N the UCB algorithm attains

. 402[2logn —logd] w2 —2 [ & K
i£i* i=1 =1

Proof First, we note that

é - 402 log i

)

BIA L) < A 40106 5-/82] + 2803
n t=2 t=2

by Proposition I2ZJl Summing over i # i* and noting that >_,~, 72 = 72/6—1 gives the result. [J

Let us unpack the bound of Theorem slightly. First, we make the simplifying assumption
that &; = 1/t? for all t, and let A = min; ;= A;. In this case, we have expected regret bounded by

Reg, < 8

Ko?logn 7r2+1K
A;.

So we see that the asymptotic regret with this choice of § scales as (Ko?/A)logn, roughly linear
in the classes, logarithmic in n, and inversely proportional to the gap in means. As a concrete
example, if we know that the rewards for each arm Y; belong to the interval [0, 1], then Hoeffding’s
lemma (recall Example [3.6]) states that we may take 0> = 1/4. Thus the mean regret becomes at
most » ;A < 212#(1 + 0(1)), where the o(1) term tends to zero as n — co.

If we knew a bit more about our problem, then by optimizing over § and choosing § = 02/A,
we obtain the upper bound

Ko? nA max; A;

Reg, < O(1) log

— 12.1.2
o2 min; A; ( )

that is, the expected regret scales asymptotically as (Ko2/A) log(%)—linearly in the number of
classes, logarithmically in n, and inversely proportional to the gap between the largest and other
means.

If any of the gaps A; — 0 in the bound of Theorem [2.2] the bound becomes vacuous—it simply
says that the regret is upper bounded by infinity. Intuitively, however, pulling a slightly sub-optimal
arm should be insignificant for the regret. With that in mind, we present a slight variant of the
above bounds, which has a worse scaling with n—the bound scales as /n rather than log n—but

is independent of the gaps A;.
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Theorem 12.3. If UCB is run with parameter 6; = 1/t2, then

K
Reg,, < v/8Ko?nlogn + 42 A;.
i=1
Proof Fix any v > 0. Then we may write the regret with the standard identity

Reg,, = Z A;Ti(n) = Z A;Ti(n) + Z A;Ti(n) < Z A;Ti(n) + ny,

1F£4* A >y A<y 1A >y

where the final inequality uses that certainly Zfi 1 Ti(n) < n. Taking expectations with our UCB
procedure and § = 1, we have by Theorem [12.2] that

8o2logn w2 +1 K 8o2logn 741 a
Reg,, < Z A; A2g t—3 ZAi‘FTL’}/SKig try+—g ZAZ-,
1A >y i i=1 v i=1
Optimizing over v by taking v = 7”8[“\/;10@1 gives the result. O

Combining the above two theorems, we see that the UCB algorithm with parameters §; = 1/t
automatically achieves the expected regret guarantee

2]
Reg,, < C' - min Z 7 Aogn,\/Kaanogn ) (12.1.3)

i:A;>0 v

That is, UCB enjoys some adaptive behavior. It is not, however, optimal; there are algorithms,
including Audibert and Bubeck’s MOSS (Minimax Optimal in the Stochastic Case) bandit proce-
dure @], which achieve regret

K A?
Reg, < C’-min{vKn,log nK },

which is essentially the bound specified by inequality (IZI1.2]) (which required knowledge of the
A;s) and an improvement by logn over the analysis of Theorem It is also possible to provie
a high-probability guarantee for the UCB algorithms, which follows essentially immediately from
the proof techniques of Proposition I2.1], but we leave this to the interested reader.

12.2 Bayesian approaches to bandits

The upper confidence bound procedure, while elegant and straightforward, has a variety of competi-
tors, including online gradient descent approaches and a variety of Bayesian strategies. Bayesian
strategies—because they (can) incorporate prior knowledge—have the advantage that they sug-
gest policies for exploration and trading between regret and information; that is, they allow us
to quantify a value for information. They often yield very simple procedures, allowing simpler
implementations.

In this section, we thus consider the following specialized setting; there is substantially more
possible here. We assume that there is a finite set of actions (arms) A as before, and we have a
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collection of distributions P = {Py}gce parameterized by a set © (often, this is some subset of R
when we look at K-armed bandit problems with card(.4) = K, but we stay in this abstract setting
temporarily). We also have a loss function ¢ : A x ©® — R that measure the quality of an action
a € A for the parameter 6.

Example 12.4 (Classical Bernoulli bandit problem): The classical bandit problem, as in the
UCB case of the previous section, has actions (arms) A = {1,..., K}, and the parameter space
© = [0,1]%, and we have that Py is a distribution on Y € {0,1}¥, where Y has independent
coordinates 1,..., K with P(Y; = 1) = 0;, that is, Y; ~ Bernoulli(d;). The goal is to find the
arm with highest mean reward, that is, argmax; 6;, and thus possible loss functions include
l(a,0) = —0, or, if we wish the loss to be positive, {(a,0) =1—0, € [0,1]. &

Lastly, in this Bayesian setting, we require a prior distribution 7 on the space ©, where 7(0) = 1.
We then define the Bayesian regret as

Reg, (A, 0, 7) = E, [zn:e(At, 0) — (A%, 0)], (12.2.1)
t=1

where A* € argmin,¢ 4 ¢(a, §) is the minimizer of the loss, and A; € A is the action the player takes
at time ¢ of the process. The expectation (IZ.2.]) is taken both over the randomness in 6 according
to the prior 7 and any randomness in the player’s strategy for choosing the actions A; at each time.

Our approaches in this section build off of those in Chapter [ except that we no longer fully
observe the desired observations Y—we may only observe Yy, (¢) at time ¢, which may provide less
information. The broad algorithmic framework for this section is as follows. We now give several

Input: Prior distribution 7 on space ©, family of distributions P = {Py}gco
Repeat: for each iteration ¢, choose distribution m; on space © (based on history
Ya,(1),...,Y4, ,(t —1)). Draw

Ht ~ Tt

Play action A; € A minimizing

E(a, Ot)

over a € A, observe Yy, (%).

Figure 12.2: The generic Bayesian algorithm

concrete instantiations of this broad procedure, as well as tools (both information-theoretic and
otherwise) for its analysis.

12.2.1 Posterior (Thompson) sampling

The first strategy we consider is perhaps the simplest; in Algorithm [[2.2] it corresponds to using
7 to be the posterior distribution on 6 conditional on the history Ya,(1),...,Ys, (¢t —1). That is,
we let

He = {A1,Ya,(1),A2,Ya,(2),..., A, Ya,(t)}

denote the history (or the o-field thereof) of the procedure and rewards up to time ¢. Then at
iteration ¢, we use the posterior

m(0) = (0 | Hi-1),
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the distribution on 6 conditional on H;_;. This procedure was originally proposed by Thompson
ﬂﬁ] in 1933 in the first paper on bandit problems. There are several analyses of Thompson (and
related Bayesian) procedures possible; our first analysis proceeds by using confidence bounds, while
our later analyses give a more information theoretic analysis.

First, we provide a more concrete specification of Algorithm for Thompson (posterior)
sampling in the case of Bernoulli rewards.

Example 12.5 (Thompson sampling with Bernoulli penalities): Let us suppose that the
vector 0 € [0,1]%, and we draw 6; ~ Beta(1,1), which corresponds to the uniform distribution
on [0, 1]%. The actions available are simply to select one of the coordinates, a € A = {1,..., K},
and we observe Y, ~ Bernoulli(,), that is, P(Y, = 1 | §) = 6,. That is, ¢(a,0) = 0,. Let
T(t) = card{r <t: A; = a,Yy(7) = 1} be the number of times arm a is pulled and results in
a loss of 1 by time ¢, and similarly let T0(¢) = card{r < t: A; = a, Y,(7) = 0}. Then, recalling
Example on Beta-Bernoulli distributions, Thompson sampling proceeds as follows:

(1) For each arm a € A = {1,..., K}, draw 0,(t) ~ Beta(1 + T} (t), 1 + T2 (t)).
(2) Play the action A; = argmin, 6,(t).
(3) Observe the loss Yy, (t) € {0,1}, and increment the appropriate count.

Thompson sampling is simple in this case, and it is implementable with just a few counters. &

We may extend Example[12.5]to the case in which the losses come from any distribution with mean
0;, so long as the distribution is supported on [0, 1]. In particular, we have the following example.

Example 12.6 (Thompson sampling with bounded random losses): Let us again consider the
setting of Example [[Z7] except that the observed losses Y, (t) € [0, 1] with E[Y, | 8] = 0,. The
following modification allows us to perform Thompson sampling in this case, even without
knowing the distribution of Y, | : instead of observing a loss Y, € {0,1}, we construct a
random observation Y, € {0,1} with the property that P(Y, = 1 | ¥,) = Y,. Then the losses
l(a,0) = 0, are identical, and the posterior distribution over 6 is still a Beta distribution. We
simply redefine

TO(t) == card{r <t : Ay = a,Y,(7) =0} and T} (t) :=card{r <t: A, = a,Y,(r) = 0}.
The Thompson sampling procedure is otherwise identical. &

Our first analysis shows that Thompson sampling can guarantee performance similar to (or
in some cases, better than) confidence-based procedures, which we do by using a sequence of
(potential) lower and upper bounds on the losses of actions. (Recall we wish to minimize our
losses, so that we would optimistically play those arms with the lowest estimated loss.) This
analysis is based on that of Russo and Van Roy ﬂﬁ] Let Ly : A - Rand U; : A — R be an
arbitrary sequence of (random) functions that are measurable with respect to H;_1, that is, they
are constructed based only on {A;,Ya,(1),...,4:-1,Ya, ,(t —1)}. Then we can decompose the
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Bayesian regret (IZ2.1)) as

Reg, (A, 0, 7) = E, [zn:é(At, 0) — 0(A*, e)] (12.2.2)
t=1
= ELUi(Ar) — Li(A)] + > Ex[l(Ar,0) — Ur(An)] + > Ex[Le(Ar) — £(A*,0)]
t=1 t=1 t=1

n n n
2 D ELU(A) = Li(A)] + D Ex[l(Ar, 0) — Un(An)] + > Ex[Li(A7) — L(AF,0)],

=1 t=1 =1
where in equality (i) we used that conditional on H;_;, A; and A} = A* have the same distribution,
as we sample from the posterior 7(0 | Hi—1), and L; is a function of H;—1. With the decomposi-
tion (IZ22]) at hand, we may now provide an expected regret bound for Thompson (or posterior)
sampling. We remark that the behavior of Thompson sampling is independent of these upper and
lower bounds Uy, Ly we have chosen—they are simply an artifact to make analysis easier.

Theorem 12.7. Suppose that conditional on the choice of action Ay = a, the received loss Y, (t) is
o?-sub-Gaussian with mean {(a, ), that is,

2,2
E [exp (A(Ya(t) — £(a,0))) | Hi—1] < exp <)\

) for all a € A.

Then for all § > 0 we have

1
Reg, (A, {,m) < 4y/20%log 5\/|A|n + 3ndo|Al.
In particular, choosing § = % gives

Reg,, (A, ¢, ) < 60+/|Alnlogn + 30|Al.

Proof We choose the upper and lower bound functions somewhat carefully so as to get a fairly
sharp regret guarantee. In particular, we (as in our analysis of the UCB algorithm) let § € (0,1)
and define Ty (t) := card{T < t: A; = a} to be the number of times that action a has been chosen
by iteration t. Then we define the mean loss for action a at time ¢ by

and our bounds for the analysis by
202 log % 202log %
Ta(t) Ta(t)
With these choices, we see that by the extension of the sub-Gaussian concentration bound (I2Z.1.1])
and the equality (I2.A.1]) showing that the sum >~ _, 4 _, Ya(7) is equal in distribution to the sum

> <t A.—q Ya(T), where Y (7) are independent and identically distributed copies of Y (7), we have
for any € > 0 that

o2 log + 2 &2
P(Us(a) < £(a.6) — | Tu(t)) < exp —Ta(t)( : 1g‘*+e> sexp(‘logl—T“(t) )

Uy(a) := lo(t) + and Ly(a) := lo(t) —

Ta(t) (5 20‘2
(12.2.3)
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where the final inequality uses that (a + b)? > a® + b? for ab > 0. We have an identical bound for
P(L(a) > £(a,0) + € | To(t)).
We may now bound the final two sums in the regret expansion (I2.2.2]) using inequality (T2Z.2.3]).
F irst however, we make the observation that for any nonnegative random variable Z, we have
= [y P(Z > €)de. Using this, we have

ZE At, Ut(At)] < Z Z Ex [[£(a7 9) - Ut(a)]Jr]

t=1 acA

_ZZE U Us(a) > £(a,0) + ¢ | Ta ))d]

t=1acA

Zza [ o (B0 o] Zaz {F}

where inequality (i) uses the bound (I223]) and equality (i7) uses that this is the integral of half
of a normal density. Substituting this bound, as well as the identical one for the terms involving

Li(Ay), into the decomposition (I2:2.2)) yields
/27Tc7

Using that Ty (t) > 1 for each action a, we have Y 4 Er[\/2m02/T,(t)] < 30|A|. Lastly, we use
that

R@n(A,E,TF) S Z]ETF[Ut(At Lt At —|— Z&ZE

t=1 t=1 acA

202 log +
Up(Ay) — Li(Ay) = 24| —22
t(At) — Le(Ar) Ta(t)
Thus we have
1
ZIE [Ui(Ar) — Li(Ay)] _2,/20210g > Ex —
aG.A t: a(t)

Once we see that Z?zl 2 < f(;[ t2dt = 2v/T, we have the upper bound

Reg, (A, 0, 7) < 41/202log = ZE )] + 3ndo|Al.

aEA

As > .c 4 Ta(n) = n, the Cauchy-Scwharz inequality implies ) . 4 /Tu(n) < /|A|n, which gives
the result. O

An immediate Corollary of Theorem [I2.7 is the following result, which applies in the case of
bounded losses Y, as in Examples [[2.5] and [12.6]

Corollary 12.8. Let the losses Y, € [0,1] with E[Y, | 0] = 04, where 6; bk " Beta(1,1) for i =
., K. Then Thompson sampling satisfies

Reg, (A, ¢, m) < 3v/Knlogn + gK
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12.2.2 An information-theoretic analysis

12.2.3 Information and exploration
12.3 Online gradient descent approaches

It is also possible to use online gradient descent approaches to minimize regret in the more standard
multi-armed bandit setting. In this scenario, our goal is to minimize a sequentially (partially)
observed loss, as in the previous section. In this case, as usual we have K arms with non-negative
means (i1, ..., Mg, and we wish to find the arm with lowest mean loss. We build off of the online
convex optimization procedures of Chapter [[1] to achieve good regret guarantees. In particular, at
each step of the bandit procedure, we play a distribution w; € Ax on the arms, and then we select
one arm j at random, each with probability w; ;. The ezpected loss we suffer is then ¢ (w;) = (wy, 1),
though we observe only a random realization of the loss for the arm a that we play.

Because of its natural connections with estimation of probability distributions, we would like
to use the exponentiated gradient algorithm, Example [[1.6, to play this game. We face one main
difficulty: we must estimate the gradient of the losses, V¢ (w¢) = u, even though we only observe a
random variable Y, (t) € R, conditional on selecting action A; = a at time ¢, with the property that
E[Y,(t)] = pa. Happily, we can construct such an estimate without too much additional variance.

Lemma 12.9. Let Y € RX be a random variable with E[Y] = u and w € Ag be a probability
vector. Choose a coordinate a with probability w, and define the random vector

7 Yj/w;j ifj=a
/ 0 otherwise.

Then E[Y | Y] =Y.

Proof The proof is immediate: for each coordinate j of Y, we have IE[Y/J | Y] =w;Y;/w; =Y;. O

Lemma [[2.9] suggests the following procedure, which gives rise to (a variant of) Auer et al.’s
EXP3 (Exponentiated gradient for Exploration and Exploitation) algorithm M] We can prove

Input: stepsize parameter 7, initial vector wy = [% %]T

Repeat: for each iteration ¢, choose random action A; = a with probability w; 4
Receive non-negative loss Y;(t), and define

Yi(t)/w; if A=
Gtj = .
0 otherwise.

Update for each i =1,..., K

Wy 5 eXp<_779t,i)
> W j exp(—ngt;)

Wty15 =

Figure 12.3: Exponentiated gradient for bandit problems.
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the following bound on the expected regret of the EXP3 Algorithm [[2.3] by leveraging our refined
analysis of exponentiated gradients in Proposition [T.13

Proposition 12.10. Assume that for each j, we have IE[Yf] < o2 and the observed loss Y; > 0.
Then Alg. attains expected regret (we are minimizing)

log K

n
R@n = ZE[:“At — lu‘l*] S + gU2KTL.
t=1

In particular, choosing n = +/log K/(Ko?n) gives

n
_ 3
Reg, = Y _Elua, — pir] < Jo/KnlogK.

t=1
Proof With Lemma [[2.9in place, we recall the refined regret bound of Proposition [1.13] We
have that for w* € Ak and any sequence of vectors g1, g2, ... with g, € ]Rf , then exponentiated

gradient descent achieves

n

o 10gK | gng 5
> (gewp —w*) < + 522“%,3'91:,]'-

t=1 N t=1 j=1

To transform this into a useful bound, we take expectations. Indeed, we have
Elge | we] =E[Y] = p

by construction, and we also have
k K K
E[Zwt,jgf,j | wt] =Y wi B /wi; | w] =Y B[] =E[[Y]3].
j=1 j=1 j=1
This careful normalizing, allowed by Proposition [T.13] is essential to our analysis (and fails for
more naive applications of online convex optimization bounds). In particular, we have

_ - . " . log K
Reg,, = D El(u i~ w")] = S El{grw —w)] < 25 4 Tnk(y ).
t=1 t=1

Taking expectations gives the result. OJ

When the random observed losses Y, (t) are bounded in [0, 1], then we have the mean regret
bound % Knlog K, which is as sharp as any of our other bounds.

12.4 Further notes and references

An extraordinarily abbreviated bibliography follows.

The golden oldies: Thompson @], Robbins ﬂﬁ], and Lai and Robbins ﬁ]

More recent work in machine learning (there are far too many references to list): the books
Cesa-Bianchi and Lugosi ﬂa] and Bubeck and Cesa-Bianchi ﬂa] are good references. The papers of
Auer et al. M] and Auer et al. B} introduced UCB and EXP3.

Our approach to Bayesian bandits follows Russo and Van Roy ﬂg, , ] More advanced
techniques allow Thompson sampling to apply even when the prior is unknown (e.g. Agrawal and
Goyal [1]).
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12.A Technical proofs
12.A.1 Proof of Claim (I2.1.1))

We let Y/(7), for 7 = 1,2,..., be independent and identically distributed copies of the random
variables Y;(7), so that Y/(7) is also independent of T;(¢) for all ¢t and 7. We claim that the pairs

(T (0), (1) = (7(6), Ti(t)) (12.A.1)

where [i}(t) = %(t) > ra.—; Y{(7) is the empirical mean of the copies Y(7) for those steps when
arm 17 is selected. To see this, we use the standard fact that the characteristic function of a random
variable completely characterizes the random variable. Let ¢y, (\) = E[e**Y], where ¢ = /—1 is
the imaginary unit, denote the characteristic function of Y;, noting that by construction we have
¢y, = ¢y;. Then writing the joint characteristic function of T;(¢);(t) and T;(t), we obtain

E |exp (1)\1 Z 1{A; =i} Yi(r) + LAQTZ’@))
T=1
Oy [T Elexp (tM1{A- =i} Yi(r) + thol {Ar = i}) | ”HT—ﬂ]
T=1
@ g 11 (1 {A; =i} e R [exp(t\Yi(r)) | Heoa] + 1{A; # “)]
=1
DE ([T (14 =i} eMer () + 1{4, 2 Z})]
. Tt=1
9| ] (1A = i} ™ era) + 1 {4, # z})]
T=1
=E |exp <L)\1 Z 1{A;, =i} Y/(1) + L)\zTi(t)> )
T=1

where equality (i) is the usual tower property of conditional expectations, where H,_;1 denotes the
history to time 7 — 1, equality (ii) because A; € H,_; (that is, it is a function of the history),
equality (iil) follows because Y;(7) is independent of H,_1, and equality (iv) follows because Y; and
Y; have identical distributions. The final step is simply reversing the steps.

With the distributional equality (I2.A.1)) in place, we see that for any 0 € [0, 1], we have

o2log L o2log + o2log L
P () > i S| =P | mit) > p SN =P | Ait) > i 0
t 2 1
N o*log 5
:E P\ m(t) > pi + Té‘Ti(t):S P(T5(t) = s)
s=1

t
< ST OR(T() = ) =4
s=1
The proof for the lower tail is similar.
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Chapter 13

Minimax lower bounds: the Fano and
Le Cam methods

Understanding the fundamental limits of estimation and optimization procedures is important for
a multitude of reasons. Indeed, developing bounds on the performance of procedures can give
complementary insights. By exhibiting fundamental limits of performance (perhaps over restricted
classes of estimators), it is possible to guarantee that an algorithm we have developed is optimal, so
that searching for estimators with better statistical performance will have limited returns, though
searching for estimators with better performance in other metrics may be interesting. Moreover,
exhibiting refined lower bounds on the performance of estimators can also suggest avenues for de-
veloping alternative, new optimal estimators; lower bounds need not be a fully pessimistic exercise.

In this set of notes, we define and then discuss techniques for lower-bounding the minimax risk,
giving three standard techniques for deriving minimax lower bounds that have proven fruitful in
a variety of estimation problems ﬂﬂ] In addition to reviewing these standard techniques—the Le
Cam, Fano, and Assouad methods—we present a few simplifications and extensions that may make
them more “user friendly.”

13.1 Basic framework and minimax risk

Our first step here is to establish the minimax framework we use. When we study classical es-
timation problems, we use a standard version of minimax risk; we will also show how minimax
bounds can be used to study optimization problems, in which case we use a specialization of the
general minimax risk that we call minimax ezcess risk (while minimax risk handles this case, it is
important enough that we define additional notation).

Let us begin by defining the standard minimax risk, deferring temporarily our discussion of
minimax excess risk. Throughout, we let P denote a class of distributions on a sample space X,
and let 6 : P — O denote a function defined on P, that is, a mapping P — 6(P). The goal is
to estimate the parameter 0(P) based on observations X; drawn from the (unknown) distribution
P. In certain cases, the parameter 6(P) uniquely determines the underlying distribution; for
example, if we attempt to estimate a normal mean 6 from the family P = {N(#, 0?) : § € R} with
known variance o2, then §(P) = Ep[X] uniquely determines distributions in 7. In other scenarios,
however, 6 does not uniquely determine the distribution: for instance, we may be given a class of
densities P on the unit interval [0, 1], and we wish to estimate 0(P) = fol (p'(t))%dt, where p is the
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density of PE' In this case, # does not parameterize P, so we take a slightly broader viewpoint of
estimating functions of distributions in these notes.

The space O in which the parameter 6(P) takes values depends on the underlying statistical
problem; as an example, if the goal is to estimate the univariate mean 0(P) = Ep[X], we have
© C R. To evaluate the quality of an estimator 6, we let p : © x © — Ry denote a (semi)metric
on the space ©, which we use to measure the error of an estimator for the parameter ¢, and let
® : R, — R, be a non-decreasing function with ®(0) = 0 (for example, ®(t) = t2).

For a distribution P € P, we assume we receive i.i.d. observations X; drawn according to some
P, and based on these {X;}, the goal is to estimate the unknown parameter §(P) € ©. For a
given estimator §—a measurable function 6 : X" — ©-—we assess the quality of the estimate
0(X1,...,X,) in terms of the risk

~

Ep [CI)(p( (X1... ,Xn),H(P)))] .

For instance, for a univariate mean problem with p(6,6') = |0 — ¢'| and ®(t) = t2, this risk is the
mean-squared error. As the distribution P is varied, we obtain the risk functional for the problem,
which gives the risk of any estimator 6 for the family P.

For any fixed distribution P, there is always a trivial estimator of #(P): simply return 6(P),
which will have minimal risk. Of course, this “estimator” is unlikely to be good in any real sense,
and it is thus important to consider the risk functional not in a pointwise sense (as a function of
individual P) but to take a more global view. One approach to this is Bayesian: we place a prior
7 on the set of possible distributions P, viewing 6(P) as a random variable, and evaluate the risk
of an estimator § taken in expectation with respect to this prior on P. Another approach, first
suggested by Wald ﬂﬂ which is to choose the estimator 0 minimizing the maximum risk

~

sup Ep [cb(p( (X;.. .,Xn),G(P)))] .
PeP

An optimal estimator for this metric then gives the minimaz risk, which is defined as

M, (6(P), @ 0 p) = inf sup Bp [cp (p(B(X1, ..., Xn), e(P)))] , (13.1.1)

where we take the supremum (worst-case) over distributions P € P, and the infimum is taken over
all estimators 6. Here the notation 0(P) indicates that we consider parameters 0(P) for P € P and
distributions in P.

In some scenarios, we study a specialized notion of risk appropriate for optimization problems
(and statistical problems in which all we care about is prediction). In these settings, we assume
there exists some loss function ¢ : © x X — R, where for an observation = € X, the value ¢(0;x)
measures the instantaneous loss associated with using 6 as a predictor. In this case, we define the
risk

Rp(0) :=Ep[£(0; X)] :/ 0(0; x)dP(x) (13.1.2)
x

as the expected loss of the vector . (See, e.g., Chapter 5 of the lectures by Shapiro, Dentcheva,
and Ruszczynski ﬂﬁ], or work on stochastic approximation by Nemirovski et al. [15].)

!Such problems arise, for example, in estimating the uniformity of the distribution of a species over an area (large
0(P) indicates an irregular distribution).
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Example 13.1 (Support vector machines): In linear classification problems, we observe
pairs z = (x,%), where y € {—1,1} and = € R?, and the goal is to find a parameter § € R?
so that sign((d,z)) = y. A convex loss surrogate for this problem is the hinge loss ¢(0;z) =
[1 =y (f,x)],; minimizing the associated risk functional ([3LZ) over a set © = {§ € R :
16|, < r} gives the support vector machine ﬂﬂ] )

Example 13.2 (Two-stage stochastic programming): In operations research, one often wishes
to allocate resources to a set of locations {1,...,m} before seeing demand for the resources.
Suppose that the (unobserved) sample = consists of the pair x = (C,v), where C' € R"™*™
corresponds to the prices of shipping a unit of material, so ¢;; > 0 gives the cost of shipping
from location i to j, and v € R™ denotes the value (price paid for the good) at each location.
Letting 0 € R’ denote the amount of resources allocated to each location, we formulate the
loss as

m m m m
0(0;z) = " ij{lefR {ZCUTij—ZUm |ri =0+ Tiu—Y Ty, Ty 20, Y Ty < 91}-
r m mXxXm
’ ij i=1 j=1 j=1 j=1

Here the variables T' correspond to the goods transported to and from each location (so Tj; is
goods shipped from i to j), and we wish to minimize the cost of our shipping and maximize
the profit. By minimizing the risk (I3.1.2) over a set © = {# € R : >~ §; < b}, we maximize
our expected reward given a budget constraint b on the amount of allocated resources. &

For a (potentially random) estimator h:x" =0 given access to a sample Xq,..., X,, we may
define the associated maximum ezcess risk for the family P by

~

sup {2 [R@C81. ... X)) - jut 7O

where the expectation is taken over X; and any randomness in the procedure 9. This expression
captures the difference between the (expected) risk performance of the procedure 9 and the best
possible risk, available if the distribution P were known ahead of time. The minimaz excess risk,
defined with respect to the loss ¢, domain O, and family P of distributions, is then defined by the
best possible maximum excess risk,

~

gﬁn(@,']),g) = i%f ]S:}é%)) {Ep |:Rp( (Xl, e ,Xn))] - euel(f;) RP(@)} y (13.1.3)

where the infimum is taken over all estimators 8 : X™ — © and the risk Rp is implicitly defined in
terms of the loss ¢. The techniques for providing lower bounds for the minimax risk (I3:1.1]) or the
excess risk (I3.1.3]) are essentially identical; we focus for the remainder of this section on techniques
for providing lower bounds on the minimax risk.

13.2 Preliminaries on methods for lower bounds

There are a variety of techniques for providing lower bounds on the minimax risk (I3.1.1]). Each of
them transforms the maximum risk by lower bounding it via a Bayesian problem (e.g. 11, , ]),
then proving a lower bound on the performance of all possible estimators for the Bayesian problem
(it is often the case that the worst case Bayesian problem is equivalent to the original minimax
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problem ]) In particular, let {P,} C P be a collection of distributions in P indexed by v and
7w be any probability mass function over v. Then for any estimator ¢, the maximum risk has lower
bound

~ ~

sup Ep [ 2(p(B(X]),0(P)] = 3 w(0)Er, [2(:B(X]),0(R.)))]
€ v

While trivial, this lower bound serves as the departure point for each of the subsequent techniques
for lower bounding the minimax risk.

13.2.1 From estimation to testing

A standard first step in proving minimax bounds is to “reduce” the estimation problem to a
testing problem ,p2m, @] The idea is to show that estimation risk can be lower bounded by
the probability of error in testing problems, which we can develop tools for. We use two types of
testing problems: one a multiple hypothesis test, the second based on multiple binary hypothesis
tests, though we defer discussion of the second.

Given an index set V of finite cardinality, consider a family of distributions {P, },ey contained
within P. This family induces a collection of parameters {0(P,)},cy; we call the family a 20-packing
in the p-semimetric if

p(0(Py),0(Py)) > 25 forall v#£1.
We use this family to define the canonical hypothesis testing problem:

e first, nature chooses V according to the uniform distribution over V;

e second, conditioned on the choice V' = v, the random sample X = X' = (X1,...,X,) is
drawn from the n-fold product distribution P}

Given the observed sample X, the goal is to determine the value of the underlying index v. We
refer to any measurable mapping ¥ : X" — V as a test function. Its associated error probability
is P(U(X]) # V), where P denotes the joint distribution over the random index V and X. In
particular, if we set P = ‘—)14 > vep Po to be the mixture distribution, then the sample X is drawn

(marginally) from P, and our hypothesis testing problem is to determine the randomly chosen index
V given a sample from this mixture P.
With this setup, we obtain the classical reduction from estimation to testing.

Proposition 13.3. The minimaz error (I3 has lower bound

M, (6(P), @ o p) = B(0) inf P(V(X1,..., Xp) # V), (13.2.1)

where the infimum ranges over all testing functions.

Proof To see this result, fix an arbitrary estimator 0. Suppressing dependence on X throughout
the derivation, first note that it is clear that for any fixed 6, we have

E[®(p(8,0))] = E |0()1{p(6,0) = 3 }] = B(6)P(p(D,0) = 0),

where the final inequality follows because ® is non-decreasing. Now, let us define 6, = 0(FP,), so
that p(6,,0,) > 20 for v # v'. By defining the testing function

U(6) := argmin{p(0, 6,)},
veVY
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Figure 13.1. Example of a 2§-packing of a set. The estimate 0 is contained in at most one of the
d-balls around the points 6,,.

breaking ties arbitrarily, we have that p(@, 0,) < ¢ implies that \If(é\) = v_because of the triangle
inequality and 2d-separation of the set {0,},cp. Indeed, assume that p(6,6,) < §; then for any
v’ # v, we have R R

p(0,0,) = p(0,0,) — p(0,0,) > 26 — 6 =0.

~

The test must thus return v as claimed. Equivalently, for v € V, the inequality U (6) # v implies
p(0,60,) > 6. (See Figure [[31]) By averaging over V, we find that

~ 1 ~ 1 ~
sup P(p(0,0(P)) > 8) > = > P(p(0,0(P) 20 |V =v) > = > P(¥(0) #v |V =v).
P VIS VI
Taking an infimum over all tests ¥ : X" — V gives inequality (I3:2.]). OJ

The remaining challenge is to lower bound the probability of error in the underlying multi-way
hypothesis testing problem, which we do by choosing the separation § to trade off between the loss
®(0) (large ¢ increases the loss) and the probability of error (small §, and hence separation, makes
the hypothesis test harder). Usually, one attempts to choose the largest separation ¢ that guarantees
a constant probability of error. There are a variety of techniques for this, and we present three:
Le Cam’s method, Fano’s method, and Assouad’s method, including extensions of the latter two
to enhance their applicability. Before continuing, however, we review some inequalities between
divergence measures defined on probabilities, which will be essential for our development, and
concepts related to packing sets (metric entropy, covering numbers, and packing).

13.2.2 Inequalities between divergences and product distributions

We now present a few inequalities, and their consequences when applied to product distributions,
that will be quite useful for proving our lower bounds. The three divergences we relate are the total
variation distance, Kullback-Leibler divergence, and Hellinger distance, all of which are instances
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of f-divergences (recall Section 2:2.3)). We first recall the definitions of the three when applied to
distributions P, @ on a set X, which we assume have densities p, ¢ with respect to a base measure
. Then we recall the total variation distance (Z2.4) is

1
1P = Qllpy = sup [P(A) — Q(A)| = 2/Ip(if) — q(z)[dp(z),
ACX
which is the f-divergence Dy (P|Q) generated by f(t) = |t — 1|. The Hellinger distance (22 is

dhat(P, Q)? / V(@) — V(@) dp(a

which is the f-divergence Dy (P|Q) generated by f(t) = (vt — 1)?. We also recall the Kullback-
Leibler (KL) divergence
p(z)

D (PQ) := / (@)log 21

which is the f-divergence Dy (P|Q) generated by f(t) = tlogt. As noted in Section 2.2.3] Propo-
sition .10, these divergences have the following relationships.

du(z), (13.2.2)

Proposition (Proposition 210, restated). The total variation distance satisfies the following rela-
tionships:

(a) For the Hellinger distance,

1
5 (P.Q)* < |P = Qllry < dna(P.Q)V1 — dna(P,Q)?/4.
(b) Pinsker’s inequality: for any distributions P, Q,
1
1P~ Qli3y < 5D (PIQ).

We now show how Proposition is useful, because KL-divergence and Hellinger distance
both are easier to manipulate on product distributions than is total variation. Specifically, consider
the product distributions P = P} X -+ X P, and Q = @1 X -+ X Q. Then the KL-divergence
satisfies the decoupling equality

Dy (P|Q) = ZDkl (P]Qi), (13.2.3)

while the Hellinger distance satisfies

ha(P.Q = [ (VorGanplen) - Jm(m)---qn(xn))Qdu(x?)

-/ (sz 2 +qu R e T e e ) LA

n n

P 21‘[1/ Vo@a@du(z) =2 2] <1 _ %dhel(a, Qi)2> . (13.2.4)

=1
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In particular, we see that for product distributions P"™ and ", Proposition 2.10] implies that

IP" = Q" < 5D (PMIQ") = 5 Du (PIQ)

and

IP" = Q"|lpy < dna(P", Q") < /2 = 2(1 — dyaa(P, Q)?)".
As a consequence, if we can guarantee that Dy (P|Q) < 1/n or dpe(P,Q) < 1/y/n, then we
guarantee the strict inequality ||P" — Q™| v < 1 — ¢ for a fixed constant ¢ > 0, for any n. We
will see how this type of guarantee can be used to prove minimax lower bounds in the following
sections.

13.2.3 Metric entropy and packing numbers

The second part of proving our lower bounds involves the construction of the packing set in Sec-
tion 3201 The size of the space © of parameters associated with our estimation problem—and
consequently, how many parameters we can pack into it—is strongly coupled with the difficulty of
estimation. Given a non-empty set © with associated (semi)metric p, a natural way to measure
the size of the set is via the number of balls of a fixed radius § > 0 required to cover it.

Definition 13.1 (Covering number). Let © be a set with (semi)metric p. A d-cover of the set ©
with respect to p is a set {01, ...,0N} such that for any point 6 € ©, there exists somev € {1,..., N}
such that p(0,0,) < 6. The d-covering number of © is

N(0,0,p) :==1inf{N € N : there exists a §-cover 61,...,0n of O}.

The metric entropy ﬂﬂ] of the set © is simply the logarithm of its covering number log N (4, O, p).
We can define a related measure—more useful for constructing our lower bounds—of size that relates
to the number of disjoint balls of radius ¢ > 0 that can be placed into the set ©.

Definition 13.2 (Packing number). A d-packing of the set © with respect to p is a set {01, ...,05}
such that for all distinct v,v" € {1,..., M}, we have p(6y,0,) > 6. The é-packing number of © is

M(0,0,p) :=sup{M € N : there exists a §-packing 01,...,0r of O}.

An exercise in proof by contradiction shows that the packing and covering numbers of a set are
in fact closely related:

Lemma 13.4. The packing and covering numbers satisfy the following inequalities:
M(26,0,p) < N(6,0,p) < M(6,0,p).

We leave derivation of this lemma to the reader, noting that it shows that (up to constant factors)
packing and covering numbers have the same scaling in the radius §. As a simple example, we see
for any interval [a, b] on the real line that in the usual absolute distance metric, N (4, [a,b],]|-|) <
(b—a)/s.

We can now provide a few more complex examples of packing and covering numbers, presenting
two standard results that will be useful for constructing the packing sets used in our lower bounds
to come. We remark in passing that these constructions are essentially identical to those used
to construct well-separated code-books in communication; in showing our lower bounds, we show
that even if a code-book is well-separated, it may still be hard to estimate. Our first bound shows
that there are (exponentially) large packings of the d-dimensional hypercube of points that are
O(d)-separated in the Hamming metric.
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Lemma 13.5 (Gilbert-Varshamov bound). Let d > 1. There is a subset V of the d-dimensional
hypercube Hq = {—1,1}? of size |V| > exp(d/8) such that the {-distance

d
d
lo=v'll, =2) 1 {v; #v'5} > 3
Jj=1

for all v # v" with v,v" € V.

Proof We use the proof of Guntuboyina ﬂQ] Consider a maximal subset V of Hy = {—1,1}¢
satisfying
v — U,HI > d/2 for all distinct v,v" € V. (13.2.5)

That is, the addition of any vector w € Hq,w ¢ V to V will break the constraint (I3.2.5). This

means that if we construct the closed balls B(v,d/2) :={w € Hq: ||[v — wl||; < d/2}, we must have
U Bw,d/2) =Hq so [VI[B(0,d/2)] = |B(v,d/2)| > 2. (13.2.6)
veV veY

We now upper bound the cardinality of B(v,d/2) using the probabilistic method, which will imply
the desired result. Let S;, i = 1,...,d, be i.i.d. Bernoulli {0, 1}-valued random variables. Then by
their uniformity, for any v € Hg,

27 B(v,d/2)| =P(Sy + So + ...+ Sg < d/4) =P(S; + Sy + ...+ Sq > 3d/4)
< E[exp(AS1 + ... + ASy)] exp(—3Ad/4)

for any A > 0, by Markov’s inequality (or the Chernoff bound). Since E[exp(AS1)] = 5(1 +¢€*), we
obtain
—d < —d d _
27 B(v.d/2)| < inf {2 (1+ €)% exp( 3>\d/4)}

Choosing A = log 3, we have
|B(v,d/2)| < 4% exp(—(3/4)dlog 3) = 3734147,

Recalling inequality (I3.2.0]), we have

V3734444 > |V||B(v,d/2)| > 2%, or |V]|> 5d~ = eXP (d [Z log3 — log2}> > exp(d/8),

as claimed. O

Given the relationships between packing, covering, and size of sets O, we would expect there
to be relationships between volume, packing, and covering numbers. This is indeed the case, as we
now demonstrate for arbitrary norm balls in finite dimensions.

Lemma 13.6. Let B denote the unit ||-||-ball in R%. Then

(5 <vomins(1+2)"
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As a consequence of Lemma [I3.6] we see that for any § < 1, there is a packing V of B such that
|v —v'|| > § for all distinct v,v" € V and |V| > (1/6)%, because we know M (6, B, [-]|) > N(5,B, -]
as in Lemma [[3.4]l In particular, the lemma shows that any norm ball has a %—packing in its own
norm with cardinality at least 2¢. We can also construct exponentially large packings of arbitrary
norm-balls (in finite dimensions) where points are of constant distance apart.

Proof We prove the lemma via a volumetric argument. For the lower bound, note that if the
points vy, ..., vy are a d-cover of B, then

N
Vol(B) < Vol(dB + v;) = N Vol(6B) = N Vol(B)s".
i=1

In particular, N > §~¢ For the upper bound on N(6,B,|-|), let V be a d-packing of B with
maximal cardinality, so that |V| = M(4,B, ||-||) > N(0,B,|-]|) (recall Lemma [I3.4]). Notably, the
collection of §-balls {§B +v; }£, cover the ball B (as otherwise, we could put an additional element
in the packing V), and moreover, the balls {g]B% + v;} are all disjoint by definition of a packing.
Consequently, we find that

M <g>dVol(IB%) = M Vol <2153> < Vol (153 + gIB%> = (1 + g)dVol(]B%).

Rewriting, we obtain
2\ ¢ 5\ * Vol(B) 2\ ¢
M(@OO,B ) < | = 14+ = =(14+ =

completing the proof. O

13.3 Le Cam’s method

Le Cam’s method, in its simplest form, provides lower bounds on the error in simple binary hypoth-
esis testing testing problems. In this section, we explore this connection, showing the connection
between hypothesis testing and total variation distance, and we then show how this can yield
lower bounds on minimax error (or the optimal Bayes’ risk) for simple—often one-dimensional—
estimation problems.

In the first homework, we considered several representations of the total variation distance,
including a question showing its relation to optimal testing. We begin again with this strand of
thought, recalling the general testing problem discussed in Section [3.2.1] Suppose that we have
a Bayesian hypothesis testing problem where V' is chosen with equal probability to be 1 or 2, and
given V = v, the sample X is drawn from the distribution P,. Denoting by P the joint distribution
of V and X, we have for any test ¥ : X — {1,2} that the probability of error is

P(U(X) # V) = L P(U(X) £ 1) + 3 Po(E(X) #2)

Recalling Section [[3.2.], we note that Proposition 2.11] gives an exact representation of the testing
error using total variation distance. In particular, we have
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Proposition (Proposition 2.I1] restated). For any distributions P; and Py on X, we have
inf (PL(F(X) £ 1)+ P(¥(X) £ 2)} =1~ A~ Py . (13.3.1)

where the infimum is taken over all tests ¥ : X — {1,2}.

Returning to the setting in which we receive n i.i.d. observations X; ~ P, when V = 1 with
probability % and 2 with probability %, we have

. 1 1 n n
f P (U(Xy,..., Xn) #V) =5 = S [P = Pyllpy - (13.3.2)

The representations (I3.3.0]) and (I3:3:2]), in conjunction with our reduction of estimation to testing
in Proposition [[3:3] imply the following lower bound on minimax risk. For any family P of distri-
butions for which there exists a pair Py, P» € P satistying p(0(F1),8(FP2)) > 26, then the minimax
risk after n observations has lower bound

1 1
M O(P) Do p) 2 0(6) |5~ 5 177~ Py (13.33)
The lower bound (I333]) suggests the following strategy: we find distributions P, and P;,
which we choose as a function of §, that guarantee ||P* — P3[4y < In this case, so long as

p(0(P1),0(P2)) > 26, we have the lower bound

1
3

We now give an example illustrating this idea.

Example 13.7 (Bernoulli mean estimation): ~Consider the problem of estimating the mean
6 € [~1,1] of a {£1}-valued Bernoulli distribution under the squared error loss (6 — )2, where
X, € {—1,1}. In this case, by fixing some 6 > 0, we set V = {—1, 1}, and we define P, so that

1 1-—
= —;vé and P,(X =-1)= 2U5,

whence we see that the mean 6(P,) = §v. Using the metric p(6,0') = |0 —6'| and loss ®(§) = 62,
we have separation 26 of §(P_1) and 6(P;). Thus, via Le Cam’s method (I3.3.3)), we have that

M, (Bernoulli([—1,1]), (-)?) > %52 (1 - prl - PInHTV) :

We would thus like to upper bound |[P"; — Pj*||rv as a function of the separation ¢ and
sample size n; here we use Pinsker’s inequality (Proposition 2I0(D])) and the tensorization
identity (I3.2.3]) that makes KL-divergence so useful. Indeed, we have

1—1—(5
-0

Noting that §log %J“g < 36% for § € [0,1/2], we obtain that |[P" — Pl*|lry < §4/3n/2 for
0 < 1/2. In particular, we can guarantee a high probability of error in the associated hy-
pothesis testing problem (recall inequality (I3.3.2))) by taking 6 = 1/v/6n; this guarantees
| Py — PPty < 3. We thus have the minimax lower bound

HPE1 < Dkl(P”IHPl) kal( P |P) = —510

PYlry

1 1

. 1
M, (Bernoulli([—1,1]), (-)%) > 562 (1 — 2> = o
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While the factor 1/24 is smaller than necessary, this bound is optimal to within constant
factors; the sample mean (1/n) Y"1 | X; achieves mean-squared error (1 — 62)/n.

As an alternative proof, we may use the Hellinger distance and its associated decoupling
identity (I3:24). We sketch the idea, ignoring lower order terms when convenient. In this
case, Proposition [ZI0(@) implies

1P! = Pyllpy < diel (P, P5) = /2 = 2(1 — dper(Pr, P2)?)"

Noting that

2
_ — 52
dhel(P1,P2)2=< M—\/lé> =1-2 L=0 :1—\/1—52%%52,

2

and noting that (1 — 62) ~ ¢~%°, we have (up to lower order terms in ) that | P — P3|y <
\/2 — 2exp(—d2n/2). Choosing §2 = 1/(4n), we have /2 — 2 exp(—&2n/2) < 1/2, thus giving
the lower bound

R 2\ W~ 1 2 1 1
— . >7 —_ | = —
M, (Bernoulli([—1,1]), (-)*) 2(5 1 5 o

where the quotations indicate we have been fast and loose in the derivation. &

This example shows the “usual” rate of convergence in parametric estimation problems, that is,
that we can estimate a parameter 6 at a rate (in squared error) scaling as 1/n. The mean estimator
above is, in some sense, the prototypical example of such regular problems. In some “irregular”
scenarios—including estimating the support of a uniform random variable, which we study in the
homework—faster rates are possible.

We also note in passing that their are substantially more complex versions of Le Cam’s method
that can yield sharp results for a wider variety of problems, including some in nonparametric
estimation HE, |2_l|] For our purposes, the simpler two-point perspective provided in this section
will be sufficient.

13.4 Fano’s method

Fano’s method, originally proposed by Has’minskii m] for providing lower bounds in nonparametric
estimation problems, gives a somewhat more general technique than Le Cam’s method, and it
applies when the packing set V has cardinality larger than two. The method has played a central
role in minimax theory, beginning with the pioneering work of Has’'minskii and Ibra imoTﬁ!ﬁ ]
More recent work following this initial push continues to the present day (e.g. H, ﬂ, ,E, ,@, @])

13.4.1 The classical (local) Fano method

We begin by stating Fano’s inequality, which provides a lower bound on the error in a multi-
way hypothesis testing problem. Let V be a random variable taking values in a finite set V
with cardinality |V| > 2. If we let the function ha(p) = —plogp — (1 — p)log(l — p) denote the
entropy of the Bernoulli random variable with parameter p, Fano’s inequality (Proposition
from Chapter 2]) takes the following form [e.g. , Chapter 2|:
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Proposition 13.8 (Fano inequality). For any Markov chain V-— X — \7, we have
ho(P(V £ V) +P(V £ V)log(|V| —1) > HV | V). (13.4.1)

Restating the results in Chapter 2, we also have the following convenient rewriting of Fano’s
inequality when V' is uniform in V (recall Corollary 2T4]).

Corollary 13.9. Assume that V' is uniform on V. For any Markov chain V — X — 17,

I(V; X) + log2
log(|VI)

P(V£V)>1- (13.4.2)

In particular, Corollary [[3.9] shows that we have

~I(V;X) +log2
log |V| '

inf P(U(X) £ V) > 1

where the infimum is taken over all testing procedures V. By combining Corollary [[3.9] with the
reduction from estimation to testing in Proposition [3.3] we obtain the following result.

Proposition 13.10. Let {0(P,)}vey be a 20-packing in the p-semimetric. Assume that V is uni-
form on the set V, and conditional on V = v, we draw a sample X ~ P,. Then the minimaz risk
has lower bound

M(O(P); ® o p) > (J) <1 IV X) +10g2)

log |V|

To gain some intuition for Proposition [3.10, we think of the lower bound as a function of
the separation § > 0. Roughly, as ¢ | 0, the separation condition between the distributions P, is
relaxed and we expect the distributions P, to be closer to one another. In this case—as will be
made more explicity presently—the hypothesis testing problem of distinguishing the P, becomes
more challenging, and the information I(V;X) shrinks. Thus, what we roughly attempt to do
is to choose our packing 6(P,) as a function of §, and find the largest § > 0 making the mutual
information small enough that

I(V;X) +log2
log |V|

In this case, the minimax lower bound is at least ®(¢)/2. We now explore techniques for achieving
such results.

< (13.4.3)

L
>

Mutual information and KL-divergence

Many techniques for upper bounding mutual information rely on its representation as the KL-
divergence between multiple distributions. Indeed, given random variables V and X as in the
preceding sections, if we let Py x denote their joint distribution and Py and Px their marginals,
then

I(V; X) = Dy (Px,v|PxPy),

where PxPy denotes the distribution of (X, V') when the random variables are independent. By
manipulating this definition, we can rewrite it in a way that is a bit more convenient for our
purposes.

Indeed, focusing on our setting of testing, let us assume that V' is drawn from a prior distribution
7 (this may be a discrete or arbitrary distribution, though for simplicity we focus on the case when
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7 is discrete). Let P, denote the distribution of X conditional on V' = v, as in Proposition [[3.10]
Then marginally, we know that X is drawn from the mixture distribution

With this definition of the mixture distribution, via algebraic manipulations, we have

I(V;X) =) 7(v)Dy (Ps|P), (13.4.4)

v

a representation that plays an important role in our subsequent derivations. To see equality ([3.4.4]),
let u be a base measure over X' (assume w.l.o.g. that X has density p(- | v) = p,(-) conditional on
V = v), and note that

p(|v) = (v xvop(xw) x
I(V; X) Z/ (z | v)m logzy,p(x‘U,)Tr(v,)du(w)—z ()/Xp( | ) log =7 = du(a).

v

Representation (I3.44]) makes it clear that if the distributions of the sample X conditional
on V are all similar, then there is little information content. Returning to the discussion after
Proposition [3.10, we have in this uniform setting that

P=— ZP and I(V;X)= ZDH (P,|P).
‘V‘ vey ’V| veY

The mutual information is small if the typical conditional distribution P, is difficult to distinguish—
has small KL-divergence—from P.

The local Fano method

The local Fano method is based on a weakening of the mixture representation of mutual informa-
tion (I3.4.4)), then giving a uniform upper bound on divergences between all pairs of the conditional
distributions P, and P,s. (This method is known in the statistics literature as the “generalied Fano
method,” a poor name, as it is based on a weak upper bound on mutual information.) In particular
(focusing on the case when V' is uniform), the convexity of — log implies that

I(V; X) =l ZDH (P,|P) < MzZDkl (Py|Py) . (13.4.5)
veY

(In fact, the KL-divergence is jointly convex in its arguments; see Appendix [[3.7] for a proof of this
fact generalized to all f-divergences.)

In the local Fano method approach, we construct a local packing. This local packing approach
is based on constructing a family of distributions P, for v € V defining a 2d-packing (recall Sec-
tion [[3:270]), meaning that p(0(P,),8(P,)) > 2§ for all v # v/, but which additionally satisfy the
uniform upper bound

Dy (P,|Py) < k%6% for all v,v' €V, (13.4.6)

where k > 0 is a fixed problem-dependent constant. If we have the inequality (I3.4.6]), then so long
as we can find a local packing V such that

log |V| > 2(k%6% + log 2),
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we are guaranteed the testing error condition (I3:43), and hence the minimax lower bound
1
MO(P), @ 0 p) > J8(5).

The difficulty in this approach is constructing the packing set )V that allows ¢ to be chosen to obtain
sharp lower bounds, and we often require careful choices of the packing sets V. (We will see how
to reduce such difficulties in subsequent sections.)

Constructing local packings As mentioned above, the main difficulty in using Fano’s method
is in the construction of so-called “local” packings. In these problems, the idea is to construct a
packing V of a fixed set (in a vector space, say R?) with constant radius and constant distance.
Then we scale elements of the packing by § > 0, which leaves the cardinality || identical, but
allows us to scale ¢ in the separation in the packing and the uniform divergence bound ([3:4.6]).
In particular, Lemmas and show that we can construct exponentially large packings of
certain sets with balls of a fixed radius.
We now illustrate these techniques via two examples.

Example 13.11 (Normal mean estimation):  Consider the d-dimensional normal location
family Ny = {N(0,0%I3xq) | 0 € R?}; we wish to estimate the mean 6 = 6(P) of a given
distribution P € Ny in mean-squared error, that is, with loss || — 6]|3. Let V be a 1/2-packing
of the unit f5-ball with cardinality at least 2¢, as guaranteed by Lemma [[3.6. (We assume for
simplicity that d > 2.)

Now we construct our local packing. Fix § > 0, and for each v € V, set 6, = dv € R%. Then
we have

0
100 — Ol =6 Hv - UIHQ > B

for each distinct pair v,v" € V, and moreover, we note that |6, — 6,/||, < ¢ for such pairs as
well. By applying the Fano minimax bound of Proposition [[3.10, we see that (given n normal

: iid.
observations X; "X P)

1 5)2< - I(V;Xf)+log2> 2 (1_ I(V;X{L)—HogQ)'

3y > (2.2 -
M, (O(Na), [-1I5) > <2 2 log | V| 16 dlog 2

Now note that for any pair v,v’, if P, is the normal distribution N(6,,,0%I;x4) we have

52

Dy (P P3) =n - D (N(6v, 0213 0) [N(0V', 0% I4xcq)) =m0 - 257 v — 1}/H2

as the KL-divergence between two normal distributions with identical covariance is
1
Dig (N(61, Z)[N(02, 2)) = 5 (61 — 02) TS (01 — 02)

as in Example 2771 As |[v — /||, < 1, we have the KL-divergence bound (I3.48]) with x? =
n/202.
Combining our derivations, we have the minimax lower bound

52 (1 B né? /20 +log2>

M (O, [12) > 16 dlog2

(13.4.7)
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Then by taking 62 = do?log2/(2n), we see that
 nd*/20” +log?2 L1t

1 -
dlog?2 d 44

by assumption that d > 2, and inequality (I3.4.7)) implies the minimax lower bound
do?log2 1 1 do?
M (ONG), |2 > ——= = > — . —.
WO G 2 B L
While the constant 1/185 is not sharp, we do obtain the right scaling in d, n, and the variance
o?: the sample mean attains the same risk. &

Example 13.12 (Linear regression): In this example, we show how local packings can give
(up to some constant factors) sharp minimax rates for standard linear regression problems. In
particular, for fixed matrix X € R™*? we observe

Y =X0+e¢,

where ¢ € R™ consists of independent random variables ¢; with variance bounded by Var(g;) <
o2, and # € R? is allowed to vary over R?. For the purposes of our lower bound, we may
assume that ¢ ~ N(0,0%1,,x,). Let P denote the family of such normally distributed linear
regression problems, and assume for simplicity that d > 32.

In this case, we use the Gilbert-Varshamov bound (Lemma [[3.5]) to construct a local packing
and attain minimax rates. Indeed, let V be a packing of {—1,1}% such that ||v — v'||; > d/2 for
distinct elements of V, and let |V| > exp(d/8) as guaranteed by the Gilbert-Varshamov bound.
For fixed 6 > 0, if we set 6, = dv, then we have the packing guarantee for distinct elements
v, v’ that

U

116, — 91,/||§ =42 Z(vj — ;)% =447 HU - UlHl > 2d5°.
j=1

Moreover, we have the upper bound

1
Dia (N(X 80,0 L) IN(Xbr, 0 L)) = 5 [1X (8 = 6011
52

2d
S ﬁ%?nax :

2
(X) H'U - U/H2 S §7maX(X)527
where Ymax(X) denotes the maximum singular value of X. Consequently, the bound (I3.4.8])

holds with x? < 2dy2,.(X)/0?, and we have the minimax lower bound

2

462 I(V:Y) +1log2\ _ d6? 2d1505(X) 52 4 1692
MO(P), ||]|2) > <_(V’)+Og>2 (1_ g2

o2
2 log |V d/8

Now, if we choose

2 log2  16dy2,.(X)d6> 1 1 1
2= T hen 1 5182 16dum(X)0T 1 11
6472 . (X) d d 4 4 2
by assumption that d > 32. In particular, we obtain the lower bound
1 o?d 1 o2%d 1
MOP), |13) > 5= 57 = 555 — 5T
2T 25695 (X) 256 n 42 (5 X)
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for a convergence rate (roughly) of o?d/n after rescaling the singular values of X by 1/y/n.
This bound is sharp in terms of the dimension, dependence on n, and the variance 2, but
it does not fully capture the dependence on X, as it depends only on the maximum singular
value. Indeed, in this case, an exact calculation (cf. @]) shows that the minimax value of the
problem is exactly o2 tr((X " X)™!). Letting \;j(A) be the jth eigenvalue of a matrix A, we
have

2 T 1 o 1y T 1 o < 1
tr(X X)) = —tr((n” X X)) = — —
A0 = Sl X0 =T3S e
>02d ) 1 od 1
— M — = = = 5 1 .-
T INGXTX) T 0 e X)

Thus, the local Fano method captures most—but not all-—of the difficulty of the problem. &

13.4.2 A distance-based Fano method

While the testing lower bound (I3.4.2)) is sufficient for proving lower bounds for many estimation
problems, for the sharpest results it sometimes requires a somewhat delicate construction of a
well-separated packing (e.g. M, ]) To that end, we also provide extensions of inequalities ([3.4.1])
and (I34.2) that more directly yield bounds on estimation error, allowing more direct and simpler
proofs of a variety of minimax lower bounds (see also reference E])

More specifically, suppose that the distance function py is defined on V, and we are inter-
ested in bounding the estimation error pv(‘/}, V). We begin by providing analogues of the lower
bounds ([3ZT) and ([[3AZ) that replace the testing error with the tail probability P(py(V, V) > t).
By Markov’s inequality, such control directly yields bounds on the expectation E[py(‘/}, V). As
we show in the sequel and in chapters to come, these distance-based Fano inequalities allow more
direct proofs of a variety of minimax bounds without the need for careful construction of packing
sets or metric entropy calculations as in other arguments.

We begin with the distance-based analogue of the usual discrete Fano inequality in Proposi-
tion Let V' be a random variable supported on a finite set V with cardinality |V| > 2, and let
p:V xV — R be a function defined on V x V. In the usual setting, the function p is a metric on
the space V, but our theory applies to general functions. For a given scalar ¢ > 0, the maximum
and minimum neighborhood sizes at radius t are given by

NP= max {card{v/ € V| p(v,v') <t}} and N = mi{;l {card{v' € V| p(v,v) < t}}.
veE vE

(13.4.8)
Defining the error probability P, = P(py(V,V) > t), we then have the following generalization of
Fano’s inequality:

Proposition 13.13. For any Markov chain V — X — ‘7, we have

Wl = N log N™™ > H(V | V). (13.4.9)

ha(P) + Pilog Amax
t

Before proving the proposition, which we do in Section [[3.5.1] it is informative to note that it
reduces to the standard form of Fano’s inequality (I3.4.]]) in a special case. Suppose that we take py
to be the 0-1 metric, meaning that py(v,v’) =0 if v = v’ and 1 otherwise. Setting ¢t = 0 in Propo-
sition [313, we have Py = P[V # V] and N@in = Npax = 1 whence inequality (I3.2.9) reduces to
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inequality (I3:4.1]). Other weakenings allow somewhat clearer statements (see Section [[3.5.2] for a
proof):

Corollary 13.14. If V is uniform on V and (|V| — Nf) > NBaX then
I(V; X) + log2

V|
N;nax

P(py(V,V) >1t) >1— (13.4.10)

log

Inequality (I3.4.10]) is the natural analogue of the classical mutual-information based form of
Fano’s inequality (I3:4.2), and it provides a qualitatively similar bound. The main difference is
that the usual cardinality |V| is replaced by the ratio |V|/N/®*. This quantity serves as a rough
measure of the number of possible “regions” in the space V that are distinguishable—that is,
the number of subsets of V for which py(v,v’) > t when v and v" belong to different regions.
While this construction is similar in spirit to the usual construction of packing sets in the standard
reduction from testing to estimation (cf. Section I3.2.1]), our bound allows us to skip the packing set
construction. We can directly compute I(V; X') where V' takes values over the full space, as opposed
to computing the mutual information I(V’; X) for a random variable V’ uniformly distributed over
a packing set contained within V. In some cases, the former calculation can be much simpler, as
illustrated in examples and chapters to follow.

We now turn to providing a few consequences of Proposition [I3.13]and Corollary [[3.14], showing
how they can be used to derive lower bounds on the minimax risk. Proposition[[3.13lis a generaliza-
tion of the classical Fano inequality (I3:4]), so it leads naturally to a generalization of the classical
Fano lower bound on minimax risk, which we describe here. This reduction from estimation to
testing is somewhat more general than the classical reductions, since we do not map the original
estimation problem to a strict test, but rather a test that allows errors. Consider as in the standard
reduction of estimation to testing in Section [3.2.1] a family of distributions {P,},ey C P indexed
by a finite set V. This family induces an associated collection of parameters {60, := 0(P,)}yep.
Given a function py : V X V — R and a scalar ¢, we define the separation §(¢) of this set relative to
the metric p on © via

§(t) :==sup {8 | p(6y,0,r) > 6 for all v,v € V such that py(v,v’) > t}. (13.4.11)

As a special case, when t = 0 and py is the discrete metric, this definition reduces to that of a
packing set: we are guaranteed that p(6,,0,) > §(0) for all distinct pairs v # v/, as in the classical
approach to minimax lower bounds. On the other hand, allowing for ¢t > 0 lends greater flexibility
to the construction, since only certain pairs 0, and 6,/ are required to be well-separated.

Given a set V and associated separation function (I3:4.17]), we assume the canonical estimation
setting: nature chooses V' € V uniformly at random, and conditioned on this choice V' = v, a sample
X is drawn from the distribution P,. We then have the following corollary of Proposition I3.13]
whose argument is completely identical to that for inequality (I3.2.1]):

Corollary 13.15. Given V' uniformly distributed over V with separation function §(t), we have

I(X; V) + log 2
Mo (0(P), 0 0 p) > i)(@) ) IXV) :f o8 for all t. (13.4.12)
2 log N'LX
t

Notably, using the discrete metric py(v,v") = 1 {v # v'} and taking ¢ = 0 in the lower bound

ives the classical Fano lower bound on the minimax risk based on constructing a packing , ,
%] We now turn to an example illustrating the use of Corollary in providing a minimax
lower bound on the performance of regression estimators.
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Example: Normal regression model Consider the d-dimensional linear regression model Y =
X0 + ¢, where ¢ € R" is i.i.d. N(0,0?) and X € R is known, but # is not. In this case, our
family of distributions is

Py = {Y ~ N(X0,0%Txn) | 0 € Rd} - {Y = X0 +c| e~ N0, 0 Ioxn), 0 € Rd} :

We then obtain the following minimax lower bound on the minimax error in squared fo-norm: there
is a universal (numerical) constant ¢ > 0 such that

o2d? c o2d
M, (6(Px, |-]2) > ¢ > s
PEOXE T ymax(X/ V02

where ypax denotes the maximum singular value. Notably, this inequality is nearly the sharpest
known bound proved via Fano inequality-based methods |4], but our technique is essentially direct
and straightforward.

To see inequality (I3.4.13)), let the set V = {—1,1}¢ be the d-dimensional hypercube, and define
0, = dv for some fixed § > 0. Then letting py be the Hamming metric on V and p be the usual

lo-norm, the associated separation function ([3.Z11)) satisfies §(t) > max{v/t,1}d. Now, for any
t < [d/3], the neighborhood size satisfies

w3 (1) <) <2 (7)

Consequently, for ¢ < d/6, the ratio |V|/N/"** satisfies

VI
Ntmax

(13.4.13)

log

d d d
Zdlog2—log2<t) Zdlog2—glog(66)—log2:dlog 1/d\/>>max{ 10g4}

for d > 12. (The case 2 < d < 12 can be checked directly). In particular, by taking ¢t = |d/6]| we
obtain via Corollary that

M, (0(Px), |I-[13) >

max{|d/6] ,2}5? I(Y;V) +log2
4 ( a max{d/6,210g2}>

But of course, for V uniform on V, we have E[VV "] = I;.4, and thus for V, V' independent and
uniform on V,

I(Y;V)<n | ‘QZZDH (X0, 02 L) IN(X Oy, 02 L)
veVv' eV

e [lxv - xvE] = Xz
Substituting this into the preceding minimax bound, we obtain

max{|d/6],2}6? (1 2|X|E /o +log2> |

M (0(Px), HHS) = 4 max{d/6,2log2}

Choosing 6% = do?/ || X ||3, gives the result ([3ZI3).
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13.5 Proofs of results

13.5.1 Proof of Proposition [13.13]

Our argument for proving the proposition parallels that of the classical Fano inequality by Cover
and Thomas ﬂa} Letting E be a {0,1}-valued indicator variable for the event p(V,V) < t, we
compute the entropy H(E,V | 17) in two different ways. On one hand, by the chain rule for
entropy, we have

H(E,V | V)= H(V |V)+HE|V.V), (13.5.1)
=0
where the final term vanishes since E is (V, v)—measurable. On the other hand, we also have

H(E,V|V)=H(E|V)+H(V |E,V)<HE)+HV | E,V),

using the fact that conditioning reduces entropy. Applying the definition of conditional entropy
yields

HV|EV)=P(E=0H(V|E=0,V)+P(E=1H(V |E=1,V),
and we upper bound each of these terms separately. For the first term, we have
H(V | E=0,V) < log([V| - Nj"™),

since conditioned on the event E = 0, the random variable V' may take values in a set of size at
most |V| — N™". For the second, we have

H(V | E=1,V) < log NJ*>,

since conditioned on F = 1, or equivalently on the event that p(‘A/, V) <t, we are guaranteed that
V belongs to a set of cardinality at most N/,
Combining the pieces and and noting P(E = 0) = P;, we have proved that

H(BE,V | V) < H(E) + Pylog ([V] — N™™) + (1 — P;)log N,
Combining this inequality with our earlier equality (I35.0]), we see that
H(V | V) < H(E) + Pylog([V] — Ni"™) + (1 — P,) log N™,
Since H(E) = ha(P;), the claim (I3:4.9) follows.

13.5.2 Proof of Corollary 13.14

First, by the information-processing inequality [e.g. , Chapter 2], we have I(V; 17) < I(V; X), and
hence H(V | X) < H(V | V). Since ho(P;) < log?2, inequality (I3.2.9) implies that

_ min

= = V| — N,
HV | X)—=logN"> < H(V | V) —log N** <P(p(V,V) > t)log HNtma’f + log 2.

Rearranging the preceding equations yields
H(V | X) —log N/** —log 2

log V=N
g Ntmax

P(p(V,V) > 1) =

(13.5.2)
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Note that his bound holds without any assumptions on the distribution of V.

By definition, we have I(V;X) = H(V) — H(V | X). When V is uniform on V, we have
H(V) = log|V|, and hence H(V | X) = log|V| — I(V;X). Substituting this relation into the
bound ([I35.2) yields the inequality

Vi

N log = I(V:X) + log?2 I(V:X) + log?2
PV, V) > 1) > —o IUEX) tloa2 , TViX) 4 log
log Y= log V=N log VI
Og Ngnax Og Ntmax g Ntmax

13.6 Deferred proofs

13.7 f-divergences are jointly convex in their arguments

In this appendix, we prove that f-divergences are jointly convex in their arguments. To do so, we
recall the fact that if a function f : R? — R is convex, then its perspective, defined by g(z,t) =
tf(x/t) for t > 0 and (x,t) such that xz/t € dom f, is jointly convex in the arguments x,t (see
Chapter 3.2.6 of Boyd and Vandenberghe B]) Then we have

Proposition 13.16. Let Py, Py, Q1, Q2 be distributions on a set X and f : Ry — R be convex.
Then for any X € [0,1],

Dy (AP + (1 = A)P2[AQ1 + (1 = A\)Q2) < ADy (P1|Q1) + (1 — A\) Dy (12|Q2) -

Proof Assume w.l.o.g. that P; and @; have densities p; and ¢; w.r.t. the base measure u. Define
the perspective g(z,t) = tf(xz/t). Then

Dy (AP + (1= NP2|AQ1 + (1 — N)Q2) = /(Aq1 + (1= N)ga)f (Apl + (1 )\)Pz) »

Agr+ (1= N2
- / 901 + (1= Np2, Ay + (1 — Naa)dn

< )\/Q(Pl,ch)dﬂ + (1 =) /9(2927612)61#
= ADy (P1|Q1) + (1 = M) Dy (P Q2)

where we have used the joint convexity of the perspective function. O
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Chapter 14

Assouad’s method

Assouad’s method provides a somewhat different technique for proving lower bounds. Instead of
reducing the estimation problem to a multiple hypothesis test or simpler estimation problem, as
with Le Cam’s method and Fano’s method from the preceding lectures, here we transform the
original estimation problem into multiple binary hypothesis testing problems, using the structure
of the problem in an essential way. Assouad’s method applies only problems where the loss we care
about is naturally related to identification of individual points on a hypercube.

14.1 The method

14.1.1 Well-separated problems

To describe the method, we begin by encoding a notion of separation and loss, similar to what we
did in the classical reduction of estimation to testing. For some d € N, let V = {—1, l}d, and let us
consider a family {P,},cy C P indexed by the hypercube. We say that the the family P, induces
a 28-Hamming separation for the loss @ o p if there exists a function v : §(P) — {—1,1}¢ satisfying

d
B(p(8,6(P.))) > 263 1{[U(6)]; # v} (14.1.1)
j=1

That is, we can take the parameter 6 and test the individual indices via V.

Example 14.1 (Estimation in ¢1-error): Suppose we have a family of multivariate Laplace
distributions on R%—distributions with density proportional to p(x) o exp(— ||z — ul|;)—and
we wish to estimate the mean in ¢;-distance. For v € {—1,1}? and some fixed § > 0 let p, be
the density

1
po(T) = 5 eXP (= |z = dovl|,),

which has mean §(P,) = év. Under the ¢;-loss, we have for any § € R? that

d d
16 —0(P)ll, =D 16; — dv;| = 6> 1 {sign(6;) # v;},
i=1 j=1

so that this family induces a J-Hamming separation for the £1-loss. &
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14.1.2 From estimation to multiple binary tests

As in the standard reduction from estimation to testing, we consider the following random process:
nature chooses a vector V € {—1,1}¢ uniformly at random, after which the sample X is drawn
from the distribution P, conditional on V' = v. Then, if we let P4; denote the joint distribution
over the random index V' and X conditional on the jth coordinate V; = £1, we obtain the followmg
sharper version of Assouad’s lemma ﬂa (see also the paper ﬂ] ; we prov1de a proof in Section 413l
to follow.

Lemma 14.2. Under the conditions of the previous paragraph, we have

d
MO(P), @ op) > 8 inf [Py;(W(X) # +1) + P;(¥(X) # ~1)].
j=1

While Lemma requires conditions on the loss ® and metric p for the separation condi-
tion (IZI1J) to hold, it is sometimes easier to apply than Fano’s method. Moreover, while we
will not address this in class, several researchers Epé] have noted that it appears to allow easier
application in so-called “interactive” settings—those for which the sampling of the X; may not be
precisely i.i.d. It is closely related to Le Cam’s method, discussed previously, as we see that if we
define P, ; =274y P, (and similarly for —j), Lemma [[4.2] is equivalent to

viw;j=1
d
M(O(P), D o p) > Z (1= I1Psj = P—jllpy] - (14.1.2)

There are standard weakenings of the lower bound (I412]) (and Lemma [I42]). We give one
such weakening. First, we note that the total variation is convex, so that if we define P, (; to be
the distribution P, where coordinate j takes the value v; = 1 (and similarly for P —wv, —j), we have

1 1
Pij= o5 > Py and Pj= BT > Py
ve{—1,1}4 ve{-1,1}4

Thus, by the triangle inequality, we have

217 > Py Poy

||P+j - PfjHTv =

ve{—1,1}4 v
1
< od Z ”Pv,ﬂ' _Pv,*jHTV < mv%XHPvHrj _Pv,fjHTv-
ve{—1,1}4 ’

Then as long as the loss satisfies the per-coordinate separation (I[Z1.1]), we obtain the following:
M(O(P),Pop)>dd (1 —max || P, 4 — Pv,—jHTv> . (14.1.3)
’U,]

This is the version of Assouad’s lemma most frequently presented.
We also note that by the Cauchy-Schwarz inequality and convexity of the variation-distance,
we have

1/2 3
e - P_juva(zupﬂ Py ) <f(z s 1P = Pl )

7=1
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and consequently we have a not quite so terribly weak version of inequality (I41.2l):

1

d
1 2
MO(P),Pop)>dd |1— <d S Py - Pv,j||2TV> . (14.1.4)

J=lve{-1,1}4

Regardless of whether we use the sharper version (I4.1.2]) or weakened versions (I£1.3]) or (I£14),
the technique is essentially the same. We simply seek a setting of the distributions P, so that the
probability of making a mistake in the hypothesis test of Lemma is high enough—say 1/2—
or the variation distance is small enough—such as ||Py; — P_j| v < 1/2 for all j. Once this is
satisfied, we obtain a minimax lower bound of the form

d
MOP), Bop) >3 [1 - H _ %‘5.
j=1

14.1.3 Proof of Lemma [14.2
Fix an (arbitrary) estimator f. By assumption (IZ1T)), we have

d
®(p(0,0(P,)) > 26 1{[F(O)]; # v} -
j=1
Taking expectations, we see that

~ 1 ~
sup By [2(p(0(X),0(P)| 2 5 DB, [#(0(0(X), 00)|

9%
> S 253 En, [1{w@); # v}
vey  j=1

as the average is smaller than the maximum of a set and using the separation assumption (IZ1.1]).
Recalling the definition of the mixtures P4; as the joint distribution of V' and X conditional on
V; = £1, we swap the summation orders to see that

~ ~

Dl)! S P (W) # vy) = “1}' > P (00 #v;) + ,1],| > B ([0 #v)
veY

viy=1 viwyj=—1
= 5P (B0 £ 0) + 585 (PO, £ v3)

This gives the statement claimed in the lemma, while taking an infimum over all testing procedures
U: X — {—1,+1} gives the claim (I412).

14.2 Example applications of Assouad’s method

We now provide two example applications of Assouad’s method. The first is a standard finite-
dimensional lower bound, where we provide a lower bound in a normal mean estimation problem.
For the second, we consider estimation in a logistic regression problem, showing a similar lower
bound. In Chapter to follow, we show how to use Assouad’s method to prove strong lower
bounds in a standard nonparametric problem.
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Example 14.3 (Normal mean estimation):  For some 02 > 0 and d € N, we consider
estimation of mean parameter for the normal location family

N = {N(G,agldxd) 0 e Rd}

in squared Euclidean distance. We now show how for this family, the sharp Assouad’s method

implies the lower bound
2

MO, [113) = (14.2.1)

Up to constant factors, this bound is sharp; the sample mean has mean squared error do?/n.
We proceed in (essentially) the usual way we have set up. Fix some 6 > 0 and define 6, = dv,
taking P, = N(0,,0214x4) to be the normal distribution with mean 6,. In this case, we see that
the hypercube structure is natural, as our loss function decomposes on coordinates: we have
16 — 6,13 > 62 Z?Zl 1 {sign(6;) # v;}. The family P, thus induces a §>-Hamming separation
for the loss |-||3, and by Assouad’s method (IZIL3), we have

52 &
2
M (O, 1-13) > 5 D7 [ 122 = Py ]
=1
where P}, = 21— dzv R Pj'. It remains to provide upper bounds on ||P} PfjHTv By

the convexity of ||-||3, and Pinsker’s inequality, we have

1
2
1285 = Pollpy < max, B = Polley <5, max, D (B1F)

But of course, for any v and v’ differing in only 1 coordinate,

il n 2n
Dia (PIPE) = 55 180 = 00113 = 252

giving the minimax lower bound

M (0N, [113) i [1 - v2n8%/0].

Choosing §? = 02 /8n gives the claimed lower bound ([ZZ.1)). &

Example 14.4 (Logistic regression): In this example, consider the logistic regression model,
where we have known (fixed) regressors X; € R? and an unknown parameter § € R?; the goal
is to infer 6 after observing a sequence of Y; € {—1, 1}, where for y € {—1,1} we have

1
1+exp(—yX, 0)

PYi=y| Xi0) =

Denote this family by Piog, and for P € Pioq, let 0(P) be the predictor vector . We would
like to estimate the vector 6 in squared {5 error. As in Example 4.3} if we choose some § > 0
and for each v € {—1,1}%, we set 6, = v, then we have the §%-separation in Hamming metric
16 — 6,3 > 62 E;l:l 1 {sign(;) # v;}. Let P denote the distribution of the n independent
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observations Y; when 6 = 6,,. Then we have by Assouad’s lemma (and the weakening (I41.4]))
that

52 &
M (0Prog)s I113) = 537 [1= 1P, = P2yl

j=1
1
2
(ZQd S IR Rl )|

2
d5 (14.2.2)
ve{-1,1}d

It remains to bound [|P]}; ngfszTV to find our desired lower bound. To that end, use

the shorthands p,(z) = 1/(1 + exp(éxv)) and let Dy (p|q) be the binary KL-divergence
between Bernoulli(p) and Bernoulli(g) distributions. Then we have by Pinsker’s inequality
(recall Proposition 2XI0) that for any v, v/,

n

1B — Pyillpy < 4[Dk1 (P PY)+Da (Pr|P))] = 4112 [Dxi (po(Xi) [P (X3)) + Dia (por (X3) [po(X53))] -
i=1

Let us upper bound the final KL-divergence. Let p, = 1/(1 + ¢%) and p, = 1/(1 + ). We
claim that

Dy (pallpe) + Dia (polpa) < (a = b)*. (14.2.3)
Deferring the proof of claim (I£23]), we immediately see that

n

1Py = Pilley < 5 3 (X (0 =)

i=1
Now we recall inequality (I£22]) for motivation, and we see that the preceding display implies
1 d 52 1 d n 52 n d
2 _ 2
s 2 P —Piolly < qgsa 2 DD @Y =53 3 X
j=1lve{-1,1}4 ve{—-1,1}4 j=1 =1 i=1j=1

Replacing the final double sum with ||X||3,, where X is the matrix of the X, we have

2 2 3
(0P, 118 = 5 [1—(‘2!%%) ]

Setting 62 = d/4 || X ||7,, we obtain
N
OIBIXE 16 X XS

Mo (6(Piog), [I112) >

That is, we have a minimax lower bound scaling roughly as d/n for logistic regression, where
“large” X; (in fo-norm) suggest that we may obtain better performance in estimation. This is
intuitive, as a larger X; gives a better signal to noise ratio.

We now return to prove the claim (IZ23]). Indeed, by a straightforward expansion, we have

p 1_]3 Db 1_pb
Dy (palp) + Dia (polpa) = palog “= + (1 — pa) log < + pplog = + (1 — pp) log
Po 1—m Da 1—pg
p l-p Pa 1—pp
= (pa = py)log % + (pb — pa) log T—* = (pa — 1) log (“) .
Po — Do IT—pa o
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Now note that pg/(1 — pg) = e and (1 — py)/py, = €. Thus we obtain

Dk1<pa||pb>+pk1<pb||pa>=< - )log(eb‘“):(b“”( T >

1+er 14eb 14+er 14e¢b

Now assume without loss of generality that b > a. Noting that e* > 1 + x by convexity, we
have

1 r el — et <e—e
T+er 14+eb  (14er)(1+eb) = b

yielding claim (I£23]). &

=1—e"<1-(1+(a—b)=b—a,
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Chapter 15

Nonparametric regression: minimax
upper and lower bounds

15.1 Introduction

We consider one of the two the most classical non-parametric problems in this example: estimating
a regression function on a subset of the real line (the most classical problem being estimation of a
density). In non-parametric regression, we assume there is an unknown function f : R — R, where
f belongs to a pre-determined class of functions F; usually this class is parameterized by some
type of smoothness guarantee. To make our problems concrete, we will assume that the unknown
function f is L-Lipschitz and defined on [0,1]. Let F denote this class. (For a fuller technical
introduction into nonparametric estimation, see the book by Tsybakov @])

Figure 15.1. Observations in a non-parametric regression problem, with function f plotted. (Here
f(x) = sin(2z + cos?(3z)).)
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In the standard non-parametric regression problem, we obtain observations of the form

where ¢; are independent, mean zero conditional on X;, and E[¢?] < o?. See Figure [51] for an
example. We also assume that we fix the locations of the X; as X; = i/n € [0,1], that is, the X;
are evenly spaced in [0, 1]. Given n observations Y;, we ask two questions: (1) how can we estimate
f?7 and (2) what are the optimal rates at which it is possible to estimate f?

15.2 Kernel estimates of the function

A natural strategy is to place small “bumps” around the observed points, and estimate f in a
neighborhood of a point x by weighted averages of the Y values for other points near x. We now
formalize a strategy for doing this. Suppose we have a kernel function K : R — Ry, which is
continuous, not identically zero, has support supp K = [—1, 1], and satisfies the technical condition

A K(z)< inf K 15.2.1
osup (33)_|x|121/2 (z), ( )

where A\g > 0 (this says the kernel has some width to it). A natural example is the “tent” function
given by Kient(z) = [1 — |z]], which satisfies inequality (I5.2.) with Ao = 1/2. See Fig. [5.2] for
two examples, one the tent function and the other the function

K(z) = 1{|z| < 1} exp ((:,;—11)2> exp <(H11)2> ,

which is infinitely differentiable and supported on [—1,1].

-15 -1.0 -0.5 0.0 0.5 1.0 15 -1.0 -0.5 0.0 0.5 1.0

Figure 15.2: Left: “tent” kernel. Right: infinitely differentiable compactly supported kernel.

Now we consider a natural estimator of the function f based on observations (I5.2.1]) known as
the Nadaraya-Watson estimator. Fix a bandwidth h, which we will see later smooths the estimated
functions f. For all x, define weights
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and define the estimated function

n

i=1

The intuition here is that we have a locally weighted regression function, where points X; in the
neighborhood of z are given higher weight than further points. Using this function fn as our
estimator, it is possible to provide a guarantee on the bias and variance of the estimated function
at each point x € [0, 1].

Proposition 15.1. Let the observation model (IZII) hold and assume condition [I5.21)). In
addition assume the bandwidth is suitably large that h > 2/n and that the X; are evenly spaced on
[0,1]. Then for any x € [0, 1], we have

202
- )\onh

E[fn(2)] — f(2)] Lh and Var(fu(z)) <

Proof To bound the bias, we note that (conditioning implicitly on X;)

ZEYWM ZIE Xi)Woi() + e Wni(2)] = > f(Xi) Whi(e)
i=1

Thus we have that the bias is bounded as

Elfu(@)] - f(@)] < Z\f )| W)
< D) A(X) = F(@)[Whi(x) <LhZWm ) = Lh.
| X;—z|<h =1

To bound the variance, we claim that

2

Indeed, we have that

FIC OIS ()

= <
n X;— X = . '_ < s
21 K( 0 w) Zj:|Xj—z|§h/2K< Jh m) Aosupg K(2)[{j + [Xj — 2 < h/2}|

and because there are at least nh/2 indices satisfying |X; — x| < h, we obtain the claim ([522).
Using the claim, we have

Var(ﬁ(x))zE[<§n:(Y F(Xi) Wiz )>2]:E[<§an(m)>T

=1
= Wni(2)’E[g]] <> 0 Wis()?
=1 =1
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Noting that Wp;(z) < 2/Aonh and > | Wyi(z) = 1, we have

n n
2
; o*Whi(2)? < o? max Whi(x) Zz; Whi(x) < O'2m,
1
completing the proof. O

With the proposition in place, we can then provide a theorem bounding the worst case pointwise
mean squared error for estimation of a function f € F.

Theorem 15.2. Under the conditions of Proposition T34, choose h = (0?/L*Xo)"/3n=1/3. Then
there exists a universal (numerical) constant C < oo such that for any f € F,

~ 2\,
sup E[(Fa(x) — f(x))? sc(L) nt.

2€[0,1] Ao

Proof Using Proposition [[50] we have for any x € [0, 1] that

~ ~ 2 ~ ~ 202
B[(fulw) = @) = (EF@) - f@) +El(Fu(e) - Ef@)?] < oo + L1202,
Aonh
Choosing h to balance the above bias/variance tradeoff, we obtain the thoerem. ]

By integrating the result in Theorem [I5.2] over the interval [0,1], we immediately obtain the fol-
lowing corollary.

Corollary 15.3. Under the conditions of Theorem 153, if we use the tent kernel Kient, we have

R LO’2 2/3
sup B [|Fs — £12] < © () 7
feF n

where C' 1s a universal constant.

In Proposition [5.1] it is possible to show that a more clever choice of kernels—ones that are
not always positive—can attain bias E[f, (x)] — f(x) = O(h?) if f has Lipschitz (38— 1)th derivative.
In this case, we immediately obtain that the rate can be improved to

SpE[(Fu(w) — f(2))?] < On~ 5557,

and every additional degree of smoothness gives a corresponding improvement in convergence rate.
We also remark that rates of this form, which are much larger than n~!, are characteristic of non-
parametric problems; essentially, we must adaptively choose a dimension that balances the sample
size, so that rates of 1/n are difficult or impossible to achieve.
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15.3 Minimax lower bounds on estimation with Assouad’s method

Now we can ask whether the results we have given are in fact sharp; do there exist estimators
attaining a faster rate of convergence than our kernel-based (locally weighted) estimator? Using
Assouad’s method, we show that, in fact, these results are all tight. In particular, we prove the
following result on minimax estimation of a regression function f € F, where F consists of 1-
Lipschitz functions defined on [0,1], in the ||-|[3 error, that is, || f — g3 = [, (f(t) — g(t))2dt.

Theorem 15.4. Let the observation points X; be spaced evenly on [0, 1], and assume the observation
model (ILII). Then there exists a universal constant ¢ > 0 such that

2 . -~ 2 0‘2 3
M (F |13) = inf sup By [I1F — £I3] = e (%)
fer n

n

Deferring the proof of the theorem temporarily, we make a few remarks. It is in fact possible to
show—using a completely identical technique—that if 3 denotes the class of functions with 8 —1
derivatives, where the (5 — 1)th derivative is Lipschitz, then

28
o2 23+1
o Fal ) = e (2)

So for any smoothness class, we can never achieve the parametric o2/n rate, but we can come
arbitrarily close. As another remark, which we do not prove, in dimensions d > 1, the minimax
rate for estimation of functions f with Lipschitz (5 — 1)th derivative scales as

28
o2\ 7+
(T ) 2 e (5)

This result can, similarly, be proved using a variant of Assouad’s method; see, for example, the
book of Gyorfi et al. @, Chapter 3], which is available online. This is a striking example of the
curse of dimensionality: the penalty for increasing dimension results in worse rates of convergence.
For example, suppose that § = 1. In 1 dimension, we require n > 90 = (.05)_3/ 2 observations to
achieve accuracy .05 in estimation of f, while we require n > 8000 = (.05)~(?*9/2 even when the
dimension d = 4, and n > 64 - 10° observations even in 10 dimensions, which is a relatively small
problem. That is, the problem is made exponentially more difficult by dimension increases.

We now turn to proving Theorem [[5.4 To establish the result, we show how to construct
a family of problems—indexed by binary vectors v € {—1,1}*—so that our estimation problem
satisfies the separation (IZ.11]), then we show that information based on observing noisy versions
of the functions we have defined is small. We then choose k to make our resulting lower bound as
high as possible.

Construction of a separated family of functions To construct our separation in Hamming
metric, as required by Eq. (I4I11), fix some k € N; we will choose k later. This approach is
somewhat different from our standard approach of using a fixed dimensionality and scaling the
separation directly; in non-parametric problems, we scale the “dimension” itself to adjust the

difficulty of the estimation problem. Define the function g(z) = [1/2 — [z —1/2[], so that g is
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1-Lipschitz and is 0 outside of the interval [0,1]. Then for any v € {—1,1}*, define the “bump”

functions
1 j—1
gj(x) := 79 k|lx— = and fy,(z E vjg;(x

which we see is 1-Lipschitz. Now, consider any function f : [0,1] — ]R, and let F; be shorthand for
the intervals E; = [(j — 1)/k,j/k] for j =1,..., k. We must find a mapping identifying a function
f with points in the hypercube {—1,1}*. To that end, we may define a vector V(f) € {—1,1}* by

() = angmin [ () - s9;(0))*d.
SG{*I,I} Ej
We claim that for any function f,

</E.(f(t) - fv(if))2dt>é > 1{v;(f) # vj} (/E fv(t)th> %. (15.3.1)

J

Indeed, on the set E;, we have vjg;(t) = f,(t), and thus fE g;(t)?dt = [, fo(t)*dt. Then by the
J
triangle inequality, we have

2-1{V;(f) # v;} </EJ gi(t)zdtf - </E

J

(@5(F) vj>gj<t>>2dt>2

1

< (/E (f() —ngj(t))thf + (/E (f(®) —Vj(f)gj(t))th>2

J J

< 2([E (7(t) —fv(t))zdtf,

J

by definition of the sign v;(f).
With the definition of V and inequality ([5.3.0), we see that for any vector v € {—1,1}*, we

have . .
IIffvllgzg/Ej(f(t)fv(t))zdtzjz (s vj}/ fu(t)2d.

In particular, we know that

1 [k 1 [t ¢
| i = [ gtkerar =5 [ gtwidnz
E; k2 Jo k> Jo

where c is a numerical constant. In particular, we have the desired separation
ok
2 —~
If = Foll3 > 75 D1 (F) # 3 (15.3.2)
j=1

Bounding the binary testing error Let P denote the distribution of the n observations
Y = fu(X;) + €; when f, is the true regression function. Then inequality (I5.3.2) implies via
Assouad’s lemma that

k
My, (F, |1[13) > %Z[ PfjHTV} . (15.3.3)
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Now, we use convexity and Pinsker’s inequality to note that

HPﬁj < maxHP[fﬂ < max Dkl( ;jﬂnpﬁ,j).

]HTV JHTV

For any two functions f, and f,,, we have that the observations Y; are independent and normal
with means f,(X;) or f,/(X;), respectively. Thus

Dy (P} | ) ZDkl (X;), 0D IN(for (X3), 0?))
-y o (X)) — Fu (X)) (15.3.4)
=1

Now we must show that the expression (I5.3.4) scales more slowly than n, which we will see must
be the case as whenever dpg,(v,v’) < 1. Intuitively, most of the observations have the same
distribution by our construction of the f, as bump functions; let us make this rigorous.

We may assume without loss of generality that v; = v’; for j > 1. As the X; = i/n, we thus
have that only X; for i near 1 can have non-zero values in the tensorization (I5.34]). In particular,

2
fo(i/n) = fy(i/n) for all i s.t. % > 7 ie. i> ?n

Rewriting expression (I5.3.4)), then, and noting that f,(x) € [-1/k, 1/k] for all x by construction,
we have

n 2n/k

1 1 1 2n1 n
> 252 fo(Xi) = for(Xi))? <) 2552 fo(Xi) = for(Xi)? < 592 52 = Wt
i=1 i=1

Combining this with inequality (I5.3.4)) and the minimax bound (I5333), we obtain

n n L
1P = Plley < 4/ g
M, (F. ) 32[ - V3w

Choosing k for optimal tradeoffs Now we simply choose k; in particular, setting

n \1/3 n 1
= —_— — - > — — —
k [(202) w then 1—/oms>1-/1/d=2,

c k o2 2/3
A > 5 Y —ezd (%)

where ¢ > 0 is a universal constant. Theorem [I5.4] is proved.

SO

and we arrive at

l\:JMi
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Chapter 16

Global Fano Method

In this chapter, we extend the techniques of Chapter I3 4lon Fano’s method (the local Fano method)
to a more global construction. In particular, we show that, rather than constructing a local packing,
choosing a scaling § > 0, and then optimizing over this ¢, it is actually, in many cases, possible to
prove lower bounds on minimax error directly using packing and covering numbers (metric entropy
and packing entropy). The material in this chapter is based on a paper of Yang and Barron [3].

16.1 A mutual information bound based on metric entropy

To begin, we recall the classical Fano inequality, which says that for any Markov chain V- — X — 17,
where V' is uniform on the finite set V, we have

I(V; X) + log2
log(|VI)

(Recall Corollary [3.91) Thus, there are two ingredients in proving lower bounds on the error in
a hypothesis test: upper bounding the mutual information and lower bounding the size |V|. Here,
we state a proposition doing the former.

Before stating our result, we require a bit of notation. First, we assume that V is drawn from a
distribution p, and conditional on V' = v, assume the sample X ~ P,. Then a standard calculation
(or simply the definition of mutual information; recall equation (I344)) gives that

P(V£V)>1-

I(V;X):/Dk1 (P,|P) du(v), where P:/Pyd,u(v). (16.1.1)

Now, we show how to connect this mutual information quantity to a covering number of a set of
distributions.

Assume that for all v, we have P, € P, where P is a collection of distributions. In analogy
with Definition [[3.1] we say that the collection of distributions {Q;}Y; form an e-cover of P in
KL-divergence if for all P € P, there exists some 7 such that Dy (P|Q;) < €2. With this, we may
define the KL-covering number of the set P as

Ny (¢, P) :=inf {N eN|IQ;i=1,...,N, supmin Dy (P|Q;) < 62} , (16.1.2)
pep t

where Ny (€, P) = o0 if no such cover exists. With definition (I6.I.2) in place, we have the
following proposition.
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Proposition 16.1. Under conditions of the preceding paragraphs, we have
[(V; X) < inf {e® +log N (e,P)} . (16.1.3)
Proof First, we claim that
[ Da (PP duto) < [ Du(PIQ) duto) (16.1.4)

for any distribution @). Indeed, briefly, we have

/Dk1 Py P) dp(v //dP log fdﬂ //dP [ Q Zg dp(v)
~ [ Duteiorat //du ap o 12

- / Dia (P,]Q) dya(v) — Dy (ﬁn@) < / Dua (P,]Q) du(v).

so that inequality (I6.1.4]) holds. By carefully choosing the distribution @ in the upper bound ([I6.1.4]),
we obtain the proposition.

Now, assume that the distributions @;, i =1,..., N form an €
that

2_cover of the family P, meaning

min Dy (P|Q;) < € for all P € P.
1€[N]
Let p, and ¢; denote the densities of P, and @); with respect to some fixed base measure on X’ (the

choice of based measure does not matter). Then definining the distribution @ = (1/N) Ef\; 1 Qi
we obtain for any v that in expectation over X ~ P,,

Dy (P,|Q) = Ep, [log MX)} Ep [

o puo(X) ]

BN G(X)

WX
pu(X) ]SlogN—HEPU [log

=logN +Ep, |log —0
Zi]il ¢i(X)

log

X
<log N + minEp, [log Pol )] = log N 4+ min Dy (P,|Q;) -
2 q; (X) 2
By our assumption that the @; form a cover, this gives the desired result, as ¢ > 0 was arbitrary,
as was our choice of the cover. O

By a completely parallel proof, we also immediately obtain the following corollary.

Corollary 16.2. Assume that X1,..., X, are drawn i.i.d. from P, conditional on V = v. Let
Ny (e, P) denote the KL-covering number of a collection P containing the distributions (over a
single observation) P, for allv € V. Then

. < 2
IV Xy,...,X,) < égg{ne +log Ny (¢, P) } .
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With Corollary and Proposition [[6.1] in place, we thus see that the global covering numbers
in KL-divergence govern the behavior of information.

We remark in passing that the quantity (I6.13]), and its i.i.d. analogue in Corollary [16.2]
is known as the index of resolvability, and it controls estimation rates and redundancy of coding
schemes for unknown distributions in a variety of scenarios; see, for example, Barron ﬂ] and Barron
and Cover @] It is also similar to notions of complexity in Dudley’s entropy integral (cf. Dudley

]) in empirical process theory, where the fluctuations of an empirical process are governed by a
tradeoff between covering number and approximation of individual terms in the process.

16.2 Minimax bounds using global packings

There is now a four step process to proving minimax lower bounds using the global Fano method.
Our starting point is to recall the Fano minimax lower bound in Proposition I3.10, which begins
with the construction of a set of points {#(P,)},ey that form a 2§-packing of a set © in some
p-semimetric. With this inequality in mind, we perform the following four steps:

(i) Bound the packing entropy. Give a lower bound on the packing number of the set © with
26-separation (call this lower bound M (0)).

(ii) Bound the metric entropy. Give an upper bound on the KL-metric entropy of the class P of
distributions containing all the distributions P,, that is, an upper bound on log Ny (€, P).

(iii) Find the critical radius. Noting as in Corollary [[6.2] that with n i.i.d. observations, we have

. < i 2
I(V:Xy,...,X,) < igg{ne +log Nia (6, P) } ,

we now balance the information I(V; X]") and the packing entropy log M (d). To that end, we
choose €, and § > 0 at the critical radius, defined as follows: choose the any ¢, such that

ne% > lOg Nkl (env P) )
and choose the largest d,, > 0 such that
log M (6,,) > 4ne +2log2 > 2Ny (e, P) + 2ne2 + 2log2 > 2 (I(V; X7) +log2) .

(We could have chosen the €, attaining the infimum in the mutual information, but this way
we need only an upper bound on log Ny (€, P).)

(iv) Apply the Fano minimazx bound. Having chosen §, and ¢, as above, we immediately obtain
that for the Markov chain V' — X{* — V,

_I(V;Xl,...,Xn)—i—logQ >1_1:1

P V)y>1
V#V)z log M (6,,) - 2 2

and thus, applying the Fano minimax bound in Proposition [[3.10, we obtain

M, (O(P); ® o p) > %@(%).
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16.3 Example: non-parametric regression

In this section, we flesh out the outline in the prequel to show how to obtain a minimax lower
bound for a non-parametric regression problem directly with packing and metric entropies. In
this example, we sketch the result, leaving explicit constant calculations to the dedicated reader.
Nonetheless, we recover an analogue of Theorem [[5.4] on minimax risks for estimation of 1-Lipschitz
functions on [0, 1].

We use the standard non-parametric regression setting, where our observations Y; follow the
independent noise model (IZ.I1.T]), that is, Y; = f(X;) + &;. Letting

F:={f:[0,1] = R, f(0) =0, fis Lipschitz}
be the family of 1-Lipschitz functions with f(0) = 0, we have

Proposition 16.3. There exists a universal constant ¢ > 0 such that
N o2\ 1/3
fn FEF n

where fn is constructed based on the n independent observations f(X;) + ;.

The rate in Proposition [[6.3] is sharp to within factors logarithmic in n; a more precise analysis of
the upper and lower bounds on the minimax rate yields

. -~ o2 logn 1/3
My (F, |ll) 1= inf sup By [ fo = fllo] = .
fn feF n
See, for example, Tsybakov M] for a proof of this fact.
Proof Our first step is to note that the covering and packing numbers of the set F in the {

metric satisfy
1

=5
To see this, fix some 6 € (0,1) and assume for simplicity that 1/6 is an integer. Define the sets
E; = [6(j —1),04), and for each v € {—1,1}'/% define h,(z) = Z;ﬁl vjl1{z € E;}. Then define
the function f,(t) = fg h,(t)dt, which increases or decreases linearly on each interval of width ¢ in
[0,1]. Then these f, form a 2-packing and a 2d-cover of F, and there are 21/% such f,. Thus the
asymptotic approximation (I6.3.]) holds. TODO: Draw a picture

Now, if for some fixed = € [0,1] and f, g € F we define Py and P, to be the distributions of the
observations f(z) + ¢ or g(x) + €, we have that

1 2 _ |If —gll2
Dy (Pr|Py) = T‘Q(f(Xi) —9(Xi))” < T‘va
and if PJ? is the distribution of the n observations f(X;) +¢&;, i =1,...,n, we also have
"1 n
Du (PPIFy) =D 55 (F(X0) = 9(X0)* < 5 5 11f —all% -

i=1
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In particular, this implies the upper bound

log Ny (6, P) < L
o€
on the KL-metric entropy of the class P = {Py : f € F}, as log N(6, F, ||-||o.) < 6. Thus we have
completed steps (I) and () in our program above.
It remains to choose the critical radius in step (), but this is now relatively straightforward:
by choosing €, = (1/on)Y/3, and whence ne2 = (n/o?)'/3, we find that taking 6 = (02/n)'/3 is
sufficient to ensure that log N (6, F,||*||..) = 61 > 4ne? + 2log 2. Thus we have

1 0_2 1/3
. > 2> =
M(F ) 2005 2 (2)

as desired. O
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Appendix A

Review of Convex Analysis

In this appendix, we review several results in convex analysis that are useful for our purposes. We
give only a cursory study here, identifying the basic results and those that will be of most use to
us; the field of convex analysis as a whole is vast. The study of convex analysis and optimization
has become very important practically in the last fourty to fifty years for a few reasons, the most
important of which is probably that convex optimization problems—those optimization problems
in which the objective and constraints are convex—are tractable, while many others are not. We do
not focus on optimization ideas here, however, building only some analytic tools that we will find
useful. We borrow most of our results from Hiriart-Urruty and Lemaréchal ﬂﬂ], focusing mostly on
the finite-dimensional case (though we present results that apply in infinite dimensional cases with
proofs that extend straightforwardly, and we do not specify the domains of our functions unless
necessary), as we require no results from infinite-dimensional analysis.

In addition, we abuse notation and assume that the range of any function is the extended real
line, meaning that if f : C' — R we mean that f(z) € RU {—o00,+00}, where —oo and 400 are
infinite and satisfy a + co = +00 and a — 0o = —oo for any a € R. However, we assume that
our functions are proper, meaning that f(x) > —oo for all z, as this allows us to avoid annoying
pathologies.

A.1 Convex sets
We begin with the simplest and most important object in convex analysis, a convex set.
Definition A.1. A set C is convex if for all A € [0,1] and all x,y € C, we have

Ax+ (1—- ANy ecC.

An important restriction of convex sets is to closed convex sets, those convex sets that are, well,
closed.

TODO: Picture

We now consider two operations that extend sets, convexifying them in nice ways.

Definition A.2. The affine hull of a set C is the smallest affine set containing C'. That is,

k k
aff(C) := {Z)\ixi:keN,xieC,)\eRk,Z/\izl}'

i=1 i=1
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Associated with any set is also its convex hull:

Definition A.3. The convex hull of a set C C RY, denoted Conv(C), is the intersection of all
convex sets containing C.

TODO: picture
An almost immediate associated result is that the convex hull of a set is equal to the set of all
convex combinations of points in the set.

Proposition A.1. Let C' be an arbitrary set. Then

k k
Conv(C) = {Zmi ckeN,z, eC\€ R’i,Z)\i - 1}_
=1

=1

Proof Call T the set on the right hand side of the equality in the proposition. Then T D> C
is clear, as we may simply take \; = 1 and vary x € C. Moreover, the set T C Conv(C), as any
convex set containing C' must contain all convex combinations of its elements; similarly, any convex
set S O C must have S D T.

Thus if we show that T is convex, then we are done. Take any two points x,y € 1. Then
T = Zle oz and y = 2221 Biy; for x;,y; € C. Fix A € [0,1]. Then (1 —\)B; > 0 and Aa; > 0 for
all 7,

k l
A i+ (1-0)D Bi=A+(1-N) =1,
i=1 i=1

and Az 4+ (1 — \)y is a convex combination of the points x; and y; weighted by Aa; and (1 — \)j;,
respectively. So Ax + (1 — A)y € T and T is convex. O

We also give one more definition, which is useful for dealing with some pathalogical cases in
convex analysis, as it allows us to assume many sets are full-dimensional.

Definition A.4. The relative interior of a set C' is the interior of C relative to its affine hull, that
18,

relint(C) :={z € C : B(x,e) Naff(C) C C for some e > 0},
where B(x,€) :={y : ||ly — z|| < €} denotes the open ball of radius € centered at x.
An example may make Definition [A 4] clearer.

Example A.2 (Relative interior of a disc): Consider the (convex) set
C= {xeRd:x%—i—x% <1, zj=0forje {3,...,d}}.

The affine hull aff(C) = R? x {0} = {(z1,72,0,...,0) : 21,22 € R} is simply the (x1, x)-plane
in R%, while the relative interior relint(C) = {z € R? : 22 + 23 < 1} N aff(C) is the “interior”
of the 2-dimensional disc in R?. &

In finite dimensions, we may actually restrict the definition of the convex hull of a set C' to convex
combinations of a bounded number (the dimension plus one) of the points in C', rather than arbi-
trary convex combinations as required by Proposition [Al This result is known as Carathéodory’s
theorem.
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Theorem A.3. Let C C R Then x € Conv(C) if and only if there exist points x1,. .., x4 € C
and X € RET with Z‘jill Ai =1 such that

d+1

i=1

Proof It is clear that if  can be represetned as such a sum, then = € Conv(C). Conversely,
Proposition [AJ] implies that for any 2 € Conv(C') we have

k k
IE:Z)\ZSCZ, A >0, Z)\Zzl’ z;, € C
=1 =1

for some \;, ;. Assume that & > d+1 and A; > 0 for each 7, as otherwise, there is nothing to prove.
Then we know that the points x; — 1 are certainly linearly dependent (as there are k — 1 > d of
them), and we can find (not identically zero) values «a, ..., aj such that Zsz a;(x; —x1) = 0. Let
o] = — 25:2 o; to obtain that we have both

k k
Zaixi =0 and Zai =0. (A.1.1)
i=1 i=1

Notably, the equalities (AL]) imply that at least one ;; > 0, and if we define \* = min;., >0 271 > 0,
then setting A, = X\; — \*a; we have

k k k k k k
A, >0 for all 4, Z)\;:ZM—)\*ZO@:L and Z)\;xizzx\ia}i—)\*Zaimi:x.
i=1 i=1 i=1 i=1 i=1 i=1

But we know that at least one of the A, = 0, so that we could write z as a convex combination of
k — 1 elements. Repeating this strategy until k = d + 1 gives the theorem. O

A.1.1 Operations preserving convexity

We now touch on a few simple results about operations that preserve convexity of convex sets.
First, we make the following simple observation.

Observation A.4. Let C be a convex set. Then C' = Conv(C).

Observation [A4] is clear, as we have C' C Conv(C'), while any other convex S D C clearly satisfies
S D Conv(C). Secondly, we note that intersections preserve convexity.

Observation A.5. Let {Cy}aeca be an arbitrary collection of convex sets. Then

C:ﬂCa

acA

is convex. Moreover, if Cy is closed for each a, then C' is closed as well.
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The convexity property follows because if 1 € C' and z9 € C, then clearly z1,z9 € C, for all
a € A, and moreover Ax; + (1 — A)zg € C, for all @ and any A € [0,1]. The closure property is
standard. In addition, we note that closing a convex set maintains convexity.

Observation A.6. Let C' be convex. Then cl(C) is conver.

To see this, we note that if z,y € cl(C) and z,, — x and y, — y (where x,,,y, € C), then for any
A € [0,1], we have Az, + (1 — Ny, € C and Az, + (1 — Ny, — Az + (1 — A)y. Thus we have
Az + (1 — Ny € cl(C) as desired.

Observation also implies the following result.

Observation A.7. Let D be an arbitrary set. Then
ﬂ {C:C > D, C is convex} = clConv(D).

Proof Let T denote the leftmost set. It is clear that 7' C ¢l Conv(D) as cl Conv(D) is a closed
convex set (by Observation [ALG]) containing D. On the other hand, if C D D is a closed convex

set, then C' D Conv(D), while the closedness of C' implies it also contains the closure of Conv(D).
Thus T' D ¢l Conv(D) as well. O

TODO: picture

As our last consideration of operations that preserve convexity, we consider what is known as
the perspective of a set. To define this set, we need to define the perspective function, which, given
a point (z,t) € R x Ry, (here Ry = {t: ¢ > 0} denotes strictly positive points), is defined as

pers(z,t) = %

We have the following definition.

Definition A.5. Let C C RY x R be a set. The perspective transform of C, denoted by pers(C),
18

pers(C) = {% t(x,t) e C andt > 0}.

This corresponds to taking all the points z € C', normalizing them so their last coordinate is 1, and
then removing the last coordinate. (For more on perspective functions, see Boyd and Vandenberghe
M, Chapter 2.3.3].)

It is interesting to note that the perspective of a convex set is convex. First, we note the
following.

Lemma A.8. Let C C R¥! be a compact line segment, meaning that C = {Ax 4+ (1 — Ny : A €
[0,1]}, where z441 > 0 and yg+1 > 0. Then pers(C) = {Apers(z) 4+ (1 — X) pers(y) : A € [0, 1]}.

Proof Let A € [0,1]. Then

Az1.a+ (1= Nyra
pers(Az + (1 = N)y) = Azgi1 + (1= N)yart

_ ATgq1 T1g (1= N)yas1 Yi:d
AZgpr + (1= Nyar1 ayr AZgp1 + (1 — AN)Yar1 Y
= Opers(z) + (1 — 0) pers(y),
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where 1.4 and y1.q denote the vectors of the first d components of x and y, respectively, and

AZgy1
_ e [0,1].
AZgr1 + (1= Nyan 0.1]
Sweeping A from 0 to 1 sweeps 6 € [0, 1], giving the result. O]

Based on Lemma [A.8 we immediately obtain the following proposition.
Proposition A.9. Let C C R? x Ry, be a convex set. Then pers(C) is conver.

Proof Let z,y € C and define L = {Ax + (1 — A)y : A € [0,1]} to be the line segment between
them. By Lemma [A.8 pers(L) = {Apers(z) + (1 — A) pers(y) : A € [0,1]} is also a (convex) line
segment, and we have pers(L) C pers(C') as necessary. O

A.1.2 Representation and separation of convex sets

We now consider some properties of convex sets, showing that (1) they have nice separation
properties—we can put hyperplanes between them—and (2) this allows several interesting rep-
resentations of convex sets. We begin with the separation properties, developing them via the
existence of projections. Interestingly, this existence of projections does not rely on any finite-
dimensional structure, and can even be shown to hold in arbitrary Banach spaces (assuming the
axiom of choice) ﬂa] We provide the results in a Hilbert space, meaning a complete vector space
for which there exists an inner product (-,-) and associated norm ||-|| given by ||z|* = (z,z). We
first note that projections exist.

Theorem A.10 (Projections). Let C be a closed convex set. Then for any x, there exists a unique
point o (x) minimizing ||y — x|| over y € C. Moreover, this point is characterized by the inequality

(re(z) —z,y —7mc(x)) >0 forally € C. (A.1.2)

Proof The existence and uniqueness of the projection follows from the parallelogram identity,
that is, that for any z,y we have ||z — y||* + ||z + y||* = 2(]|=||* + |jy||*), which follows by noting
that ||z 4+ y|* = [|z||* + ||y||* + 2 (z,y). Indeed, let {y,} C C be a sequence such that

—z|| = inf ||y — z|| =:
I3 = all = inf 1y = = p.
as n — 00, where p, is the infimal value. We show that y,, is Cauchy, so that there exists a (unique)

limit point of the sequence. Fix e > 0 and let N be such that n > N implies ||y, — z||* < p2 + €2.
Let m,n > N. Then by the parallelogram identity,

9 = ymll* = 1z = yn) — (= — ym)|* = 2 [Hﬂﬁ —yall® + 7 =yl ®| = ll(@ = yn) + (& = ym) |I*.
Noting that

_ yn—i_ym] and Yn 1 Ym € C (by convexity of C'),

(&= )+ (o= ) =2 2 = 22 s

184



Stanford Statistics 311/Electrical Engineering 377 John Duchi

we have

> 4p2.

et *

2
Yn +y
R L e e

In particular, we have
yn — ymH2 <2 [pf + € +pf + 62] — 4])2 = 42,

As e > 0 was arbitrary, this completes the proof of the first statement of the theorem.
To see the second result, assume that z is a point satisfying inequality (AI.2]), that is, such
that
(z—x,y—2)>0 forally e C.

Then we have

lo =2l =(z—a,z—2) = z =,z —y) +(z —z,y —2) < |z — 2 |ly — 2|
—_———

<0

by the Cauchy-Schwarz inequality. Dividing both sides by ||z — z|| yields ||z — z|| < ||y — z|| for
any y € C, giving the result. Conversely, let ¢ € [0,1]. Then for any y € C,

Ime (@) = 2[* < [|(1 = )me (@) + ty — z||* = |lmc(z) — 2 + ty — mo(@))||?
= ||lme(x) = 2||* + 2t (ne(x) — 2,y — we () + 8 |y — me (@)
Subtracting the projection value ||7¢(z) — z||* from both sides and dividing by ¢ > 0, we have
0 <2 (rc(z) —a,y — mo(@)) + tlly —me()|.

Taking ¢ — 0 gives inequality (AT.2]). O

As an immediate consequence of Theorem [A.I0] we obtain several separation properties of
convex sets, as well as a theorem stating that a closed convex set (not equal to the entire space in
which it lies) can be represented as the intersection of all the half-spaces containing it.

Corollary A.11. Let C be closed convexr and x ¢ C. Then there is a vector v strictly separating
x from C, that is,

(v,2) > sup (v,y) .
yeC

Moreover, we can take v =x — o (x).
Proof By Theorem [A 10, we know that taking v = x — 7o (z) we have
0 < (y —mc(z), mc(z) —a) = (y —me(x), —v) = {y — & +v,—v) = = (y,0) + (&,0) — [[v]*.

That is, we have (v,5) < (v,z) — |Jv||* for all y € C and v # 0. O

In addition, we can show the existence of supporting hyperplanes, that is, hyperplanes “sepa-
rating” the boundary of a convex set from itself.
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Theorem A.12. Let C be a convex set and x € bd(C), where bd(C) = cl(C) \ int C. Then there
exists a non-zero vector v such that (v, z) > supyec (v, y)-

Proof Let D = cl(C) be the closure of C' and let =, ¢ D be a sequence of points such that
xn — x. Let us define the sequence of separating vectors s, = x, — mp(z,) and the normalized
version v, = S,/ ||sn||. Notably, we have <vn,xni> sup,ec (Un,y) for all n. Now, the sequence
{vn} C {v: ||v|| = 1} belongs to a compact setl] Passing to a subsequence if necessary, let us
assume w.l.o.g. that v,, — v with ||v|| = 1. Then by a standard limiting argument for the =, — =z,
we have

(v,z) > (v,y) forally e C,

which was our desired result. O

TODO: Picture of supporting hyperplanes and representations

Theorem gives us an important result. In particular, let D be an arbitrary set, and let
C = clConv(D) be the closure of the convex hull of D, which is the smallest closed convex set
containing D. Then we can write C' as the intersection of all the closed half-spaces containing D;
this is, in some sense, the most useful “convexification” of D. Recall that a closed half-space H is
defined with respect to a vector v and real a € R as

H:={z:(v,z) <r}.

Before stating the theorem, we remark that by Observation [A.G] the intersection of all the closed
convex sets containing a set D is equal to the closure of the convex hull of D.

Theorem A.13. Let D be an arbitrary set. If C' = clConv(D), then

c=()H, (A.1.3)
HD>D

where H denotes a closed half-space containing D. Moreover, for any closed convex set C,

C = H,, (A.1.4)
zebd(C)

where Hy denotes the intersection of halfspaces supporting C' at x.

Proof We begin with the proof of the second result (A1.4). Indeed, by Theorem [A12] we know
that at each point x on the boundary of C, there exists a non-zero supporting hyperplane v, so
that the half-space

Hyw:={y: (v,y) < (v,z)} DC

is closed, convex, and contains C. We clearly have the containment C' C Myepq(c)He: Now let
zg ¢ C; we show that zo & NyepacyHz- As 7o € C, the projection mc (o) of xg onto C satisfies
(zo — mo(0), 20) > supyec (To — mc(20),y) by Corollary [A.T1l Moreover, letting v = 29 — m¢ (o),
the hyperplane

Bagio = {5+ (,0) = (e (z0),0)}

In infinite dimensions, this may not be the case. But we can apply the Banach-Alaoglu theorem, which states
that, as v, are linear operators, the sequence is weak-* compact, so that there is a vector v with ||v]] < 1 and a
subequence m(n) C N such that (vy(n), ) — (v, z) for all .
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is clearly supporting to C at the point m¢(zg). The half-space {y : (y,v) < (m¢(x0),v)} thus
contains C' and does not contain zo, implying that zo & Nyepa(c)Ha-

Now we show the first result (A.L3]). Let C be the closed convex hull of D and T'= Ny~pH.
By a trivial extension of the representation (A1.4]), we have that C' = Ng~cH, where H denotes
any halfspace containing C'. As C' D D, we have that H O C implies H D D, so that

T=(\Hc (JH=C
H>D H>C

On the other hand, as C' = ¢l Conv(D), Observation [A.7] implies that any closed set containing D
contains C. As a closed halfspace is convex and closed, we have that H D D implies H D C, and
thus T' = C as desired. O

A.2 Convex functions

epi f

Figure A.1: The epigraph of a convex function.

We now build off of the definitions of convex sets to define convex functions. As we will see,
convex functions have several nice properties that follow from the geometric (separation) properties
of convex sets. First, we have

Definition A.6. A function f is convex if for all A € [0,1] and z,y € dom f,
FOe + (1= Ay) < Af(@) + (1 - N F(y). (A2.1)

We define the domain dom f of a convex function to be those points x such that f(x) < +oo. Note
that Definition [A.6] implies that the domain of f must be convex.

An equivalent definition of convexity follows by considering a natural convex set attached to
the function f, known as its epigraph.
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Definition A.7. The epigraph epi f of a function is the set

epi f :={(z,t) : t € R, f(z) < t}.

That is, the epigraph of a function f is the set of points on or above the graph of the function itself,
as depicted in Figure [Al It is immediate from the definition of the epigraph that f is convex if
and only if epi f is convex. Thus, we see that any convex set C' C R%*! that is unbounded “above,”
meaning that C' = C' + {0} x Ry, defines a convex function, and conversely, any convex function
defines such a set C'. This duality in the relationship between a convex function and its epigraph
is central to many of the properties we exploit.

A.2.1 Equivalent definitions of convex functions

We begin our discussion of convex functions by enumerating a few standard properties that also
characterize convexity. The simplest of these relate to properties of the derivatives and second
derivatives of functions.

We begin with a first-order characterization. Suppose that f : R — R is differentiable, and that
for all z,y € R, we have

fy) = f@) + f1(@)(y — 2). (A.2.2)

We claim that inequality (A.2.2)) implies that f is convex. Indeed, let A € [0,1] and z = Az+(1—\)y,
sothat y —z=Ay—=x) and z — 2z = (1 — A)(z — y). Then

fy) = f(2) + Af'(2)(y — @) and f(z) > f(2) + (1 = N)f'(2)(z —y),

and multiplying the former by (1 — \) and the latter by A and adding the two inequalities yields

Af(@)+A=N)F ) = A (2)+1=N)f(2)+AA=N) ' (2) (y—2)+AA=N) f'(2) (@—y) = f(Az+(1-N)y),

as desired. In Theorem [A.T4] to come, we see that the converse to inequality (A.2.2]) holds as well,
that is, differentiable convex functions satisfy inequality (A.2.2]).

We may also give the standard second order characterization: if f : R — R is twice differentiable
and f”(z) > 0 for all z, then f is convex. To see this, note that

Fly) = F@) + F@)y — o)+ 37"+ (= D) — )

for some ¢ € [0,1] by Taylor’s theorem, so that f(y) > f(z) + f'(x)(y — x) for all z,y because
f’(tr+ (1 —t)y) > 0. As a consquence, we obtain inequality ([(A2.2)), which implies that f is
convex.

As convexity is a property that depends only on properties of functions on lines—one dimen-
sional projections—we can straightforwardly extend the preceding results to functions f : R¢ — R.
Indeed, noting that if h(t) = f(x + ty) then A'(0) = (Vf(z),y) and h”(0) = y"V2f(z)y, we have
that a differentiable function f : R® — R is convex if and only if

fy) > f@)+ V(@) (y—2) forall z,y,

while a twice differentabile function f : R* — R is convex if and only if

V2f(z) = 0 for all z.
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A.2.2 Continuity properties of convex functions

We now consider a few continuity properties of convex functions and a few basic relationships of
the function f to its epigraph. First, we give a definition of the subgradient of a convex function.

Definition A.8. A vector g is a subgradient of f at a point xq if for all x,

f(z) = f(zo) + (9,2 — x0) - (A.2.3)

See Figure for an illustration of the affine minorizing function given by the subgradient of a
convex function at a particular point.

f(zo0) + (9,7 — o)
(wo, f(x0))

Figure A.2. The tangent (affine) function to the function f generated by a subgradient g at the
point xg.

Interestingly, convex functions have subgradients (at least, nearly everywhere). This is perhaps
intuitively obvious by viewing a function in conjunction with its epigraph epi f and noting that
epi f has supporting hyperplanes, but here we state a result that will have further use.

Theorem A.14. Let f be convex. Then there is an affine function minorizing f. More precisely,
for any xq € relint dom f, there exists a vector g such that

f(z) > f(xo0) + (9,2 — w0) -

Proof If relintdom f = (), then it is clear that f is either identically +oc or its domain is a
single point {xo}, in which case the constant function f(zp) minorizes f. Now, we assume that
intdom f # (), as we can simply always change basis to work in the affine hull of dom f.

We use Theorem on the existence of supporting hyperplanes to construct a subgradient.
Indeed, we note that (xo, f(zo)) € bdepif, as for any open set O we have that (xo, f(xo)) + O
contains points both inside and outside of epi f. Thus, Theorem guarantees the existence of
a vector v and a € R, not both simultaneously zero, such that

(v,20) +af(zg) < (v,z) + at for all (x,t) € epi f. (A.2.4)
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Inequality ([A.2.4]) implies that a > 0, as for any = we may take ¢ — 400 while satisfying (z,t¢) €
epi f. Now we argue that a > 0 strictly. To see this, note that for suitably small § > 0, we have
x = x9 — 0v € dom f. Then we find by inequality (A.2.4]) that

(v, 20) + af (o) < (v,20) = 8||v|* + af(zo — ), or a[f(zo) = flzo —dv)] < =6 |v]?.

So if v = 0, then Theorem [AI2 already guarantees a # 0, while if v # 0, then ||v||* > 0 and we
must have a # 0 and f(zg) # f(xg — év). As we showed already that a > 0, we must have a > 0.
Then by setting t = f(z9) and dividing both sides of inequality (A.2.4]) by a, we obtain

% (v,2g — x) + f(x0) < f(x) for all z € dom f.

Setting g = —v/a gives the result of the theorem, as we have f(x) = 400 for x ¢ dom f. O

Convex functions generally have quite nice behavior. Indeed, they enjoy some quite remarkable
continuity properties just by virtue of the defining convexity inequality (A2.1]). In particular, the
following theorem shows that convex functions are continuous on the relative interiors of their
domains. Even more, convex functions are Lipschitz continuous on any compact subsets contained
in the (relative) interior of their domains. (See Figure [A3 for an illustration of this fact.)

Theorem A.15. Let f : R? — R be convexr and C C relintdom f be compact. Then there exists
an L = L(C) > 0 such that

f(z) = f@@)] < Lz —2'|).

As an immediate consequence of Theorem [A.15, we note that if f : R — R is convex and defined
everywhere on R?, then it is continuous. Moreover, we also have that f : R? — R is continuous
everywhere on the (relative) interior of its domain: let any x( € relint dom f. Then for small enough
€ > 0, the set cl({xg + eB} Ndom f), where B = {x : ||z||, < 1}, is a closed and bounded—and
hence compact—set contained in the (relative) interior of dom f. Thus f is Lipschitz on this set,
which is a neighborhood of xy. In addition, if f : R — R, then f is continuous everywhere except
(possibly) at the endpoints of its domain.

Proof of Theorem [A15] To prove the theorem, we require a technical lemma.

Lemma A.16. Let f : R? — R be convex and suppose that there are xg, 6 > 0, m, and M such
that
m < f(z) <M forx € B(xo,20) :={z : ||z — x| <26}

Then f is Lipschitz on B(xg,d), and moreover,

M—m
<

|fy) — f(y)] < 3

Proof Let y,y € B(wo,0), and define vy’ = v + d(y' —vy)/ ||y — y|| € B(xo,25). Then we can
write 3/ as a convex combination of y and y”, specifically,

ly =9/ fory.y € B(xo,0).

I _ Hy/_yH y// o y
S+ [y =yl S+ |y =yl

Y
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Figure A.3. Left: discontinuities in int dom f are impossible while maintaining convexity (Theo-
rem [AT5]). Right: At the edge of dom f, there may be points of discontinuity.

Thus we obtain by convexity

AN Hyl_yH " o o — Hy_y/H AN
f) f@)§5+Hy—yWﬂy)+5+Hy—yWﬂw f(y) Siﬂgj?mﬂy) fW)]

e ey PR
e el

Here we have used the bounds on f assumed in the lemma. Swapping the assignments of y and 7/
gives the same lower bound, thus giving the desired Lipschitz continuity. O

With Lemma [A.16] in place, we proceed to the proof proper. We assume without loss of gener-
ality that dom f has an interior; otherwise we prove the theorem restricting ourselves to the affine
hull of dom f. The proof follows a standard compactification argument. Suppose that for each
x € C, we could construct an open ball B, = B(z,d,) with d§, > 0 such that

fw) = W) < Lo ||y = o|| for y,y' € B,. (A.2.5)

As the B, cover the compact set C', we can extract a finite number of them, call them B, ,..., B,,,

covering C, and then within each (overlapping) ball f is maxy, L,, Lipschitz. As a consequence, we
find that

F(®) = £ < max L, [ly — |

for any v,y € C.

We thus must derive inequality (A2.5), for which we use the boundedness Lemma We
must demonstrate that f is bounded in a neighborhood of each z € C. To that end, fix z €
int dom f, and let the points xg, ..., zq be affinely independent and such that

A := Conv{zy,...,x4} C dom f

and = € int A; let § > 0 be such that B(z,25) C A. Then by Carathéodory’s theorem (Theo-
rem [A.3)) we may write any point y € B(x,20) as y = 25:0 Nix; for Y0, A = 1 and \; > 0, and
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thus
d
< i i) < i) =: M.
fly) < ; f(@) < max ()
Moreover, Theorem [A.14] implies that there is some affine h function minorizing f; let h(z) =

a+ (v, z) denote this function. Then

= inf > inf = a+ inf -
i BT 2 M) = o+ ol (o) > oo

exists and is finite, so that in the ball B(x,20) constructed above, we have f(y) € [m, M] as required

by Lemma [A-T6 This guarantees the existence of a ball B, required by inequality (A.2.5]). O
epi f
f(x) f(z)

Figure A.4. A closed—equivalently, lower semi-continuous—function. On the right is shown the
closed epigraph of the function.

Our final discussion of continuity properties of convex functions revolves around the most com-
mon and analytically convenient type of convex function, the so-called closed-convez functions.

Definition A.9. A function f is closed if its epigraph, epi f, is a closed set.

Equivalently, a function is closed if it is lower semi-continuous, meaning that

liminf f(z) > f(z0) (A.2.6)
Tr—xT0
for all zp and any sequence of points tending toward zg. See Figure [A4] for an example such
function and its associated epigraph.
Interestingly, in the one-dimensional case, closed convexity implies continuity. Indeed, we have
the following observation (compare Figures [A4] and [A.3] previously):

Observation A.17. Let f : R — R be a closed convexr function. Then f is continuous on its
domain.
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Proof By Theorem [A.T5] we need only consider the endpoints of the domain of f (the result
is obvious by Theorem [A 17l if dom f = R); let zyp € bddom f. Let y € dom f be an otherwise
arbitrary point, and define x = Ay + (1 — A\)zp. Then taking A — 0, we have

f(@) < Af(y) + (1= N f(xo) = f(z0),

so that limsup, ., f(z) < f(zo). By the closedness assumption (A.2.6), we have liminf, ., f(z) >
f(x0), and continuity follows. O

A.2.3 Operations preserving convexity

We now turn to a description of a few simple operations on functions that preserve convexity.
First, we extend the intersection properties of convex sets to operations on convex functions. (See
Figure for an illustration of the proposition.)

Proposition A.18. Let {fa}aca be an arbitrary collection of convex functions indexed by A. Then

f(@) = sup fa(x)

acA
is convex. Moreover, if for each o € A, the function f, is closed convez, f is closed convex.
Proof The proof is immediate once we consider the epigraph epi f. We have that
epif = (") epi fa,
acA

which is convex whenever epi f, is convex for all o and closed whenever epi f,, is closed for all «
(recall Observation [AH]). O

Another immediate result is that composition of a convex function with an affine transformation
preserves convexity:

Proposition A.19. Let A € R™"™ and b € RY, and let f: R4 — R be conver. Then the function
9(y) = f(Ay + b) is convex.

Lastly, we consider the functional analogue of the perspective transform. Given a function
f: R — R, the perspective transform of f is defined as

tf(%) if t >0 and 7 € dom f

] (A.2.7)
+o00 otherwise.

pers(f)(x,t) := {

In analogue with the perspective transform of a convex set, the perspective transform of a function
is (jointly) convex.

Proposition A.20. Let f : R? — R be convex. Then pers(f) : R4 — R is convex.
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f(x) = max{fi(z), fo(z)}

Figure A.5. The maximum of two convex functions is convex, as its epigraph is the intersection of
the two epigraphs.

Proof The result follows if we can show that epipers(f) is a convex set. With that in mind,
note that ,
R? x Ry, x R > (x,t,7) € epipers(f) if and only if f ( ) T

Rewriting this, we have

epipers(f) = {(:J:tr)ERdXR++XR f( ) Z}

t(x',1,r") 2’ e REt e Ry y 1’ ER,f(x')Sr’}

={t(x,1,7r):t>0,(z,r) €epif} =Ry x {(z,1,7): (x,r) € epi [}

f—’H

This is a convex cone. O

A.3 Conjugacy and duality properties

a. Closed convex function as a supremum of affine functions minorizing it
b. Fenchel Conjugate functions f*

c. Fenchel biconjugate
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A.4 Optimality conditions

Further reading

There are a variety of references on the topic, beginning with the foundational book by Rockafel-
lar ﬁ], which initiated the study of convex functions and optimization in earnest. Since then, a
variety of authors have written (perhaps more easily approachable) books on convex functions, op-
timization, and their related calculus. Hiriart-Urruty and Lemaréchal ﬂﬂ] have written two volumes
explaining in great detail finite-dimensional convex analysis, and provide a treatment of some first-
order algorithms for solving convex problems. Borwein and Lewis E] and Luenberger ﬂa] give general
treatments that include infinite-dimensional convex analysis, and Bertsekas ﬂﬂ] gives a variety of
theoretical results on duality and optimization theory.

There are, of course, books that combine theoretical treatment with questions of convex mod-
eling and procedures for solving convex optimization problems (problems for which the objective
and constraint sets are all convex). Boyd and Vandenberghe M] gives a very readable treatment for
those who wish to use convex optimization techniques and modeling, as well as the basic results
in convex analytic background and duality theory. Ben-Tal and Nemirovski ﬂ], as well as Ne-
mirovski’s various lecture notes, give a theory of the tractability of computing solutions to convex
optimization problems as well as methods for solving them.
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