Henry Smith, Brian Trippe Probabilistic Models for Time Series Data

In this set of lecture notes, we discuss probabilistic models for time series data. We begin
in Section 1 with a brief introduction to Bayesian networks and, specifically, probabilistic
state-space models (SSM). We then discuss the problem of posterior inference in probabilistic
SSMs, specifically the forward-backward algorithm for HMMs (Section 2) and the Rauch-
Tung-Striebel smoother for linear Gaussian state-space models (Section 3). We conclude in
Section 4 by briefly discussing parameter estimation via maximum likelihood estimation and the
expectation-maximization (EM) algorithm.

1 Background: Bayesian networks

We begin by providing a brief introduction to Bayesian networks. Bayesian networks constitute a
subclass of the larger class of probabilistic graphical models (PGMs). This framework, specifically
the conditional independence properties of Bayesian networks, will be useful for our discussion
of probabilistic state-space models.

Definition 1.1 (Bayesian network). Consider a directed graph G = (V, E). Define the
parent set of node i, written pa(i) C V, to be the collection of nodes j # i for which there
exists an edge from j to 7 in the graph G. Note that pa(i) can be empty.

A Bayesian network (BN) is a directed, acyclic graph G = (V, E) together with
(i) A collection of random variables (X;);ey corresponding to each node.

(ii) A conditional probability distribution for each node ¢ € V', which depends on its parent
nodes: p(X; = ;[ Xpa() = Tpa(i))-

(. J

One can see via an induction argument that our definition of a BN yields a well-defined probability
distribution over V.

The case of |V| =1 is immediate. For |V| > 1, there exists a node ¢’ which is not the parent of
any other node j # i’; otherwise the graph must be cyclic. By assumption, the subgraph that
does not include 7’ is a Bayesian network. Moreover, by the induction hypothesis, this BN defines
a probability distribution p(X_; = x_;) over vertices V' \ {i'}. Define a probability distribution
over V according to p(Xy = xy, Xy = xy) = p(Xy = 2| Xpagiry = Tpagny)p(X—ir = x_y). We
notice that

Zp(Xi’ = 2t | Xpa(ir) = Tpairy) = P(X—it = 2_) Zp(Xi’ = 2t | Xpa(ir) = Tpa(ir))
T, T,
=p(X_i =z_y)
Since >, p(X_y = z_y) =1, this implies p(Xy = zy, Xy = xy) is a well-defined probability
distribution. [J

The induction step gives us a useful representation for the joint probability distribution defined
by the Bayesian network:

p(X =2)= Hp(Xz' = %i| Xpa(i) = Tpa(s))- @)
iV

In other words, the probability of observing an outcome x is equal to the product of the
conditional probabilities of each child node i being equal to x; conditional on the value of its

parents Ty, (;)-
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1.1 Dependency relationships in Bayesian networks

Bayesian networks are nice probabilistic models to work with since they tell us about the
dependencies between random variables (X;);cy defined by the nodes in the graph. Below we
summarize one such dependency:

-

Proposition 1.2. Let G be a Bayesian network. Suppose k € pa(j) and j € pa(i). Moreover,
suppose that removing node j disconnects the graph into two components A and B with
1€ Aand k € B. Then

p(Xi = 4, Xy = 2| Xj = 5) = p(Xi = 24| Xj = 2;)p(Xy = 2| Xj = ;)
i.e., X; and X}, are conditionally independent given X;. However, generally

p(Xi = x4, Xp, = x1) # p(Xi = 23)p(Xp = w1)

e., X; and Xy are not unconditionally independent.

Proof. Write the joint distribution of (X,),cy as

= H p(xvmpa(v))‘ (2)

veV

We rewrite (2) as

p(X=z)= (H p(X, = ‘ra|Xpa(a) = xpa(a))> p(X = x]|Xpa(J = Tpa(j) (H p(Xp = xb|Xpa(b) = l‘pa(b))>
beB

¢B(zj,7B)
@A(wj,wA) (DB(CE]’#EB)

By our assumption, ®4 is a well-defined function of x; and x4, whereas ®p and ¢p are
well-defined functions of z; and zp.

From here, we sum over variables V' \ {7, j, k} to compute the joint distribution p(X;, X;, X})
p(Xi =, Xj = x5, Xy = ) = Fij(wi, 25) Fr (5, 2),

3
Fij(zi, xj) Z D y(zj,74), Fjr(xj, o) Z ®y(xj,xB). (3)
TA\{4} TB\{k}

Moreover, we compute

p(Xi = 2, X;j = x;) = Fij (2, ;) (Z ik (5, T >
p(Xj = x5, Xi = xp) = Fj(zj, x1) (Z Fij(i, x; ) ’ (4)

p(X; = ;) = (ZFij(%% > <Z (), Tk >

Combining equations (3) and (4) yields an expression for p(X; = z;, X}, = x| X; = ;).

Fij (a:i, :cj)ij(xj, a:k)

(24, Fij(wis ) (Zxk ij(%ﬂk))

p(X; = x5, Xj, = 2| Xj = zj) =
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Fij(xi, x;) Fix(xj, 1)
(Zml Fz](ﬂfz, m])) (Z:ck ij(:Ej, a:k))
=p(X; = 2| X; = 2)p( Xy = x| X = x5).

O]

We note that our condition on nodes i and k is sufficient, but not necessary to ensure conditional
independence. For a simple counterexample, consider a four node BN V' = {4, j, k, w} in which
the edges are k € pa(j), j € pa(i), i € pa(w), j € pa(w). Removing node j does not yield two
disconnected components, since ¢ and j are both parents of w. However, a short calculation
reveals

p(Xi = xi, Xy = 2| X = x5)

p( X = 2)p(Xs = x| X = x;)p(X; = 25| X = 1) 3o, P( X = 20| X = x5, Xpy = ap)
>t o PXk = 23)p(Xi = 24| X; = 25)p(X; = 25| X = 2))p(Xoy = 20| Xi = 27, Xj = 27)
® P(Xy = 2p)p(Xi = 24| X = 25)p(X; = x| Xy, = xp)

(S0 (X = 2)p(X = 21X = 21) ) (S, p(X: = 2] X; = )
X = X: =z X, =
() (X = zg)p( ]_ | Xk xk)p(Xi = 2| X; = x;)
p(X; = zj)
= p(Xk = a;k]Xj = (L‘j)p(Xi = .%'Z"Xj = 1']').

For (x) we used >, p(Xy = 2| X; = 2, Xj = x}) = 1 for all 2}, 2}; and for (xx) we used
Yo P( Xy =2y X, = x;) =1 for all :c;

In other words, X; and X, are conditionally independent given X;. However, if we were to
additionally condition on X, the result is no longer true i.e., X; and X are not conditionally
independent, given X; and X,,. Intuitively, this is because both X; and X}, are parents of X,
and knowing the value of X, tells us about the values of its parents. For a more thorough
treatment of dependency relationships in a Bayesian network, see Kuleshov and Ermon [1,
Section “Bayesian network”].

We illustrate the utility of Proposition 1.2 in the following two examples.

Example 1.3 (Markov chain). Let V = {1,...,N} and pa(l) = @, pa(i + 1) = {i} for
1 <7< N. That is to say, p(X =) = p(X1 = 1) Hfi;l P(Xit1 = zit1| X = x3).

For this example, Proposition 1.2 is equivalent to the Markov property, which says that
value of random variable X;;1 depends on the past (X;)j_; only through X;.

Figure 1: A Markov chain from Example 1.3

Example 1.4 (Probabilistic state-space model). Let V = X U Y, where |Y| = |X| = N.
With a slight abuse of notation, denote the elements of X by x; and the elements of ) by
y; for 1 <i < N.

Define the edges in the directed, acyclic graph G on V by pa(z1) = @, pa(zi+1) = {z;} for
1 <i< N and pa(y;) = {x;} for 1 <i < N. Let (X;,Y;)}¥, denote the collection of random
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variables corresponding to V. Then the likelihood of (X;, Y;)¥ is

pX =zY =y)
N-1

= p(X1 = 2)p(V1 = 0| X1 = 21) [ p(Virr = wirr| Xir = wip)p(Xiga = 2 | X = @),
i=1

In this BN, Proposition 1.2 tells us that (X;)}¥, obeys the Markov property. On the
other hand, the random variables (Y;)¥; do not obey the Markov property. However,
Proposition 1.2 tells us that Y; and Y;;; are conditionally independent given Xj;.

A >@ >@ > - - > 2,

Figure 2: A probabilistic state-space model from Example 1.4

1.2 Inference in probabilistic SSMs

For the remainder of the lecture, we will focus on probabilistic state-space models wherein
Y Cc R¢ and X C R*. In particular, we will suppose that we receive realizations of random
variables (Y;)I¥,, which we will refer to as the observations, but not (X;)¥ ,, which we will refer
to as our latent variables/states. Our primary goal will be to infer a posterior distribution
over the latent variables, given the observations.

In any probabilistic state-space model, the posterior over latent variable is a Markov chain. This
is because by Bayes’ rule, p(X = z|Y = y) x p(X = z,Y = y). Consequently,

p(Xi =2|Y =y, X101 = 21:-1) < p(X1si = 214, Y = 9)

= Z p( X1 = 214, Xiy1.8 = Tig1.n, Y = y)

Ti+1:N

N
o p(Yi = il Xi = 2)p(Xi = 2| Xiy =wic1) D [[p(Xi1 = 2l X = 2)p(Yipr = viga | Xiy1 = 2iga).

Tit1:N J=1

Observe that the sum is a function of x; only. This establishes the Markov property of the
posterior distribution. We will also briefly discuss parameter estimation in Section 4.

Latent state inference in probabilistic SSMs is relevant to many important applications, including
trajectory tracking/navigation, economics/finance, robotics, biotechnology (e.g., wearables),
climatology, speech/audio, neuroscience, among others.

2 Hidden Markov Models (HMMs)

A hidden Markov model (HMM) is a probabilistic state-space model with latent variables
taking on a finite number of values X = {1,..., k}.

The transition distribution of the latent state is p(X;+1 = z;+1|X; = ;) = Cat(P,,), where

i

P € R¥*¥ is a matrix whose rows sum to 1 (i.e., row stochastic), P, denotes the x;th row of
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P, and Cat(p) represents the categorical distribution for each p € R¥, pT1 = 1. The transition
matrix P may also be chosen to depend on i, in which case (X;)¥, is a time-inhomogeneous
Markov chain.

The emission distribution is p(Y; = y;|X; = ;) and is arbitrary; ) can be either a finite or
infinite set. One example for the setting in which Y = R is p(Y; = y;| X; = x;) = N (il pta;, 72),
where 1, ..., ur € R are means that corresponding to each value of the latent state.

As discussed in Section 1.2, we will aim to infer a posterior distribution p(X = z|Y = y) over
the discrete latent state, given the observations (Y;), = (y;)~,. Since this posterior is a
Markov chain, it is enough to determine the posterior pairwise marginal distributions
p(Xit1 = ©i41, Xs = x|Y = y),i = 1,...,N — 1. We do so via the forward-backward
algorithm.

2.1 Forward-backward algorithm

The forward-backward algorithm involves propagating a sequence of messages from the beginning
and end of the time series (y;) fil that are used to compute the posterior pairwise marginals.

Forward messages

In particular, define the forward message at index i by «o;(z;) = p(X; = i, Y1.i-1 = y1:i-1)
for 1 <i¢ < N with aj(x1) = p(X1 = z1). By the definition of the probabilistic SSM, we can
rewrite the forward message at index ¢ + 1 in terms of the forward message at index i:

Qi1 (Tig1) = p(Xip1 = Tig1, Y1 = Y1:i)

i-1
= ZP(XH-I =zt |Xi = 2)p(Ys = 4| X = @) HP(X]‘+1 = x| X; = 2;)p(Y; = y;|X; = z;)
j=1

T1:4

=Y p(Xipr =i |Xi = 2)p(Yi = il Xs =) | D HP X1 = 21| X; = 2)p(Y; = ;| X5 = ;)

T; T1:i—1 j=1
=Y p(Xip1 = w1 |Xi = 2)p(Yi = wil Xi = @) (). (5)

T4

Equation (5) can be rewritten compactly in matrix notation as a;11 = P'(a; ® I;), where
o; = [ai(l),...,ai(k)]T € R¥ and I; = p(Y; = | X; =1),...,p(Y; = 4| X; = ]{;)]T c R o
denotes the Hadamard (element-wise) product.

The cost of computing all forward messages from time i = 0 to time i = N is O(k*N). Once one
has computed the forward messages, they can compute the posterior predictive distributions
at times¢=1,...,N —1

P(Xit1 = 2i41|Y1i = Y1) = Qi1 (vig1) /i 1,

where aZT_H]l is simply the component-wise sum of the vector a;yi.

Backward messages

Similarly, we define the backward message at index i by 5;(z;) = p(Yit1.8 = Yir1:n|Xi = x;)
for 1 <i < N with Sy(zy) = 1. However, unlike the forward message, the backward message
satisfies a recursion backward in time. Specifically, we can rewrite the backward message at
index i — 1 in terms of the backward message at index i:

Bi—1(zi—1) = p(Yin = yin| Xic1 = xi—1)



Henry Smith, Brian Trippe Probabilistic Models for Time Series Data

= p(Xi = @il Xio1 = 2 )p(Yi = yil Xi = 2)p(Vip1:n = vir1n| X = ;)
x;

= ZP(Xi = 2| Xi—1 = 2i—1)p(Yi = yi| Xi = 7)) Bi ().
x;

In matrix notation, 8;_y = P(B; ® l;), where [; € R* is defined as previously and §; =
The backward messages from index ¢ = N to ¢ = 1 can be computed with computational
complexity O(k*N).

Putting it all together

Now that we have shown how to compute the forward and backward messages, we are prepared
to compute the posterior marginals and pairwise marginals.

First, for the posterior marginals, we have by Bayes’ rule and Proposition 1.2
p(Xi = ai|Y =y) < p(Xi = 23, Y =y)
= p(Yit1:n = Yir1:n|Xi = 20, Y1 = y1:)p(Xs = 24, Y1 = y14)
= p(Yit1.n = Yir1:n|Xi = 2)p(Yi = vil Xi = 2)p(Xi = 24, Y11 = Y1:i-1)
= Bi(wi) x li(x;) x (),

where [;(z;) = p(Yi = y;|X; = x;). Hence,
(X = xlY =y) = Bi(@)li(zs)i(2:) /(B © L © i) ' 1
yields the posterior marginals.

For the posterior pairwise marginals, a similar calculation gives

P(Xiy1 = ziq1, Xi = 24|Y = y) < p(Xip1 = 211, Xi = 23, Y = 9)
=p(Yito:n = YiraN|Xiv1 = 2i41)p(Yip1 = Yit1]Xiv1 = @ig1) ¥
P(Xiv1 = 1| Xi = 2)p(Yi = v Xi = 2)p(Xi = 24, Y11 = Y1:-1)
= B(it1) X lig1(zit1) X p(Xip1 = 21| Xy = @3) X (@) x a(w;)

Hence,

B@ir)lit1 (@i 1)p(Xip1 = i1 [ X = m)li(2) o (4)
Y wizip Bt )i (@i )p(Xipr = 2| X = 2i)li(i) (i)

p(Xi=xzi, Xip1 =zi|Y =y) =

yields the posterior pairwise marginals.

Remark 2.1. While the posterior distribution over latent states (X;)¥ , given observations
(Y;)X, is a Markov chain, it is not a time-homogeneous Markov chain, even when the
Markov chain that defines the prior distribution p(X = x) is time-homogeneous.

Altogether, we have shown that by propagating a sequence of the forward and backward messages
via the forward-backward algorithm, we can compute the posterior distribution over the latent
state (X;)X;, which is a Markov chain, given observations (Y;)XY;. Moreover, these messages
can be computed efficiently: with computational complexity quadratic in the number of states k
and linear in the length of the time series N.
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3 Linear Gaussian State-space Models

The forward-backward algorithm presented on Section 2 appears quite general, and it only relies
on the assumption that X is finite in order to normalize the forward and backward messages.
This algorithm is a specific instance of a message passing algorithm for probabilistic graphical
models, applied to a probabilistic state-space model.

To derive an analogous algorithm for a probabilistic state-space model with continuous latent
state X C R¥, one must simply replace the summations with integrals. That is to say,

Qip1(Tig1) = /P(Xiﬂ = 21| Xs = 2)p(Yi = yi| Xi = x)i(@i)dws,  oq(21) = p(Xq = 1)
(6)
Bi—1(ziz1) = /p(Xi = ;| X1 = 2i—1)p(Y; = yi| Xi = ;) Bi(xi)dz;,  By(rn) x 1

Equation (6) calls to mind numerous practical complications to this algorithm. First, for arbitrary
transition distribution p(X;+1 = xi+1|X; = 2;) and emission distribution p(Y; = v;| X; = x;), the
forward and backward messages are defined by an intractable integral. And so while the forward-
backward algorithm is theoretically sound for arbitrary transition and emission distributions, it
is not possible to implement.

Second, there is no uniform probability distribution over R¥, and so the final backward message
Bn(xn) o 1 is ill-defined. One solution is to define the backward messages only for times
1 <14 < N. The final posterior marginal can be calculated from ay(zy) and Iy only:

p(Xn =zn|Y =y) x p(Xn =25, Yi:n—1 = y1.v—1)P(YN = yn| X v = 2n) = an(zn)In(zN).

Lastly, related to the first point, the forward and backward messages must be normalized to
yield the posterior marginals and pairwise marginals.

Model overview

Throughout this section, we will focus our attention on a setting where X = R¥, ) = R? but
the forward and backward messages are tractable. Indeed, we will study posterior inference in
the linear Gaussian state space model (LGSSM). This model is specified by

e initial distribution p(Xo = xg) = N (2o|v, V), where v € R¥ and V € R¥** positive definite

e transition distribution p(X;p1 = 21| Xs = ;) = N(zi1]|Az; + b, Q), where A € RFXF,
b e RF, and Q € R¥*F positive definite

e emission distribution p(Y; = ;| X; = x;) = N (y|Cx; + d, R), where C € R™>¥ d ¢ R?,
and R € R¥? positive definite

The reason for focusing on the linear Gaussian state space model is that the multivariate Gaussian
distribution satisfies nice conditioning properties. We recall these properties in the following
proposition:

( 1\

Proposition 3.1 (Gaussian conditioning). Let A € R¥** b € R¥ and let R € RF** be
symmetric, positive definite. Moreover, let my, m, € R¥ and let Sy, S, € REXE be symmetric,
positive definite.

(i) Suppose random variables Y,Z € R* are defined such that Z|Y 4 N(z|Ay + b, R) and
y £ N(ylmy, Sy). Then Z 4 N(z|Amy +b, AS,AT + R).
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(ii) Suppose

Y (Y my Sy SZTy
Z z mz ) \Szy Sz '
Then the conditional distribution of Z given Y is

d — —
ZI(Y =y) = N(z|m. + Sz S, (y — my), Sz — S2yS, ' S.,)-

Mzly Saly

The matriz S,), is called the Shur complement of Sy in the full covariance matriz.

| J

The proof of Proposition 3.1 is left to the reader and is good practice working with the definition
of multivariate normality.

Kalman filtering

The Kalman filter is an algorithm for computing the normalized forward messages in an
LGSSM i.e., the posterior predictive distributions p(X; = z;|Y1.;—1 = y1.i—1). Like computing
the forward messages in an HMM (Section 2), the algorithm is recursive.

Suppose we have p(X; = x;|Y1.:-1 = y1.i_1) = N(x;|m;, S;) for m; € RF, S; € RF*¥F symmetric,
positive definite. Then by marginalizing over x; and invoking the Markov property,

p(Xit1 = zit1|Y14 = y14) = /p(Xz‘+1 = 21| X = 2;)p(X; = x| Y14 = y1.)da; (7)

The Kalman filter is comprised of two steps: (i) computing p(X; = z;|Y1.; = y1.;) (the update
step) and (ii) integrating equation (7) over x; (the predict step).

Update step. The update step relies on both conditioning properties described in Proposi-
tion 3.1. In particular, by property (i) we have

p(Yi = yilY1:i-1 = Y1:i-1) = /p(Yi =y Xi = 2)p(Xi = z|Yiii—1 = y1-1)da;

= N(y;|Cmi +d,CS;CT + R)
miy = Cm; +d, Siy=CSCT +R

We can also compute the covariance between X; and Y;, conditional on Y71.,_1 = 91,51
COV(Xi, Y};‘Yl;ifl) = COV(Xi, CX;+ d|Y1;z;1) = SZCT

Combining these results, the joint distribution of (Xj;,Y;), conditional on Y3.;—1 = y1.j—1, is

Yi miy ) \CS; Siy '
By Proposition 3.1, property (ii) we deduce
P(Xi = 2| Y1 = y1:i) = N (z5|my + SiCTSZ’Tyl(yi —Miy), Si — SiCTS[;CSi)
We can equivalently write the mean and covariance as
mi =mi+ Kii, S = (Ix — KiC)Si
K;=8,CT(CS;,CT+R)™", i =y — (Cm;+d)

K; is known as the Kalman gain matrix and g; is known as the innovation.
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Predict step. Once we have computed the distribution of X;, conditional on Yi.; = 1.,
p(X; = x;|Y1.i = y1.1), it only remains to evaluate the integral equation (7).

Since p(Xi+1 = 41| X; = ;) = N(zi41]|Ax;+b, Q), property (i) from Proposition 3.1 gives

P(Xiv1 = zit1|Yis = y1:) = N(zig1|migr, Sigr)
mir1 = Am; +b, Si11 = ASZAT + Q.

Running the Kalman filter from i = 1 to i = N incurs computational cost O(N (k3 + d?)).

Rauch-Tung-Striebel smoothing

The Kalman filter computes the predictive distributions p(X;+1 = xi+1|Y1. = y1.), or equiva-
lently the normalized forward messages a;11(zi+1). It remains to show how these distributions
can be used to compute the posterior marginals and pairwise marginals.

Rather than computing the posterior distribution by propagating a sequence of backward
messages, as is done in Section 2, we describe an alternative approach, the Rauch-Tung-
Striebel smoother (RTS smoother).

To derive the RTS smoother, we first observe that by Proposition 1.2, for each 1 <7 < N,

p(Xi =2, Xip1 = zi1lY =y) = p(Xi = 2| Xit1 = 2541, Y = y)p(Xip1 = 21|V = y) ()
=p(X; = 2| Xit1 = xiv1, Y1 = y140)p(Xit1 = zi1|Y = y).

The posterior pairwise marginals can be computed recursively, starting from p(Xy = zn|Y = y),
which is computed from the terminal step of the Kalman filter

p(XN::rN]Y:y):./\/’(xN|m§V,S]SV), m?V:mN—l—KNng, SJSV:(Hk—KNC)SN.

Let p(Xiy1 = 1Y = y) = N(2it1/mi,,S7,,). Observe that from the predict step of the
Kalman filter, we know the (joint) distribution of (Xj;, X;1), conditional on Y1.; = y1.

V() G (s 58))
Tiv1)  \miy1) T \AS;  Sit1 '

By Proposition 3.1, property (ii), this allows us to compute
p(Xi = x| Xi1 = Tig1, Yii = y14) = N(2i|m;, Si)
m; = + S A S, (wign —mis1)  Si= S — S;ATS L AS,.

Finally we combine this with equation (8) using Proposition 3.1, property (i) to obtain the
pairwise posterior distribution of (X;, X;11), conditional on Y = y:

‘ s g3 s
V() () (st 57):
Ti+1 Myt (Si i+1)T Sz‘+1
mi =i+ S ATS (miy —mi1), 57 =i+ 5 ATS (S5 — Si1) S L AS,

H+1 SA Sz—i—l i+1:

To summarize, we have shown that for a state-space model in which both the transition and
emission distributions are linear and Gaussian, exact posterior inference for the latent states
(X;)Y,, conditional on the observations (Y;), = (y;),, is tractable via the Kalman filter and
Rauch-Tung-Striebel smoother. These algorithms rely on the properties of the multivariate
normal distribution (Proposition 3.1). In the case that the transition or emission distribution
is Gaussian and nonlinear or non-Gaussian, exact posterior inference is intractable. In this
case, one needs to resort to approximate inference algorithms (e.g., MCMC, particle filtering,

variational inference).
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4 Parameter estimation

So far, we have discussed the problem of posterior inference in a probabilistic state-space model
for the latent variables (X;)¥ ;, given the observation (Y;)¥, = (y;)X,. In this section, we
discuss a different but related problem, parameter estimation.

Consider learning the parameters 6 of the transition distribution pg(X;+1 = xir1|Xi = ;)
and/or of the emission distribution py(Y; = y;|X; = x;) in a probabilistic state-space model.
For example, in a HMM, 6 would be the transition matrix P as well as the parameters of the
emission distribution. In a LGSSM with fixed noise covariance R, (), the parameters would be

0 ={A,b,C,d.

If we had observed both (Y;)¥, and (X;)¥ ,, then we could write out the log-likelihood via
equation (1) and perform maximum likelihood estimation. However, if we observe only (Y;)Y

=1
writing down the marginal log-likelihood of (¥;)X¥; is not immediate.

To see how we can compute the marginal log-likelihood, observe

log pg(Y = y) © Epy (zly)log po (Y = y)]

(x%)

= Epe(x‘y) [logpe(X = z) +logpe(Y = y|X = x) — logpe(X = z|Y = y)]

_ _ - po(X = x)

9)

Equality (x) holds because logpy(Y = y) is a constant with respect to x. And equality (xx)
holds by adding and subtracting E,,,(,,)[logpg(X = z,Y = y)] and then applying Bayes’ rule.
The second term on the right-hand side of equation (9) is equal to the negative KL divergence
between pg(X = z|Y = y) and pp(X = z).

Equation (9) gives us a strategy for computing the marginal log-likelihood of (YZ)ZJ\L | in a
probabilistic state-space model. First, run the forward-backward algorithm to compute the
posterior distribution pyp(X = z|Y = y). Then, use the posterior distribution to compute the
right-hand side of equation (9).

To perform maximum-likelihood estimation, one can differentiate (9) with respect to the transition
and/or likelihood parameters and then update the parameters via gradient ascent:

(t+1) . p(t) — X = PolX = z)
o+t o) 4 v, <]Ep9(a:|y) logpa (Y = y|X = z)] + Epy 2y [log {pe(X —z[Y = y)

9=0(t)

Note that the dependence on the parameters is not only in the integrand of (9), but also
in the distribution py(X = z|Y = y) with respect to which the expectation is taken. At
the next iteration of gradient ascent, one will need to recompute the posterior distribution

po(X = z|Y = y) at the new set of parameters §(+1),

Expectation-maximization algorithm

The expectation-maximization algorithm (EM) is an alternative to the maximum likelihood
algorithm that we sketched. Namely, whereas maximum likelihood explicitly accounts for the
dependence of the expectation in equation (9) on the model parameters #, EM ignores this
dependence.

In the EM algorithm, the posterior pg(X = z|Y = y) is first computed at the current set of model
parameters 0 = 0(Y). This step is called the E-step. One then updates  either by solving

Ey o (ely) {vg <logp(Y — y|X = 2) +log {p(;(_XxTYx)_ )}ﬂ —0
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analytically or via gradient ascent. This is called the M-step. EM has the advantage that the
M-step updates often exist in closed-form, whereas those for maximum likelihood do not.

The EM algorithm is described in pseudocode in Algorithm 1.

Algorithm 1 Expectation-Maximization (EM) for probabilistic state-space models

Require: Observations (y,)f\; 1, initial parameters 6©) number of iterations 7'
1: fort=0,1,...,7T —1do
2: E-step: Compute the smoothing distribution under #®):

Poy (X1.nv = 21.8Y1.N = Y1.N)
3: M-step: Update parameters by maximizing the expected complete-data log-likelihood:

0D € argmax Q(0:0),  Q0:0) =E, , oy lyn) 108 P, y1:8)]

4: end for
5. return (1)
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