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1 Introduction

In this document, whose length grew longer than I planned as I wrote it, I review a few of the
(reasonably) basic concepts in linear algebra that are important for work in applied statistics,
machine learning, and optimization. This note is by no means comprehensive—there are
entire books on the subject!—but it can hopefully provide a handy guide. For much more
information, with great presentation, I recommend Horn and Johnson’s Matriz Analysis [4].
In addition, I will touch on the basic concepts from optimization we will use; note that I will
not treat these in any depth, and as these notes might be charitably called “quick and dirty,”
I provide no illustrations—the readers will have to give geometric pictures themselves.

2 Vectors, matrices, and basic decompositions

Much of the work one does with vectors and matrices involves solving (or approximately
solving) the matrix equation
Ax =1



for a given A € R™*" and b € R™. Key to solving this in practice—and to understand
properties of solutions, including stability to, e.g., the noise from statistical processes—is to
develop various decompositions of the matrix A to write it in simpler forms, and to understand
how it acts as an operator on matrices. This is precisely what we do over the next several
sections.

2.1 Vectors, independence, and norms

A vector x € R" is a collection of n real numbers; we always treat vectors as columns, as it
is a crime against mathematics to do otherwise. We write

T

Tn

The Fuclidean norm of a vector x, often termed its length, is

In some contexts, one uses p-norms for the size of the vector z, that is, ||z(|, = (327, | [P)1/P,
in which case the Euclidean norm corresponds to the ¢ norm ||z |, = ||z||, though we typically
omit the subscript when clear from context. Throughout this note, we will not use arrows
or bold or particular subscripts to distinguish vectors; the hope is that what a particular
mathematical symbol or element is is clear from context.

Given k vectors z1,...,xr € R™, the vectors are linearly independent, or simply indepen-
dent, if for all a € R, we have
k
Z a;x; =0 if and only if « =0.
i=1

That is, no vector can be written as a linear combination of the others. An evidently equivalent
formulation to this is that for o, 8 € R¥, we have >, ayz; = 3, Biz; if and only if a; = 3, as

this is equivalent to Ele(ai — Bi)x; = 0. Given a set of vectors x1, ..., 2k, the span of the
vectors is i
span{z;} = {Z oz | a € Rk} .
i=1

This is a subspace—a collection of vectors closed under addition and scalar multiplication—of
R". Given any set S, its perpendicular subspace S+ consists of those vectors orthogonal to
all of S, i.e.,

St ={v|vlz=0forall z €S}

Note that no matter what the set S is, St is always a subspace; in the case that S is a
subspace as well, we have

S+St={v+w|lveSweSt}=R"=5US*,

and we can decompose R™ into the disjoint (excepting the zero vector) subspaces S and St

A useful variant of these ideas concerns when exactly a collection of vectors can span R".
We avoid discussion of dimensionality, as we will not need the abstraction particularly, and
focus on this case. The lemma states that we require at least n vectors to span R".



Lemma 2.1. Let vy,..., v, € R™ and m < n. Then there is a vector v & span{vy,...,vp}.

So given a collection of vectors {vy,...,v,} C R”, so long as m < n we may always “add
more” vectors to capture more of R®. The converse to this lemma—that a collection of
n linearly independent vectors spans R"—will appear when we discuss matrix inverses in
Proposition 1 to come.

Proof We prove the first statement by induction on the dimension n. For the base case
n = 1, it is trivial: the span of the empty collection of scalars contains no non-zero scalar
v # 0. Now, let us assume the result holds true for n — 1, and let vy, ..., v, € R™ for some
m < n. Assume for the sake of contradiction that for any vector v € R", there exists some
z € R™ for which v = 377" v;x;.

Partition each vector into its first n — 1 entries and last entry via

Bl o f)

where b,b; € R and u,u; € R”™~!. Then because we may take b # 0, it is immediate that at
least one of the b; # 0; without loss of generality, assume that b; # 0. Observe then that
bixy + bexg + -+ - + by, = b, so that x1 = (b— Z;”ZQ bjx;)/b1. Incorporating this into the
equality of the first n — 1 components of the vectors, we have

m m m
1
U = E UjTj = aul b— E bjiL’j + E U T
j=1 j=2 j=2

*ﬂu—l-u—b—gu x—l—u—b—?’u T3+ —i—u—b—mux
_bll 21)112 3b113 mbll m-

; o b b — N~
That is, for the vectors u; = u; — pouL, We have u — prulL = ijz ujxj. But of course, we may

choose u € R"~! arbitrarily, and so in particular we have a collection {aa,...,%umn} of m — 1
vectors in R"~! that spans R”~!. This contradicts the inductive hypothesis. O

2.2 Rank and invertibility of a matrix

As I mention above, a prototypical problem is to solve Ax = b for x; this equation may not
always have a solution (though for us it often will), and it is useful to understand when it
may. We connect the existence of solutions to the independence properties of the rows and
columns of A. To that end, the range of a matrix A € R™*™ or its column space is

range(A) = {Az |z € R"} = { > aiwi | i € R},
=1

where A = [a; ag -+ ay] has columns a;. Notably, this is equivalent to the span of the
columns of A. The null space of A is

null(A) = {y € R" | Ay = 0},

that is, those vectors that A maps to 0. The familiar rank nullity theorem states that the
nullspace of A is the perpendicular subspace to range(A7), that is,

null(A) = range(AT)*. (1)



It is relatively easy to see this equality: we write
range(AT)t = {v | vT2 =0, all z € range(AT)} = {v | vT ATz =0, all z € R™}
={v| Av =0}

as y'x = 0 for all z if and only if y = 0. By taking transposes, we similarly see that
range(A) = null(AT)L. The rank rank(A) of a matrix A is the dimension of its column
space or range, equivalently, it is the number of independent columns of A. Sometimes, one
considers the column rank (the number of linearly independent columns of A) and the row
rank (the number of linearly independent rows of A) separately; these are always identical.

Finally, we come to inverses of matrices. We say a matrix A € R™*"™ has a left inverse B
if there exists B € R™*™ such that BA = I, and similarly, A has a right inverse if AB = I.
Note that A can have a left inverse only if A is a tall matrix, while A can have a right inverse
only if A is a wide matrix, just by dimension considerations. Notably, if A has both a left
inverse B and right inverse C', then A must be square, and moreover, we have

BA=1=AC, or B=B(AC)=(BA)C =C,
so C = B and we can write A~! for the inverse of A. Given a square matrix A € R™*"  we

have the following equivalent characterizations of invertibility. We derive several from one
another.

Proposition 1. For A € R™™", the following are equivalent.

(a) A has column rank n.

(b) A has row rank n.

(c) range(A) = R™ and null(AT) = {0}.

(d) null(A) = {0} and range(AT) = R".

(e) For any y € R™, the matriz equation Az =y has a solution x.

(f) The matriz A is invertible.

Proof We use the notation
—al—
A=laal=| 1|,
_ZL:{ _
so that A has columns a; € R™ and rows a; € R™. We prove several of the cases, leaving
others as exercises for the reader. First, we show that (a) = (d) = (b).

e (a) implies (d): as A has n independent columns, we have Az = """ | a;z; = 0 if and
only z = 0, so that null(4) = {0}.

e (d) implies (b). If null(4) = {0}, then the rank-nullity decomposition (1) shows that
range(AT) = {0} = R™. Now, suppose for the sake of contradiction that the rows a;

are linearly dependent; without loss of generality, that there exists y € R*~! such that
p = Z?;ll a;y;. But then

n—1

n—1
ATy = Zfiizi + <Z Zii.%’) Zp € span{ai, ..., an1},
i—1

=1

which is n — 1 dimensional and so cannot be R" (by Lemma 2.1).



From a completely parallel (or really, perpendicular...) argument, we have (b) = (c¢) = (a),
so that (a)—(d) are all equivalent.

We now show the equivalence of (e) and (f) to the others. If (e) holds, then by assumption
range(A) = R” (i.e. (a) holds), and so we have seen that range(A”) = R”, and so addition-
ally, for each y € R™ there exists « such that A”x = y. Variously taking y = ei,...,e,, the
n standard basis vectors, we find vectors bq,...,b, such that Ab; = e; and cq,...,c, such
that A”c; = e;. Define the matrices B,C by B = [by --- b,] and C = [c1 --- ¢,]T, so0
that AB = I and ATCT =1, i.e., CA = I. Then evidently A has a left and right inverse,
which must be equivalent, and we have shown that (e) implies (f) and (a). That (f) implies
(e) is immediate. Finally, to see that (a)—(d) imply (e), note that they are equivalent to
{Az | z € R"} = range(A) = R", that is, that for each y € R" there exists z € R" such that
Ax =y. O

2.3 QR decomposition

In many matrix problems, it is useful to decompose the matrix A into the product of simpler
matrices; this can allow for easier or more efficient computation, and it can yield more nu-
merical stability. With that in mind, we consider a few special structures here, showing how
we can use them to compute quantities such as matrix inverses, or otherwise.

To begin we recall that a matrix Q € R"*" is orthogonal if QTQ = I,,, the n x n identity
matrix. By Proposition 1, this evidently implies that QQT = I,,, and so orthogonal matrices
enjoy simple inverse properties. An equivalent way to write this is that the matrix Q € R™*"
has orthonormal columns, meaning that if Q = [¢1 -+ ¢n], then

r )1 ifi=y
q; 95 = .
0 otherwise.

When @ € C™ ", that is, it is complex, if Q* denotes the Hermitian transpose of @), we say
Q is orthonormal or unitary if Q*Q = QQ* = I, though we shall not worry about complex
matrices here. In some cases, we shall abuse language a bit and call a tall matrix Q € R™*",
where m > n, orthogonal: by this we mean that @ = [q1 --- g»] has orthogonal columns, so
that QTQ = I,,, though we can never have QQT = I,,, as rank(QQT) = n < m.

The second structure of interest is triangular matrices. We say that a matrix R with
entries r; j is upper or right triangular if r; ; = 0 whenever 7 > j, that is, R has the form

i1 T2 o Tin—1 Tin
0 72 -+ Top-1  Ton
R=1|0 0
: : : Tn—1,n
0 0 -~ 0 run

It is evident that if we wish to solve the equation Rz = b when R is upper triangular with all
non-zero entries on its diagonal, we can do this in O(n?) time: indeed, we simply “walk up”

the matrix R. First, if z = [z1 --- ,]7, then we note that
bn

TnnTn = by o T, = —.

Tnn



We can then solve for x,_1, where we recognize that r,_1,—1Tn—1 + Tn—1,n%Tn = bp—1, Or
(substituting the known value of x,) that z,_1 = (bp—1 — n—1,nbn/Tnrn). Continuing

Tn—1,,n—1
the obvious induction, we see that given zy, ..., 2x,_k+1, We can solve for x,,_j via the identity
k—1
1
Tn—k = (bn—k‘ - Z 7an—k,n—ixnfi) .
T'n—kn—k i—0

So long as no entries of diag(R) are zero, this evidently gives z.

If we wish to solve Ax = b when A is square in more generality, then a natural idea is
to find a way to transform A into an upper triangular matrix, and then solve the resulting
equation. This is indeed feasible: we can use the QR factorization of the matrix A. By this,
we mean we write A = QR, where @ is an orthogonal matrix and R is upper triangular. If we
can do this, then inverting A and solving matrix equations is evidently easy: we have Ax =b
if and only if QRz = b, or (left multiplying by QT so QTQ =I)

Rz = QTb,

which we solve for x. This factorization always exists, and here we present a few variants of
its existence.

Proposition 2. Let A € R™"™ have rank n. Then A has a QR factorization A = QR and
the diagonal entries of R are all non-zero.

Proof The idea of the proof is to use Gram-Schmidt orthonormalization, where we itera-
tively construct matrices Qj and Ry, with Q; € R"** and R, € RF*% such that Q;{Qk =1
and Qp Ry = [a1 -+ ag]. That is, Q Ry, reconstructs the first & columns of A, and the columns
of Q, form an orthonormal basis for the first k& columns of A.!

We provide the proof inductively. We take ¢1 = a1/ ||a1]| and 71 1 = ||a1||, which evidently
satisfies g171,1 = a1. Now, for the inductive step, we assume that we have orthogonal matrix
Qr = [@1 -+ q] € R and an upper triangular Ry € R¥** with entries r;; such that
[a1 ---ap] = QxRk. The idea is to take axy1, project out all components of ajy; belonging
to span{qi}le, and then treat the remaining vector as gi+1. Recall that for a unit vector g,
the projection of a onto span{q} is (a’q)q. To that end, write

k
Vbt = g — (6] ak1) g (2)
i=1
As apy1 is independent of ay, ..., ar by assumption, and span{qi,...,qr} = span{aq,...,ax},
we must have vi1q1 # 0. We then define
1
= ———Uky1.
BT ol

By inspecting equation (2), we also see how to define 7; 41 for each i: as

k

g =Y (6l aki) @i+ Jokral| arrn,

=1
=Ti,k+1 =Tk4+1,k+1

!The procedure we describe works, abstractly, even in infinite dimensional space, though obviously we will
not require this.



we can evidently set we set r; 11 = qiTakH for i <k and 741 k41 = ||vg+1]] > 0. Appending
gi+1 and the r values as appropriate to construct Qr11 = [q1 - - qr+1] and

1 k+1
Ry, T2, k+1
Rpy1 = .
0 TE4+1,k+1
we have [a1 -+ ag+1] = Qg+1Rk+1. This completes the induction. O

As some minor extensions of this result, we can develop QR factorizations for tall matrices:
if A € R™*™ with m > n, then we can similarly write A = QR with Q € R™*" orthogonal, so
QTQ = I, and R upper triangular. If A € R™*" is not full rank—that is, rank(A) < n—then
the QR factorization still exists, but R cannot be full rank. In this case, step (2) of the Gram-
Schmidt process may fail: there is some k such that ap,1 = Zle(a;fﬂqi)qi. Then vgyq = 0,
evidently, but this is fixable: we construct r; z41 for i < k as before, but set 741 441 = 0,
and choose gx.11 to be an arbitrary vector perpendicular to {q1,...,q}. We can continue this
process to obtain A = QR, though R may have zeros on its diagonal.?

We have seen how for square matrices, the QR factorization immediately allows solving
linear equations; it also allows getting strong best approximations to overdetermined equa-
tions. Indeed, suppose that A € R™*™ m > n and rank(A) = n, and we wish to find the z
that is as close as possible to solving Ax = b—though there may be not consistent solution.
We may write this as finding the £ minimizing the quadratic form

|4z = b|* = |QRz — b||* = (QRz — b)" (QRx — b).
But then using that QT Q = I, we have the identity
(QRz—b)" (QRz—b) = (Rz—Q"b)" (Rz—Q"b)+b"b—b"QQ"b = | Rz — QTbH2+bT(I—QQT)b,

which is quite clearly minimized by = R~'QTb, that is, the z solving Rx = QTb. That is,
even in the case that A is a tall matrix, the QR factorization gives us the “best” approximate
solution to Ax = b in a reasonably straightforward way.

2.4 Cholesky decomposition

We often treat quadratic forms with special care, that is, quantities such as f(z) = 27 Az
for a matrix A. In these, by noting that 27 Az = 27 ATy = L2T(A + A7)z, it is no loss of
generality to assume that A is a symmetric matrix, so we shall do so. Of particular interest
are positive definite matrices A, denoted A > 0, which are symmetric matrices satisfying

T Az > 0 whenever z # 0.

A matrix is positive semidefinite, or PSD, denoted A = 0, if 7 Az > 0 for all z. Note that
by taking x = ey, ...,e,, the n standard basis vectors, we see that a positive definite matrix
A always has el Ae; = a;; > 0, or diag(A) = 0.

For such positive definite matrices, an elegant decomposition known as the Cholesky de-
composition guarantees that we can write A as the product of lower triangular matrices:

2There are many variants of this process, and factorizations that reveal the rank of A, but we shall not
address these.



Proposition 3 (Cholesky factorization). Let A > 0. There exists a lower triangular L € R™"*"
such that
A=LL".

Proof The existence of L is fairly straightforward: we cheat a bit by looking ahead to the
spectral theorem (Theorem 1) to note that we can write A = VAV for an orthogonal matrix
V and diagonal A = 0. Set B = AY2V7T so that A = BTB. Then B has QR factorization
B = QR, and we write A = RTQTQR = RTR. As R is upper triangular, L = R” is lower

triangular. O

Of course, an existence proof is a bit empty, and finding such a factorization is more
computationally helpful. Conveniently, one can actually recover a reasonable (and numerically
stable) Cholesky algorithm by writing down the matrix factorization directly. I leave deriving
this as an exercise for the reader.

3 Spectral and singular value decompositions

Two additional decompositions are key to any use of matrices, both theoretical and applied:
eigenvalue (or spectral) decompositions and the singular value decomposition. We shall not
concern ourselves much with nonsymmetric matrices—their eigenvalues and eigenvectors arise
less frequently in most statistical applications—though we develop other decompositions.

Recall that for a square matrix A € R™"*™ a vector v is an eigenvector with eigenvalue
A is Av = M. Nonsingular matrices always have n eigenvalues—including multiplicities—a
consequence of the characterization of eigenvalues as roots of the characteristic polynomial
p(A) = det(A—AI). But we will not concern ourselves with these; instead, we focus on matrices
whose eigenvalues and eigenvectors are (i) more easily visualized, (ii) avoid pathologies, and
(iii) are most common in statistical, machine learning, and engineering applications.

3.1 The spectral theorem for symmetric matrices

We focus on symmetric matrices, that is, those for which A = AT. In these cases, the
eigenvectors and eigenvalues take the particularly nice form the spectral theorem guarantees:

Theorem 1 (Spectral theorem). Let A € R"™ ™ be a symmetric matriz. Then A has n
real eigenvector/eigenvalue pairs (N, v;), and the eigenvectors are orthogonal. Moreover, if
A = diag(A1, ..., \n) is the diagonal matriz of the eigenvalues and V = vy - v,] € R™*™,
then

A=VAVT, (3)

For completeness, we provide a proof of the spectral theorem in Section 4.3, though we do so
using only tools from optimization. This gives a variational perspective that can often be quite
useful for matrix analysis and solving statistical (or other) problems, and has the advantage
that it avoids the complex analysis usually required to develop eigenvalue decompositions.

A few side benefits of the formulation (3) are that it shows immediately how to invert A,
assuming A is full rank: we simply have A=! = VA=W as VATWITVAVT = VIVT = I.
Raising A to various powers is also trivial: we have AP = VAPV which is easy to compute
for A diagonal. As another consequence of the spectral theorem, we see that

Corollary 3.1. A symmetric A is positive semidifinite if and only if its eigenvalues are
nonnegative, and A is positive definite if and only if its eigenvalues are strictly positive.



Proof To see this, note that for A = VAVT, then A is positive definite if and only if
2T Az = Z?:l x?)\j > 0 whenever = # 0, that is, A\; > 0 for each j. Similarly, A is semidefi-
nite if and only if Z?:l :L‘?)\j > 0 for all z, that is, \; > 0. O
A few alternatives to the spectral theorem are available; the development of their proofs is
similar to our proof of the spectral theorem itself, so we omit them. But, among other useful
examples, is the following variational characterization of the first k eigenvectors of A:

Corollary 3.2. Let W, solve the following optimization problem (in W ):

maximize Zle wl Aw;
subject to WITW = I,

where W = [wy --- wy] € R"*k. Then W, = [v1 --- vg], where v; is the ith eigenvector of A.

The proof of this corollary is not completely immediate—typical proofs rely on a result known
as Von Neumann’s Trace Inequality or on majorization identities—but it provides alternative
variational characterizations of eigenvectors. We shall see applications of this result and the
next decompositions in principal component analysis and other multivariate analysis scenarios.

3.2 The singular value decomposition

The spectral theorem also allows us to show the existence of a perhaps even more powerful
decomposition: the singular value decomposition, or SVD. The statement is as follows.

Theorem 2. Let A € R™*"™ where m > n. Then there exists an orthogonal U € R™*",
orthogonal V- € R"™ ™ and nonnegative diagonal matriz ¥ = diag(o1,...,0,) such that

A=UxVT,

Proof For simplicity, we first assume that A has rank n, meaning that A7 A is positive
definite. We use the spectral theorem to write AT A = VDVT where D = 0, that is, diag(D)
has all positive entries. By inspection, if we have A = UD'Y2VT then, inverting, we must
take U = AVD1/2 € R™*"_ Note that with this choice, UTU = D 1/2VTAT AV D~ 1/2 =
D Y2DD~Y2 =] and so A= UDY2V7T as desired.

If A is rank deficient—so r = rank(A) < n—then the argument is more tedious, as we must
argue we can ignore the rank deficient “parts” of A. We still have AT A = VDV, except that
D = diag(dy,...,d,,0,...,0) = 0, though D has a square root. Let D, = diag(dy,...,d,) €
R™ " be the positive diagonal of D, and let V. = [v; -+ v,] € R™*" be the first r columns of
V and V,,_, the last n — r columns. Define U, = AVTDT_I/2 € R™*" noting that U,TUT = 1I,.
We claim that AV, V,I' = A: indeed, as V,I_ AT AV,,_, = 0 we have ||AV,_, ||z, = 0, and noting
the identity

n
I=vvT=> vo] =V,VI+V, VL,
i=1
we thus obtain
A=AV, VI +AV, VT = AV, VT,
=0
Then we see that the choice U, = AVTD,«_I/2 satisfies UrDi/2VTT = AVTVTT = A. To ex-
pand this into U,V as in the theorem statement, note that we may complete U by set-
ting U = [U, U,_,] for any U,_, such that UTU = I—which is possible—and setting



¥ = diag(v/d1,...,Vdy,0,...0) € R"™", Then A =UXV7T as desired. O

A few slight refinements and corollaries of the result are possible. First, if A is rank
deficient, meaning rank(A) = r, we can develop a “reduced” SVD:

Corollary 3.3. If A € R™*" m < n, hasrank(A) = r < n, then we may write A = U, X, VI,
where U, € R™*" V. € R™™" satisfy V;TVT = U?U,« = I, and ¥, € R™™" is positive definite
and diagonal.

When A is a wide matrix instead of a tall matrix, i.e., A € R™*™ with n > m, we have
a similar decomposition: we write A = ULV with U € R™™ and V € R™ ™, where
UUT =UTU = I,,, and VIV = I,,,. Tt is easy to see this by considering A”.

3.3 Heuristic connections to statistical problems and data matrices as op-
erators

Let us make a few heuristic applications to statistical problems here; these are perhaps more
for intuition than anything completely rigorous at this point, but may serve to ground some
of the mathematics we have been doing. Consider the linear model

Y =XB+¢e, X eR™ and e~ N(0,0%).

Let us consider, at a high level, questions of recovering 8 € R? from the noisy observations
Y € R” and data matrix X € R"*? where the number of observations n > d. First, let
us consider a special case that X is rank deficient, so that N := null(X) # {0} contains
more than just the zero vector. Roughly, the nullspace N gives directions in which we can
infer nothing about 3. Making this somewhat less heuristic, A € A/ implies XA = 0. Now
consider trying to distinguish two possible vectors By, 81, where 8y € R% and 8, = By + A for
some A € N. Then clearly X8y = X (8o + A) = X1, so that X the observations contain
no information about directions in N, that is, we can never distinguish By from fS;: the
distributions of Y under 5y and 1 are identical.

As being low rank is a fairly brittle property—arbitrarily small perturbations of the matrix
X make it full rank (i.e. rank d)—it is interesting to consider X being “nearly” low rank.
With this in mind, consider the singular value decomposition of X,

X =UxvT ¥ =diag(si,...,sq),

where U € R™*? vV € R¥*? and UTU = VTV = I;. Consider the action of X on a vector :
first, we project § into the basis represented by V via a = VT 3. Then we scale the resulting
vector a € R? by the diagonal matrix ¥, and reproject the result into the span of U (noting
that range(U) = range(X)). For those singular values s; that are near zero, X is evidently
quite insensitive to changes of § in the directions v;. As a somewhat more precise description
of this, suppose that sg = € > 0, but € is quite small—say, 1073, Then if for ¢ € R we consider
two vectors,

Bo and f; = Bo + tvg,

so that (; is perturbed in the direction of the smallest right singular vector vg, then we see
(or can measure) only very little about changes in 3;: we have

XB = XBy+tXvg = XPBo + teuy,

10



where ug € R" is the dth left singular vector. In particular, to achieve even a constant
factor change in the measurements Y = X + ¢, we must modify By by a number of units
t ~ 1/e in the vy direction. Thus, nearly singular data matrices—those with some small
singular values—often make inferences about parameters § extremely challenging. Thinking
contrapositively, small changes in the output Y may correspond to massive changes in the
input 3, as we must make large modifications in the vy direction to change X (8y + tvg).

In sum, the singular value decomposition tells us essentially everything about a matrix:
it is rank deficient if and only if some of the singular values are zero, and being nearly rank-
deficient (having small singular values) can equally make statistical estimation and inference
hard. (This of course is heuristic now, but we can make this substantially more precise.)

4 Optimization

Optimization problems involve minimizing or maximizing an objective subject to various
constraints, and we typically write them as

minimize  f(x)

subject to hi(z) =0, i=1,...,m
Here, f is the objective function, x is the optimization variable, and h; and g; are constraint
functions. We shall use relatively little optimization technology in this class, though a few
ideas will be important and will appear quite frequently.?

The most important optimization problems we come against in this class will be least
squares problems. Consider the linear model as motivation: we assume

Y=X(+e¢,

where X € R™*? and given (X,Y) wish to (approximately) find 3. Then a natural optimiza-
tion problem is to minimize the squared error, that is, to solve

1
minimize 3 1X8-Y|?

in 8. In some situations that we cover, we will use more sohpisticated losses, in effort,

e.g., to gain robustness or to regularize problems. Letting X have rows x7,...,zL, ie.,
X =[z1 -+ 2,)T we can then consider a more general formulation and ask to solve
n
minimize Z (zfp — ), (4)
i=1

where £ : R — R is some loss measuring the fidelity of the linear prediction m;ﬁﬁ to y;. Of
course, ((t) = %tQ recovers the typical least-squares problem, but other examples include the

01 loss, £(t) = |t|, or smoothed ¢;-type losses, including the Huber loss
1,2 :
5t flt] <1
f(t) = 2 1 ! ‘ ‘ -
[t| -5 if[t|>1

or £(t) = log(1+e€') +1log(1+e~"). We will see numerous examples of M estimation problems
of the form (4) (M for maximization/minimization). We at least will touch on the tools
necessary to recognize when such problems are (easily) solvable.

3All students should take ee364a.
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4.1 Convexity

The major watershed between solvable and (broadly) unsolvable problems is optimization is
the division between conver optimization problems and non-convex optimization. In short:
convex optimization problems are solvable, and solving them is a technology; we can solve
them and it does not matter a wink how we have done it. For non-convex optimization, well,
as Tolstoy writes in Anna Karenina, “Happy families are all alike; every unhappy family is
unhappy in its own way,” each non-convex optimization problem is non-convex for its own
special reason. What, then, is a convex optimization problem?
The starting points are convex sets and functions. A set C' C R" is convex if

xeCiyeC imply e+ (1—-NyeC

for all A € [0,1], that is, C' contains all lines between its points. A function f : R" — R is
convex if

fOAz+ (1= Ny) <Af(z)+ (1 =N f(y) ()

for all A € [0,1] and z,y € R™. These are “bowl-shaped” functions. Convex problems are
then those for which the objective f is a convex function, the constraints h; are affine, and
the constraints g; are convex. You should convince yourself that this means that the set of
feasible points, those = for which h;(z) = 0 and g;(x) < 0 for each of the constraint functions,
necessarily form a convex set. We will not concern ourselves with the constraints in problems
(at least for now), except to reiterate that they make (essentially) no difference in our ability
to computationally efficiently solve the problems.

Convex functions are convenient from a computational perspective because they remain
convex under a number of compositions and other operations. In fact, some large-scale opti-
mization toolboxes are based on careful reformulation of various composition rules, allowing
the solution of numerous optimization problems [3]. For us, a few simple rules suffice:

e if f is convex, then for any matrix A and vector b, h(x) = f(Ax + b) is convex.
o if fy, f1 are convex, then f = fy + fi is convex.

These are both immediate.

Among many reasons that we like convex functions are that their minimizers have enjoy a
few key properties: if f is a convex function, then its minimizers form a convex set, and local
optimality necessarily implies global optimality. To see these is relatively straightforward by a
picture (again, drawing such a picture is a good exercise for the reader), but for completeness
we include an argument in Appendix A.1, as it relies on some analysis.

Lemma 4.1. Let f be convex. Then any local minimizer of f is a global minimizer, and if
the collection of minimizers of f form a convex set.

Note that a convex function f may have no minimizers—consider f(x) = e* or f(z) =
— log x—but when they exist, they form a convex set.

Another key property of convex f more or less follows the preceding lemma, and connects
to the idea of local information providing sufficient global information for convex f: if f is
differentiable, then V f(x) = 0 if and only if = is a global minimizer of f. Indeed, we have
the following proposition; a proof by picture again should suffice, though we provide a formal
argument in Appendix A.2.
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Proposition 4. If f : R®" — R s differentiable, then f is convex if and only if for each
x € R" and y € R”,
fy) = (@) + V(@) (y — ). (6)

If f is convex, then x minimizes f if and only if Vf(x) = 0. If additionally f is twice
continuously differentiable, then f is convex if and only if its Hessian is positive semidefinite.

Using Proposition 4, we can provide a few simple examples that are essential for the
class. As one immediate consequence, if we have a convex minimization problem and we can
solve Vf(xz) = 0, then immediately we recover minimizers of f. Let us apply this to the
least-squares problem: we wish to solve

1 2
inimize — || X8 -Y|5.
minimize - | X8 115

Note that the function h(z) = %HzHg is convex, as V2h(z) = I = 0, and so the least-
squares objective is as well (it is the composition of a convex function with the affine mapping
B XB —Y). Consequently, by taking derivatives of f(5) = % I X5 — YH%, we have

Vi) =X"(XB-Y),
and 8 minimizes the least-squares objective if and only if
XTxp=xTy. (7)

These are the normal equations, and they allow us to recover substantial structure about the
properites of estimates B\ solving least-squares. Note that if X € R"*? is rank d, then X7 X
is invertible and we uniquely obtain B = (XTX)"'XTY. We develop the properties of such
estimators extensively throughout the class.

4.2 Lagrange Multipliers

With or without convexity, it is still of interest to solve constrained optimization problems—
indeed, in Section 3 we claimed that the eigenvectors and eigenvalues of a symmetric matrix
were recoverable via solving a constrained optimization problem. With that in mind, we re-
view and recover a few of the basic results in optimization. While I certainly do not expect
expertise—and this material is not essential for the course—I find it useful to provide alter-
native proofs and approaches to some of the basic results in linear algebra and optimization.

Throughout this general treatment, I will assume f : R” — R and h : R* — R™ are C!,
that is, continuously differentiable, so that the gradient V f(z) of f and the derivative matrix
of h(z) = (h1(z), ..., hm(x)) given by

Vhl(I)T
Dhz) = |
Vhm(z)T
are both continuous. That is, we have that as A € R” tends to zero, f(x + A) = f(z) +

VF(@)TA+o(|A]) and similarly h(z + A) = h(x) + Dh(z)A + o(||A]).
We consider two problems: the unconstrained problem

minixmize f(z) (8)
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and the constrained problem
minimize  f(z)

subject to h(z) =0. (9)

While there is a deep optimality theory for convexr optimization problems—see, for example,
the book [2] and the course ee364a—we will consider only the general forms above. We
recall that a point x4 is a local minimum of f if there is a neighborhood of z, such that
f(zx) < f(x) for all z in the neighborhood, that is, if there exists a positive radius b > 0 such
that f(z4) < f(x) for x such that ||z — z4|| < b. We have the following immediate result:

Proposition 5. If z, is a local minimizer of f in the unconstrained problem (8), then

Vi(xzs) =0.

Proof For x near z,, we have f(x) = f(zs) +Vf(z)T (x—x,)+o(|x — 24||]). Fixan x € R?
and let ¢ > 0. Then for small enough ¢, we have

f(m* + t(.T - l'*)) — f(x*) _>Vf(1‘*)T(l' - $*)

0<
- t (AN

by definition of the derivative. As z is arbitrary, we see that Vf(z,)Ty = 0 for all y € R”, or
Vf(ﬂf*) == 0. D

The more advanced result, known as the Lagrange Multiplier theorem, allows us to develop
stationary conditions for the constrained problem (9). The intuition is the following: we place
a penalty \; on each of the constraints h;(x) = 0. Then we consider the alternative problem,
or Lagrangian,

L(z,N) = fx)+ Y Aihi().
=1

Intuitively, by adjusting the penalties on \; to force payment whenever h;(z) # 0 (i.e., in-
creasing A\; when h;(xz) > 0 and decreasing it when h;(z) < 0), we find that local minima of
problem (9) are stationary for the Lagrangian. A geometric picture may help as well here
(but for now, I don’t have one).

In any case, we have the following proposition:

Proposition 6 (Lagrange multipliers). Let x, be a local minimizer in the constrained prob-
lem (9), and assume that the m vectors Vhi(xy), ..., Vhy(xs) are linearly independent. Then
there exists a Lagrange multiplier A € R™ such that

V(x,) + zm: A Vhi(z,) = 0.

i=1

Notably, if h : R™ — R is a single function, then the constraint qualification that the gradients
Vhi(zs) be linearly independent is trivially satisfied. We provide a proof here following
Bertsekas [1]. Naturally, there are a number of proofs, many involving implicit function
theorems, but the following result makes clean use of analysis and only first-order derivative
definitions.

Proof By definition of x, as a local minimizer in problem (9), there exists a compact set
S ={z € R" | ||z — z,|| < b}, where b > 0, such that f(z) > f(z,) for all z € S with
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h(z) = 0. We consider optimization over this set. Let o > 0 be otherwise arbitrary, and for
k € N consider the sequence of objectives

k «
file) = f(@)+ & @) + S e P,

and let x; minimize fi(z) over S. As S is compact and f; is continuous, such a minimizer
certainly exists, and moreover, as h(z,) = 0 and z, — z, = 0, we have

fien) = Fan) + 5 I + 5 low — 2l < i) = F) (10)

In particular, as f(z) is bounded on S (it is continuous and S is compact), we obtain that for
some finite C' < oo,

k o N
L

and so [|h(xy)|| — 0. Considering any limit point x of zy, taking k — oo in inequality (10)
thus implies

Fl@oe) + 5 oo = 2]* < fa),

SO Too = Tx. In particular, zp — z, as a > 0.

With this in mind, we now use Proposition 5: we see that z; € int S eventually, that is,
the constraint S' is eventually immaterial, and so xj, is a local minimizer for the unconstrained
problem

. k o
minimize fi(z) = f(z) + 5 1A (ae)|I” + 5 llz = |
Taking derivatives, we obtain
0 = Vf(zy) + kDh(zp) h(zy) + oz — z,), (11)

where we recall the derivative matrix Dh(z)? = [Vhi(z) -+ Vhpy(x)] € R™™. As Dh(z,) €
R™*™ is assumed to be rank m, we have Dh(xy) also rank m for all large enough k by the
continuity of Vh;(z). Using the shorthand Gy = Dh(xy) € R™", G4GT is a symmetric
positive definite matrix, and multiplying this into the preceding display yields

0=GrVf(zy)+ kaGgh(xk) + aGr(zr — xy).
Equivalently, inverting yields
kh(zy) = —(GRGE) GV f(xr) — a(GrGE) Hap — x4).

Of course, as xy, — x4, continuity implies that G — G, := Dh(z,) and V f(z) — V f(z4),
so taking k — oo yields

Jim kh () = —(G,GHT1G Y f(xy).
— 00

Let A = —(G.GT)'G,Vf(x,) € R™. Then substituting in equality (11) and taking k — oo
we obtain

0=Vf(z:) +GIA=Vf(z)+ > \iVhi(z,),
i=1
as desired. O
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4.3 Applications to the spectral theorem

Finally, we turn to a delightful application of the Lagrange multiplier theorems: proving the
spectral theorem for symmetric matrices. In most linear algebra classes, one develops the
existence of eigenvectors and eigenvalues by using characteristic polynomials and determi-
nants, objects that—to my eyes—have little to do with the actual structure of matrices and
their actions as operators. To that end, here we use Lagrange multiplier results to show that
eigenvectors and eigenvalues exist for symmetric matrices without any complex analysis (or
even needing polynomials to have roots), instead, purely as an optimization concept. Indeed,
we revisit the spectral theorem:

To prove the theorem, we begin by showing that there exists a single eigenvector/eigenvalue
pair, where the eigenvector solves

maximize, x! Az
subject to  ||z]| =1
when A is symmetric.

Lemma 4.2. Let A € R™*" be symmetric and v mazimize x* Az subject to ||x|| = 1. Then
Av = v for some A € R.

Proof We can equivalently write this as maximization of 27 Az subject to ||z||3 = 1, in
which case Proposition 6 immediately implies that there exists some A € R such that

Av— v =0.

Rearrange. ]

So now we have shown the existence of a first eigenvalue/eigenvector pair: there is (A, v1)
such that vl Avy = Ay > 2T Az for all ||z|| = 1. We now perform an induction by finding
the maximizer of the quadratic 7 Az subject to being orthogonal to all previously found
eigenvectors: assume that we have k — 1 eigenvectors in decreasing order of eigenvalues, i.e.,
Avy = Mur, ..., Avg_1 = A\p_1Uk—1, and v;-fvj = 1if i = j and 0 otherwise. Consider the
constrained problem

maximize, ! Az
subject to  |lz|| =1, vlz=0,i=1,...,k—1.

Let v; be a maximizer above. Then evidently the constraints have independent gradients, as

the gradients are vy,...,vp_1 and V||z||* = 2z, which is vj, at optimum, so Proposition 6
implies there exist f1,...,Bk_1 and A\ (choosing signs as convenient) such that
k—1
Avk + Z ,Bﬂ}i — )\kvk =0.
i=1

Taking the inner product of this equality with v; for each ¢ < k yields

k—1
0= UZ-T (Avk + Z,@ﬂ)z + )\kvk> = )\Z"UiTUk + ﬁi’UZT’Ui — )\kvavi =5,
i=1
as UiT’Uk = 0 by construction. In particular, 8; = 0, and so returning to the previous display,
we have shown

Av, — My = 0.

Summarizing, we have the following proposition, which is similar to the spectral theorem:
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Proposition 7. Let A € R™™ be symmetric. Then there exist n real eigenvalue/eigenvector
pairs (A, v;) with \y > --- > X\, and such that vy solves

maximize, x! Az
subject to  |lz| =1, vz =0, i=1,...,k— 1.

(2

Finally, we use Proposition 7 to prove the spectral theorem.
Proof of Theorem 1 We first show that vlv; = 0 if i # j. Indeed, we have vl Av; =
)\jv;f vj, and by construction in Proposition 7, these are orthogonal. In particular, the matrix
V =1[v1 - vy] € R™" is orthogonal, with VIV = I = VVT. Letting A = diag(\1, ..., \n)
be the diagonal matrix of eigenvalues, we see that because Av; = A\;v;, AV = VA and so

A=AVvVvT =vAvT

as desired. O

A Technical proofs

A.1 Proof of Lemma 4.1

First we show that the minimizers of f, assuming they exist, form a convex set. Suppose that
xg, 1 are both minimizers of f, so that

Flwo) = f(a1) = min f(z)

(where we write min because the minimum is attained by assumption). Then certainly f(Azo+
(1 =XNz1) < Af(zo) + (1 = N) f(x1) = min, f(x) whenever A € [0,1], that is, Azg + (1 — Xz
also minimizes f.

Second, we argue that local minimizers are global minimizers. Suppose z( is a local
minimizer of f, so that f(xg) < f(x) for all  in a neighborhood of x¢; say this neighborhood
is of radius € > 0. Let x; € R™ be arbitrary. Then for ¢ € [0, 1], we can write

xy = (1 —t)xo + tay,

noting that f(xz;) < (1 —t)f(xzo) + tf(x1). Now, take ¢ small enough that ||z; — z¢| < €;
the choice t = €/ ||z1 — || suffices. Then we have by assumption that f(z9) < f(zy) <
(1 —t)f(xo) + tf(z1), and rewriting, tf(x1) > tf(zo), or f(xr1) > f(zo). In particular, zg
must be a global minimizer.

A.2 Proof of Proposition 4

First, assume f is convex. Then for all ¢ € (0,1), we have
f(A =tz +ty) = fle+tly—=) <1 -1)f(2) +1f(y),
and rearranging by subtracting f(z) from each side and dividing by ¢ > 0 yields

fla+tly —x)) — f=)
t

< f(y) — f(x).
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Taking ¢ | 0 on the left hand side and noting that limyg w = Vi) (y —2)
gives inequality (6). Conversely, assume that inequality (6) holds; we show that f is convex.
Indeed, we have

fla) > f(A=t)z+ty)+V f(1=t)z+ty) " (z—((1=t)z—ty)) = f(1=t)z+ty) +tV f(1-t)z+ty) " (z—y)
for all ¢t € [0, 1], and similarly

Fly) 2 f(L =t +ty) + (L =)V (L =t + ty)T (y — 2).

Multiplying the first equation by (1 — ¢) and the second by ¢, then adding gives

(L=t)f(x) +tf(y) = f(A - )z +ty),

valid for all ¢ € [0, 1], so that f is convex.

The argument for the second claim is immediate from the first-order inequality (6). First,
suppose that V f(x) = 0; then f(y) > f(x) +0 = f(z) for all y, and z is a global minimizer
of f. Conversely, if f(y) > f(x) for all y, then using the definition of derivatives we have
0< w for all ¢ > 0 and vectors v. Taking the limit as ¢ | 0 yields

0 < tim L) — f(@)
tl0 t

= Vf(z) v

As v was arbitrary, we have V f(z) = 0.
Finally, we turn to the claim about the Hessian. Assume that f is convex. Fix any
x,y € R™, and note that

Fy) 2 f2) + V(@) (y —2) and f(z) > f(y) + V) (@~ y),
so that adding these yields
(VF(y) = V@) (y—2) 20

for all x,y. Fix an arbitrary vector v. Then by setting y = z + tv and taking ¢ > 0 to zero,
we find that

0< }2 [(V (@ +tv) = V()" (t0)] = % (V@ +tv) = V() o] = " V2 f(2)o.

As x,v are arbitrary, we have V2f(x) = 0. For the converse, assume that V2 f(z) = 0 for all
x. Then using Taylor’s remainder theorem that

(y— )" V(@) (y — x)

>0

Fl) = @)+ V@) (g - 2)+ 5

for some Z = tx + (1 — t)y, where t € [0, 1], we have f(y) > f(z) + Vf(z)T (y — ).
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