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Definitions.

· S is a set of outcomes {x,y,z,w,...}

· x P y means x is preferred to y  (also known as strict preference)

· x I y means x is viewed indifferently relative to y

· x PI y means x is either preferred or viewed indifferently relative to y (also known as weak preference) [note that I and P can be each be defined  using PI]

· (x,p,y) means a gamble (an uncertain outcome, or a lottery) in which outcome x will be received with probability p, and outcome y will be received with probability 1-p.

Axioms. Assuming that x,y,z,w  S, and p,q  (0,1):

1. Closure.  (x,p,y)  S.

2. Weak ordering. 

· x PI y  (Reflexivity)

· x PI y or y PI x  (Connectivity)

· x PI y and y PI z implies x PI z (Transitivity)

3. Reducibility.  [(x,p,y),q,y] I (x,pq,y). 

4. Independence.  If (x,p,z) I (y,p,z), then (x,p,w) I (y,p,w).

5. Betweenness.  If x P y then x P (x,p,y) P y.

6. Solvability.  If x P y P z,  then there exists p such that y I (x,p,z).

Theorem: (J. von Neumann & O. Morgenstern, Theory of Games and Economic Behavior, 1944)

If axioms 1-6 are satisfied for all outcomes in S, then there exists a real-valued utility function u defined on S, such that (1) x P y if and only if u(x) > u(y), and x I y if and only if u(x) = u(y); (2) u(x,p,y) = pu(x)+(1-p)u(y); (3) u is an interval scale, that is, if v is any other function satisfying 1 and 2, then there exist real numbers b, and a>0, such that v(x) = au(x)+b. 

Paradox: (M. Allais, Econometrica, 21:503-546, 1953) [updated version]. Compare the following two situations:



Situation 1




Situation 2

Choose between:



Choose between:

Gamble 1: $5000 with probability 1

Gamble 3: $5000 with probability .11

Gamble 2: $7500 with probability .10

                  $0 with probability .89

                  $5000 with probability .89

Gamble 4: $7500 with probability .10

                  $0 with probability .01

                  $0 with probability .90

Most people prefer gamble 1 to gamble 2, but prefer Gamble 4 to Gamble 3, even though this pattern is inconsistent with the independence axiom.  In particular,

gamble 1 P gamble 2  can be rewritten as ($5000,.11,$5000) P [(0,1/11,$7500),.11,$5000]; and

gamble 4 P gamble 3  can be rewritten as [(0,1/11,$7500),.11,$0] P ($5000,.11,$0) (cf axiom 4).  Since expected utility theory requires an ordering consistent with the interval function of utility, this pattern of preferences cannot be accommodated.  In particular, the preference for gamble 1 over gamble 2 implies that u(gamble 1) > u(gamble 2), and hence that u($5000) > .10u($7500)+.89u($5000)+.01u(0), so .11u($5000) > .10u($7500)+.01u($0).  But the preference in situation 2 implies that u(gamble 4) > u(gamble 3); hence .10u($7500)+.90u($0) > .11u($5000)+.89u($0), implying .10u($7500)+.01u($0) > .11u($5000), contradicting the inequality derived from the most common preference in situation 1.

