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Abstract

Diagonally scaling a matrix often reduces its condition number. Equilibration scales a matrix so
that the row and column norms are equal. We review the existence and uniqueness theory for
exact equilibration. Then we introduce a formalization of approximate equilibration and develop its
existence and uniqueness theory. Next we develop approximate equilibration algohims that access
a matrix only by matrix-vector products. We address both the nonsymmetric and symmetric cases.

Limited-memory quasi-Newton methods may be thought of as changing the metric sahat the
steepest-descent method works e ectively on the problem. Quasi-Newton methods construct a &
trix using vectors of two types involving the iterates and gradients. The vecbrs are related by
an approximate matrix-vector product. Using our approximate matrix-free symmetric equilibration
method, we develop a limited-memory quasi-Newton method in which one part of the qusi-Newton
matrix approximately equilibrates the Hessian.

Often a di erential equation is solved by discretizing it on a sequence of increasingl ne meshes.
This technique can be used when solving di erential-equation-constrained optimizatiom problems.
We describe a method to interpolate our limited-memory quasi-Newton matrix from a coarse to a
ne mesh.
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Chapter 1

Introduction

Quasi-Newton methods

Consider the unconstrained quadratic program mir f (x) for f (x) %XT Ax + b"x. The gradient
isg(x) r f(x)= Ax + b In a quasi-Newton (QN) method, an approximation to the Hessian is
constructed by assembling paird s; yg into a matrix. s is the di erence between iterates:s x* x;
y is the di erence between the gradients at the iterates:y g* g. x* occurs at the iteration
subsequent tox, and similarly for other quantities using the superscript-+ notation. Observe that
As = y and sos and y are related by a matrix-vector product involving the Hessian. For a general

optimization problem, the two are approximately related by a matrix-vector product.

On an unconstrained convex quadratic program, many quasi-Newton methods obtainrte Hessian
after a nite number of iterations. In real applications|for example, on nonconvex , constrained
problems; and on very large problems for which the storage for a quasi-Newtomatrix is limited|
the Hessian is not recovered. A QN method may be thought of as changing the metric ahe
problem while the problem is being solved. Search directions are then steepest-descent directs
for the modi ed problem corresponding to the current QN matrix.

A matrix By initializes the QN matrix. Most often, By is chosen to be a diagonal matrix. An
algorithm can changeBg as often as at each update of the QN matrix. Section 3.1.2 shows that in
Broyden-class QN methods, a diagonaB, may be interpreted asscaling the problem. Therefore,
an e ective choice for By is a scaling matrix that minimizes the condition number of the Hessian.

The time a solver requires to nd a solution is a key performance criterion. Time may be divided
into two parts: time spent in the solver, chie y on linear algebra operations; and time spent in the
user function, which is the software client's implementation of the problem. For many problems,
the time required by the solver is considerably less than the time required by the usr function.
Hence an optimization algorithm is often developed with the objective of minmizing the number of
user function calls. Improving the particular QN method an optimization software package uses can
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reduce the number of user function calls required to solve a problem.

Matrix equilibration

The performance of many algorithms, particularly iterative ones, depends on lte condition number
of an underlying matrix. For example, the convergence rate of the steepest-descent metticand
Krylov-subspace methods depends on the condition number relevant to the problem. Hence a good
scaling method substantially reduces the condition number of the matrix.

If a matrix is symmetric positive de nite, scaling it to unit diagonal is e ect ive and always
possible. If a matrix is inde nite, such scaling|substituting, say, 1 for a 0 dia gonal element|is less
often e ective. Far more e ective in the latter case is scaling the matrix so that its row and column
norms are all equal. This scaling procedure is callegquilibration. If a matrix is symmetric, one
generally prefers symmetric scaling. The theory for symmetric scaling is oen more intricate than
for nonsymmetric scaling; additionally, algorithms must be specialized tothis case.

For a particular scaling method, we ask three questions: 1. What matrices can becsled by
the method? 2. Is the resulting scaled matrix unique? 3. Are the scaling matrices unigg? The
rst question is self-evidently important: a problem solver wants to know in advance whether a
particular matrix of interest is scalable by a particular method. A positive answer to the second
guestion assures that, relative to the particular scaling method, an algorihm has done as well as it
can: there is not another scaled matrix that is better|say, has a lower condition num ber. The third
guestion may matter if one wants the scaling matrices to have particular progrties: for example,
to have a bounded condition number. Nonuniqueness provides freedom to vary the scaling rmeces
according to additional criteria.

It is unnecessary to scale a matrix exactly; approximate scaling may achieve su cient reduction
in condition number. The class of approximately scalable matrices may be lager than the class of
exactly scalable matrices.

Matrix-free methods

An algorithm is said to be a matrix-free method if it obtains information about a matrix only through
matrix-vector products. Matrix-free methods are useful when a matrix is representedmplicitly: for
example, by a factorization or by an algorithm. If a matrix is accessibleonly by matrix-vector
products, we think of the matrix as an operator.

Quasi-Newton methods for di erential-equation-constrained opti mization problems

Simulating a physical phenomenon often involves solving a system of di erentialequations. The
engineer or scientist may want to do more than simply simulate a system. Anrcreasingly common
computational problem is to optimize parameters governing the physical system. Te resulting
problem is a di erential-equation-constrained optimization problem (DECP).



A common technique for solving a di erential equation is to solve the discretzed problem on a
sequence of increasingly ne meshes. Often the ne mesh is adapted to the solution on the cear
mesh. The same technique is useful when solving a DECP. If a quasi-Newton method ised, the
data by which the QN matrix is formed on the coarse mesh may be useful to ini@lize the QN matrix
on the ne mesh.

Our work

In Chapter 2, we review the theory governing the existence of exactly scalable mattes and the
uniqueness of the scaling matrices and the scaled matrix. Then we introducé&scaling, a formaliza-
tion of approximate equilibration, and develop the analogous existence and uniqueneskeory. We
discuss both the nonsymmetric and symmetric cases.

Next we develop matrix-free methods to approximately scale symmetric, squar@onsymmetric,
and rectangular matrices. We test our algorithms on a large, well-known test st of matrices.
Our performance criteria are change in condition number and a metric quantifyingthe degree of
equilibration.

In Chapter 3, we use our ideas on matrix-free approximate equilibration to devedp a limited-
memory quasi-Newton method. The algorithm updatesBg to scale the problem. It uses the pairs
fs;yg just as any QN method does, and so no additional user function calls are necessary. That
and y are related by anapproximate matrix-vector product provides the crucial connection to our
matrix-free equilibration methods. Since our algorithm updates By, it complements standard QN
methods that build on the initial matrix Bg. We combine our update with a well-known limited-
memory method.

After designing and analyzing the method, we describe its implementation in SNOPT [8], a
software package that is designed to solve large, generally constrained optization problems. Then
we test the modied SNOPT on six test sets. While computation time is ultimately the only
important criterion, it can be quite deceptive when testing an algorithm on test sets of problems.
The test set may contain a mix of problems having di erent sizes and characteristts, for example.
Thus, while we report time for test sets for which time makes sense, our pri@ry assessment criterion
is the number of user function calls.

In Chapter 4, we develop a method to interpolate a limited-memory quasi-Newtonmatrix from
a coarse mesh to a ne one. We report results for two classes of problems.



Chapter 2

Equilibration of matrices

Preconditioning a matrix is an important rst step for solving a linear equa tion; iterative methods
particularly bene t. Broadly, preconditioning is intended to cluster eigenvalues or to reduce the
condition number of a matrix. Problem-dependent preconditioners often achieve both gals. In
the absence of any other preconditioner, a diagonal scaling matrix is useful to reduce the udition
number of a matrix. The problem of nding a diagonal scaling matrix has the equivalent names
equilibration, balancing and binormalization. Equilibration algorithms exist to achieve a number of
di erent objectives: for example, unit diagonal elements, equal row or columnp-norms, bounded
elements. The objectives may be achieved either exactly or approximately.

For a particular type of scaling, several questions arise: What is the classfanatrices that can
be scaled? Is the scaling unique? How much is the condition number of the matrix decread? Must
the scaling be exact, or can it be approximate? For a particular problem, additimmal questions arise.
What algorithms can implement the scaling? In particular, does one have access tdé elements of
the matrix, or must one use matrix-vector products only?

In this chapter, we consider the problem of scaling a square matriA by positive diagonal matrices
so that the p-norm of each row and column of the resulting matrix is approximately the same.Our
focus is on the symmetric problem, in which a symmetric matrix is symmetically scaled. First,
we review existence and uniqueness theorems for exact scalingdf Second, we develop and prove
a necessary and su cient condition for approximately scaling positive diagonal matrices to exist.
Third, we develop two new approximate scaling algorithms that balance the row andcolumn 2-norms
and that accessA only through matrix-vector products. Finally, we describe the performance of the
algorithms on a large test set.
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2.1 Background

2.1.1 Notation

The vectors x and d are special: x; d, '. Let V  diag(v), where v is a vector. For a matrix
A, let B be such thatBj = jA;jP. If p=2, B A A, ie., B is the element-wise (Hadamard)
product of A. If A is complex, the operator conjugates the rst argument. e is the vector of all
ones. The square of a vector is applied by element:vf);  v2. Similarly, a vector product written

as xy is performed by element: ky); = Xjyi. An inequality such asv > 0, wherev is a matrix or
vector, applies element-wise. Index sets are denoted by calligraphic letters, and is reserved for
the setfl;2;:::;ng. The cardinality of the set is denoted, for example,jNj = n. Often a sum over
an IiDndex set is abbreviated when the index set is clear; for example, ;,, may be written simply
as

2.1.2 The scaling equation

Suppose we want thep-norm of each row of the symmetric matrix A to be ¢ > 0. We must nd a
vector x > 0 such that

Xi A Px = ¢
i

or, more compactly,
XBx = ce: (2.1)

If x satises (2.1) for c = ¢; > 0, then P =G X is a solution for c = ¢, > 0. Consequently, we
need not consider the particular value ofc > 0 in what follows and so we sefc = 1.

We refer to (2.1) as thescaling equation Although algorithms must use A, existence and unique-
ness theory need consider only the nonnegative matriB. If p = 1 and A is nonnegative, then
A = B. We reserve the termbinormalization for the casep = 2. We say A is scalableif there exists
x > 0 satisfying (2.1). We call such a vector ascaling vectoror, on occasion in the case op = 2,
a binormalization vector. If two matrices B; and B, are related to each other byB, = XB 1 X, we
say the two are diagonally equivalent

Observe thatc *XBX is doubly stochastic

Not all matrices are scalable. Furthermore, the bene ts of scaling may be obtainedy approxi-
mate rather than exact scaling. Livne and Golub [42] introduced a measure of appsdmate scaling:
A is scaled to a residual whose norm i§ if kKXBx ek = ". We introduce the following de nition:
A is "-scalableif for any " > 0, there existsx > 0 satisfying kXBx ek ". Of course a scalable
matrix is "-scalable.
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Nonsymmetric scaling is similar. In this case, there existx;y > 0 such that
XBy =e and YB'x=e:

If A is rectangular, the row and column norms may di er in magnitude. We address the rectanglar
case in numerical experiments only; our theoretical analysis assumes is square. A is nonsymmet-

rically "-scalableif for every " > 0, each equation can be satis ed to a residual having norm no
greater than ".

Numerical experiments (seeg.g. [42] and Section 2.4) for the cas@ = 2 show that the condition
number of the scaled matrix A is often considerably less than that ofA. For inde nite A, the far
simpler procedure of scaling to unit diagonal elements is unde ned if a diagonal element is zero
and problematic if a diagonal element is small. Furthermore, the reduction in conditon number is

frequently substantially less than that achieved by equilibration.

2.1.3 Context and main results

Equilibration of matrices has a long history. Research on this problem dividesinto three parts:
analyzing the improvement diagonal scaling o ers, either in terms of reducing the condiion number
or a related quantity of the matrix or in terms of the improvement in sparsity or quality of a
factorization; nding necessary or su cient conditions for the existence or uniqueness of digonal
scaling matrices; and developing and analyzing algorithms. Several equilibratioproblems exist,
although all are generally formulated in terms of nonnegative matrices; masnotable are variations
in which row or column norms are not equal but rather are speci ed by positive vecbrs.

Existence and uniqueness

Sinkhorn wrote a series of papers in the 1960s that detailed some of the existenaad uniqueness
theory governing matrix equilibration. Sinkhorn and Knopp's paper [62] is quite frequently cited

and contains the well-known iteration for matrix balancing that bears their names. Sinkhorn and
Knopp proved the major convergence result for the algorithm in[[62] in the course bproving the

condition for existence of scaling matrices for the nonsymmetric problem; independent] Brualdi,

Parter, and Schneider proved overlapping results in'[9]. Before we can discuss their theams, we
must introduce some de nitions and preliminary results.

A square matrix has total support if every nonzero element occurs in the positivanain diagonal
of a matrix that is a column permutation of the original matrix. Forma lly, let A be a square matrix
having total support, and supposeA;; is nonzero. Then there exists a permutation such that

(i) = j and eachA, () is nonzero. We say that , or alternatively the positive diagonal associated
with , supports the nonzero elementA;; .
A matrix has support that is not total, or simply has support, if a positive main diagonal exists



2.1. BACKGROUND 7

under a column permutation. By this de nition it is evident that a square matrix has s upport if
and only if it is structurally nonsingular [18].

Mirsky and Perfect showed that a matrix has total support if and only if there exists a
doubly stochastic matrix having the same zero pattern. Other authors use only the \f" part, which
follows directly from Birkho 's Theorem: a doubly stochastic matrix is a convex combination of
permutation matrices (see,e.g, Theorem 8.7.1 of [28]).

A matrix A is partly decomposablef there exist permutation matrices P and Q such that

!
B
PAQ = ;
Q C D
where B and D are square matrices. A square matrix isfully indecomposableif it is not partly
decomposable. A fully indecomposable matrix has total support [8].

Sinkhorn and Knopp proved the following in [62].
Theorem 1 (Sinkhorn and Knopp). Let A be a nonnegative square matrix.

1. A is scalable if and only ifA has total support. That is, there exist positive diagonal maices
D; and D, such thatB  D;AD, is doubly stochastic.

2. If A is scalable, thenB is unique.
3. D; and D, are unique up to a scalar multiple if and only ifA is fully indecomposable.

4. The Sinkhorn-Knopp iteration converges to a doubly stochstic matrix if and only if A has
support. If A has support that is not total, thenD; and D, have elements that diverge.

Hence scalability of a matrix is entirely determined by its zero pattern. Parts 1{3 were independently
discovered in [9]: the authors of each paper acknowledge the other accordingly. The nesig of
total support follows directly from Birkho 's theorem.

In addition to working on the nonsymmetric problem, Brualdi, Parter, and Schneider [9] provided
an early existence result for scaling symmetric matrices. Their Corollary 77 is equivalent to the
existence part of our Theorem[ 4. Marshall and Olkin [43] obtained overlapping resuk, and our
proof technique for Theorem 4 is essentially theirs. Brualdi and his coauthors ats developed several
technical results. Corollary 7.8 concerns the structure of a matrix: Let A be nonnegative and
symmetric. Then every other (not necessarily symmetric) m#&ix B having the same zero pattern
as B can be scaled by a positive diagond) so that DBD is row stochastic if and only if A has a
positive diagonal. Interestingly, their Lemma 7.3 reveals the same block structure[(2.9) that ve nd
in our Theorem(3, although the mathematical setting is di erent. Theorem 8.2 of [9] states a rather
technical su cient condition for uniqueness more general than our Theorem[ 4, and several dter
more general su cient conditions have appeared, including in [43].
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Brualdi, Parter, and Schneider proved a number of results for both the nonsymmetricand sym-
metric problems. However, according to Brualdi [7], Csima and Datta [[16] ob&ined the de nitive
existence theorem for symmetric scaling three years after the publication of [623nd [9].

Theorem 2 (Csima and Datta). A symmetric matrix is scalable if and only if it has total suport.

Interestingly, the necessary and su cient condition of total support in this theor em is identical to
that in part 1 of Theorem 1] The necessary part follows directly from part 1 of Theaem(1, but the
su ciency part requires several steps. The key ideas are as follows. Total supporbf a symmetric
matrix A implies A is composed (in a precisely de ned sense) of fully indecomposable matrices
having total support. Each such matrix can be scaled; by part 3 of Theorem 1, e scaling is unique;
and so the scaling is symmetric (becausé& = AT and if D;AD , and D,AT D; are doubly stochastic
and A is fully indecomposable,D; and D, are unique up to a scalar multiple). The scaling matrices
for the submatrices of A can be assembled to form a scaling matrix foA. Total support is essential
to this proof, and so the matter remains of support that is not total.

It appears that subsequent work has not resolved the question. We discovered the folling
condition and prove it in Section[2.2.2.

Theorem 3. A symmetric matrix is "-scalable if and only if it has support.

An analog of the \if* part of Theorem 8 for the nonsymmetric problem is directly i mplied by part 4
of Theorem[1: one can terminate the Sinkhorn-Knopp iteration when the current iterate praduces a
matrix that is approximately doubly stochastic to a given tolerance. Just as Theorem(2 reveals the
same condition as part 1 of Theoren 1, Theorem 3 reveals the same condition as pattof Theorem
[1. Yet in both cases, the proofs are quite di erent for the nonsymmetric and synmetric problems.
The question of uniqueness remains. Part 2 of Theorem|1 states that iA has total support,
although D; and D, may not be unique, the doubly stochastic matrix D;AD , is. Part 4 states that
if A has support that is not total, the Sinkhorn-Knopp iteration converges to a doubly stochastic
matrix C. Parlett and Landis [57] obtained the same result for a class of iterations loeying certain
conditions, of which the Sinkhorn-Knopp iteration is a member. Both sets of authorscharacterized
the matrix C as follows. To each nonzero element id; that lacks support there corresponds a zero
elementC; ; to each nonzero elemenf\;; that has support there corresponds a nonzero elemer@; .
This is not surprising: the equivalence of having total support and having the samezero pattern as
a doubly stochastic matrix (due to Perfect and Mirsky), combined with part 1 of Theorem[1, show
that a matrix lacking total support does not have the zero pattern of a doubly stochastic matrix.
However, neither Sinkhorn and Knopp nor Parlett and Landis answered the following questin: In
what sense, if any, isC unique if A has support that is not total? We provide an answer to this
question in terms of "-scalability in Theorem [6. By developing a uniqueness theorem in terms of

"-scalability, we sidestep the issue of particular algorithms: any algothm that "-scales a matrix

yields a matrix C that is unique in the sense of Theoren 6.
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Quite a number of papers have reported new methods to prove classic results. For exple,
Borobia and Canto [5] proved Sinkhorn's early result on scaling positive maices [61]|parts 1{3
of Theorem[1 applied to strictly positive matrices|using geometric methods. O'L eary [52] proved
Marshall and Olkin's theorem from [43]|an spd matrix can be symmetricall y scaled to achieve a
given positive row sum vector|using a new constructive method, and slightly extended the result.

Johnson and Reams/ [30] recently described a number of new conditions characterizing theigx
tence of a scaling matrix for the symmetric problem when the matrix is general réher than nonneg-
ative. A symmetric matrix is copositive if x" Ax 0 for all x 0 and strictly copositive if xT Ax> 0
for x 0 and x 6 0. Marshall and Olkin [43] showed that A is scalable if it is strictly copositive.
The rather technical Theorem 4 of [30] generalizes this condition by considering a certainone.

Neumaier and Olschowka [49, 54] developed a scaling result related to structuralank for a
di erent kind of scaling than we consider. They showed that a (symmetric) matrix t hat has support
can be scaled so that every entry of the resulting (Symmetric) matrix is bounded m magnitude by
1 and the diagonal elements are all 1.

Algorithms

Many equilibration algorithms have been proposed. The classical iterationis that of Sinkhorn and
Knopp, who rst analyzed its convergence properties. According to Parlett and Landis [57, the
iteration itself was used as early as 1940, and according to Knight [35], asarly as the 1930s in an
application to tra ¢ ow. Parlett and Landis [57] developed several iteratio ns that outperformed the
Sinkhorn-Knopp iteration on a test set. According to Knight and Ruiz [36], Khachiyan and Kalantari
[33] were the rst to propose using Newton's method to solve a particular sytem of equilibration
equations. Livne and Golub [42] developed an algorithm based on the Gauss-Seidel-New method
to solve the nonlinear binormalization equations. They proved that the algorithm converges locally.
In practice, only a few iterations of the algorithm are performed to obtain a vector that suitably
approximates a binormalization vector. Knight and Ruiz [36] compared their algorithm, an inexact
Newton method using the conjugate gradients iteration, favorably with the classical Sinkhorn-Knopp
iteration and a variation of Livne and Golub's method.

Equilibration in the in nity norm is not unique and so motivates multiple algo rithms that consider
both e ciency and quality of the scaling under criteria other than the in nity norms of the rows and
columns. A matrix can be scaled in the in nity norm if it has no zero rows or columns. The simplest
algorithm is as follows: First scale the rows (or columns), then scalehte columns (or rows). After the
rst scaling, the largest number in the matrix is 1, and the second scaling cannot poduce numbers
that are larger than 1. Therefore, scaling is achieved after one iteration. BuncH11] developed an
algorithm that equilibrates any symmetric matrix in the in nity norm. Mor e recently, Ruiz [60]
developed another iteration that under his criteria compares favorably with Bunch's dgorithm.

Convergence results for exact scalability in which total support is an assumtion immediately
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yield corresponding convergence results fot-scalability. The proof of Theorem[3 shows that ifA is

"-scalable, an"-scaling vector can be obtained by exactly scaling® + | for su ciently small . By

Lemmal6, a symmetric matrix whose main diagonal is positive has tothsupport. Therefore, if an

algorithm converges for matrices having total support, then it converges foB + | and so produces
an "-scaling matrix for B.

Existence and uniqueness theory focuses on nonnegative matrices because equilibrationaitp-
norm induces an equation on a nonnegative matrix even if the original matrix is gneral. But
equilibration algorithms must take into account sign information. Not all authors are interested
in scaling general symmetric matrices, and restricting the class of matricesrowhich an algorithm
operates can be advantageous. Most often authors restrict their attention ¢ only nonnegative or
positive de nite matrices. For example, Khachiyan and Kalantari [33] focus onspd matrices.

Matrix-free algorithms

To date it appears that all scaling algorithms for general symmetric matices require access to
the elements of the matrix. If A is nonnegative, the situation is much dierent; for example,
the Sinkhorn-Knopp algorithm requires only the matrix-vector product Ax. For general matrices,
algorithms need at least matrix-vector products of the formjAjx (p=1), (A A)x (p = 2), or similar
expressions. We introduce an approximate scaling algorithm for the casp = 2 that requires only
the matrix-vector product Ax.

Matrix-free and stochastic matrix-free methods have a vast literature. Of cairse the most com-
mon matrix-free methods are Krylov-subspace iterations. Stochastic matrixfree methods in linear
algebra may have a more recent origin, but stochastic methods for general problentgo back at least
as far as the rst work of Robbins and Monro [59] on what is now called stochatic approximation.
Bekas, Kokiopoulou, and Saad [1] developed a matrix-free method to estimatehe diagonal elements
of a matrix. Chen and Demmel [14] developed a method to balance a matrix prior teeigenvalue
computations. (Balancing for eigenvalue problems is a similarity transfom and so is not the same
as the balancing we discuss.)

2.1.4 Our contributions

Formalizing approximate scaling by "-scaling is useful. Livne and Golub[[42] seem to be the rst
to have recognized the value of de ning a measure of approximate scaling. But, rst, hey did not
make concrete their de nition; and, second, they left open existence and uniqueness questions. We
realized that developing a de nition of approximate scaling in terms of a limit can be useful, and
we answer existence and uniqueness questions in terms of this de nition.

Without the framework of "-scaling, it is hard to formulate concrete statements about scaling a
matrix that lacks support. For example, Parlett and Landis [57] wrote: \N ote that matrices without
support are not covered by [Sinkhorn and Knopp's theorem]. Such matrices are alwaysmgular, and
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V. Kahan (private communication) has shown that the sequence of iteration matrices : : produced by
[the Sinkhorn-Knopp] iteration cycles for such a starting matrix." This observation has in common
with others that statements about matrices lacking support are made with reference to the Sinkhorn-
Knopp iteration or algorithms that share certain properties with it. As ano ther example, part 4 of
Theorem[1 concerns explicitly the Sinkhorn-Knopp iteration. In contrast, because Lemma 3 rakes
a statement about"-scaling, it assures thatno algorithm|not just certain ones|can approximately
scale a matrix lacking support.

Some statements about'-scaling follow directly from known results. Theorem 5 identi es support

as a su cient condition for nonsymmetric "-scaling, and the proof follows immediately from part
4 of Theorem[1. The proof of the necessary condition Lemma 3 is fairly straigliorward and so
probably has been used before in a dierent context. Still, it may be new within the catext of
scaling. For although the proof of Lemma 3 requires only a few minor changes to shothat support
is a necessary condition for exact scaling, previous authors have used Birkho 's theem to prove
this necessary condition in the exact case. Birkho 's theorem seems not to be applicabli the case
of "- rather than exact scaling.

We believe Theorems B and 6 are new and are not immediate extensions of known resultsthe
framework of "-scaling. Theorem 3 establishes a necessary and su cient condition for a symmetric
matrix to be "-scalable. Just as part 1 of Theorenh 1 and Theorerh 2 have the same condition but
require di erent proofs, so do Theorems' 5 and 3. Theorem 6 establishes uniqueness in a centa
sense for both nonsymmetric and symmetric'-scaling. This uniqueness result is analogous to part
2 of Theorem[ 1 for the case of exact scaling of a matrix having total support.

Finally, the stochastic iterations (2.25) and (2.27) are to our knowledge new and appear to be
the rst matrix-free algorithms to scale a matrix at least approximatel y.

2.2 Existence and uniqueness

One reason for investigating the conditions under which a matrix is scalable isd determine when
scaling can be used as a preconditioner. From this practical viewpoint, approxim@ rather than

exact scaling is all that is required. Uniqueness of the scaled matrix|in the case ofapproximate
scaling, uniqueness in a certain meaningful sense|tells us that a particular scaling algoithm achieves
all that scaling permits by nding one set of scaling vectors: although there may ke other sets of
scaling vectors, there is not some other, possibly better conditioned, scaled max:.

In this section, we prove Theorems B and 6. The rst gives the necessary and su cient condion
for "-scalability. The second establishes uniqueness of the approximately scaled matrixSo that
the theory supporting Theorem 3 is fully contained in this chapter, we prove a resultabout exact
scaling|Theorem 4,]a condition for existence and uniqueness for exact scaling|that we shall use
in proving Theorem [3; furthermore, some of the steps of the proof of Theorem|4 are ed in the
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proof of Theorem10. The existence part of Theorem 4 is weaker than Theorem 2|a necessaryral
su cient condition for existence of an exact scaling matrix|and the uniqueness part is w eaker than
other theorems in the literature, but it is all we need.

What follows is based onB, not A, and so is true for all p-norms; however, we often phrase the
statements of the theorems in terms ofA.

2.2.1 Exactly scalable matrices
In this section, we prove the following.

Theorem 4. If every diagonal element of the symmetric matrixA is nonzero, then A is scalable.
Moreover, the scaling vector is unique.

We sayx > 0 is the unique scaling vector for the matrix A if any other scaling vectory > 0 is related
to x by a scalar multiple.

An immediate corollary is that every positive de nite matrix A has a unique scaling vector. The
existence part of the theorem is equivalent to Corollary 7.7 of([9]. The primay tool of nding a
function for which the scaling equation is a gradient is similar to that used n [43]. The uniqueness
part is weaker than Theorem 8.2 of [[9] and the theorem of Marshall and Olkin/[43]

Sincex > 0, we can multiply both sides of (2.1) byX *: Bx = X e. Rearranging, we recognize
that

g(x) Bx X le
is the gradient of the function

1. X
f(x) éx Bx Inx;: (2.2)

The Hessian off is
H(x) B+ X 2

Lemma 1. If Aj 60 for eachi, then f (x) has a minimizer x > 0.

Proof. Let 2 min; Bji , which is positive by assumption. The rst term of f is bounded below by
kxk3 > 0. The second term is bounded as

X
In x; n In kxky nkxky :

i=1

Therefore, askxk!'1 ,f 'l
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Let min; X;. Because the second term of goestol as ! 0 and the rstterm is bounded
below by 0,f 11 as ! O.

Choosex> 0,"> Oand letf f(x). Sincelim, of (X) =1lim 1 f(x)= 1, there exists a
compact set containing x on whose boundary@ f (y)jy2@ = f* f+". Sincex2 , f=1f ",
and f 2 C!, contains a minimizer x of f in its interior. Therefore, f(x) has a minimizer
x > 0. O

Lemma 2. If A; 60 for eachi and g(x) =0, then H(x) is positive de nite.
Proof. If XHX is positive de nite, then so is H. Now,
XHX = XBX + I:

If g(x) =0,then C XBX is doubly stochastic. Aj 6 0 by assumption and soC; > 0. By the
Gershgorin theorem [28], the eigenvalues df lie in the union of discs centered on each of th€;; . As
Ci > 0 and the sum of the elements in a row is one, each disc has radius less than one. Therefor
the minimum eigenvalue nin (C) > 1, min(C+1)>0,and so min (H) > 0. O

Proof of Theorem 4. Since g(x) is the gradient of f (x), and g(x) = 0 if and only if x is a scaling
vector for A, a minimizer of f is a scaling vector forA. By Lemmal/l], a scaling vector exists.

In fact, any stationary point of f is a scaling vector forA. But Lemma 2] shows that every
stationary point of f is a strong minimizer. f has only one stationary point because 2 C! exists
on the open setx > 0, lim , of (x) =lim w1 f(X) = 1, and every stationary point of f is a
strong minimizer. Therefore, A has a unique scaling vector. O

A matrix with at least one zero diagonal element may be scalable, but the scaling ector may
not be unique. For example, consider

1
A =

and XBx = e. Both rows of A imply Xx;x, =1, and so there are in nitely many scaling vectors.

2.2.2 "-scalable matrices

In this section, we nd a necessary and su cient condition for both nonsymmetric and symmetric
"-scaling, and we show that the approximately scaled matrix is unique in a certainsense.



14 CHAPTER 2. EQUILIBRATION OF MATRICES

Examples

Let us look at a few examples of the symmetric problem. Consider the structurally ank de cient

matrix

1
111

0
A=%ﬂ § (2.3)
1

and the scaling equation XBx = e. The second and third rows imply x1X, = 1, XiX3 = 1;
substituting these into the rst row yields

X2+ X1Xo + X1X3 =1
x2+1+1=1

x2= 1

Therefore, XBx = e has no real solution, but it has two bounded imaginary solutions. |

. . . _ 11
In contrast, consider the structurally (and numerically) nonsingular matrix A = 1 : The
second row impliesx1X, = 1; substituting this into the rst row yields
2 —
X1+ XXz =1
xX2+1=1
x2=0:
Therefore, XBx = e has no solution. However, suppose we set; = andx, = 1. Then
!
2
XBx e= ;
0

the residual goes to zero as ! 0, and soA is "-scalable.

As a more complicated example (and one that is nodiluted|a technical condition in [42] under
which a matrix is not scalable|as the previous example matrix is), consider the structurally and
numerically nonsingular matrix

1
111

Az%ﬁ 1 §:

The rst and third rows imply x%+ x;1x, = 0, and so the equation does not have a positive solution.
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However, if we setx; = , X, =1, and x3 = 1, then the residual goes to zero as ! 0.
Finally, it is clear that the matrix A in (2.3) is not "-scalable. For suppose the equations implied
by the second and third rows are satis ed to a residual". Then the rst equation is

1= X7+ xaXo+ XiXg = X{+(1+ O("))+(1+ O(")) = xi+2+ O(")) xf= 1+0():
For " su ciently small, x% is negative.

Results
Lemma 3. If B is "-scalable, then it has support.

Proof. SupposeB lacks support but is "-scalable.

The structural rank of B is the size of the maximum matching of the bipartite graph induced by
the rows and columns. Hence iB is structurally singular, then by Hall's Theorem [34] it has a set
of column indicesC such that the matrix B (:,C) (using Matlab notation) contains r < jCjnonzero
rows. Let the row indices of the nonzero rows b&R; jRj = r.

If B is "-scalable, then there existx;y > 0 such that

XBy = e+ O(") (row equations)

YBTx = e+ O(") (column equations):

Consider the sum over the column equationg 2 C:
X X o
Bj xiy; = jCj+ O("):
j2c i
Each term in the Ihs of this equation also appears in the sum over the row equatinsi 2 R, and so
. . X X . .
iCj+ O(") Bij xiy; = JRj + O("): (2.4)
i2R

But jRj < jCj, and so for" su ciently small, we have a contradiction. Hence B is not "-scalable. [

Lemma 4. If B has support, then it is nonsymmetrically”-scalable.

Proof. By part 4 of Theorem [1, the Sinkhorn-Knopp iteration converges to a doubly stochastic
matrix if B has support. Let CK be the scaled matrix at iteration k; C  limy1  CX is doubly
stochastic. Hence for every' > 0, there is an iteration K such that for all k > K ,

kX“By* ek " and kykBx* ek ™ O

Combining Lemmas[3 and_ 4 yields the following theorem.
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Theorem 5. B is nhonsymmetrically "-scalable if and only if it has support.
Lemma 5. If B is "-scalable, then so isPBQT for permutation matrices P and Q.

Proof. XBy = e+ O(")= Pe+ O(")=(PXP T)(PBQT)(Qy), and similarly for Y BT x. O

Proof of Theorem[3. The necessary part of the theorem follows from Lemma 3, for ifB is not
nonsymmetrically "-scalable, then it is not symmetrically "-scalable.
Now we prove the su ciency part. Suppose > 0 in the equation

Y(B+ I)y=e: (2.5)

By Theorem [4, a unique x > 0 satis es this equation. By the proof of Theorem[4, x;( ) is a
continuous function of because it is the uniqgue minimizer of

1 X
f(x; ) ExT(B + 1)x In X
i
for xed, and f is a continuous function of (x; ).
Suppose we use&( ) as an approximate scaling vector forB. Then the residual to the scaling
equation is

XBx e= Xx: (2.6)

We shall show that if B has support, then lim, o kXx k =0; and so for every" > 0, there exists a
> 0 such that kXxk ".
Letl f i:lim, oXx; = 1g . Observe that

i;j 21 (possiblyi=j)onlyif By =0, @2.7)

for otherwise the term Bjj x;x; would grow without bound.

letz f i:Bj 60andj 2lg. Ifi 22Z,thenlim, ox; =0, for again otherwise the term
Bjj xjx; would grow without bound.

LetB f i:i21[Zg . Ifi2B,then because 21 ,

Iilmoxi =% <1: (2.8)

By Lemma/5, we can assumeB is ordered such that the rst jlj rows are the equationsi 2 |
and the next jZj rows are the equationsj 2 Z. The blocks B;, and B|g of B are zero. The rst
follows from (2.7). The second is true because B 6 0 for i 21, thenj 2 Z by the de nition of
Z . Therefore, the only nonzero block in the rst jlj rows is the middle one,B,z . In summary, the
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block structure of B is

0 1
Biz
B = %BZ. B2z BZB§: (2.9)
Bsz Bass

Corresponding to the ith row of (2.5) is equation i:

X
(Bii + )Xi2+ Xj Bij x; =1:
isi

Consider an equationk 2 | . We arrange the terms so that

X
Xk Byxj=1 x& (2.10)
j2z
Summing the equationsi 2 Z ,
0 1
2 X 7
Q@B + X2+ x;  BjxA =jzj; (2.11)
i27 jsi
where jZj is the number of elements in the setZ. Similarly, summing the equationsk 2 | in the
form (2.10),

X X N X )
Xk By Xj = jlj Xi: (2.12)
k2l joz k2l

BecauseB is symmetric and has the block structure (2.9), every term in the lhs of [(2.12 appears
in the lhs of (2.11). Subtracting (2.12) from (2.11),

X
i) =(izj jli )+ Xg; (2.13)
i2Z k2l

where

i() Bi+t X+ Bjj X;:
j2f igll
By (2.8) and the de nition of Z, lim , ¢ i( ) = 0; and by the de nition of Z, lim , ¢x; = 0.
Therefore, the |Ihs of [2.13) converges to 0.
Consider the rhs of (2.13). There are three cases to consider:

1. If jzj > jlj , then the rhs is bounded away from 0, which contradicts that the lhs converges to
0.
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2. If jZzj < jlj ,then B, and soA 2 R" ", is structurally singular, which contradicts our assump-
tion. For if jZj < jlj , then Bz is taller than it is wide, and so A is structurally singular.

3. Consequently,jZj = jlj , and so
X
lim X£=0; (2.14)
) 0k2|

as is true of each term separately.

The limit (2.14) and the fact that every x; fori 21 is bounded above by de nition implies that
the norm of the residual (2.6) convergesto 0 as ! O. O

Lemma 6. If B is structurally symmetric and has a positive main diagonalthen it has total support.
Proof. If Bj 6 0, then a supporting permutation is  such that (i) = i ifi 6 j, (i)=j, and
(G)=1. O

Let ts(B) be such that ts(B); = Bj if Bj =0 or B has a supporting diagonal; hence ts§)
has total support if B has support. Let pat(B) be such that pat(Bj; ) = 1 if and only if B 6 0.

Let B be"-scalable. An"-scaling algorithm computes vectorsx(") and y(") (possibly x(") = y("))
for " > 0 such that the vectors satisfy the"-scaling equation.

Lemma 7. If B is "-scalable, thenC lim-, o X (")BY (") is doubly stochastic.

Proof. By the de nition of "-scaling, X (")By (") = e+ O("), and so lim-; o X (")By(") =lim «, ge+
O(") = e; and similarly for Y (")BTx("). O

Let u lim-, gu(") for various vectors u. In some cases, elements af are 0 or1 .

Theorem 6. Let B be "-scalable andC  lim«, ¢ X (")BY ("), where x(") and y(") are produced
by any "-scaling algorithm. C is the unique doubly stochastic matrix to whichts(B) is diagonally

equivalent.

Proof. 1. First, C has total support by Lemma[7 and the fact that a doubly stochastic matrix has
total support.

2. Second, scaling cannot introduce a nonzer@; when Bj = 0; hence if Bj lacks support, then
Cij =0. We shall show that if B; 6 0 and has support, then C; 6 0. These two statements imply

pat(C) = pat(ts( B)): (2.15)
3. By Lemmal5, we can assume thaB and C are permuted such that

x("); 20(x(")i) and y("); 2 (y(")i) forj i (2.16)
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that is, asymptotically x("); increases no faster tharx("); and y("); decreases no faster thary(");.
Consider a particular product j; lim-y ox(")iy(");. If § = 1, then By =0, for otherwise
Cj = 1 . There must be at least one pair (;j ) in every row and every column such thatO< j < 1,
for otherwise C would lack support.
Suppose there is a pair i{j ) such that j =0. By (2.16), «m = 0 for all pairs ( k; m) such that

k iandm j. Similarly, suppose there is a pair (;j ) such that j = 1 ;then yn =1 forall
pairs (k;m) suchthat k iandm j.
Given a pair (k;m) such that , =0, we can nd a pair (i;j) suchthat j =0, ( 1; 60,

and i+ 6 O; for otherwise C would have a zero column or row and so lack support. As
i =0but (g 0, x(")i 2 (x(")i 1); and x("); 2 O(x(")i 1) by (2.16). Furthermore,

X(")i 12 (y(") 1y and so 0< i 1; < 1, for otherwise C would have a zero column and so
lack support. Similarly, y(")j+1 6 O(y(")j), y(")j+1 2 ( y(");), and y("), & 2 (x(")i). Hence
(i 1+ = 1,andso has the block structure

!
0< ac<1 1

0 0< gp <1

and soC has the block structure
!
C
C = AC
Cep
As C has total support, each nonzero block has total support and so is square. Hence = C and
C=D.
Now supposeC;; =0 but Bj & 0 and has support. The pair (i;j ) must be in the (2; 1) block
of . Consider a permutation that supports B . As (i) = j, there is a rowa 2 A such that
(@) 2B, and soB, (5 6 0. But 5 (39 = 1. That B, (;y 60and , (5 = 1 contradicts that

Ca (a) = 0. Equation (2.15) follows.

4. Next, we show that ts(B) is diagonally equivalent to C. Consider a pair (;j ) such that C; 6 O.
As 0 < Cj < 1,0c< limy oxi(")y(") < 1. Hence there exists a functionf (") such that
xi(";y (") Y2 (f(7). If Ck 60and k 6 j, y(") T2 ( ("), for otherwise 0 < Cy < 1
does not hold; and similarly for C,; and k & i. Hence there are index setdM and N such that
xi("Y2 (f(")fori2M andy;(") *2 (f("))forj 2N. Let %(") f(") X ((")fori2M
and (") f(Myj(")forj 2N. Then0< % <1 and 0< ¥ < 1. Furthermore, %;(")¥; (") =
£ Py ()= xi(")y; ("), and soBjj %¥; = Cj .

We can repeat this process for all pairsi{j ) such that C; 6 0 and %&;, §; have yet to be de ned.
Once Xy, ¥ are de ned for every i and j, we have scaling vectorsx* ¢ such that, recalling (2.15),

X ts(B)Y = C.
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5. Finally, by part 2 of Theorem [1, C is the unique doubly stochastic matrix to which ts(B) is
diagonally equivalent. O

2.2.3 Symmetric positive de nite matrices

Although we largely omit a discussion of conditioning results, the case of spdanatrices will be
important to us when we consider quasi-Newton methods.

We call symmetric scaling ofA such that the result has all unit diagonal elementsJacobi scaling
If A is spd, then Jacobi scaling is always possible, as every diagonal element is fiios.

Van der Sluis [63] showed the following. LetA be ann n Hermitian positive de nite matrix.
Suppose all the main diagonal elements are 1. Let() denote the condition number of a matrix.
Then (A) nming (diag(d)A diag(d)) (Theorem 4.1 of [63]). Additionally, if A has at most g
nonzero elements in any row, then (A) gming (diag(d)A diag(d)) (Theorem 4.3 of [63]).

Quite a bit earlier, Forsthye and Straus [21] proved the following tighter result for a class of
Hermitian p.d. matrices. A matrix B has Young's property A if there exists a permutation matrix

P such that

|
pgpT = °! By ;
B, D
whereD; and D, are square diagonal matrices. If a Hermitian p.d. matrix A has Young's property
A, then (A) ming (diag(d)A diag(d)) (Theorem 4 of [21]).

In summary, in these three theorems Jacobi scaling is within a factor oh, g, or 1 of optimal
among all diagonal scaling matrices. Since Jacobi scaling is evidently quite e eate on spd matrices,
we should investigate by how much equilibration di ers from Jacobi scaling.

If Ais spd, thensoisB A A by the Schur Product Theorem (see, for example, Theorem
7.5.3 of [28]). SupposeéA has unit diagonal elements. Then so doe8. Moreover, if i 6 j, then
Bj < 1. For supposeBj 1. Let v be the vector such thatv; =1, vj = 1, and vx = 0 for all
other elements. Thenv'Bv =2 2B 0, which contradicts that B is spd.

Suppose Jacobi scaling has been applied to am n symmetric matrix A to yield a matrix A,
and again letB A A. If A isinde nite and has a zero diagonal element, we set the corresponding
element in the scaling vector to 1. Consider the vector of row sum$ Be. If A is inde nite,
0 b<1.IfAisp.d., asevery diagonal element oB is 1,53 1; and as every o -diagonal
elementB; < 1,b <n. b

Let var(v) be the variance of ann-vector v: var(v) n * (v (v))2, where is the mean

of the elements. If a matrix is binormalized, then the variance of the vector of is row norms is 0. If
A is inde nite, var( Be) can be arbitrarily large. But if A is p.d., we have the following result.
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Theorem 7. If A is spd and has all unit diagonal elements, then véBe) < (n 1)

Proof. As each 1 b = (Be); <n, (b ()% < (n  1)°. Therefore, n P (b (D)? <

nlpi(n 1)2=(n 1)>2 O

From the other direction, an immediate corollary of some results in[[41] isthat if an spd matrix A
is equilibrated in the 1-norm to form A, thenn <A 1 (the upper bound follows immediately
from equilibration to unit row and column 1-norms); if A is inde nite, of course, then 1 A;j 1.

Theorem[7 shows that whenA is spd, Jacobi scaling produces a matrix that is not arbitrarily far
from being binormalized. This observation suggests that the two methods of scalg condition spd
matrices comparably. Numerical experiments in Section 2.4 compare the conditioningach method
yields on a set of spd matrices; the results are indeed quite similar.

2.3 Matrix-free approximate symmetric equilibration

Exact scaling algorithms for general matrices require access to the matrix eleemts. We develop
approximate algorithms that access the matrix only through matrix-vector products.

Our analysis in Section 2.2 shows that every structurally nonsingular matrix canbe "-scaled. The
degree of approximation is measured by', which quanti es how much the scaled matrix deviates
from being doubly stochastic. In a number of algorithms [42; 57, 62, 36Jpne can measure this error
at each iteration and terminate when it falls below ".

As we focus on the problem in which one does not have direct access to the elements of thetma
our algorithms cannot monitor the error. In the absence of any error information, our algorithms
run for the number of iterations speci ed by the user and then terminate.

2.3.1 The symmetric Sinkhorn-Knopp iteration

Consider a nonnegativen n matrix B. Let r and c be positive n-vectors. Recall our convention
that r ! is the element-wise reciprocal of . The Sinkhorn-Knopp iteration is as follows:

rk+1 - ( BCk) 1

Ck+1 - ( BTrk+l) 1:
By Theorem 1, if B has total support, then the limits r lime:s r€andc limgy € exist
and RBC is doubly stochastic; and if B is fully indecomposable,r and c are unique up to a scalar

multiple.
The symmetric Sinkhorn-Knopp iteration is

Xk+1 :(BXk) 1:
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In this iteration, X alternately takes the role ofr and c in the nonsymmetric iteration: in particular,
x? = rk and x?*1 = ¢k, Knight [35] discusses similar ideas. We shall see that because of the
simple relationship betweenx, r, and ¢, in general x¥ oscillates between two sequences.

A matrix A is reducible if there exists a permutation matrix P such that

!
B
PAPT = ;
C D
whereB and D are square. OtherwiseA is irreducible. Observe that if A is symmetric, then PAP T
is block diagonal and symmetric.

Theorem 8. If the symmetric nonnegative matrix B is irreducible and fully indecomposable, then
the symmetric Sinkhorn-Knopp iteration converges tox such that XBX is doubly stochastic for
all positive starting vectors, where > 0 is a scalar.

Proof. If B is fully indecomposable, thenB has total support [8].

By part 4 of Theorem[1, asB has support, the nonsymmetric Sinkhorn-Knopp iteration converges
for all positive starting vectors. By part 3 of the same theorem, if B is fully indecomposable, the
scaling matricesD; and D, are unique up to a scalar multiple. As bothD,BD, and (D;BD,)" are
doubly stochastic and D, and D, are unique up to a scalar multiple,d; / d,. Therefore, D;BD 3
and D,BD , are scalar multiples of each other and of a doubly stochastic matrix.

In the nonsymmetric Sinkhorn-Knopp iteration, let us associate the following vectas: x2¢ = rX
and x?*1 = ¢k, As the nonsymmetric iteration converges, letr  limy;  r€andc limy; <. By
our previous comments,r / cand RBC is doubly stochastic. Letr = ¢. Then RBR = RBC and

CBC = 1CBC. If the iteration terminates for k odd, the constant = :if even, = 1. 0O

The theorem does not hold ifB is reducible. Consider the matrix B = diag(1 2)T. If x° = e,
the even iterates remaine while the odd iterates immediately converge tov (1 1=2)". Of course
IBV equilibrates B. The symmetric equilibration vector is (1 1= 2)" = " ew.

That the symmetric Sinkhorn-Knopp may not converge on reducible matrices is not a problem
The blocks of the reducible matrix B decouple the problem, and one can construct a symmet-
ric equilibrating vector x from the nonsymmetric equilibrating vectors r and c. Supposer and c
equilibrate B by RBC. Let q c=r, and let | be the indices of a subset of identical elements
of g. If RBC is doubly stochastic, so is (R )B( IC) for a scalar . Set =  c=r so that
r()= Tc(I)= " r()c(l) x(I). Repeating this procedure for each such subset of indices
yields the symmetric equilibration vector x.

Our algorithms are motivated by the symmetric Sinkhorn-Knopp iteration. They av erage iterates
and so do not exhibit the oscillation we have just discussed.
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2.3.2 Stochastic binormalization

The symmetric Sinkhorn-Knopp algorithm uses the matrix-vector product Bx. If A is a general
symmetric matrix, then B = jA; jP for p 1, and soB is not available if one does not have access
to the elements of A. How can we computeBx, at least approximately, by using a matrix-vector
product with A rather than B?

Let a be a vector, possibly random. Suppos@ and the random vector u are independent.

Lemma 8. If the elements ofu 2 R" have zero mean, positive and nite variance, and are iid, the
E@u?= Ea'a (2.17)

for nite > 0.

2

P P P
Proof. Because Hiu; =0if i6 j,E  ;au =E ;afu’= &, where =Euf>0is

nite. O

For use in Chapter[3, letf be the pdf of each element olu. Supposef is symmetric around zero.
Then normalization is permitted, as demonstrated in the following lemma.

Lemma 9. If the elements ofu 2 R" have positive and nite variance and are iid with pdff, and
f is symmetric around zero, then

(@Tu)? _

- n 'Ea’a:
uTu

Proof. A cross term now has the form

Eﬁluz_
juf

(2.18)

We evaluate the integral as follows:

z
Y

P2 = B2 T ) dy
i Ui R U

J
|
Z Y Z 1 )

Uy Y
= Us f(up) hzf (up) dug du; :
RO s 1 i Yi > 1

The integrand in the inner integral is antisymmetric around zero and so the inner ntegral is zero.
Therefore, (2.18) is also zero.
As the cross terms are again zero,

= 2
Ay au? X U
E—P  =E !:’a'zJ = E &’ where =EP1;

i Yi iy j iy
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and as
X g P e
n= EP,=EPRPLT=1
u? u? '
i 1) ] 7
we have =n 1. O

A vector u whose elements are iid normal random variables obeys the conditions of Lemma Such
a vector samples uniformly from the unit sphere[[47].

If ais complex valued, both Lemmas 8 and 9 generalize simply by considering{u)(a' u) rather
than (a"u)2. We present our algorithms using notation suitable only for real-valued matices, but
they immediately extend to complex-valued matrices.

Returning to our problem, we can approximate Bx when p = 2 by computing the matrix-vector
product AX =?u, whereu obeys the assumptions of either Lemmas|8 6r 9. By Lemma 8, for example,

E(AX F2u)2 = (AX¥?)%e= (A A)Xe = Bx: (2.19)

To increase the accuracy of the estimate, one could compute the mean of multiple mattivector
products AX ¥2u. Then one could construct an approximate scaling algorithm by replacing the
exact computation Bx with this estimate in the symmetric Sinkhorn-Knopp algorithm.

However, the methods ofstochastic approximation suggest a better approach. In stochastic
approximation, the exact iteration

X< = xR (x9) (2.20)
is replaced by the stochastic iteration
xKH = xK 1R,

where Ef'(x¥) = f (x) [38]. If several conditions are satis ed|some of which are not straightf orward
to verify|then the second iteration converges with probability 1 to a limit po int of the rst.

Recall that the symmetric Sinkhorn-Knopp iteration is x* = (Bx) *. A scalar does not matter,
and so we can use the iterationx® = kBxk; 1(Bx) 1. Let us rewrite the latter as follows. First,
d= x !. Second, let! =1. Then

N Bx d Bx
=(1 y— + 1
kBx k]_ (

Vidk, T kBxky
If I 61, we have the new iteration

dk BxX
+ :
kak kl kBkal

d*t =@ 1) (2.21)
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The iteration takes a convex combination of the current d and the Sinkhorn-Knopp update of d
when each of the two terms is normalized by its 1-norm and G ! < 1. Furthermore, d* in (2.21)
is related to d in the iteration

ot = govr d+

by a scalar, and the latter iteration has the form of (2.20) if ! is replaced by the sequence K.
We shall consider the stochastic iteration corresponding to[(2.2]1) after waliscuss some convergence
properties of the latter.

Sinkhorn and Knopp [62] proved that their iteration converges globally if the matrix has support;
Parlett and Landis [57] generalized the global convergence proof to all iteratios that satisfy certain
conditions; and Theorem 8 proves the symmetric Sinkhorn-Knopp iteration converges glaally if the
symmetric matrix B is irreducible and fully indecomposable. It appears that none of the methods
of proof can be extended to show the global convergence of the iteration (2.21) fidwo principal
reasons: our iteration is for the symmetric problem, and nonsymmetric scalig is essential to some
of the steps of the classic proofs; and the additional term (1 ! )d means row or column stochasticity
is not alternately achieved. However, we have the following partial results.

Lemma 10. The iteration (2.21), with 0 <! 1, has a xed point d > 0 if and only if B has
total support.

Proof. Suppose the iteration {2.21) has a xed pointd :

|)d .1 Bx
kdk]_ .kBXkl.

d=06(d) (1

Let s k Bxk;'. d is a convex combination of two unit-1-norm vectors and so itself has unit
1-norm. Hence

d
s X Bx

(2 1!)d +!s Bx
e, (2.22)

and sod is a scaling vector. AsB is scalable, it has total support.

From the other direction, by Theorem[2, x > 0 exists such that XBx = ce ¢ > 0, and kdk; =1,
if B has total support. Then Bx = cd. Substituting this expression into (2.21) shows thatd is a
xed point. O

Theorem 9. If A is symmetric and has total support, then a xed pointd > 0 of (2.21) is a point
of attraction for 0 <! 1

We shall require some supporting results.
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Lemma 11. Let A2 R" " be symmetric, and letf i;vig be its eigenvalues and eigenvectors. For
a2 R", the eigenvalues ofA via’ aref ;1 a'vy; 2;:::; nQ

Proof. A is diagonalized asA =V VT. A via' is similar to
VI(A wia")Vv = eb';

whereb VTa. The matrix on the rhs is upper triangular and so its eigenvalues lie on its digonal.
Only the rst eigenvalue ; is altered: itis 1 minus the rst element of b, which is just a'v;. O

Theorem 10.1.3 of [65]. Suppose thaG : D R" ! R" has a xed point x in the interior of D
and is Frechet-di erentiable at x . If the spectral radius of GYx ) satises (GYx ))= < 1, then
X is a point of attraction of the iteration x**1 = G(x*).

Lemma 12. The iteration (2.21) is invariant to symmetric permutations.
Proof. Let P be a permutation matrix. Then

kdk; = kP dky
kBxky = k(PBP T)(Px)ka:

Hence ifd“ and d**! satisfy (2.21), then

P& | (PBPT)(Px¥)

k+1l — | .
PE™ =1 ipdg T kPBPT)(PxOK

and soPd and Pd“*! satisfy (2.21) for the matrix PBP T . O

Proof of Theorem/[9. First we assumeA is irreducible.

By Theorem 10.1.3 of [[55], the theorem follows for irreducibleA if (r ¢G(d)jg=q ) < 1. The
Jacobian is

r ¢G(d) = r yG(d)r gx = r G(d)X 2
R R T T ,. ! N
S k| ke kexk Nt kexetxe BXT

By Lemma(10, a xed point x = x > 0 is a scaling vector. At such a point,Bx = s d by (2.22)
and kdk; = 1. Hence

r ¢G(d)jg=g =(1 1) (1 !)de" 1I1sBX 2+ !s?Bxe"BX %
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Noting that Xd = e, we useX to obtain the similar matrix
Xr ¢G(d)jg=g X =@ 1)1 @ 1ed +!1sXBX Is2XBxe "'BX: (2.23)

As XBx = s leande’ = d"X, XBxe "TBX = s lee’BX = s led XBX , and this is substituted
into the fourth term of (2.23). Combining the second and fourth terms, we obtan the rank-one
matrix

Q ¢(! 1)d" !sdTXBX ]

which has the nonzero eigenvalue [( 1)d" !sd TXBX Je. As sd' XBXe = se'Bx = se's d=
e'd, the eigenvalueis { 1)d"e leTd= e'd= k dk; = 1.

BecausesXBx = e and B is symmetric, C  sXBX is doubly stochastic. First, (C) 1.
Second, we already showed in the proof of Lemma 2 thatmi, (C) > 1. SinceC is symmetric, the
only eigenvalue having unit magnitude is 1. As for the moment we assum@ is irreducible, by the
Perron-Frobenius theorem (see, for example, Theorem 8.4.4 in [28]), the eigenvaldeis simple.

Next, the rank-one matrix Q has the right eigenvectore. e is also a right eigenvector ofC,
associated with the eigenvalue 1. Therefore, by Lemma 1L} C+ Q has the same eigenvalues &3,
except that the single eigenvalue 1 is now 0. We conclude that(C) < 1; therefore, ((1 !)I+!C) <
1 as well, and so (r 4G(d)jq=q ) < 1, as desired.

Now supposeA is reducible. By Lemma 12, we can assumA is block diagonal and each block is
irreducible. Our analysis to this point applies to each block separately. As the Jaobian associated
with each block has spectral radius less than 1, so does the Jacobian as a whole. O

Additionally, we can show global convergence for the simpler iteration
d*t = d+ K( d+ Bx¥)= d+ Kh(d“); (2.24)

where X is an appropriate step size. One way this iteration arises is as follows. Supge we solve the
nonlinear equationf (d) d Bx = 0 using Newton's method. The Jacobianis] fq(d) = | +BX 2,
and so Newton's method yields the iteration

(1 +BX %)t d= d*+ BxXk:

If we approximate the Jacobian byJ | and introduce a step size, we obtain[(2.24). However, we
treat the latter as a minimization method so that we can use certain techniques inour proof.
We use the following theorem.

Propositions 1.2.1 and 1.2.2 of [2]. Letfd“g be a sequence generated by a gradient method
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d*t = dk+ Xhk, and assume thatf h*g is gradient related and ¥ is chosen by the minimization
rule, the limited minimization rule, the Goldstein rule, or the Armijo rule. Then every limit point
of fd“g is a stationary point.

Various conditions assuref g¢g is gradient related; we use the following:h* = HX*r f (d¥), and the
eigenvalues of the positive de nite symmetric matrix H* are bounded above and below: min (H¥)
¢ and max(H¥) c.

Theorem 10. If A is symmetric and A; 6 0, then the iteration (2.24) converges globally if ¥ is
chosen according to one of the step size rules in Propositienl.2.1 or 1.2.2 of [2].

Proof. Lemmas|1 and 2 show that the global minimizer of the functionf (x) de ned in (2.2) is a
scaling vector. To review, we de ne
1 X
f (x) ExT Bx In x;
i
gx) r xf(x)=Bx d
H(x) r 2f(x)= B+ D2

f and its derivatives are de ned with respect to x rather than d; in contrast, the iteration (2.24) is
de ned with respect to d. f and its derivatives are transformed as follows:

1 X
fq(d) ExT Bx Inx; = f(x)
ga(d) r of(d)= XZg(x)= X?Bx+x
Ha(d) r 3f(d)=2X3diag(g(x)) + X2H (x)X 2

If H(x) is positive de nite (as Lemma [2 shows), then so isHq(d): X2?H(x)X? 0 because a
p.d. matrix remains p.d. if pre- and post-multiplied by symmetric (in this case, diagonal) matrices;
and 2X 3diag(g(x)) is a p.d. diagonal matrix.

In the nal paragraph of the proof to Lemma 1] we observe that givenx > 0, there exists a
compact set containing x. As the minimizer of f lies in , the iteration (2.24)]has a limit point.
In the same proof we observe thatf !'1 asanyx;! Oorx;!1 .Hence f x:x> 0g. Let X
be the initial point of the iteration. Let us de ne the following quantities rel ative to the boundary
of :

do inf mind; and dy  sup maxd;:
X2@ i x2@ |

As any step size rule in Propositions 1.2.1 and 1.2.2 of [2] is such tha k** < f K, the iterates
remain in . Hence for each iterate d and elementd;, d. < d; < dy and so the eigenvalues
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of the matrix D2 are bounded from below and above byd? and d? respectively. Therefore, as
D?gq(d) = g(x) = Bx d= h(d), h(d) is gradient related. O

Substituting (2.19) into (2.21) and replacing ! with ! ¥, we obtain the stochastic iteration

yk — (A(X k)1=2uk)2
k

dk+1 - (1 | k) dk + 1 k y . (2 25)
" Tkdkky T kyKkg '
Based on numerical experiments, we chooseX according to the rule
log, ! K = max(min( blog,(k)c 1;4);1): (2.26)

Consequently, E16 !X 1=2 for all k, and ! ¥ decreases by a factor of 2 at particular values ok.
This sequence forl ¥ allows for large changes ird=kdk; whenk is small and smaller changes whek
is large. Our numerical experiments show that the maximum number of iterations § a small fraction
of the size of the matrix; otherwise, the algorithm would not be useful.

The iteration (.25) is straightforwardly generalized to the nonsymmetric problem. Let and
be such that ; = r, Yand | = C L. Let v be a second random vector. Each iteration now performs
a forward and a transpose matrix-vector product:

yk — (A(Ck)l=2uk)2

k k

sk Y

k kk]_ kykk]_

ZK — (AT(RK)IZZVk)Z
k

k+1 :(1 I k)

(2.27)

K Z¥

I .
K%k, | kikkg'

k+1 :(1 I k)

We omit analysis of both the corresponding deterministic and this iteration because our results would
again be at best partial. But we show the results of extensive numerical expements in Section 2.4.
For the problem of square nonsymmetric matrices, Theorems 5 and 6 completely chacterize the
class of"-scalable matrices; but we have not investigated the existence and uniqueness theory for
rectangular matrices.

Using the convergence theory of stochastic approximation (se&.g., Chapters 4{6 of [38]), it may
be possible to show that if! ¥ is a sequence obeying certain conditions (in particular, lim; ! ¥ =0,
and so the sequence (2.26) does not conform), then the sequences (2.25) and (2.27) cogeewith
probability 1 to scaling vectors. We have not succeeded in this analysis for these @imilar iterations;
the analysis is quite technical and takes us far aeld. In any case, our algorithmis practical only
if a small number of iterations succeeds in conditioning the matrix su ciently, and so theoretical
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function x = sshin(A,nmv,n)

% Stochastic matrix free binormalization for symmetric real A.
% x = sshbin(A,nmv,n)

% A is a symmetric real matrix or function handle. If it is a

% function handle, then v = A(x) returns A X.

% nmv is the number of matrix vector products to perform.

% [n] is the size of the matrix. It is necessary to specify n
% only if A is a function handle.

% diag(x) A diag(x) is approximately binormalized.
op = isa(A, 'function _handle');
if (~op) n= size(A,1); end
d = ones(n,1);
for (k = 1:nmv)
u = randn (n,1);
s = u./ sqrt (d);
if (op) y =A(s); else y=A s; end
omega = 2°( max (min (floor (log2 (k)) 1,4),1));
d = (1 omega) d/sum(d) + omega Yy."2/sum (y."2);
end
x = 1./ sqrt (d);

Figure 2.1: Matlab implementation of the symmetric stochastic binormalization algorithm ssbin.

results that apply in the limit k!1 are not necessarily relevant. In the end, we have chosen to
motivate our algorithms by examining a deterministic sequence and then demonstra their e cacy
on a large test set, to the results of which we now turn.

2.4 Numerical experiments

Framework

Figure[2.1 shows aMatlab implementation of sshin, the stochastic binormalization algorithm for
symmetric matrices corresponding to the sequence (2.25); and Figufe 2.2 shows anplementation
of snbin, the stochastic binormalization algorithm for nonsymmetric matrices caresponding to the
sequence((2.27).

We test our algorithms in Matlab on problems in the University of Florida Sparse Matrix
Collection [17]. We use the followingMatlab code to obtain matrices obeying our criteria:

index = UFget('refresh');

% Symmetric

sids = find (index.nnz <= le7 & ~index.isBinary &...
index.numerical _.symmetry = 1 &...
index.sprank = index.nrows & index.isReal);

% Square nonsymmetric

nids = find (index.nnz <= le7 & ~index.isBinary &...
index.nrows = index.ncols &...
index.sprank = index.nrows & index.isReal);

% Rectangular
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function  [x y] = snbin(A,nmv,m,n)
% Stochastic matrix free binormalization for nonsymmetric real A.
% [x y] = snbin(A,nmv,m,n)
% A is a matrix or function handle. If it is a function handle, t hen
% v = A(x) returns A x and v = A(x, 'trans ') returns A’ X.
% nmv is the number of matrix vector products to perform.
% m,n is the size of the matrix. It is necessary to specify thes e only if
% A is a function handle.
% diag(x) A diag(y) is approximately binormalized.
op = isa(A, 'function _handle');
if (~op) [mn] = size (A); end
r = ones(m,1); ¢ = ones(n,1);
for (k = 1:nmv)
omega = 2 max (min (floor (log2 (k)) 1,4),1));
s = randn (n,1)./ sqrt (c¢);
if (op) y =A(s); else y=A s; end
r = (1 omega) r/sum(r) + omega y."2/sum (y."2);
s = randn (m,1)./ sqrt (r);
if (op) vy =A(s, 'trans'); else y =(s' A)'; end
c = (1 omega) c/sum(c) + omega y."2/sum (y."2);

x = 1./ sqrt (r);
y = 1./ sqrt (c);

Figure 2.2: Matlab implementation of the nonsymmetric stochastic binormalization algorithm
snbin .

rids = find (index.nnz <= 1e7 & ~index.isBinary &...
index.nrows ~= index.ncols &...
index.sprank = min (index.nrows,index.ncols) & index.isReal);
The predicate index.sprank == index.nrows assures that the matrices have full structural rank,

the condition Theorems[3 and 5 give for a square matrix to be'-scalable. (But recall that we do
not have a theorem to support rectangular matrices.) At the time of our experiments, only three
complex-valued matrices in the collection have full structural rank and are symmetic, and so we
focus on only real-valued matrices.

Our primary metric for assessing the performance of the algorithms is the redudébn in condition
number of the matrix. A secondary metric, used to verify that our algorithms indeed approximately
equilibrate matrices, is based onnormalized variance The normalized variance of the vectorv is

k3 nvar(v)_
kvk3 kvk3 '

nvar(v)

where is the mean of the elements ofv and var(v) is their variance. A useful property is that
0 nvar(v) 1. For symmetric matrices, we use the normalized variance of the row 2-norms
denoted NVR or NVR(A). For nonsymmetric matrices, we use the maximum of the normalized
variance of the row and column 2-norms, denoted MVR or MVRA).

To evaluate the condition number of a matrix A, we use theMatlab function scond shown in
Figure [2.3. This function uses the sparse methodgigs and svds to obtain the extremal singular
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function ¢ = scond(A,issym)
% cond for sparse matrices.
% ¢ = scond(A,issym)
% A is a sparse matrix.
% issym is a boolean: true if A is symmetric, false otherwise.
if (nargin < 2) issym = false; end
sl = []; sn = [I;
opts = struct('maxit',1e3, 'disp',0, 'issym"',issym, "'isr eal ', true);
[mn] = size (A);
try
if (issym) % Symmetric
sl = abs(eigs(A,1,'LM',opts));
sn = abs(eigs(A,1,'SM',opts));
elseif (m = n) % Nonsymmetric square
sl svds(A,1,'L',opts);
sn = svds(A,1,0,opts);
else % Rectangular
sl = svds(A,1,'L',opts);
ifim< n) B=A A'; else B=A" A; end
opts.issym = true;
sn = sqrt (eigs(B,1,'SM',opts));
end
catch
end
if (isempty (s1) jj isempty (sn)) c¢ = 0; else ¢ = sl/sn; end

Figure 2.3: Matlab  function to compute the condition number of the sparse matrix A.

values of a matrix. To nd the smallest singular value in the thin SVD of the rectangular matrix

A, scond forms the product B = AAT or ATA, depending on the shape of the matrix, and then
useseigs . We found that this method is more robust, from the perspective of our softwae testing

framework, than applying svds directly to A.

sshin and snbin are useful only if the number of matrix-vector products is signi cantly smaller
than the size of the matrix. We assess the results of the algorithms when theyra allowed K = bpnc
iteration, where p < 1 and n is the size of the matrix. If the matrix is rectangular, n is the larger of
the number of rows and columns. Forsshin, one iteration corresponds to one matrix-vector product;
for snbin, two, one with the matrix and one with its transpose. We test four values d p: 0:5%, 1%,
2%, 5%. If a matrix is too small, then K is too small; therefore, we consider matrices having size
n 200, so that the four values ofp correspond to minimum values ofK of 1, 2, 4, 10. Of course,
in practice, one likely has a much larger matrix.

Since our algorithms are stochastic, their performance on a matrix varies Vth each application.
We run the stochastic algorithms ve times for each matrix and accumulate the results.

Lemmas 8 and 9 allow for a variety of distributions for the random vector inwlved in the matrix-
vector product. Chen and Demmel [14] use the random vector such that z; 2 f 1;1g is iid, each
value 1 and 1 having equal probability. Their Lemma 6 shows that this distribution has minimal
variance among all distributions such that Ez; = 0 and E z? = 1. They connect minimal variance to
fast convergence in estimates based on We nd that the vector u such thatu; N (0O;1) produces
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Figure 2.4: The performance of all methods for symmetric matrices. The tite of each gure indicates

the number of matrix-vector products and the performance metric. MVP = p% means that b%c

matrix-vector products are used for a matrix of sizen. In these plots, the performance metric is the
condition number of the scaled matrix.

slightly better results for our algorithms, and we always use this distibution. Other algorithms we
discuss in this section usez. Two sets of test results compareu and z.

For convenience, we refer to the algorithm that uses the identity matrix as a scalg matrix as
algorithm a. This algorithm corresponds to doing nothing.

We plot results in three primary formats. Figure 2.7luses all three, and so weefer to this gure
in the following descriptions.

We display the distribution in sizes of the matrices in our test sets by a plot of cumulative
density. Let (n;y) be a point on the blue curve. At least y% of the test matrices have size at
leastn. See Figurd 2.7(a) for an example.

Let the performance of an algorithm on a particular problem be characterized by asingle
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172

cond(X 2 A X*/?) (N=329, MVP=1.0%) 12

cond(X 2 A x'?) (N=328, MVP=5.0%)

100 100

% no worse than x
% no worse than x
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norm (u)
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Figure 2.5: The performance of all stochastic methods for symmetric matces.

2 5 102,
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Figure 2.6: The performance of all methods for symmetric matricesp = 5%. The matrices are (a)
positive de nite and (b) inde nite.

scalar metric  such that a smaller indicates better performance. Suppose& algorithms
are run on each problem in a test set of siz&l. For problem n, let the smallest metric value
be . Dolan and Moe [19] introduced performance pro les as shown in Figure 2.7b) and,
as a more complex example, each of the plots in Figure 2.5. Each curve corresmis to an
algorithm. Consider the point (x;y) on curve k. The interpretation is that algorithm k yields
metric valuesf ,gN_, that are within a factor x of f ,g\.; ony percent of problems. The
title of each plot gives the test set sizeN, and the legend indicates the algorithms considered.

A simple rule of thumb when looking at performance pro les is that curves correspading to
better algorithms go to y = 100% faster.

The scatter plot, an example of which is Figure 2.7(c), compares one algotiim, for each of the
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Figure 2.7: The performance ofshin on symmetric matrices. (a) Matrix sizes. (b, c) The perfor-
mance metric is the normalized variance of the row 2-norms (NVR).(d, e) The performance metric

is the condition number.
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Figure 2.8: The performance of all methods for nonsymmetric square matrices

four values of p, against algorithm a. A point ( X;y) having the kth color, as indicated in the
legend, is interpreted as follows. Algorithm a yields the metric value x, while the algorithm
yields the valuey. The red line is for convenience: any point below the red line improves upon
algorithm a. The points corresponding top = 5% are bolder than the others.

When constructing a plot of results, we discard any matrix for which we do not hawe results
from every algorithm included in the plot. Matlab 's eigs and svds functions can consume a large
amount of memory on some large matrices, causing th&latlab process to die. In other cases, the
function scond obtains an erroneous result fromeigs or svds, and again we lose a measurement.
Finally, we do not run the deterministic algorithms on some of the largest pooblems because our
Matlab  implementation of dbin is rather slow. It would be be better to implement it as a mex
function. Consequently, we often plot results for subsets of the algorithms on darger set of matrices
in addition to comparing all the algorithms on a smaller set.

We also discard any matrix that is already binormalized. For both the sets ¢ symmetric and
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Figure 2.9: The performance of all stochastic methods for nonsymmetric sgre matrices.

nonsymmetric square matrices, we end up discarding only slightly more than 1@natrices each for
this reason. But quite a number of the matrices in the rectangular set are already biormalized.

Symmetric matrices

We test other algorithms, both deterministic and stochastic, in addition to ours. In the case of
symmetric matrices, we consider the following additional algorithms:

norm(u) . Compute the sample mean of the row 2-norms. Use rather than z. norm(z)
will be considered in the experiments involving nonsymmetric matrices. Let theestimate be
r. ScaleA asR 2AR 172,
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Figure 2.10: The performance ofsnbin on nonsymmetric square matrices.

sdiag . The simplest of Bekas, Kokiopoulou, and Saad's [1] stochastic methods to é@state the
diagonal of a matrix. The algorithm usesz and is as follows:

e
d= — Z'(AZ'):
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The algorithm computes N matrix-vector products with random vectors z' and then computes
a sample mean. z'(Az') is an element-wise product betweenz' and Az'. The quantities
2zl =1, and zz 2f 1;1g with equal probability, and so the diagonal elements ofA sum
while the o -diagonal elements tend to cancel out. Use the result just as exact Jacobi sdiag
uses the diagonal. The method is not intended to produce a preconditioner, but we include
it in our numerical experiments because the diagonal estimators developed in [Hre the only
matrix-free methods of which we know, other than the straightforward norm methods, that

may be considered to produce a preconditioner.

dbin. We rename Livne and Golub's [42] methodsbin as dbin for clarity; d stands for
deterministic.

diag . Jacobi scaling. If a diagonal element is 0, substitute 1.

Each iteration of each of these algorithms exceptliag performs work equivalent to one matrix-vector
product, and so the values ofp apply equally to all of them. diag of course requires very little work
at all.

The algorithms are related to each other. sshin is the stochastic matrix-free algorithm corre-
sponding to the deterministic dbin ; similarly, sdiag corresponds todiag . norm(u) is like ssbhin in
the sense that each iteration involves estimating the 2-norm of the rows of anatrix.

Figure [2.4 shows performance pro les for all four values ofp using condition number as the
metric. As expected, dbin does best on average. Butssbin gets close a increases. Similarly,
sdiag 's performance approaches that ofdiag asp increases, as one expects. All the algorithms do
better than a on average.

Whether a matrix is positive de nite is important. Figure 2.6 Shows results for p = 5%, grouping
the results into those for positive de nite and inde nite matrices. Based on the analysis in Section
[2.2.3, we expect Jacobi scaling and binormalization to have similar perfanance on positive de nite
matrices, and indeed this expectation is quite clearly borne out. In contrast, @ inde nite matrices,
the binormalization algorithms perform signi cantly better than the Jacobi scaling algorithms.

We recall again that Bekas, Kokiopoulou, and Saad [1] had no intention of dewing a method
to compute a diagonal preconditioner using only matrix-vector products. Moreover, they deeloped
a more complicated algorithm that we did not implement. It uses a sequence of vectorsaken
from Hadamard matrices and is particularly e ective on banded matrices. Hence anycriticism
of sdiag in this context is quite unwarranted. We note simply as a sanity check that evenon
positive de nite matrices, sshin signi cantly outperforms sdiag . On inde nite matrices, a diagonal
estimator, however e ective, is ultimately limited by the poor performance of Jacobi scaling.

Next, we show comprehensive results fosshin. Figure[2.7(a) shows the sizes of the test matrices.
To con rm that sshin equilibrates matrices, Figures 2.7(b,c) show performance pro les and a scatter
plot using normalized variance of the row 2-norms as the metric. As expected, the NVRs reduced
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signi cantly on average. Finally, Figures 2.7(d,e) show the same types of mts but once more using
condition number as the metric.

The dots in Figure [2.7(c) have a horizontal trend at slightly above 0.1. If the parameter ! in
sshin were allowed to go to 0 in a controlled way that obeyed certain conditions, thenthe theory
of stochastic approximation suggests the normalized variance should go t6. As we are interested
in nite-iteration|indeed, small-iteration|results, we keep I xed after decreasing it for a certain
number of iterations. We believe the horizontal scatter of dots corresponds tdhe lower limit of the
normalized variance that can be achieved given the nal xed value of! . One might decrease!
beyond our nal value. Our experience is that if | becomes small too quickly, more iterations may
be required. As robustness is more important than exact equilibration, we havechosen the nal
value of ! accordingly. Still, a careful parameter study of! for certain classes of matrices appearing
in a particular application may reveal a better sequencef! «g.

Nonsymmetric square matrices

Our original motivation for this work was equilibrating symmetric mat rices, but the existence and
uniqueness theory in Section 2.2 supports both symmetric and nonsymmetric matces, andssbin
extends immediately to snbin. Hence we present results for the latter.

In addition to snbin, we test the following other algorithms:

row norm(u) . Estimate the row norm of the matrix using u. Let r be the row norms. The
scaled matrix is R12A.

row norm(z) . Estimate the row norm of the matrix using z.
sk. The Sinkhorn-Knopp iteration.
row norm . Exact row norm.

The two stochastic row norm methods require only a forward matrix-vector product per iteration.
Since they are being compared withsnbin, which requires both a forward and a transpose matrix-
vector product, they are permitted two forward products for every iteration of snbin.

Figure [2.8 shows results for all the methods, and Figure 219 for just the stchastic methods.
The random vector u appears to perform slightly better than z in the row norm methods on the
matrices in this set when the number of matrix-vector products is small. Forp 1%, all the methods
do better on average thana.

The most important observation comes from Figure 2.9: as the stochast row norm methods
require the same work assnbin, and as snbin outperform those methods on average, one might
prefer the more complicatedsnbin to the simple row norm methods.

Interestingly, the Sinkhorn-Knopp iteration does not do particularly well on these test problems
under the restrictions on the number of matrix-vector products we impose. Indeed, Figure2.8(c,d)
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show that the iteration's performance is somewhat worse thansnbin's. We believe the disparity
in performance relates to an observation about the Sinkhorn-Knopp iteration we nade early in our
investigations: it takes a while for the iterates to settle down. One can regurize the Sinkhorn-Knopp
iteration in several ways, and we have found|although we do not present the experiments, as they
are just some of many we performed that are outside the scope of this chaptighat certain methods
of regularization can improve the behavior of the Sinkhorn-Knopp iteration in the early iterations,
although at the cost of decreased convergence speed in later iterationsnbin e ectively implements
one form of regularization simply by averaging the current iterate with a gochastic estimate of the
next Sinkhorn-Knopp iterate. In any case, regularizing the Sinkhorn-Knopp iteration when one ha
access to the elements of the matrix is almost certainly not the right thing to dg rather, one should
implement one of the algorithms described in, for example, [36].

Rectangular matrices

Again, our primary concern was symmetric matrices, butsnbin works on both square and rectan-
gular matrices. Recall, however, that we have not developed a theory of-scaling for rectangular
matrices.

In our tests, a matrix is transposed, if necessary, so that it has more rowshan columns. In
addition to the other stochastic algorithms, we also testcolumn norm (u) ; it is implemented just
asrow norm (u) but for the columns.

Figure[2.11 shows our results. Figuré 2.11(b) compares usingand z vectors for the row norm
algorithm. In contrast to the results on the test set of square nonsymmetrc matrices, the algorithm
using z slightly outperforms that using u.

Fixed number of matrix-vector products

In the previous experiments, we have set the number of matrix-vector products propdional to the
size of the problem. Figure 2.12 shows results of experiments in which the nunelb of matrix-vector
products is xed for all problems.

2.5 Summary and conclusions

Scaling a matrix usually reduces its condition number. Perhaps the simplest scaling mébd for
symmetric matrices is Jacobi scaling. But this method is not e ective for many inde nite matrices.
Other simple scaling methods are based on using the row or column norms.

Equilibration in a p-norm can be an e ective alternative. Using a combination of theory and
numerical experiments, we showed that symmetric binormalization and Jacobi saling are about
equally e ective on symmetric positive de nite matrices. But symmetric binor malization is quite a
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Figure 2.12: The performance of the stochastic methods when the number of mak-vector products
is xed for all matrices. (a, c¢) Performance pro les for all stochastic methods on symmetric and
square nonsymmetric matrices, respectively, when 40 matrix-vector products areised. (b, d) The
performance ofsshin and snbin, respectively, for 10, 20, 40, and 80 matrix-vector products.

bit better than Jacobi scaling on inde nite matrices. For nonsymmetric matrices, it is also better,
on average, than simply scaling to unit row or column norms.

Approximate scaling is a practical alternative to exact scaling, and we waned to develop a theory
characterizing it. We reviewed the theory governing exact scaling and developed the thegrof "-
scaling. It was already known that a (symmetric) square matrix is (symmetrically) scalable if and
only if it has total support (part 1 of Theorem [ and Theorem [2), and it is diagonally equivalent to
a unique doubly stochastic matrix (part 2 of Theorem[1)). We discovered that a (synmetric) square
matrix is (symmetrically) "-scalable if and only if it has support (Theorems 5 and B), and the doubly
stochastic matrix C obtained in the limit " ! 0 is unique (Theorem6).

While the class of scalable matrices excludes some numerically nonsingular matgs, the class
of "-scalable matrices is precisely the class of structurally nonsingular matrices ando includes all
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numerically nonsingular matrices. This observation suggests that'-scaling is a useful formalization
of approximate scaling.

Previously developed scaling methods require access to the elements of a matrix. \Weveloped
the matrix-free stochastic binormalization methods sshin and snbin to perform approximate sym-
metric and nonsymmetric scaling. The performance of these algorithms on a tge test set suggests
that stochastic binormalization scales a matrix using a humber of matrixvector products that is
small relative to the size of the matrix and so is a practically useful methodwhen direct access to
the elements of a matrix is not available.



Chapter 3

A limited-memory quasi-Newton
method

In this chapter, we develop a limited-memory (LM) quasi-Newton (QN) method. It has two main
features: it uses a circular bu er to store QN pairs, and it updates an initial matrix By each time
it updates the bu er. We develop an update that sets By to a positive diagonal matrix D such that
D 72 approximately binormalizes the Hessian.

First, we provide the foundation for the update. Second, we describe the diagonal updatand
the rest of the algorithm. Third, we discuss the implementation of the algorthm in the current
version of SNOPT [25] and a future version that will have a new quadratic progam solver. Finally,
we describe the performance of the modi ed version of SNOPT on several test problenets.

3.1 Background

3.1.1 Notation

Let n be the size of the problem. The di erence between two iteratey+1 and Xx IS Sk Xk+1 Xk,
and the di erence in the gradients, denotedg, of the Lagrangian at the two iterates isyx ~ Qk+1 Ok
If the particular iteration update index k is irrelevant, the notation s = x* x may be used. Apair
is the tuple fsy;ykg. A buer of pairs is a nite sequence of pairs and is denotedfs;;y; g}%kl for
ki ka. Let np be the number of pairs the pair bu er can hold. B = bfgs(fs; ;y; g}‘i k,» Bo) denotes
the limited-memory BFGS Hessian approximation, whereBg is the initial matrix, fs;;y; gjki S
the pair buer, and k, ki +1 ny. In some cases, the second argument is a vector, saly, and
Bo = diag(dp).
The key property of quasi-Newton methods is the quasi-Newton, oisecant condition, By+1 Sk =

Vk. We omit a review of quasi-Newton methods, as it is far better to read thosen, for example, [26]

45
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and [51].

3.1.2 Linear invariance of Broyden-class updates and diago nal scaling

As a rst step, we examine the diagonal matrix By in the context of Broyden-class updates.

Linear invariance

Let f (x) f(x), wherex Cx and C is a nonsingular matrix. Then

g(x) r xf(x)= CTg(x) (3.1)
H(x) r 2f(x)= CTH(x)C:

Corresponding to s and y are the transformed vectorss = Csandy = C Ty. Let B be a quasi-
Newton approximation to H that is updated according to a formula in the Broyden class:

Yk Bk sk
Vk = o7 T
Yo Sk S, BkSk
Bysks! B T
Bk+1 = Bk Kok Pk + YiYk + k(SIBkSk)VkV-kr; (3.2)

Sy Bisk Sy Yk

where  is a scalar.

Theorem 11. If Bp = CTBoC, ands; = Cs; andy; = C Ty; hold for all s;, yi, Si, Vi, then

This property of the update is widely known, although we do not have a speci ¢ referencedr exactly
the form we use here. The proof is by induction.

Proof. SupposeBy = CTByC. Then we have the following equalities:

Bisksk Bk = (CTBKC)(C 's¢)(C *si)"(CTBkC)= CT(Bksks Bk)C
Sk Bisk =(C 's)T(CTBKC)(C 's¢) = scBisk
Yk = (CTyi)(CTyi)" = CT(yky)C
skYk = (C *s)"(CTy) = sg vk
BrskYs = (CTBkC)(C 's)(CTyk)" = CT(Byskyy )C:
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Hence
Bisksy Bk . ki T T
Br+1 = By + +  (Sg Brsk)wv,
* Sy Bisk Sy Yk K K
Bysksl B T
=C' Bk ka k Zk + y.IT.yk + (SIBkSk)VkVI C
Sy Bk Sk Sy Yk
= C"By+1 C: O

By is a preconditioner for a steepest-descent method

A quasi-Newton matrix can be thought of as a preconditioner for the problem. Let the QN matrix
Bx = CTC. Consider again the functionf (x). The quasi-Newton method gives the search direction

p= By'gx)= C 'C Tgx)= C *g(x):
With step size , the new iterate is
x B, 'gx)=C x C 'gx)=C '(x g(x)

hence the QN step is the steepest-descent step for the transformed problem in the transfoed space.
We think of the transformed problem f (x) as the preconditioned problem.
That By is a preconditioner has a recursive aspect to it. Again, leBy, = CT C. By Theorem/[11,

BkSkSy Bk + YiYy
Sy B sk Sy Yk
T T\, T

SkSk . Yk Yk
SESk Sy Yk

- T T
Bi+1 = Bk +  (Sk Bisk)Vk Vi

=C' | + (sfswvp C;
wheres, = Cs¢ andyx = C Tyy; hence the Broyden-class update may be thought of as an update
of the identity matrix for a problem preconditioned by By = CTC.

Scaling

In the special case thatBy = D is a positive diagonal matrix, D =2 is a scaling matrix that scales
the original problem. If we view B, as a preconditioner, then an e ective procedure is to seBy = D,
where scaling the Hessian byp 172 minimizes its condition number over all positive scaling matrices.

In general the Hessian is a function of the iterate and, moreover, we do not have acee$o it
either by element or by matrix-vector products. This chapter describes a method that apprximately
binormalizes the Hessian based on the sequence of pairs;;y; g. The diagonal By is updated every
time the QN matrix as a whole is updated, and so the diagonal scaling matrix chages with the
iterate.
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3.1.3 SNOPT

SNOPT's current limited-memory quasi-Newton method is as follows[25]. Letr be a major iteration
when the pair bu er is empty. By is a positive diagonal matrix that initializes the approximation to
the Hessian. Forr  k r + np, the approximation By is updated as follows:

g = Bjsj
= EN.
i :(qTSj) 1
i 1
Bk=Bo+ (jyiyj igq): (3.3)

j=r

This form of the update is called the summation form. To assure positive de niteness in the presence
of numerical errors, the update is rewritten in product form asBy = G} Gk, where

Ci D7 g (3.4)
1
Bo? (I +5 v ):

j=r

Vi

Gk

The sign in v; is chosen to minimize cancellation error when forming the vector.

At update index k = r + ny + 1, both the full approximation and B are reset to the diagonal of
Br+n,+1 (i.€., the diagonal of the approximation that includes the new pair fs;;yj gj=r+n,+1), and
all pairs fs; ; v; g (including the one forj = r + n,+1) are ushed from the pair bu er. Additionally,
the diagonal matrix is multiplied by a scalar to calibrate the unit step. The im plementation of
the diagonal matrix By in the context of this scheme is quite e cient: two vectors by and by store
diagonal information. hy is static during the accumulation of pairs in the bu er; meanwhile, by is
e ciently updated at each major iteration. When the bu er is ushed, Iy is set to hy.

A feature of SNOPT's current method|indeed, a primary motivation for its form|is that the
factorization of the reduced Hessian can be updated directly when SNOPT solves a linelgrcon-
strained problem.

3.1.4 Our work

For nonlinearly constrained problems and linearly constrained problems for which evating the
objective is expensive, SNOPT's method may be improved in two ways. Firstrather than discarding
all pairs at certain iterations, we could maintain a circular bu er of pairs. Second, rather than
updating the initial diagonal Bg only at certain iterations, it could be updated at every iteration if

information is available to support such frequent updates. This chapter developsa method having
these two properties.
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3.1.5 Related work

Possibly the earliest work on a limited-memory method that does not enforce a spaity pattern
is that of Nocedal [50]. He developed the method L-BFGS, which maintains a circulabu er of a
limited number of pairs. The method forms the foundation for many modern vaiiations.

The simplest updating method for Bg is to setBg = I, where  is updated at each update of
the QN matrix. Liu and Nocedal [40], among others, set ¢ = Y| Yk=S] Yk.

Recent work on quasi-Newton methods includes that of Kolda, O'Leary, and Nazareth![3]
and Gill and Leonard [23,/24]. Kolda and her coworkers studied limited-memory methds using
Broyden-class updates. They showed that only BFGS among the Broyden-class updates maéins
the property of nite termination on unconstrained convex quadratic problems when modi ed to be
a limited-memory method. They also tested several variants of full- and limiled-memory methods,
studying update skipping and various rules for discarding pairs from the pair bu er.

Gill and Leonard developed a quasi-Newton method that pays particular attetion to the
subspace spanned by the gradients or, equivalently, the search directions. The methoabtionally
can limit the subspace from which the next search direction is obtained. In the casefa full-memory
method, their factorization of the BFGS matrix permits the update of Bg = I ; the authors note
that this can be quite advantageous in the full-memory case, as a poor staticnatrix Bo = | can
slow convergence. They developed a limited-memory variant [24] of the method that s half the
storage of standard limited-memory methods, including the one we use in this chapter

Several authors have studied methods using diagonal initial matriceBy. SNOPT's current
method is of course one such method. Nazareth [48] and Zhu, Nazareth, and Wolkosu [66] have
developed quasi-Newton-like methods|they call them quasi-Cauchy methods|based on the quasi-
Cauchy, rather than quasi-Newton, condition SI Dg+1sk = SI Yk, where Dg41 is a diagonal matrix.
The condition multiplies each side of the quasi-Newton condition bys! . These methods are not
themselves relevant to our work; however, in the conclusion tol [66], the authorsemark that the
diagonal matrix Dy+1 was incorporated into L-BFGS in the thesis work of Zhu. We shall remark
further on this in a moment.

The work closest to ours is that of Gilbert and Lemarechal [22] and the follv-up work of Veerse
and Auroux and Veerse, Auroux, and Fisher [65]. These authors tested several dgonal updates
with the L-BGFS method on a set of unconstrained problems. Their best diagonal updatds, with
the exception of implementation details and a calibration of the unit step length, the same as the
one we develop. However, they do not attempt to understand why the update is e ective, nor do
they extend the implementation to constrained problems.

Interestingly, the authors of [65] assessed incorporating the quasi-Cauchynethod of [66] into
L-BFGS, as the latter authors had suggested in their concluding section, and found the restd were
relatively poor. Prior to discovering the work of Veerse and coworkers, ve had implemented this
combined method and could not obtain good results. Our view is that the quasi-Cauchy rathod,
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restricted as it originally was simply to a diagonal matrix, may be quite e ective. But the interpre-
tation of a diagonal By as a matrix that attempts to capture curvature information is incompatible
with subsequently updating this matrix to a full one: as the discussion in Sectioni 3L.2 shows, in
the context of a Broyden-class method, a diagonaB really ought to be viewed as a scaling matrix.

Morales [45] conducted a numerical study comparing L-BFGS'[50] with SNOPT on a set fo
unconstrained problems. Of course SNOPT's reduced-Hessian method is computationally unsuited
to large unconstrained problems, but Morales correctly used the number of calls to theiser function
to assess the two methods. He found that L-BFGS generally outperformed SNOPT.

SNOPT's current method cannot be directly modi ed to accommodate a circular bu er and
continual diagonal update. SNOPT stores the pairsfs; ;v; g. If Bg changes, then so does eaah, for
v; depends ong = Bj i1s;, and B; 1 changes withBo. Furthermore, the e cient implementation
using the vectorshy, and by is no longer possible, for in general one pair is removed from the circular
bu er at each iteration. If we ignore matters of implementation, we can generalze SNOPT's update
to the diagonal matrix by setting it to the diagonal of the Hessian approximation at the previous
iteration. Let By = bfgs(fs;,;y; gjk:kl np;dk), where By = diag(dk) is the current initial diagonal
matrix. At the next iteration, dg.1 is set to diag(B«), the pair fs;;y;g=« n, is removed from the
bu er, the pair fsy;ykgis added, andBy+1 = bfgs(fs;;y; g}‘:k np+1 ; Ok )

One might imagine other diagonal updates as well. Our objective in this chapter is ® develop
a method whose diagonal update has a motivating interpretation, and to implemen the method
e ciently in the context of a limited-memory method that uses a circular bu er.

3.2 The diagonal update

This section discusses the diagonal update for our limited-memory quasi-Newton Hegn approxi-
mation.

Let A be a symmetric positive de nite matrix. Let A = D ¥2AD 72 pe binormalized; in
particular, let Bx = d(recalB A A andX D !;we useB to denote both the element-wise
square of A and the QN matrix, but the meaning should be clear from the context). Consider the
problem

min () (3.5)
for
f(x) %XT Ax = %XT D2AD2x = %X"T A%,

where x-  D'2x. We refer to quantities having a tilde as scaled quantities. The gradient is
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g(x) r «f(x)= Ax and the scaled gradient isgtx) r f (¥) = Ax, and so
g(x) = D*g(x):

Let the approximate Hessian used in the iteration beB. The search direction isp= B !g, the
step is

s=p= B 'g= B 'D;
and the change in gradient is
y=As= AB !g= AB D%

where is the step size.

3.2.1 The algorithm design principles

The motivation for our diagonal update is the stochastic symmetric binormalization algorithm of
Chapter|2. In an unconstrained quadratic program,y is related to s by a matrix-vector product.
We explore the hypothesis that expressions involvings and y provide information about the scaling
of the problem, much as the stochastic binormalization algorithm uses matix-vector products with
the random vector u.

Let us remark, however, that the discussion in this section is not a proof of any@rt. Iterations in
optimization algorithms are quite complicated, and it would be di cult, if no timpossible, to formu-
late and prove a meaningful theorem about the diagonal update in the context of sucttomplexity.
The update we describe turns out to be useful, and our discussion attempts to explain ky.

Our rsttask is to nd an analog in the current setting to the random vector u in the stochastic
binormalization algorithm. It is likely that a scaled vector is better than an unscaled one. x~is
not the right one, as the behavior of it depends on the origin. s~ D'2s, y As, and g are all
independent of the origin. We shall ultimately use g; but we also considery~

Consequently, our rst design principle is that g=kgk behaves like a random vector sampled
independently from the uniform distribution on the sphere.

Next, the Hessian approximation B, if too complicated, can make analysis di cult. In designing
our diagonal update, we assumeéB = D, where D is our diagonal; that is, we assume there is no
other quasi-Newton update toB.

Finally, we use an unconstrained convex quadratic problem as our model. Constraia impose
restrictions on the space from whichg-is drawn. However, just as in our stochastic binormalization
algorithm, our interest is in what happens during only relatively few iterations. If the constraints
are not too restrictive, their presence may not be obvious in the sequence af vectors until after
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many iterations have occurred.

The motivation for these principles is that many probability density functions may have the
property stated in (2.17)|not necessarily just those pdfs considered in Lemmas[8 and [9or a
similarly useful one, and there may be many processes that updat® along with the diagonal
update that do not signi cantly a ect the behavior of the diagonal update. But these may be
analytically di cult or intractable to study. What we need|and what we believe we a chieve with
our design principles|is an analytical setting simple enough to admit theoretical exp osition but rich
enough that we can explain, at least partially, why our algorithm works well in practice.

3.2.2 Some useful results
Estimators of the trace

Estimators similar to those in Lemmas[8 and 9 exist for the trace of a matrix. Suppose the matrix
A and the random vector u are independent.

Lemma 13. If the elements ofu 2 R" have zero mean, positive and nite variance, and are iid,
then EuTAu = E traceA for nite > 0.

Proof. The cross terms Euju; =0 if i 6 j, and so

0 1 I
X X X
E u@ AjuA-=E Aju?+crossterms = E  A;; where =Eu?>0:
i j i i

O

Lemma 14. If the elements ofu 2 R" have positive and nite variance and are iid with pdff, and
f is symmetric around zero, then

TA 1
EuTiu = — E traceA:
utu n

Proof. A cross term has the form [2.18), and so we are left with

P P
Ui g A X .2
E P—s = E Aj; where =EP',=nth -
i Ui . 0

Construction of random vectors and matrices

In the absence of analytical results, we can explore properties of an algorithniby running it on
randomly generated data. To obtain generic results, it is important to sampk data from a meaningful
distribution.



3.2. THE DIAGONAL UPDATE 53

We use random spd matrices to test some of the ideas in this chapter. How can wessure that
our experiments capture generic properties of the algorithm? For example, does spsty matter?
Scaling?

Symmetric positive de nite matrices are entirely characterized by an orthonomal matrix and
a positive diagonal matrix: A = Q QT. A sparse matrix A becomes dense upon rotation by a
generically chosen orthonormal matrix. Hence if an algorithm is invariart to a transformation by
an orthonormal matrix, then sparsity does not a ect the mathematical behavior of the algorithm,
although it may a ect storage and computation e ciency. Indeed, such an invariance property means
it is enough to sample only from a distribution over positive diagonal matices. If an algorithm is
not invariant to scaling, then it is not invariant to transformation by an orthonormal matrix.

Let us rst discuss vectors. Consider the uniform distribution of points on a unit sphere; for the
sphere embedded im dimensions, call this distribution S[n]. We generate a unit vectorv  S[n] as
follows [47]:

1. Generatev such that each element is an iid normal variable.
2. Setv  v=kvk,.

The distribution S[n] obeys the conditions of Lemmas P and 14. Observe that i) is orthonormal
andv S[n], then Qv  S[n] as well.
We sample three types of matrices:

1. Positive diagonal matrices We specify the distribution in the context of the experiment.

2. Symmetric positive de nite matrices. We generateA as follows. Let be a positive diagonal
matrix obtained by method 1.

(a) Generate a square matrixA having normally distributed iid elements.
(b) Compute the QR factorization A = QR.
(c) SetA Q QT.
3. Scaled spd matrices
(a) Given the positive diagonal matrix , generate the spd matrix A by method 2.

(b) Given the positive diagonal matrix D, set A DAD .

Expectation of a product

Because Covk;y) E(x EXx)(y Ey)=E xy EXEY,

Exy =E xEy + Cov(Xx;y): (3.6)
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Jensen's inequality

Consider the random variablex and a convex function . Jensen's inequality [15] is
(Ex) E (x):

Consequently, (Ex) * Ex 1.

E (x) need not have an upper bound: consider (x) x * for x allowed to approach 0. Still,
(Ex) ! can be a good approximation to Ex ! if x is bounded away from 0. For example, suppose
X has the uniform distribution between a and b, and a;b > 0: x  U[a;b]. Then

z, ‘'

1 2
l_ — =
(Ex) - = b aaxdx 2 b
Zy
1 In(b=3
1_ 1 — .
E x b aax dx = b :

If b=a 1,thenin(b=9 (b a)=aandso Ex ! a !;similarly, 2=(a+ b) a !, and so the two
expectations are approximately equal.

The estimate (nuTAu) ' (trace A) *!

Lemmas[13 and 14 describe a matrix-free estimate of the trace of a matrix. We examine the
hypothesis that if u  S[n] and A is ann n spd matrix,

The estimate (nu" Au) ! (traceA) !is accurate. (3.7)

Our only analytical characterization of the relationship between the two expressons is the fol-
lowing:

(traceA) '=(nEu’Au) ?! (by Lemma|14)
E(nuTAu) ! (by Jensen's inequality): (3.8)

Rather than further attempt to nd a useful analytical characterization, we describe t wo numerical
experiments that give empirical evidence supporting [(3.7).
The rst experiment demonstrates that the inequality (3.8) is almost certainly strict:

1. Choose the condition numberc of the matrix A, the size of the matrix n, and the number of
trials ny.

2. Generate a vector such that min; (j) =1 and max; (j)= c as follows.
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(a) Generate a vectoru such that each ofn 2 elements is iid andu(j)  U[0; 1], one element
is 0, and another is 1.

(b) Setu  c(i)".
3. Because we shall compute the estimatev’ Av using a vectorv ~ S[n], and soQ"v  S[n]

for an orthonormal matrix Q, we may assume the matrixA is simply the diagonal matrix .
Record traceA = k kj.

4. Fori from 1 to ny:

(a) Generate a unit vectorv  S[n].
(b) Record the following:
. . P S
i. The estimate nvTAv =n ", (j)v(j)*
ii. The sample mean of this estimate,t(i), using samples 1 toi.
iii. The estimate (nvT Av) 1.
iv. The sample mean of this estimate,r (i), using samples 1 toi.

(c) Plot t and r against the true values traceA and (trace A) 1, respectively.

Figure[3.1(a) shows results for a condition number of 1& and matrix size n. Observe that the sample
mean for the estimate of traceA converges to traceA, while the sample mean for the estimate of
(trace A) * converges to a value greater than (tracé\) *.

The second experiment explores the robustness of the estimate§™ Au) ' (trace A) *:

1. Choose a vectorc, each of whose elements gives a condition number for which it is desired to
obtain samples. Choose a matrix sizen. Choose the number of trialsn;.

2. For eachc(i):

(a) Generate a vector as in the rst experiment.
(b) Generate a unit vector v S[n].

(c) Asinthe rst experiment, we may assume the matrix A is simply the diagonal matrix .
For each ofn, trials, compute and record the following:

i. trace A = k kj.
. - P N D
i. nviAv=n (Hv()e.

- _ (trace A) ' (nvTAv) !
iii. The relative error r = {race A) T .

(d) Plot the middle p percentile of relative errors.
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Figure[3.1(b) shows results for condition numbers between oand 10'¢, number of trials n; = 104,
and matrix size n = 103. Consistent with the inequality (3.8), the stochastic estimate tends to be
larger than (trace A) . But the estimate is certainly meaningful: half the sampled estimates lie
well within ~ 20% of (traceA) * (green line), and 90% lie within  40%.

We conclude that the hypothesis (3.7) holds and so we may use the relationship be&en the two
expressions in our subsequent analysis.

3.2.3 The update
Stochastic framework

We have already seen that we have the two basic quantities

lg - D 1|3—1=2g
y=As= AD 'g= AD 'D'7g:

Let u g=kegk, and let us replace each instance of g with u:

s= D D%y

y= AD 'D¥™u:

We can remove the scalar kgk as later it will cancel out of a quotient.

By Lemmas|[9 and 14, these latters and y vectors yield (recallX = D 1)

E.y’=n BD 2De=n BDx? (3.9)
Eu(Ds)? =E (d?°s?> = n & (3.10)
E,s'Ds = n ltraceD¥™?X D2 =n xTa (3.11)

Euy's= n traceD¥™2XAX D¥2 = n trace ADX ? (3.12)
Euy'y = n ltraceD¥™?XA2X D™ = n ltraceA’DX 2 (3.13)
Ey.s's=n ltraceD¥™?X?2D¥2 = n d x?; (3.14)

where the subscriptedu on the expectation operator indicates the replacement byu.
In this section, we derive a deterministic iteration based on the rhs of each of3.9){(8.14).
First, observe that E ,d?s?> = n 'd'immediately provides the scaling matrix. Even better, in the
case ofs, we need not make the simplifying assumptionB = D. Then E,(Bs)? = n 1d. But y has
quite valuable data and so should not be ignored.

Second, supposer  y=kyk, rather than u  g=kek, is taken to be sampled from a uniform
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Figure 3.1: Results for two numerical experiments studying the relationship tetween (traceA) *
and the estimate (hu” Au) !. (a) Experiment 1. The x axis is the number of trials used to compute
the sample mean. They axes correspond to the values tracd, (trace A) !, and their estimates.
The dashed lines are the true values.(b) Experiment 2. The x axis is the condition number of A;
the y axis is the relative error of the estimate. Each line color corresponds tohe indicated middle
percentile of samples.
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distribution on the sphere; and let us replace each instance of y by v. Then

y= DYy
s= A D¥v= D ¥l

where we have assumed\ has full rank; and, analogous to the quantities obtained from the E,
operator,

X
Evsi=n Y% (A YH:
j

The expression fors? is not useful. A simple stochastic iteration based on the expression foy? is
dh=@1 l)d+ly?

although we shall use a more complicated one in a numerical test. Again, howevere seek an
iteration based on both s and y.

Consider the iteration

22 2
d’s” L ¥°. (3.15)

+
d"=d sTDs yTs

An equivalent expression for the diagonal update is

T T
Dss' D LY

d” =diag D < Ds VTS

(3.16)
The diagonal update is obtained simply by extracting the diagonal of the BFGS updde to a diagonal
matrix. As a BFGS update preserves positive de niteness and the main diagonal o&n spd matrix
is positive, d* > 0 if d > 0.

Consider any two random quantitiesy and z inside the E, operators among (3.9){(3.14). From
the discussion in Section 3.2.2, iz 6 E yE z|the two are separated by Cov( y;z) according to
(3.6)Jand E y ! 8 (Ey) !, Jensen's inequality providing a one-sided bound. Furthermore, we
suggested in that same sectionthat 2 * (Ez) ! if z is bounded away from 0. In particular, we
discussed the accuracy of the approximation wherz  u' Au for u  S[n]; see the discussion of the
hypothesis (3.7). Here we neglect Cow(; z); and as our denominators will turn out to be of the form
z u'Au, we make the approximation

ey Evy.

& (3.17)
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This approximation justi es our removing  kgk when we de ned the E, operator.
According to the approximation (3.17) and (3.9){(3.14),

¢ a
sTDs xT¢g
y? BDx?

y's traceADX 2

Therefore, the deterministic iteration corresponding to (3.15) is

2
a=dq 1 & _BDX" oy, (3.18)
xTd trace ADX 2

where the scalar! is introduced for generality. Notice that scaled quantities do not appear in (315)
but do appear in (3.18). The decompositionA = D¥*2AD =2 of course is not known to us and is for
analysis only: it reveals the stochastic binormalizing process underlying (35).

Analysis of the deterministic iteration

The analysis in this section is very similar to that surrounding Theorem 9.

Theorem 12. d= d;, where n=trace A, is the unique xed point of the iteration (3.18).

Proof. Substituting d = d’into (3.18) yields

| |
d = a j), 'B x
n traceAX
_ In & N B x

n trace A trace A
=

where we have used the equationBx = d and traceAX =trace A. Hence d&is a xed point.

dis a xed point if

& _ BDx* |
xTd traceADX 2

As A is, by assumption, positive de nite, so is B by the Schur Product Theorem; and soBD is
nonsingular. Therefore,

xTd

— = — x?=(BD) la
trace ADX 2

The solution x? has the form (BD) ldfor a scalar . The lhs increases monotonically with , and
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so the solution is unique.

Lemma 15. The iteration (3.18) is invariant to symmetric permutations.
Proof. Let P be a permutation matrix. Then

xTd=(Px)T(Pd)
trace ADX 2 = trace (PAPT)(PDP T)(PXP T)2:

Hence ifd and d* satisfy (3.18), then

Pd (PBPT)(PDP T)(Px)2
(PX)T(Pd) trace (PAPT)(PDPT)(PXP T)2

Pd* = Pd !

= G(Pd);

and soPd and Pd* satisfy (3.18) for the matrix PAP T,

Theorem 13. d dis a point of attraction of the iteration (3.18)if 0<!<n

Proof. First we assumeA is irreducible.
Let

(d (d'x) *
(d) (traceADX?) 1

Substituting d yields the relations

(d)=n1
(d)= Z?(traceR) '=n 13

and using@x = X2 and @traceCX = diag(C) for a matrix C yields the derivatives

_ d'x?
a(d) = ()2

i 3

J(d) = 2 diag(ADX °)

~ (trace ADX 2)2
a(d)=n 2%
2 diag(AX?) _

2n 2 2 diag(AX?):
(trace A)?

a(d ) =
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Then
G(d=d ! (dd (dBDx?
Gy(d)y=1 | @ 4(d) BDx? 4(d)+2 (d)BDX3  J(d)
Jd)=1 1 n2a" 2n ?Bxdiag(AX?)" +2n BX?

Under a similarity transform,
XJ@)D=1 ! n %ee’ 2n 2 XBxdiag(AX)" +2n XBX
AsBx = d;, XB X = Xd= e and diag(AX) =diag(D '“?AD 17?) = diag( A). We obtain

XJ@@)D=1 ! n 2ee 2n %2edag(A)" +2n IXBX
h it
=1 In ! nlee 2 diag(A) +2XBX

Let us determine the interval containing the eigenvalues ofJ (d ).

1. The rst term in parentheses has rank one and the single nonzero eigenvalue

h i

leT e 2 diag(A) =1 2n ! traceA=1 2= 1

n

2. As A is positive de nite and x; > 0, so isB and XB X'; and asBx = @&, XB X is doubly
stochastic. Therefore,XB X has eigenvalues in the interval (1], and as we are temporarily
assuming that A is irreducible, the eigenvalue 1 has multiplicity one.

3. As e is an eigenvector of each of the two terms in parentheses, we conclude from Lemma 11
that

h i T
nlee 2 dag(A) +2XBX

has eigenvalues in the interval (02).

4. Finally, if 0 <!'<n , XJ(d )D, and soJ(d ) itself, has eigenvalues in the interval

1 'n Y0;2) ( 1;1):

Hence (Gq(d)) < 1.
Now supposeA is reducible. By Lemma 15, we can assumA is block diagonal and each block is
irreducible. Our analysis to this point applies to each block separately. As the Jaobian associated
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with each block has spectral radius less than 1, so does the Jacobian as a whole.
Hence by Theorem 10.1.3 of [55], the iteratiord* = G(d) converges locally. O

The third term

The denominator of the third term of (3.15) need not be y' s|for example, Theorems 12 and 13
hold with only minor changes to their statements and proofs if the denominator iseither s's or
yT y|but numerical experiments show that y's is best. This may be explained as follows. Let the
eigenvectors ofA in the model QP (3.5) bev;; and the eigenvalues, ;. The diagonal of A may be
written

diaga) =

j———.
. vy
|

Supposes is an eigenvector ofA and has associated eigenvalue. Theny = As = s and so

y2 B 232 SZ
yTs sTs s's

which is exactly the contribution to the diagonal of A that the eigenvector s makes.

A numerical experiment

The analysis in this section makes a number of simplifying assumptions, and idoes not do more
than attempt to explain the e ectiveness of the diagonal update (3.15). Now we desdbe a numerical
experiment that supports the hypothesis that the diagonal update equilibrates theHessian.

We implemented the L-BFGS method [50] in a solver for unconstrained problems. Thete search
routine is a Matlab translation of the Minpack routine cvsrch [46] by Dianne O'Leary [53]. We
multiply the QN matrix by the scalar  described in Section 3.3.1. We tested the following updates.
The colors refer to the corresponding line colors used in the plots in Figure 3.2.

(black) Bo = | , where = yTy=s"y [40]. The results of other methods should be compared
against those of this one.

(blue) Just s. The diagonal update is

n 1 ds?

d" = —
n 1 sTDs

(3.19)

When d/ d; each element of the parenthesized vector isn(  1)=n; the factor n=(n 1) in the
update compensates for this.

(red) Just Bs. An update analogous to (3.19) can produce an inde nite diagonal. Instead, we
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use an update analogous to (2.21):

q= Bs

" d o5
= y— | :
¢ Dbt ek

We use! =1=10.

(green) Justy, except for a scalar formed by an inner product withs. We use the rst and
third terms of (3.15). To compensate for the loss of the term involvings, we multiply d by
(n  1)=n:

n 1
n

d* =

v,
d+ sTy'

(cyan) The algorithm Imcbd , which uses the update (3.15). We discuss this and the next
algorithm in Section 3.3.

(magenta) The algorithm Imcbd - , which uses the update (3.15).

The test problem is the QP f (x) = %XT Ax. A is constructed as follows. First, A is created by
generating a random orthonormal matrix Q and a random diagonal matrix having iid diagonal
elements, each the square of a random normal variable, and then settingk = Q QT. Second, a
random diagonal scaling matrix D=2 having condition number 20 is generated according to step 2
of the rst experiment in Section 3.2.2. Then A = D¥2AD2. The results we show in Figure 3.2
are generic over other distributions and condition numbers forD'=? and , although we chose an
instance from several trials that produced the clearest plots.

The size of the problem isn = 100, and we use a circular bu er that can store n, = 10 pairs.

The four plots in Figure 3.2 show the following:

k gko. The 2-norm of the gradient.
f . The function value.

nvar(X (A A)x). The normalized variance of the 2-norms of the rows of the HessiaA when
scaled according toBy. The constant black line is associated with the constant diagonall .
The blue curve shows that the update based orDs does not reduce the variance of the row
2-norms as e ectively as the other updates. The other updates approximately equilibra¢ A.

cond(R TAR 1!). The QN matrix can be thought of as a preconditioner, and so this plot
shows the reduction in condition number of A when preconditioned by two separate matrices:
By (curving dashed line) and the full QN matrix B (solid). The three horizontal dashed lines
are, from top to bottom, (a) the condition number of A, (b) the condition number of A with
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Figure 3.2: Numerical experiment for various diagonal updates.

Jacobi scaling, and (c) the condition number ofA with exact binormalization. The discussion
regarding the relationship between binormalization and Jacobi scaling for spd mtrices in
Section 2.2.3 explains why (b) and (c) are quite close to each other. The solid cues|
corresponding to preconditioning by the full QN matrices|fall below (c), but the dashed
curves|corresponding to preconditioning by just Bgllevel o at (b) and (c), as we expect.

This experimental procedure does not predict the performance of diagonal updates on consined
problems: when implemented in SNOPT, only the update (3.15), implemented in the algrithm
Imcbd and Imcbd - , proved to be robust over the range of test problems we consider in Section
3.5.

3.3 The limited-memory quasi-Newton methods:
Imcbd and Imcbd -

In this section we describe two closely related algorithms that use the diagodaupdate (3.15). We
call these algorithmsImcbd and Imcbd - : Im is for limited memory; cb, circular buer; and d,
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diagonal update.

First we describe a scalar that calibrates the unit step length.

3.3.1 A scalar

After certain steps, the QN matrix H should be multiplied by a scalar to calibrate the unit step
length. SNOPT performs this calibration after the rst QN update following the r eset of the QN
matrix to a diagonal. We use the same calibration formula as SNOPT; but as w update the diagonal
each time the full QN matrix is updated, we nd it best to calibrate at each update.

When updating By to Bk« , the basic calibration formula is

Y Sk

= ; 3.20
S-kr BkSk ( )
but we also safeguard the value:
« = min(100; max(10 *; )): (3.21)
We maintain a scalar g that is updated by +1 = « k. After updating the vector dx to dy+1

k+1 O+t

according to the diagonal update (3.15), we seBg

The calibration formula (3.20) has at least one natural interpretation. At iterate xx, we have a
quadratic approximation to the Lagrangian:

1
F(p) = EpTka+ o p+ Fo:

The solution is the steppx = B, 1g¢. Next, the line search determines the step size . The new
iterate is Xk+1 = Xk + Pk, and the new gradient iSgk+1 - AS Sk = Xk+1 Xk =  kPk»

Bksk = kOk: (3.22)

Given this information, we would like to determine a scalar  such that if By «Bk, then the
unit step is likely acceptable. One obvious choice isx = 1 for then Bys¢ = K Besk = o
and the corresponding unit step has already been accepted. But this choice ignores the additioha
information gg+1 .

Let

f() piF(py)= ‘%‘ 24b +c
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be a scalar quadratic function in the step size . Then

fq)=a +b:
As

f90) = b= pg o

fU )= a k+ b= pfoe;
we obtain

gz P(Gor G - PRYk
k k

b= pg g

Minimizing f ( ) gives a step size that can be expected to be better than. fY ) =0 if

= P: kplgk _ kSng _ SIBksTk_
a Py Yk ST yk STYk
where the last equality follows from (3.22). Finally, we set = 1.

An obvious question is whether one could do better based on information internal @ the line
search: t a higher-order polynomial than a quadratic, for example. In fact, the unit step should be
taken frequently as the algorithm converges, and so the quadratic t uses all theinformation that
is typically available without expending any extra user function calls.

A less quantitative interpretation of the calibration formula is revealing. s!yx is the change in
the gradient of the Lagrangian alongsi. s Bisk is the expected change in the gradient based on
the quadratic approximation F(p). Hence ¢ > 1 when the actual change is larger than expected,
and ¢ < 1 when itis smaller.

The classical L-BFGS method of Nocedal [50] uses the scalak = y; Hoyk =Y} Sk, Where typically
Ho = |. The interpretation of this scalar is that it broadly accounts for the magnit ude of the
curvature of the problem. In Section 3.5, we compare ¢ with this classical one on unconstrained
problems and nd | gives slightly superior performance.

The update (3.15) is the same as one of those considered in [22, 64, 65], but agalar is quite
di erent. Their scalar is

_ YDy k.
SIYk

which is the same as  for Ho = D, 1. Using « on constrained problems is disastrous; and as we
demonstrate in Section 3.5, ¢ is not as good as x on unconstrained problems.
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Our view is that ¢ is superior to both ¢ and ¢ because it is motivated by the most natural
interpretation: not as a means to account for the magnitude of curvature, but rather asa means to
calibrate the unit step length given su cient information to form a quadratic model of the merit
function projected along the current step direction.

3.3.2 Imchd

Now we can assemble our primary algorithm,Imcbd . If s} yx is su ciently positive, the update is
as follows:

1. Update the diagonaldy to dx+1 according to (3.15).

2. If cond(diag(dk+1)) exceeds a tolerance, reinitialize the quasi-Newton approximation, set
dk+1 = €, reset .1, and go to step 5.

3. Compute g according to (3.20) and (3.21).

4. Set k41 = « k-

5. SetBg = k41 diag(dk+1 )-

6. Update the pair bu er with the new pair fsg;yk0.

In step 2, other choices are possible; for example, we could sBy = | , where =y y,=s] yx,
and retain the pair bu er. However, we have found that on the rare occasions that thecondition
number of diag(dk+1 ) exceeds our tolerance, it is likely that the current pairs are not helpful for
nding a good descent direction. o could be set to 1; but as it is available to us in SNOPT, we use
as a better initial estimate the scalar UOpre**2, a description of which is beyond the scope of this
chapter.

3.3.3 Imchd -

When the iterates are converging,d may remain approximately the same. But how doesd behave
during the initial iterations? In fact, making a general statement is not posdble: the behavior of
d in the early iterations depends very much on the problem. We have observed, particulayl when
the degrees of freedom in a problem is large and so a limited-memory method will typally require
a large number of iterations, that d may change quickly during early iterations and so be unhelpful.
In contrast, on problems having few degrees of freedom, the total number of majoiterations can
be quite small, and so a quickly changingd can be useful.

In any case, the problem is not severe; and we certainly do not recommend using the modi edifim
of Imcbd we describe in this section for anything other than unconstrained problems. Our primay
motivation for this section and the subsequent numerical experiments involving both Imcbd and



68 CHAPTER 3. A LIMITED-MEMORY QUASI-NEWTON METHOD

Imcbd - is that Veerse and Auroux [65] considered essentially both algorithms|using  rather than
x|among the many other diagonal updates they tried, and could not make a rm recommendatio n
in favor of one over the other. Our objective, then, is to understand how the two algoithms di er.
Suppose  is much larger than 1. Then evidently the step size x was quite small, and the
current model of the second-order information greatly overpredicts the extent to whichthe iterates
should di er. In that case, it may be useful to prevent d from changing by much. Next, suppose
is much smaller than 1. Then the step size  was quite large, and so the iterates greatly di er. In

this case, it may be useful to allowd to change greatly.
k

InImcbd , = i=0 k- In Imchd - , we set ¢ 1 and accumulate  directly in the diagonal
de
dSZ y2
dt = — d+ =
s'Ds yTs

The inclusion of in the diagonal update moderates the in uence of the termy?=y’s. If is large,
the term has a relatively smaller e ect; if is small, larger.

3.4 Implementation

The software implementations of the diagonal update (3.15) and the scalar are straightforward,
as each involves only element-wise or inner products among the vectodk, sk, and y.

The critical part of the implementation is the limited-memory quasi-Newton method itself. It
must handle a continually updated diagonal initial matrix By and a circular bu er.

3.4.1 Implementation in SNOPT 7 and 8

Three computational requirements guide our implementation. First, SNOPT solves he quadratic
program (QP) subproblem using a null-space method. This QP solver accesses the quasi-Newto
matrix through matrix-vector products. Second, the implementation should allow for a fast update.
Third, storage should be minimal: the optimal amount of storage is (4, + 1) n: storage forn, pairs
and one vector for the diagonal.

The product-form update maintains numerical positive de niteness, and it may be that this
concern should have priority. However, we have implemented a summation-form updat and have
not experienced numerical problems. For a circular bu er, the summation form requires éss storage.

The product-form stores the pairsfs;;v; g (see Section 3.1.3).v; is a linear combination of y;
and g . When a pair is removed from the circular bu er, a new B; 1 corresponds to the olds;, and
sog andv; are incorrect. Therefore,y; must be stored whether or noty; is. But storage for either
v; or g must remain, as the product-form matrix-vector product depends on one of these. Hence
the product form requires storage for 31, + 1 n-vectors.
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Byrd, Nocedal, and Schnabel's [13] compact representation of a limited-memory BFG method
is useful. Let

Dii

s’ Vi

Li =sly, fori>j .

Their representation is as follows:

JJT=S"BeS+LD LT C
!
D1=2 0
F = D 12 3 (3.23)
! !
D LT I 0 _,
M = =F F
L STB¢S 0 |1
|
A
B=Bg Y ByS M !
STB,

Theorem 2.4 of [13] shows that ifBg is p.d. and sTy; > 0, then C is p.d., and so the Cholesky
factorization C = JJ T exists.

Let k be the number of pairs in the buer; here we reserven, for the number of pairs the
bu er can hold. At a particular major iteration, the diagonal is updated, and so ST ByS must be
computed anew in O(k?n) operations. Then the Cholesky factorization C = JJ T is computed in
O(k®) operations.

A matrix-vector product u  Bu requires O(kn) operations:
|
YT
1. Setv
STBy

2. SolveMw = v.

3. Setu  Bgu Y BpS V.

3.4.2 SNOPT in the future: Block-LU QP solver

A future version of SNOPT will use a new QP solver that uses the block-LU method. The blak-

LU method is particularly suited to large problems in which the number of active constraints is
substantially fewer than the number of variables; in this situation, the reduced Hessian in the null-

space approach becomes excessively large. Our limited-memory method is well suited pooblems

on which the block-LU method will excel, for in such problems, second-order informabn assumes a
larger role relative to constraints in determining the search direction.
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Consider the quadratic program
L T 1.
minimize g’ X + =x' HX
X 2
subject to Ax  O:

At a particular iteration, let Ag be the matrix corresponding to the current active set. The KKT
matrix is
H A

Ko = Ao = LoUo;

o+

o

where Ky = LgUp is a factorization of K. The block-LU method handles updates to the active set
by appending blocksV and D to Ky and computing a block factorization of the resulting KKT
system:

K0 \ Lo Uo Y
= 3.24
vl D AR C ( )

See Hanh Huyhn's thesis [29] for more about the method.

SupposeBy = bfgs(fs;;y; g}<:1 ;Bo). First we consider the product-form BFGS matrix. Let v;
and g be as they are de ned in Section 3.1.3, and recali;qu = 1 The solutions y; and y, are
the same in the following two systems [29]:

! ! !
Bk AT ya d;

1071 0%

0
Bo AT W Y1 dl
% A ; %wi = %d2§ ;
wT D r 0
!
1
where W = o vy & Vk , and D is block diagonal and hasjth block ' L f
| 1 0
Bo WT
Ko = W , then the second system has the form (3.24), and so the block-LU method can

e ciently incorporate a limited-memory BFGS matrix in product form. If inst ead the BFGS matrix
is expressed Iin summation form| By = Bg+ UUT ZZT|then we can set[25] W = U Z and

|
D= | U and Z can be expressed in at least two ways. The summation form (3.3) shows
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that
u =(sfy;) Py; and z =(s/q) q:
Equivalently, in terms of the compact representation's matrix F in (3.23),
U Z FT= Y BgS : (3.25)

Let us consider storage and computation requirements in each case:

1. Store fs;;v;g. The updated diagonal and circular bu er require storing the y; vectors as well.
At each major iteration, each v; vector is recomputed for a total of O(k?n) operations. If the
block-LU QP solver uses the product form, thefs; ; v; g pairs can be used without modi cation.
Hence the minimum storage is (8, + 1) n vectors.

2. Store fg;y; 0. Again, a third set of vectors must be stored, in this cases;. At each major
iteration, each ¢ vector is recomputed for a total of O(k?n) operations. If the block-LU QP
solver uses the summation form, thef g ;y; g pairs can be used without modi cation. Hence
the minimum storage is again (31, + 1) n vectors.

3. Store fsj;y; 9. The SQP method uses the compact representation. At each major iteration,
STB(S must be recomputed in O(k?n) operations. The block-LU QP solver can use either
the product or the summation forms; in either case, new pairsf u; ; z; g must be computed in
O(k2n) operations using (3.25). Hence the minimum storage is (@, + 1) n vectors.

In all three cases, the diagonaBg can be used without modi cation in the QP solver. This analysis
shows that if memory is shared between the outer SQP and inner QP solvers, either of casesafd
2 is optimal.

However, this conclusion may be premature. A block-LU QP solver accesses the Hessiapprox-
imation directly rather than through matrix-vector products and so can advantag eously use external
factorization libraries [29]. It is quite likely that the QP solver must s tore its own pairs f u; ; z; g and
diagonal By, as these make up some of the elements of the block-LU matrix. Hence the QP solver
requires (2, + 1) n vectors of storage independent of the outer SQP solver. Meanwhile, the SQP
solver requires the storage indicated in each of the three cases: eithern(@+ 1) n (cases 1 and 2) or
(2np+1) n (case 3). In all three casesO(k?n) operations must be performed at each major iteration.
Hence the compact representation may have the same advantage for an SQP method based a
block-LU QP solver as for one based on a null-space QP solver.
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3.4.3 Software

We implemented our method in SNOPT. The user has the choice of setting the parameteHessian
either to Limited , which is the old limited-memory method, or to LMCBDwhich is our new method.
The default limited-memory method is Limited . Except for increasing the number of possible values
for the parameter Hessian, our method does not change SNOPT's user interface.

We recommend using the newHessian option on problems for which evaluating the user function
and gradients is time consuming relative to SNOPT's computations. In particular, for problems
having only linear constraints and for which the objective is evaluated quicky, the original Hessian
= Limited option is probably better.

For our numerical experiments on unconstrained problems, we also implemented our miebd and
several others in the softwarelbfgs.f  [50].

3.5 Numerical experiments

Our objective in our numerical experiments is to investigate the e ectiveness of ar algorithms as
well as the robustness of the SNOPT modi cation.

Framework

We use several test sets:

COPS 3.0 [20]. The COPS 3.0 test set is a set of high-quality constrained problemisnple-
mented in AMPL. We discard the quadratic programs, leaving 20 problems. Eak problem
but one has three sizes, and one has four.

CUTETr/GIill and Leonard [24]. A set of 51 unconstrained problems. We include an addiional
problem, dixmaanj, because it is a member of a set of problems Gill and Leonard include.

CUTEr/Kaustuv [31]. 41 of the 42 constrained problems in Kaustuv's thesis. We discard
degen2as we did not nd it in our CUTEr archive.

CUTETr/Byrd, Lu, Nocedal, and Zhu [12]. 33 of the 34 bound-constrained problems fom
their test set. One problem, hs25, was removed because for an unresolved reason, the CUTEr
framework considered the problem solved after 0 major iterations. The number ofunction
calls indicated in the tables of results in [12] suggest those authors had the sarissue.

gpops [58]. 13 optimal control problems distributed with the gpops system.
The 34 general problems from SNOPT'sexamples directory.

CUTEr/ Ibfgs.f . 152 unconstrained problems.
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Figure 3.4: Results for SNOPT on the COPS 3.0 test set.

When we plot the results of multiple algorithms together, we have to discard prdlems for
which di erent solutions are obtained. We also discard any problem on which everyalgorithm fails.
Consequently, the number of problems in the gures may di er from the numbers indicated in this
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Figure 3.5: Results for SNOPT on the GPOPS example problems.
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Figure 3.6: Results for SNOPT on the CUTEr/Kaustuv test set.

As in Chapter 2, we use performance pro les. Our primary performance metric is thenumber
of user function evaluations; for two test sets, we also assess CPU time. Wese a second plot that
shows performance in a dierent way. Associated with each algorithm is a erted list of metric
values, one element for each problem. The sorted list is cumulatively summed and theesult is
plotted. The curve associated with a better-performing algorithm increases mae slowly than that
associated with a worse-performing algorithm.

In plots showing problem sizes, the size refers to the number of variables in the pbdem.

We use the following speci cation le for SNOPT on the CUTEr problems:

Begin SNOPT-Cuter NLP problem

Major Print level 000001
Minor print level 0
Major iteration limit 10000
Iterations  limit 100000
Solution no

Hessian Limited
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Figure 3.7: Results for SNOPT on the CUTEr/Gill and Leonard test set.

END SNOPT-Cuter NLP problem

We use the default options for SNOPT when running on the COPS 3.0 problems.
code in the CUTEr framework, we use the following speci cation le:

Ibfgs.f
5 M
10  IPRINT(1)
0  IPRINT(2)
100000 MAXIT
1 diagopt
0.00001 EPS

Results for modi cations to

Figure 3.3 shows results forbfgs.f
the following methods:

I-bfgs . The original method.

Ibfgs.f

77

For the

on the test set of CUTEr unconstrained problems. We tested
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Figure 3.8: Results for SNOPT on the CUTEr/Byrd, Lu, Nocedal, and Zhu test set.

I-bfgs- . The original method, but ¢ is replaced with .

Imcbd . Our primary algorithm.

Imcbd - . Our secondary algorithm in which | is used to moderate the diagonal update.

Imcbd - . Our secondary algorithm, but | is replaced with .

Every modi cation performs better on average than the original method. Figure 3.3(c) shows
that Imcbd - outperforms Imcbd - : even in the case of unconstrained problems, the scalar is
evidently better than . Similarly, 3.3(d) shows that I-bfgs - slightly outperforms I-bfgs : s
also better than

Although Imcbd outperforms I-bfgs , Imcbd - is the best of the algorithms tested.

Figure 3.3(f) shows results for just the subset of problems that are in the CUEr/Leonard set.
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Figure 3.9: Results for SNOPT on the SNOPT example problems.

Results for SNOPT

We tested the modi ed SNOPT on six test sets having among them four interfaces: AMPL, CUTEr,
Matlab , and Fortran. We tested three modi cations to SNOPT:

Limited . SNOPT's current Hessian approximation.

Imcbd . Our primary algorithm.

Imcbd - . Our secondary algorithm in which ¢ is used to moderate the diagonal update.
I-bfgs - . Our diagonal update is replaced by (I. Note that , rather than , is used.

We feel our most important results are those shown in Figure 3.4 for the ©OPS 3.0 test set. The
test set has generally constrained problems of high quality, and so we believe thahe results on this
set are particularly meaningful. Figure 3.4(b) shows results for all the methals. First, both forms
of the Imcbd algorithm outperform the other methods. Second,l-bfgs outperforms Limited in
general, but it does quite a bit worse on a few problems. We conclude that both a circulabu er and
the diagonal update contribute to Imcbd 's success. Figures 3.4(c,d) show results just famchd
and the original method. The second of the two uses CPU time in seconds as the perfoance
metric. Figure 3.4(e) shows thatImcbd remains e ective even when SNOPT is forced to use the
conjugate gradient algorithm, rather than the Cholesky factorization, to solve the reduced Hessian
system once the reduced Hessian's size exceeds 50. We use the default settig Iterations =
100. Until seeing the results of this test, one might be concerned that the richer irdrmation in
Imcbd 's Hessian approximation could limit the conjugate gradient algorithm's ability to reduce the
residual of the reduced Hessian system in the limited number of iterations it is prmitted.

Figure 3.5 shows results for the GPOPS example problems. Figures 3.5(b,c) shate results
including and excluding, respectively, the results forl-bfgs , as including this algorithm reduces the
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relatively small test set size by 2 because of di erent local minimizers. Figue 3.5(e) uses CPU time
as the performance metric. The results are qualitatively similar to thosefor the COPS 3.0 test set.

Figure 3.6 shows results for the CUTEr/Kaustuv set of constrained problems. Imcbd - fares
relatively poorly, but Imcbd continues to be successful.

Figure 3.7 shows results for the CUTEr/GIll and Leonard test set of unconstraned problems.
Figure 3.7(b) shows results similar to Figure 3.3(b,f): Imcbd - is superior to Imcbd on uncon-
strained problems. We discuss our interpretation of these results in the next sectim

Figure 3.8 shows results for the CUTEr/Byrd, Lu, Nocedal, and Zhu test set ofbound-constrained
problems. Results are similar to those on the other test sets of constrained pbhiems.

Finally, as a further check of the robustness of the software, we test SNOPT usinghe old and
new Hessian approximations on the problems in SNOPT'sexamples directory. The results are
shown in Figure 3.9.

3.6 Summary and conclusions

This chapter describes a limited-memory quasi-Newton method)Jmchd , that combines a diagonal
update with a limited-memory quasi-Newton method based on a circular bu er.

Theorem 11 and subsequent analysis suggests that the proper interpretation of a di@nal initial
matrix By is that it scalesthe problem. Therefore, an e ective B is one that reduces the condition
number of the Hessian by scaling. Motivated by this observation, we developed diagonal update
that theoretical analysis|albeit quite approximate|and numerical experiments s how equilibrates
the Hessian matrix. We combined the diagonal update with a limited-memory quagNewton method
based on a circular bu er to create the method we calllmcbd .

We also discussed the importance of scaling the Hessian approximation by aaar. This topic has
received attention for several decades. is often used; and was introduced along with a diagonal
update like ours by previous authors. and are interpreted as approximating the magnitude of
the curvature in the part of the space for which curvature information is missng. In contrast, we
interpret the scalar multiple as calibrating the unit step based on the most recent hformation. This
observation motivates our adopting asImcbd 's scalar multiple.

We implemented our algorithms in Ibfgs.f  for experimental purposes and in SNOPT for eventual
release. We conducted a broad range of numerical experiments and made several obseivas:

is an e ective scalar multiple and appears to be better than and

Imcbd is an e ective algorithm, although Imcbd - performs better on the test set of uncon-
strained problems. We believe the latter holds because moderates the change in the diagonal.
The unconstrained problems in our test set typically require many more iterationsthan the
other test problems, and so moderate changes in the diagonal are bene cial. In contsg, when
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relatively few major iterations are performed on constrained problems, a rpidly changing
diagonal is useful.

Using a circular bu er in SNOPT, regardless of the form of Bg, improves performance on a
number of problems, but on some problems, performance is greatly reduced.

Combining a circular bu er with a diagonal update, as is done in Imcbd , produces a robust
Hessian approximation that on average outperforms SNOPT's current method.



Chapter 4

Interpolating quasi-Newton data
from a coarse to a ne mesh

A di erential equation is often solved by discretizing it on a sequence of increasinly ne meshes.
Similarly, an optimization problem involving functionals and di erential eq uations can be solved by
discretizing the functionals to produce a sequence of numerical optimization problems de ned on
increasingly re ned meshes. In this chapter, we develop a method to interpolate our fited-memory
guasi-Newton matrix from a coarse to a ne mesh for problems of this type.

There is a large literature on di erential-equation-constrained optimization problems (DECP).
Roughly two types of problems are studied, generally by di erent researchersoptimal control prob-
lems such as problems concerning the trajectory of a rocket, that usually involve theordinary
di erential equations of mechanics [10, 3, 58]; and partial di erential equation-constrained (PDE-
constrained) problems [4]. Additionally, many researchers have studied methods that solve mblems
on multiple meshes of varying neness: for example, geometric and algebraic multigd methods [6].

Researchers have used quasi-Newton methods to solve DECPs. Almost 30 yeagoaGriewank
and Toint [27] proposed a specialized quasi-Newton method for objectives thatare a sum of convex
element functions. The QN matrix is partitioned according to the objective. They remarked, though
did not describe in detail, that one can propagate the element Hessians from one mesh another.
Kelley and Sachs [32] developed rather technical conditions on the initial matrixBo so that a quasi-
Newton method takes a number of iterations independent of the mesh neness.

Interpolating a limited-memory quasi-Newton matrix has not received attention for a simple
reason: in, say, L-BFGS, the data are not su ciently valuable to justify the com plexity of interpo-
lating them from a coarse grid to a ne one. In contrast, the diagonal matrix Bo in Imcbd is quite
valuable, and so interpolation may be justi ed. This chapter develops such a method.

82
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4.1 Interpolation rules

The primary tool of our method is a set of three interpolation rules: one eactfor s, y, and d, the quasi-
Newton pair and diagonal of the diagonal matrix By. We establish these rules in the simpler setting
of approximating integrals, then consider di erential-equation-constrained optimization problems.

4.1.1 Integrals

Consider the functional
z
H [u] h(x;u; Qu; @u;:::) dx; (4.2)

where @u denotes theith partial derivative of u. The rst variation of H[u] is

z
H [u] = h dx;

where denotes the variation. h may be quite complicated, but if h and u are su ciently smooth,
as we assume here, and the variationu is smooth by construction, then so is h. (For more on the
variational calculus, see, for example, [39].)

In an optimization problem, boundary conditions must be provided. For simplicity in the present
exposition, we assume the boundary values af are xed and so the variation u is 0 on the boundary
@. Consequently,

Z Z
h dx = Hu u dx

for a di erential operator H and a smooth variation u: the boundary terms that arise from inte-
grating by parts vanish.

We consider discretizations of the integral in which the approximation has one btwo forms:
either it is centered at the nodes, or it is centered at cell centers.u is approximated by u and the
variation u by u. We assume both barred values are de ned at the nodes. The approximation has
the form

z X B
H [u] = Hu u dx i Ui i (4.2)
i2N
where ; is the approximation to Hu at node location xj, N is the set of nodes, and ; is the weight
associated with nodei.

From the other direction, H[u] may be approximated by a node-centered or a cell-centered
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expression. For generality, we write

X X
H[u] hii(u) § + hai(u) i H(u);
i2N i2c

Cis the set of cell indices, and ; is the weight associated with celli. For future use, x; is the location
of the ith cell center. The di erential of H (u) is

X
dyH (u) = @, H (u)du;:

i2N

If du; = uj, then H[u] dyH(u)and

X _ X
i Ui @iH(U)dUiZ
i2N i2N
Consequently, we make the identi cation @, H (u) i i. Additionally, by the approximation (4.2),
@H(U=i H Ujx=x: (4.3)

Suppose we have two meshes. The mesh to which a quantity belongs is denoted by a sugipt
1 or 2. Letl interpolate either a node-centered or a cell-centered quantity. For example, we can
interpolate the solution u' on the rst mesh to the second mesh:

2 uh (4.4)

Similarly, we can interpolate 2 1 1. We refer to (4.4) as the rst interpolation rule . Both
node-centered and cell-centered quantities may appear in a problem; we use the same syrhbofor
both cases, though the underlying implementation ofl depends on the case.

To interpolate @:H (u) requires several extra steps. Because does not vary on @and, more
generally, boundary conditions are such thatu at the boundary nodes must be treated separately|
the interpolation operator | must be modi ed to exclude the boundary. Generally, extrapolation
is necessary for points near the boundary. Let the resulting operator bd'. Given two vectors a
and b, let a=bbe element-wise division andab be element-wise multiplication. Let the operator R
restrict the vector a to interior nodes, and let the operator E expand the vector Ra to all nodes.
The latter operator combines the data in Ra with boundary condition data. [* uses only the interior
nodes; hence we adopt the convention thaf® performs its own restriction: for example, [((Ra) is
redundant and is instead written simply as ‘a. E and R are the identity operators when applied to
cell-centered quantities.
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As
X . X .,
H [u] fup fur B
i2N 1 i2N 2
and recalling @, H (u) i i and (4.3),

@-H?*(u®) E (R( Hf(@H(uhH=1):
Consequently, the interpolation rule for the gradientg @H (u) is
¢ E R(ANg=1):

in words, divide the gradient by the node weights on mesh 1 to obtain the discretiation of a smooth
quantity, interpolate the result, then multiply by the node weights on mesh 2. For future use, we
need to write this rule slightly more generally. Let ; = ; if g is node-centered; and ; = , if
cell-centered. Then

g E (R( )f(g'=Y):

This is the second interpolation rule

For convenience, we denote the rst rule byl s: | (ul) = I s(ut); and the second byl y: 1(gt) =

E(R( Hl(g'=1)).

As a check on our notation, let us evaluate an integral on two meshes. Supposg and @: H 2(u?)
are interpolated from u® and @: H *(u?), respectively, according to the two interpolation rules; and
each quantity is node-centered. Letu take prescribed values on the boundary. We have

‘ u Hu dx X u? 22 (approximation to the integral on mesh 2)
i2N 2

(u?)T @:H?(u?) (@ H*u?) %7

= 1s(uh)T1y(@H(uty) (substitution of the two interpolation rules) (4.5)

= 1 (UHTER( )@ HY(uhH)= 1Y) (de nition of 1 andly)

| >gul)TE(R( DINE)! (@H*uhH

ut bt (approximation on mesh 1).
i2N 1

In the nal line, we assume each mesh is su ciently ne so that the approximations t o the integral
on the two meshes yield approximately the same values.
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An example in one dimension

Consider the functional
1 Z1
Hul = u?+ u? dx
2

subject to Dirichlet boundary conditions on u. The rst variation H for a variation u for which
the end points are 0 is

Zl
H [u] = u?+ u?dx
z;
2UuU +2uy Uy dx
1 . Zl
uu dx + Uy Uy dX
z,
uu dx Uxx U dX+ Uy ujty
z; Yoz,

Uxx ) U dX = Huu dx;
1

I
N NN~ N
-

1
~~
c

whereHU U Uy .

Now we develop approximations to the integral. Discretize [ 1;1] by N cells with node indices
N f 0;1;:::;Ng; Xo= 1,xy =1, and xj+1 >X;. Let the cell indices beC N nf 0g. The term
u? of the integrand is approximated by a node-centered sum; the ternu2, by a cell-centered sum:

121
5 u? dx u? i Hi(u)
. 1 i2N
171t T T
= u?dx L Hao(u);
2 ioc Xi 1 X
where
8
15 X1  Xpo ifi=0
:ég Xi+1 Xi 1 fO<i<N
XN XN 1 ifi =N
=X Xi

andH Hi{+ H,.

We test our results so far by plotting several quantities for a particular function u discretized on
two meshes in Figure 4.1. Mesh 1 is a combination of 20 linearly spaced poinend 20 randomly
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100F 1

50F -1

50 F 4

-100 E L L L L L L L L L

Figure 4.1: lllustration of the interpolation rules.

placed points. Mesh 2 augments mesh 1 by adding 40 more randomly placed pointsWe use
cubic spline interpolation to dene |. In the top panel, all other quantities are compared with
Hu = u ux (black): @ H'(u')=" for two meshesi = 1;2 (blue and red, respectively) and
ly(@:H(u))= 2 (green). In the bottom panel, the latter three quantities are plotted with their
denominators removed: these curves are the gradients for the discrete problem. The greand red
curves should be compared: the rst is the interpolation of the gradient from me#$ 1 to 2, while the
second is the exact gradient on mesh 2.

4.1.2 Dierential equation constraints

Consider the DECP

inf f (p)
subject to D¥[u; p] = 0 (4.6)

boundary conditions;

where p is a set of parametersf is a function of p, u is a function de ned over the domain , and
D is an operator involving a di erential operator. k indexes a particular di erential equation in the
system of equations; separating the di erential equations may be necessary forhe discretization
step. The objective could be a functional, such asH[u]. But one can generally reformulate the



88 CHAPTER 4. ON INTERPOLATION

problem: introduce a di erential equation for the integrand in H and append it to D; introduce an
equation that involves a new parameterq, appended top, and u on the boundary; nally, set the
objective to a function of g.

Discretizing (4.6) yields the numerical optimization problem

min f (p)
subject to DX(u;p) = 0 4.7

boundary conditions:

Corresponding to (4.6) and (4.7), respectively, are the Lagrangians

Z
X
L f(p) KD¥[u] dx + [boundary condition terms] (4.8)

X
L f(p) KDK(u) + [boundary condition terms] :
k i

The index set over which the inner sum occurs inL depends on the discretization of the di erential
equations.

L L and, similarly, corresponding terms in the two Lagrangians are approximaely equal.
From these relationships, we can obtain the interpolation rules.u and D [u] are functions and so are
interpolated by the rst rule:

uz 1 s(uh)
D?(u?) I s(D*(u*;p)):
Each of the integrals in (4.8) has the form of the integral (4.1). Hence he interpolation rule for

gradients applies. LetL' be discretizations of the continuous Lagrangian on mesheis= 1;2. Then
we interpolate by the second interpolation rule:

L2 (u?) E (R( HNLL Y= 1):

4.1.3 Diagonal By

The primary application of our interpolation rules is to interpolate the quasi-Newton pairsfs; yg and
the diagonal matrix By  diag(d) from one mesh to another. In the context of the model problem
(4.7),s=u" wuandy=L; Ly, andso we set

s 1 ¢(shH)

y2 oy (yh):
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Figure 4.2: Solutions to the two minimal surface problems on intermediate mdses.

These interpolations motivate the shorthand s and I y.

We can determine an interpolation rule for By  diag(d) as follows. d is updated by

dS)2 y2

¢ 4 LY 49
sT(ds) sy (4.9)

Consider the nal term, y?=s"y. From (4.5), we know that s"y is an approximation to an integral

and so varies over di erent meshes only by the truncation error.y is interpolated according to the

rule for gradients. Unfortunately, y itself is lost if one has access only tad. We adopt a third
interpolation rule for this case:

d> E (R( ) (pﬁz )2 = |y(p@)2:

First the square root of (y!)? is taken; then the result is interpolated according to the second
interpolation rule; nally, the result is squared.

4.2 Numerical experiments

We test our interpolation rules on two types of problems: the two-dimensionalminimal surface
problem and optimal control problems.

89
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Solver parameters # nodes / # ufn Time (s)

C | T ()]

3112552

2= 124 |25

L2z L|

€|3|E|&|E|E|265 373 567 2191 4057
1 54 74 96 177 242 778.9
2 X 45 57 69 139 181 583.9
3 X X |45 55 77 130 174 559.0
4| X 54 59 83 133 187 594.1
5/ X | X 45 43 58 102 124 4123
6|X | X X145 45 60 84 112 368.1
7| X | X X 45 47 57 88 110 367.1
8| X | X |X X 45 46 53 88 110 368.5
9IX | X | X |X|X 45 42 51 81 106 352.1

Table 4.1: Results for the problemms-1.

Solver parameters # nodes / # ufn Time (s)

C | (@)

AEREEHE

2512425

210121z|28 =

S|S|&|wn|E|E|341 198 814 3232 12715
1 82 64 159 304 539 8374.5
2 X 60 44 105 190 382 5877.8
3 X X |58 46 121 216 407| 6290.4
4| X 82 48 141 204 319 4995.8
5/ X | X 60 37 94 134 241 3795.6
6(X|X X |58 37 95 144 231| 3647.8
71X | X X 60 39 95 118 198| 3084.1
8| X [X|X X 60 38 90 124 184| 2882.1
9IX | X | X |X|X 60 36 83 106 169 2654.1

Table 4.2: Results for the problemms-2.

4.2.1 The minimal surface problem

The minimal surface problem on a two-dimensional domain minimizes the area of a stace subject

to Dirichlet boundary conditions on the boundary:

Z P
inf 1+jr uj2d :
u

We solve the problem using a nite-element method and rst-order triangular elements. We use
the Matlab  software distmesh [56] to discretize the domain. The objective for the resulting
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unconstrained numerical optimization problem is

X q
F(u) 1+ (z(u)f +(zy(u)? i
i2C

where the indexi 2 C is over the triangle (cell) indices, u is the vector of surface heights at the
nodes, ; = A; is the area of theith triangle, and (z.); and (z,); are the components of the gradient
of the plane over that triangle. We can reorder the operations so that the objectie is written

F(u)= X fi(u) (4.10)
i2N
for some set of nonlinear functionsf;. Here the indexi is over the node indices and ; is the sum
of the areas of the triangles involving nodei.

Specifying a problem requires creating a domain and setting the Dirichlet boundary condibns.
We consider two problems; we call themms-1 and ms-2. Their solutions on intermediate meshes
are shown in Figure 4.2.

A problem is solved on a sequence of meshes. The rst mesh is coarse and uniform. Each
subsequent mesh is ner than the previous, and the area of a triangle is adapted to the &ation on
the preceding mesh. Since the problems are solved to a high precision on each mesh, the sequefice o
meshes is the same for all parameter variations. Indeed, to save time, we genegathe meshes once
and then use them for all other parameter variations.

We developed an unconstrained solver irMatlab  that implements the L-BFGS [50] method
with our variations and uses the line search routinecvsrch.m [53]. The solver parameters are all
boolean valued. In all cases, the circular bu er can store 10 pairs. Varying parmeters include the
following (abbreviations refer to our tables of results):

interp-soln . Interpolate the solution u using cubic spline interpolation.
use-Imchd . If true, use Imchd ; otherwise, use the standard L-BFGS algorithm.

interp-sy . Interpolate the pairs fs;yg. The pairs that are interpolated are acquired when
the magnitude of the gradient is the square root of the desired tolerance. The pairgbtained
in the nal iterations tend not to be as helpful.

interp-diag . Interpolate the nal diagonal d from the iteration on the coarse mesh to the
ne mesh.

init-diag . Initialize the diagonal d in By = diag(d) to R( 2). If interp-diag is true, then
ignore this option except on the coarsest mesh. This option uses exactly the same arfnation
and user code as interpolating the QN matrix.
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save-sy . If interp-gn s true, retain the interpolated pairs in a static bu er and never discard
them. Consequently, the QN matrix for a mesh has up to 10 more pairs in its stéc bu er
than the QN matrix for the previous mesh. When computing a matrix-vector product, the
order of the pairs is the static bu er from oldest to newest, then, as usual, the circula bu er
from oldest to newest.

Tables 4.1 and 4.2 show our results. The left column numbers the dierent tests. Thecheck
marks indicate which solver options are active. In the \# nodes / # ufn" block, eac h column shows
the number of user function calls required to solve the problem on the mesh having thendicated
number of nodes. The right column shows the accumulated time in seconds to solve the @slem on
all the meshes.

The results accord with the hypothesis that interpolating the solution and quasi-Newton matrix
from one mesh to another is useful.

Lines 1 and 5 are controls. In line 1, each problem is solved independently of the lo¢rs and
L-BFGS is used.

Lines 2 and 3 show that usinglmcbd improves performance, relative to line 1, on all meshes;
and initializing the diagonal is useful.

In line 4, the solution is interpolated. The results shown in all subsequent ines should be
compared with this one.

Lines 5 and 6 are to line 4 as lines 2 and 3 are to 1; and the two sets of results resimilar
behavior.

In line 7, the diagonal matrix By is interpolated in addition to the solution. Lines 6 and 7 suggest
that initializing Bo to R( 2) or interpolating the previous mesh's B, are about equally e ective.

Lines 8 and 9 interpolate thef s;yg pairs in addition to By; line 8 simply initializes the new QN
matrix with them, while line 9 saves them in a static bu er that grows with ea ch succeeding mesh.

For ms-1, lines 6 to 9 show about equal performance; foms-2, these lines show performance
that continues to improve signi cantly as more aggressive methods are appdid.

4.2.2 Optimal control

Next we implement the interpolation rules to solve a set of optimal contrd problems. We examine
four problems:

brach . We use the energy formulation of the brachistochrone problem. The position bthe

ball is given by (x;y). At the initial time, it has zero velocity, height, and position in the x

direction; at the nal time, it has height 1 and x position 1. The ball's kinetic energy is
Ex %()f + y?) and its potential energy is Ep, gy. The energy of the ball is conserved, and
so Ex+ Ep=0. The ODE relate position and velocity.

glider . The glider problem from COPS 3.0 [20].
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# nodes / # ufn Time (s)

use-Imcbd
interp-diag

10 19 37 73 145 289 577 1153

99 47 61 75 100 124 135 166 682.3
99 21 24 25 24 34 26 34 80.0
286 31 42 59 68 76 90 73 344.2
X 1286 14 16 27 45 31 55 39 1279
# nodes / # ufn Time (s)

>

AWM PR
x

use-Imcbd
interp-diag

10 20 40 80 160 320
99 57 84 136 180 207 108.3
99 42 39 38 55 8Q 40.3
X 286 44 63 83 120 155 80.5
X |X|286 21 24 22 32 40 235

x

A WN P

Table 4.3: Results for the problembrach .

# nodes / # ufn | Time (s) # nodes / # ufn Time (s)

use-Imcbd
interp-diag
use-Imcbd
interp-diag

10 20 40 80 16

67 105 249 224 26D 86.8
67 60 82 72 88 285
34 43 207 204 840 180.5
X134 175 59 43 7 254

10 19 37 73 145
67 61 41 64 721 222
67 34 54 48 56/ 16.7
34 62 32 40 73 19.7
X134 37 29 35 34 124

A wN PR
X X

>
A wWN PR
X X

X

Table 4.4: Results for the problemglider .

rocket . The rocket problem from COPS 3.0.

vanderpol . A test problem from SNOPT's test set.

We discretize all the problems exceptglider using the trapezoid rule. We believe because of the
formulation of the control, the trapezoid rule for glider can produce a problem having meaningless
solutions. As this issue is unrelated to our work, we simply use the implicit Eiler rule for this
problem. We present results for both uniform and randomly generated nonuniform meshesThe
latter is meant to simulate adaptive re nement, for we did not implement true ada ptive re nement
in these tests.
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# nodes / # ufn | Time (S) # nodes / # ufn | Time (s)

use-Imcbd
interp-diag
use-Imchd
interp-diag

10 19 37 73 14% 10 20 40 80 160

1 45 25 28 29 9 6.5 1 45 15 25 37 48 144
2 X145 11 10 29 21 7.3 2 X145 10 11 20 16 6.6
31X 27 19 34 73 15 10.6 3|X 27 33 17 19 34 103
41X | X |27 27 34 25 8 6.2 4/X | X |27 22 19 21 19 7.6

Table 4.5: Results for the problemrocket

# nodes / # ufn | Time (S) # nodes / # ufn | Time (s)

use-Imcbd
interp-diag
use-Imchd
interp-diag

10 19 37 73 14% 10 20 40 80 160

1 3910 9 8 8 3.3 1 39 18 24 26 32 9.0
2 X |39 20 18 13 17, 5.3 2 X139 27 30 28 51 125
31X 16 9 10 9 9 3.2 3| X 16 16 22 22 28 7.8
4/ XX |16 12 12 14 12 4.1 4 X |X |16 14 22 19 28 7.6

Table 4.6: Results for the problemvanderpol

Recall that the interpolation rules act on only the interior nodes. We set the vdue of a boundary
node on the ne mesh to its value on the coarse mesh.

We test four SNOPT parameter variations. We use either the originalHessian = Limited QN
method or the newHessian = LMCBIethod; and we either interpolate just the solution, or both the
solution and By. Enabling interpolation of the QN matrix requires altering SNOPT; unfortunatel vy,
these alterations at present are little more than a hack and so cannot be releasl.

Tables 4.3{4.6 summarize the results. In each gure, the rst table shows resuls for the sequence
of uniform meshes; the second, the nonuniform meshes. Our objective in performing thesests is to
validate the interpolation rules on generally constrained optimization problems; exact performance
details are not of particular interest.

On the problems brach and glider , LMCBD generally outperforms SNOPT's original QN
method, and interpolating B is bene cial. On the problem rocket , interpolating the diagonal
improves performance, but LMCBD and SNOPT's original method perform about equaly well. On
the problem vanderpol , all variations perform about equally well.
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4.3 Summary and conclusions

We derived three interpolation rules|one each for s, y, and B = diag(d)|for our limited-memory
guasi-Newton method based on identifying correspondences in the continuous and discreg¢id opti-
mization problems. Then we tested the rules on two 2D nite-element problems and four opimal
control problems. We found that the interpolation rules improve performance (ms-1, ms-2, brach ,
glider , rocket )|often markedly ( ms-2, brach , glider )|or at least do not reduce it ( vander-
pol ).

Unlike the methods reported in Chapters 2 and 3, these interpolation rules cannot b imple-
mented as a black box; they require problem-dependent information. One application mikgt be to
implement these rules within optimal control or PDE-constrained packages that mplement partic-
ular discretization methods. Though a package's developer would have to implementhte method,
the package's users would not.
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