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For collision systems having axial symmetry, the anisotropy of the laser-induced fluorescence is given
explicitly in terms of the zeroth, second, and fourth rank moments of the angular momentum distribution,
which, respectively, are proportional to the population, the quadrupole alignment, and hexadecapole
alignment of the product internal state under study. Expressions are presented for determining these three
quantities from the dependence of the fluorescence intensity on the polarizations of the absorbed and detected
photons. Results are presented for an arbitrary excitation-detection geometry which is then specialized to the
commonly occurring cases where the direction of fluorescence detection is at right angles to the axis of
cylindrical symmetry and the direction of the incoming light beam is either along the axis of cylindrical
symmetry or at right angles to it and to the fluorescence detection direction. The approach of these
expressions to the high-J limit is considered. The effect of nuclear spin on the fluorescence intensity is
analyzed and the extent of depolarization is shown to be unimportant for large J. The use of angular
momentum recoupling algebra permits the geometrical and dynamical aspects of this problem to be

completely disentangled.

. INTRODUCTION

A powerful technique for analyzing fragments pro-
duced by a reactive collision is the observation of
chemiluminescence. Of course, the fragments must
be born in an excited state. A common goal is to ex-
tract relative populations of internal states from the
chemiluminescence intensity distribution. As is well
known, this procedure requires not only the measure-
ment of accurate intensities but also a knowledge of the
polarization of the emitted light. A classic paper by
Fano and Macek (FM)! showed how the light intensity
depends on the detection geometry and on the collision
dynamics. In particular, one can determine three kinds
of quantities: the population and elements of the first
and second rank multipole moments of the total frag-
ment angular momentum, called the orientation and the
alignment, respectively. Recently, the FM! treatment
of fluorescence polarization has been discussed by
Greene and Zare (GZ)? in the context of photofragmenta-
tion.

Frequently reactive collisions of interest do not yield
excited fragments suitable for study by observation of
chemiluminescence. However, it is still possible to
learn about the collision dynamics through the technique
of laser-induced fluorescence (LIF) in which one detects
the emission from a collision fragment following laser
excitation.®™® Once again in analogy to chemilumines-
cence, relative internal state populations cannot be ex-
tracted from the intensity without knowledge of the di-
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rections and polarizations of the incoming and outgoing
photons. This last aspect is often neglected in relative
population measurements, but it can be important and

is the subject of this paper. The LIF technique permits
the determination of five kinds of quantities: the popu-
lation, and the elements of the first and third rank
multipoles (the dipole and octopole orientation) and the
second and fourth rank multipoles (the quadrupole and
hexadecapole alignment). This problem has been con-
sidered in complete generality by Fano and Racah (FR),®
and more recently by Case, McClelland, and Hersch-
bach (CMH).? Unfortunately these studies have not been
easily accessible to most experimentalists, as the final
results, expressed in density matrix notation, are quite
complicated and even intimidating. Our aim here is to
simplify as much as possible the theory of LIF and to
specialize it to commonly occurring experimental
geometries. We consider only axially symmetric sys-
tems in which the colliding particles have no helicity

(no handedness). These include beam-gas collisions,
for which the beam axis serves as the symmetry axis,
and beam-~beam collisions, for which the initial relative
velocity vector serves as the symmetry axis. In the
latter case, this requires that all products are probed
with a probability independent of their scattering direc-
tion. Also encompassed are photofragmentation experi-
ments using linearly polarized or unpolarized incident
light, with symmetry axes lying along the polarizationvec-
tor or the photon propagation vector, respectively, although
for such experiments the hexadecapole alignment must van-
ish for an electric dipole process. Of course, electron
beam and ion beam excitation/fragmentation also belong
to this class of experiments, but will generally have a
nonzero hexadecapole alignment. The cylindrical sym-
metry in each of the above cases would be lost, however,
if the angular distribution of a fragment is simultaneous-
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ly observed.” These restrictions exclude the odd rank
multipole moments, i.e., only the population and the
axially symmetric quadrupole and hexadecapole align-
ment, denoted by 4.’ and A, can be measured. The
alignment parameters .4 and .A4{* contain the com-
plete dynamical information about the reaction product
(or fragment) prepared in the initial state |7) with the
angular momentum vector J;. This is all that can be
learned from the variation of the laser-induced fluores-
cence signal with the polarization of the detected and
absorbed photons for a system having axial symmetry.
Let z be chosen to be along the axis of eylindrical sym-
metry. Then, as will be shown, AP is proportional to
Py(J,* £) for all J; while .4;* rapidly becomes propor-
tional to P,(J, * 2) as J; increases. Here the super-
script caret represents a unit vector and P, is a Le-
gendre polynomial of order #. Thus, the A and A
correspond to the classical quadrupole and hexadecapole
moments of the angular distribution of J; vectors. Con-
sequently, the measured alignment parameters can be
readily interpreted qualitatively in terms of the shape
of the product (fragment) angular momentum distribu-
tion.

The spatial alignment of fragment angular momentum
excited by a collision often reflects the reaction physics
sharply.®?® Accordingly, a measurement of this de-
tailed information permits a telling comparison to be
made with dynamical models—even more so than does
a state-to-state reaction cross section. Fragment
alignment influences the subsequent scattering of reac-
tion products.!%~1? Moreover, even if the alignment is
not of interest, it is essential to know precisely how it
can affect a measurement of product population.

We emphasize at the outset that the formulation
presented here is valid only when the intensity of the
incident laser does not cause appreciable optical pump-
ing!? and saturation effects.!* Thus, we consider a
regime in which the pumping process is not so strong
as to perturb the population or alignment of the en-
semble, or to induce appreciable stimulated emission
and absorption cycles. This may require extrapolation
of measured LIF intensities to the low-power limit both
for the case of pulsed and cw dye lasers.

The remainder of this paper has been divided into two
parts, of which Sec. II is intended as a guide for the
experimentalist and Sec. III presents a derivation of the
key results found in Sec. H. This derivation is modeled
after the FM! treatment of fluorescence polarization,
and does not make use of density matrices. We find
that the intensity of LIF can be decomposed into sepa-
rate dynamical and geometrical factors. This explicit
separation is presented in Sec. II for two convenient and
traditional excitation-detection geometries in which the
fluorescence detection direction is at right angles to the
axis of cylindrical symmetry; an Appendix considers
more general geometries. The LIF intensity simplifies
greatly in the limit of large product angular momenta,
but we show that the approach to this limit may be slow
in many cases, as noted previously by CMH. T Section
1I also discusses how to use the LIF intensity expression
to design experiments for measuring the product popu-
lation and/or alignment.

C. H. Greene and R. N. Zare: Determination of product population and alignment

An axially symmetric system has in general [J,]
multipole moments of even rank, Yet the LIF technigue
using linearly polarized excitation and detection can only
determine the two lowest moments, the quadrupole and
hexadecapole alignment. This may seem rather disap-
pointing at first. However, it can be advantageous to
study initially such a coarse measure of the dynamics,
since the predictions of many dynamical models can be
readily distinguished even at this level.

1l. DEPENDENCE OF LIF INTENSITY ON THE
INCIDENT AND EMITTED LIGHT DIRECTIONS AND
POLARIZATIONS

A. General intensity formula for axially symmetric
systems

The primary aim of this section is to present a theo-
retical expression for the intensity of laser-induced
fluorescence in terms of two rather different types of
quantities, one geometrical, the other dynamical. The
first or geometrical type consists of standard parame-
ters depending only on the angular momentum quantum
numbers of the initial (J,), excited (J,), and final (J,)
states of the reaction product and on the directions and
polarizations of the incident and emitted light. This
factor reflects only the dipole nature of the absorption—
emission process and the excitation-detection geometry
employed. The second or dynamical type consists of
three parameters representing the monopole, quadru-
pole, and hexadecapole moments of the angular momen-
tum distribution in the initial state 7). The monopole
moment expresses the total number (occupation number)
of product species in the initial state while the quadru-
pole and hexadecapole moments describe the nature of
the alignment of this state. These dynamical parame-
ters tell us about the reaction process that formed the
product species; they exhaust the information about the
reaction that can be determined using LIF. It is the
goal of LIF studies to devise a procedure for extracting
these three dynamical quantities from measurements of
the LIF intensity.

Figure 1 shows the energetics of the LIF process.
The fluorescence probe beam pumps the initial state
|Z) to an excited state |e), which subsequently emits
radiation as a transition is made to the final state (f).
Both 1) and |f) lie below |e) but the energy level order-
ing of |7) and |f) does not matter. It is also possible
that |i{) and |f) are the same state but this fact is also
irrelevant. Dipole selection rules require the angular
momentum quantum numbers to satisfy the relations
J,—J;=0,x1 and J,-J,=0, +1 with the additional con-
dition that J; +J,#0 and J, +J,#0. Then the intensity of

Je
absorbed
photon "a”

/ detected
J i \photon “d”
| N
J

FIG. 1.

f
The laser-induced fluorescence process.
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fluorescence from a cylindrically symmetric ensemble
can be written as a sum of products of molecular align-
ment parameters .4, excitation-detection geometrical
factors €, and angular momentum coupling factors w:

I1=CS ., AL elky, by, b, 0;9)

Rgiky b
xw(ka, ka, k; J‘,Jg,Jf) . (1)

The remainder of this section discusses the meaning of
this formula, which can be derived from Eq. (42) spe-
cialized to ¢ =0 (see Sec. III), and offers suggestions
on how to use it for designing and interpreting LIF ex-
periments.

The indices %k, and %, are the multipole moments of
the detected and absorbed photons, respectively, while
the index % represents the multipole moment of the
combined resonance fluorescence process., The multiple
summations over k,, k,, and k appearing in Eq. (1) are
really rather simple because these quantum numbers
are restricted to low values owing to the dipole nature
of the absorption and emission steps of the resonance
fluorescence process: k,=0,2; k,=0,2; and k=0, 2, 4.
Also, the relation k, +k, =k holds in the sense of angular
momentum addition. Consequently there are a total of
only six nonvanishing terms in the summation shown in
Eq. (1). The constant C is proportional to the total
population of the initial state |¢), while S is the product
of the line strengths for the two transitions i~ e and
e—~f. Interms of reduced dipole matrix elements

S = | llr VW) Nr P )2 . (2)

The terms inside the summation are more critical for
our discussion.

The A" are mean values of the monopole, quadru-
pole, and hexadecapole combinations of the angular mo-
mentum operators J operating on the initial state:

,/160):1 » (3)

AP = «J;P—‘"z‘ﬁ—"—z Ji)> , (4)

AW = <(J, J,>> . (5)

The alignment parameters .42 and A4 represent the
desired dynamical information about the reaction which
prepared the initial state [i). At all J;, A{” may be
written as the expectation value of a Legendre poly-
nomial 4{? =2(P,(J + 2)) but the corresponding relation
A =(P,(J - 2)) is only valid® in the limit J,~ . How-
ever, this limit is approached very rapidly, as will be
shown below. The alignment parameters lie in general
within the respective ranges

1= 4P =<2" (6)

33% - 63% - 30J2J% +25J% + 35J%
8J4

and
-i=a®=1, (7

Moreover, if the alignment is created by photofragmen-
tation, then A" =0 and A lies between —1 and &
(which becomes -2 and # in the limit of large J,).
Actually, for any fixed J; all these limite are more re-

6743

axis of
cylindrical
symmetry
z
(a)
Xy
X
a fluorescence
ga ) detector
|
: EB.
|
'
probe
beam
axis of
X cylindrical
symmetry
z
(b)
X4
fluorescence
f \ y detector
xa} a €d
l
]
probe
beam
X

FIG. 2. Two traditional excitation-detection configurations:

(a) the mutually orthogonal geometry; and (b) the coaxially
probed geometry. In each case the direction of cylindrical sym-
metry lies along z and the direction of fluorescence detection
lies along y. The angles X, and x, define the directions of the
linear polarization vectors €, and €, of the absorbed and detected
photons, as shown,

strictive than Eqs. (6) and (7), particularly for low J;
values.

The remaining factors € and w are purely geometri-
cal. The e(k,, k,, &, 0; ) are “polarization tensors”
which contain all relevant information regarding the
spatial locations and linear polarizer orientations of the
incident laser light source and of the fluorescence de-
tector. There are two convenient excitation-detection
geometries, shown in Fig. 2. In one of these the exci-
tation direction, the detection direction, and the direc-
tion of cylindrical symmetry are mutually orthogonal
[Fig. 2(a)]. In the other, the excitation direction and
the direction of cylindrical symmetry coincide while
the detection direction is at right angles [Fig. 2(b}].

We call the first configuration the mutually orthogonal
geometry and the second the coaxially probed geometry.
The corresponding polarization tensors are listed in
Table I. The results of Table I also apply to unpolar-
ized excitation and/or detection. In each appropriate
case one simply adds the x =0° and x =90° values of €.
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TABLE I. Polarization tensors for an axially symmetric sys-
tem for two common excitation-detection configurations.

€ky, kyy by 05 Q) Explicit form

Mutually orthogonal geometry
€(0,0,0,0; Q)

Gl

1
€(2,2,0,0; @) o [%Pz (cos xg) P, (cos¥,) —sin zxd sin’ X,

2

€(2,0,2,0; Q) -ﬁ P, (cos X,
2

€(0,2,2,0; ) - ﬁpz (cosx,)
1

€(2,2,2,0; 2) -~ [%PZ (cos Xg) P, (cos x,) +sin *x g sin? X, ]
1

—= [8P, (cos X} P,lcos x,) — sin® x, sin’x,)

€(2,2,4,0; Q)
( 2/70

Coaxially probed geometry

€(0,0,0,0; Q)
1

€(2,2,0,0; Q) Y [£Py(cosx,) —sin® x, cos 2X,]
2

€(2,0,2,0; Q) - ﬁPz (cos Xg)
1

€(0,2,2,0; Q) ﬁ

1
€(2,2,2,0; Q) A [£ Py(cos x,) +sin’ x, cos 2x,]

1
€(2,2,4,0; Q) ~ 5775 [4P; (cosxy) —gin? x, cos 2x,]

|

Wk, kg, b3 T 1y o I ) = (= 1)7 e 12k, + 1)V2(28, +1)V2(2k + 1)172 { 1

and the rescaling factors b%*’(J;) are given by
b)) = (27, +1)2,

J (J + 1) 172
O [ el o]

4, +1)°
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The more general forms of €(k,, k,, k, 0; ) for an arbi-
trary excitation-detection geometry are given in the
Appendix.

Most experiments are carried out with the polariza-
tion vector of the probe beam either along or perpendic-
ular to the collision symmetry axis (the z axis) while
at the same time the fluorescence is detected at right
angles {along the y axis) with its polarization analyzer
set to accept polarized emission either along the colli-
sion symmetry axis (the z axis) or perpendicular to it
(along the x axis). As a convenience, Table II lists the
values of € for each excitation-detection geometry.
Notice that only five distinct cases result (case three
= case five = case seven, and case four = case six) since
it is the relative spatial orientations of the polarization
vectors of the absorbed and detected photons with re-
spect to the fluorescence detection direction which de-
termines the value of €.

Finally, the remaining factor w{k,, k,, k;Jy,J,,J;)
contains the sole dependence of the LIF intensity on the
angular momenta of the initial, excited, and final states.
As discussed in Sec. III, w results from recoupling
these angular momenta using the well known Wigner—
Racah algebra matchinery.G The resulting expressions
contain Wigner 6j and 9j symbols, which may appear
fierce to the uninitiated, but in reality are nothing but
fractional numbers that can be computed according to
well-defined a.lgorithms.”'16 Explicitly, we find

W(kgy gy b3 I3y I oy I4) = b FNT Wby, Begy B3 I3y 0 I y) (8)

where

1
T, Jo kAT P
J, J, 1 4, (9)
b, Rk,
(10)
(11)
(12)

b(A)(J‘)=

The physical origin of these various factors is dis-
cussed in Sec. III. The crucial point here is that they
are just real numbers which can be routinely evaluated
for any particular transition of interest, and which
acquire a simple form in the high-J; limit.

For 0<J,< 3k the denominator of the factor b*’(J,)
vanishes; however, for the same condition both A% and
h(ky, by, by dy, J,, J,) are also identically zero. Hence in
evaluating Eq. (1) all terms with 2>2J; should be
omitted.

An important special case of Eq. (1) is an isotropic
distribution of product species. Then 4%’ =0 for all
£>0. The =0 terms of Eq. (1) can be readily evalu-

[(7; +2){, + 1)J,(0, = 1)(2J, +5)(2J, +3)(2J; + 1)(2J, - 1)(2J, - 3)]'/*

|
ated since the 95 symbols have at least one vanishing
argument. Equation (1) becomes

1 2(- 1)1y
I=CS[9(2J, D@, D) 3@, F 1)

{J,, J, 2} {J,_, J, z} ]
13
R ST T 2 B S W B 2 Pylcose)) ,  (13)

where cosx,4, the cosine of the angle between the ab-
sorption and detection polarization axes, is simply

cos X, cosy, for the geometry of Fig. 2(a) and siny, cos x,
for Fig. 2(b). As Eq. (13) shows, the laser-induced
fluorescence signal from an isotropic distribution can
be polarized, i.e., depends only on the angle between
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TABLE II. Values of the polarization tensors of a cylindricaily symmetric system for special
settings of the polarization vector € of the absorbed and detected photons.

€Uy kyy by 03 D)= (g, R, k)

Case (0,0,0) 2,2,0 (2,0,2) (0, 2,2) 2,2,2 (2,2,4)
Mutually orthogonal geometry
L gllz; ez 1 2 _2 2 __4 4
‘ 3 3/5 372 372 3714 V70
- . 1 L 1 2, _2_ 2
2 &lzaldr 3 ~3E a2 ~3/3 i1 776
- - 1 1 2 1 2 2.
3. &lyiedz 3 3% s EYp) BV 7T
2 e 1 1 1 1 __4 1
4 Gllys qlx 3 T35 Y] 32 3/12 270
Coaxially probed geometry
- - 1 1 2 1 2 2
5. Gllyielz 3 -3 ~3 373 iz T
Al un 1 1 1 1 4 1
6. &lyels 3 g 3% Wz Twn 3770
e €. li2 1 1 2 1 2 2
T Callxs €z 3 W5 Tz 3T 311 ~77%
8 173 € 1% 1 2 A 1 2 3
- GlFGlx 3 3/5 3/2 3/2 3/14 2770
the incident and detected polarization axes. Moreover, the population or only the alignment. Then it may prove

the degree of polarization can be high. For example,

in the LIF transition 0— 1~ 0 the linear polarization of
the fluorescence is 100% with respect to the polarization
axis of the incident light. Equation (13) agrees with re-
sults given previously by several authors.!™!?

B. Extraction of product alignment parameters and
populations using an orthogonal excitation-detection
geometry

Equations (1)-(12), in conjunction with Table I, are
all that are needed to determine the population n,, the
quadrupole alignment 452", and the hexadecapole align-
ment A" of a given product state |i) using LIF. Next
we will use these results to identify some possible ex-
perimental strategies for measuring these dynamical
parameters. Unlike the more general case, all three of
these quantities can be determined for an axially sym-
metric system by using just one setting of the excitation
and detection beam directions. Moreover, only one of
the polarization angles y, or x, needs to be varied while
the other is held fixed. These two considerations can
appreciably simplify the experimental arrangement nec-
essary to extract n;, AP, and AP,

1. The general case J; >J, - J;

The simplest and probably most accurate method of
finding them is to measure the LIF intensity for a large
variety of polarizer settings (x,;, x,). Using Eq. (1), a
linear least squares fit then determines the three dy-
namical parameters CS, 42, and A{". In many
cases, however, the experimentalist may be interested
in a more limited set of these parameters, such as only

advantageous to choose more carefully only a few polar-
izer settings which isolate the dynamical parameters

of greatest interest. The following discussion develops
some of these considerations.

a. Test for product alignment. In many experiments
it may be the case that product alignment is negligible
so that populations can be extracted without concern for
polarization. Therefore it may be desirable to test
first for the presence of alignment. A simple scheme
for the mutually orthogonal excitation-detection geometry
is to set either x, or x, to 90°. The corresponding
scheme for the coaxially probed geometry involves
setting x, to 90°. If alignment is absent, then the LIF
intensity becomes independent of the other polarizer
setting. Thus by rotating the other polarization analyzer
a simple measure is obtained for the presence of align-
ment. This result readily follows from symmetry con-
siderations.?’ More generally, one can compare the
LIF intensity for pairs of polarizer settings (x,, X,} such
that the polarization tensor

2
€(2,2,0,0,Q)= 3—‘/?P2(cos Xad) (14)

is a constant. Any change in the LIF intensity indicates
that at least one of the alignment parameters V‘I((,” or
A is nonzero. A simple method for verifying the
axial symmetry of the experiment, in the coaxially
probed geometry, is to set x, to 0°, whereby the LIF
intensity must be independent of x,, even in the presence
of alignment.

b. Determination of A when A #0; the magic

line M (X4, X,)- The determination of molecular align-
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90

FIG. 3. The magic line M, (x4, X,) along which €(2, 2,4, 0; Q)
vanishes for (a) the mutually orthogonal and (b) the coaxially
probed excitation-detection geometry. Measurements made
al&)?g this line are independent of the hexadecapole alignment
A8,

ment from measurements of polarized LIF is compli-
cated by several aspects of the intensity expression (1).
For one, the {t,, k,, k}=1{2, 2,0} term in Eq. (1) implies
that laser-induced fluorescence is polarized even in the
absence of any product alignment [see Eq. (13) and Dis-
cussion]. A second complication in unraveling the in-
tensity expression (1) is the simultaneous occurrence of
two unknown alignment parameters A{®’ and A*’. For
the detection of fluorescence from axially symmetric
systems, one can choose a polarization setting (the
“magic angle” x,=54. 7°) such that the intensity is inde-
pendent of the alignment. In LIF probes of axially sym-
metric systems, it is not possible in general to find a
setting (x4, x,) Such that the intensity is independent of
both A and AP, This difficulty can be alleviated
somewhat by choosing polarizer settings such that the
coefficient of one alignment parameter or the other van-
ishes, The simplest way to do this is to find the polar-
izer settings at which €(2,2, 4, 0; Q) =0 as the LIF in~
tensity is then independent of A", These settings de-
fine a curve or magic line in the (x,, x,) plane which we
denote by M,(x4, X,)- Along M, the polarizer settings are
the solutions of

cos?y, = 1+ 5P,(cos x,) (152)

1+17P,{cosx,)

C. H. Greene and R. N. Zare: Determination of product population and alignment

and
(15b)

for the mutually orthogonal geometry (15a) and the co-
axially probed geometry (15b), respectively. Note that
Eq. (15a) is also valid when x, and ¥, are interchanged,
but that Eq. (15b) is not. The magic line M, is shown in
Fig. 3. Two unconnected branches appear in Fig. 3(a),
while Fig. 3(b) has but a single branch. Measurements
made along these lines may prove useful when only the
quadrupole alignment 4% is of interest.

cos’x, = -6 +4/sin’y,

The expression for the LIF intensity I=1I(x,, x,) sim-
plifies greatly for certain settings of the excitation and
detection polarizers. For example, for the mutually
orthogonal geometry

1
9(2J, +1)(27, +1)

1(0°,54.7°) =CS [

V2

- Tdéz’w(Z, 0,2;J,,J,, J,)] (16a)

and

0 oy __ 1
1(54.7°,0°)=Cs [Q(ZJ‘ +1)(27,+1)

vz
- ngﬂw(o,z,z;ef,,tfe,eff)] :

(16b)
Equations (16a) and (16b) are but one of many examples
in which I(x,, x,) #1(x,, Xo) when the product is aligned.
Often these two measurements suffice to determine
«Aé” and the population (proportional to C), except in
the high-J; limit where the coefficients w(2, 0, 2;J,,J,,
Jy) and w(0, 2, 2;J,,J,,J;) become equal when (- 1)7i7¢
=1, i.e., whenJ; =J, is even.

¢. Determination of A, It would similarly prove

advantageous to find a set of polarizer settings for which
the intensity is independent of .4{®’. Yet this is not
straightforward owing to the presence of three k=2
terms in Eq. (1), namely {&,, &,, k}=1{2, 0,2}, {0,2, 2},
and {2, 2,2}. In particular, the relative contributions
from each of these terms depends on the quantum num-
bers J;, J,, and J;, so any magic line My(x,, X,) for
which the coefficient of «7{®’ vanishes will clearly de-
pend on the quantum numbers and on the structure of
the absorption (P4, Q4, Rt) and emission (P¥, @+, R¥)
branches. For a sgpecific fluorescence process the
relevant values of x, and x, can always be found once the
factors w(ky, k,, k; J;, J,, J;) have been evaluated, but it
will not serve our purposes to show the complicated
result here.

3. The high-J; limit

Because moderate-to-heavy molecules typically have
J; values between 10 and 100, it is of practical impor-
tance to investigate the form of the fluorescence inten-
sity expression for I(x,, X,) as J; becomes large. This
task is made easier by rewriting the angular momentum
coefficients w as

‘-‘-’(kar kyy ks JI’Je’Jf)

= dekdk kakdk(Ji ’ Je’ Jf) tl e(Jl » Je) tef(Je: Jf) (1 7)
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since the 7, , become independent of J;, J,, and J; as 1 J,=d,£1 (Rt or P¥)
J; becomes large. Here the parameters {,, and {,, con- ty= )

! . - -2 J,=d, Q%) (18)
tain the dependence on the absorption and emigsion
branches according to and the N, €(ky, &,, k, 0; Q) take a simple form without

_ the appearance of the square root signs in Table I. Then
¢ { 1 Jy=J,+1 (P4 or RY) Eq. (1) can be rewritten for the mutually orthogonal
ie =

-2 J,=d, (@) ’ geometry [Fig. 2(a)] as

J

CS
I(Xg; Xa) = 9(2‘]{ + 1)(2:’8 + 1)

+¥asts eter[3 Po(€OS X ) Py(cos X,) + 8in’ X, 8in® X, ]) + AL Vorat; by [8Py(cOS X ) Py(cos X,) - sinx, sin?x, ]} . (19)

{L+ Yazot; otos[3 Polcos x)Py(cos X,) ~ 8in? X 8in? X, | + AP (= vapater Py(€O8 X,) = Yoty Po(cOB X,)

The same expression applies also to the coaxially probed geometry [Fig. 2(b)] when P,(cosy,) is replaced by -3
and sin’y, is replaced by - cos 2y, (see Table I),

The five coefficients v, 4% APpearing in Eq. (19) attain simple values in the high-~J; limit. The 6j- and 9j- coef-
ficients in Eq. (9) can be evaluated in this limit using Eqs. (3.18) and (3.22) of CMH." Taking as well the high-J,
limits of the b6*(J,) factors of Eqs. (10)—(12) we find that when J, - «

3 3
722o=5§6 y V=%, Ya=%, Y202=3 s Youu=T1pp * (20)
Thus in the high-J; limit the fluorescence intensity assumes the form for the mutually orthogonal geometry:
CS 3 4 .2 .2 @)y 1 1
= + = 3 - + - -3
xgs Xa) 867, TN, 1) {1 +554 2,5 Pylcos x)Py(cos x,) - sin® x, sin® x,] + AE (- 31,, Pylcos x,) - 34, Pylcosx,)
+ 55 i otesl3 Pa(c08 X, )Py(cos X,) + 8in’ X, 8in’ X, ]) + 4 ¥ (a5t £, (8 Pa(cos x ) Py(cos x,) - sin? x, sin® x,]} . (21)

Once again, the result for the coaxially probed geometry is simply obtained from Eq. (21) by replacing P,(cos¥,)
by - % and sin? X, by —cos2x,. Equation (21) coincides with the LIF intensity expression derived in Ref. 8 in the
case of a Q#Q¥ transition; the Legendre moments a, of Ref. 8 are related to ours by A4 =2a, and A =}a,.

Because of the structure of the branch parameters £, and ¢, [see Eq. (18)], for the same degree of alignment
the polarization of laser-induced fluorescence is two to four times greater for @ than P or R branches. This fact
should be considered in designing LIF experiments when it is possible to choose the absorption and emission
branches.

Although Eq. (21) has an appealing form, the high-J; limit may be approached surprisingly slowly in some cases.
This behavior ig illustrated in Table OI which gives the values of v, 41, ODtained using the exact results for various
branches from Eqs. (1)-(12), showing the typical convergence of the »’s for the nine Jd;~dJ,~J; resonance fluores-
cence transitions. Notice the much more rapid convergence for @ branch transitions, particularly Q49+ (20—~ 20
- 20) than for those involving purely P and R branch transitions. AtJ 4 =20 the typical deviations of v, sege fTOM the
limiting values are, for those involving P and R branches, somewhat larger than 10%, while for the @tQ@V transi-
tion the deviations are less than 1%. These deviations decrease roughly as 1/J; with increasing J,. Clearly cau-
tion must be exercised in using the high-J; limit for the LIF intensity expression.

C. Some examples

The simplest nontrivial test case for the LIF intensity expression (1) is a product state with J; =2, as this is the
lowest J; which can support a hexadecapole alignment. As an example we present a complete evaluation of the six
terms in Eq. (1) for the transition 2-3-2(J, =2,J, =3,J,=2;t,=1,¢,=1) for a mutually orthogonal geometry:

CS 9 |4
I {1 + = [ng(cos XoPy{cos x,) - sin’ x, sin’ Xa] + AP (— %Pz(cos Xq) = ;2,’1’2(005 Xa)

=315 25
36 [4 in? i02 w( 36 in2 (2
+ Eg[g?g(cos X)P,(cosx,) + sin’ x, sin xg]) 4.4y <—1275)[8P2(cos Xa)Pz(cos x,) — sin® x, sin Xc]} . (22)
I

One way to test Eq. (22) is to suppose that a single pair show that the linear polarization of the fluorescence
of magnetic sublevels of the state |{j are populated, say from the excited J; =3, M, =12 levels happens to vanish.
M; =2, The alighment parameters in this case are [See, e.g., Eq. (20) and Table I of GZ.?] Direct evalu-
obtained from Eqs. (4) and (5): 4 =1; A4 =1/24. ation of Eq. (22) at x,=0 confirms this, as I=CS/441,
If the polarization axis of the incident laser light is set independently of x,. A nonzero polarization of the
parallel to the axis of quantization (x,=0°), then only the laser-induced fluorescence is found instead if the State
M,==x2 states of the excited level will be populated. |7} has initially M, =0. This distribution has a quadru-
Relatively simple arguments given for example by M, pole alignment .4?’=~1and a hexadecapole alignment
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TABLE IIl. Departures of v, 9 from its high-J; limit for finite
Ji.

Ji—=dg—~Jdy Yazo Ya02 Yoz Yoz Yeou

Ji— 0.1500 0, 5000 0. 5000 0,1071 0, 0643
20—~ 21— 22 0, 1500 0, 4651 0. 4651 0. 0997 0. 0508
20—21-—-21 0.1607 0. 4983 0. 4651 0,1068 0, 0544
20— 21— 20* 0.1725 0.5348 0. 4651 0,1146 0, 0584
20— 20— 21 0, 1393 0, 4618 0. 5000 0,1000 0, 0598
20— 20— 20 0. 1498 0.4964 0.5000 0,1075 0, 0643
20~ 20—19 0.1613 0, 5346 0. 5000 0,1158 0, 0692
20— 19— 20 0.1286 0, 4616 0.5385 0, 0989 0, 0709
20—~ 19-—-19 0,1388 0, 4980 0. 5385 0.1067 0.0765
20— 19—~ 18 0, 1500 0.5384 0.5385 0,1154 0, 0827

*For 40— 41— 40 the corresponding ¥’s are: ¥,y =0.1613, ¥,
=0, 5181, ¥yy,=0,4819, ¥5,=0,1110, and Y,y =0, 0612, showing
how the approach to the high—J; limit is roughly as 1/J;.

A" =1/4. Taking the laser polarization again to lie
along Z (x,=0) the linear polarization of the emitted
light is found using Eq. (22) to be P=1/2, again in
agreement with simple arguments. Comparison of Eq.
(22) with Eq. (21) shows that the intensity expression

at low-J; values is considerably different from the high-
J; limit.

In LIF studies it is customary to pump a well-defined
J; ~dJ, transition but not to resolve the subsequent fluo-
rescence. We stress that all the above results apply
provided one simply sums Eq. (1) or equivalently Eq.
(19) over all final J, levels (where we assume that the
detector has a flat response for the different branches).
The only dependence of the LIF intensity I on J; in Eq.
(1) is through the line strength S and the factor w(k,, k,,
k;J,J,,J;). Let us illustrate the case of unresolved
detection using the results given in Table IIl. We as-
sume, e.g., that we are dealing with a !Z-!Z transition
whose P and R branch line strengths are J'" and J'' +1,
respectively, where J'’ is the rotational angular momen-
tum quantum number of the lower level. Then, denoting
by ¥ the weighted mean value of v¢,,, for Pt pumping of
the J, =20 level with unresolved Pt and RV emission,
Y230=0.1390, 754, =0.4990, ¥4y, =0.5385, ¥y, =0.1069,
and y,,, =0. 0766, while for R+ pumping of the same
level with unresolved P¥ and RY emission, 7y,,=0.1610,
V2 =0.4991, 775, =0, 4651, ¥y, =0.1070, and ¥,
=0.0545. Although this averaging of the P¥ and R¥
transitions weighted by their corresponding line
strengths does not uniformly improve the convergence
to the high-J; limit, the behavior is more similar to a
Q+Q+ transition. If both the P and R excitation branches
are averaged as well, weighted by their line strengths,
then ¥,5,=0.1503, ¥y4 =0.4991, ¥4, =0.5009, ¥,y
=0.1070, and 7,,,=0.0653, for which each value of ¥
deviates by no more than 0.2% from the high-J; limit
except 7,y which deviates by about 1.5%. More com-
plicated cases of unresolved resonance fluorescence are
treated in exactly the same manner provided the neces-
sary line strengths are known.

C. H. Greene and R. N. Zare: Determination of product population and alignment

D. Influence of hyperfine structure

When a reaction product has a nonzero nuclear spinl,
its coupling with J to form a resultant F can only lower
the observed polarization. Provided I «<J,, often the
case for molecular fragments, this depolarization is
negligible. A full treatment of depolarization would be
somewhat complicated, because the hyperfine compo-
nents of the initial state may be excited coherently by
the collision process, and the hyperfine components of
the excited state may fluoresce coherently. The hyper-
fine depolarization of fluorescence has been considered
previously by FM! and discussed qualitatively by GZ.?
There may be coherence among the hyperfine compo-
nents of the initial state |i). However this coherence is
inconsequential when the time between the birth of the
initial state and its absorption of light is long compared
to the period of hyperfine precession of J about F. With
this assumption, which is often experimentally realized,
each factor A% representing electronic alignment in
Eq. (1) is multiplied by

F, F; k}?

- (2F, +1)?
g(k)_z (+1) 5

- r 27+1 |y, (23)
The parameter g'*’ is less than unity and its value ap-
proaches 1 when J, >I. In this limit the squared 6j~
coefficient is approximately given by [P,{J, - F) I/
(2F, +1)(2J; +1) and g* approaches Zr, (2F, + 1)[P,,(J,
- F)J}/(2J, +1)(21 +1) which equals unity when J, - F,
=1. The factor g"” accounts for the effects of hyper-
fine depolarization in the absorption process only.

The presence of nuclear spin also affects the emis-
gion process, even if the hyperfine structure is unre-
solved by the detection apparatus. This requires that in
Eq. (1) each w(ky, k,, k;J;,J,,J;) is multiplied by

2% = E (2F, +1)(2F’+1)

‘we’F; 27+1
F, Fi R|'

X —y 24
Jd, J, 1 l+w,-e.,,er ’ (24)

where 7 is the radiative lifetime of the state |e) and
wry,r, is the frequency splitting of excited state hyper-
fine levels. [See Eq. (37) of GZ.?] The derivation of
this expression agsumes that the bandwidth of the light
source spans all of the excited state hyperfine compo-
nents. Note that g’ =1 in both Eqs. (23) and (24), so
that the population »; is not affected by these depolariza-
tion factors. In the limit |wgy,r,] < 77!, essentially no
hyperfine precession occurs before the light is emitted
and g%~ 1, In the opposite extreme |wg,,r,| > 77,
many precessions occur before the light is emitted and
Eq. (24) reduces to

F, F, ky|?

2 e e [

— )“Z(ZF +1) 25
g w21+l (J, J, 1Y) 7 (25)

which has the structure of Eq. (23). Thus only when J;
is comparable to I must hyperfine depolarization be
considered.
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FIG. 4. The Legendre polynomial P,(/;*2) and values of w¢’

for specific (J;, M,) states, We interpret J;+Z as M/ W+ 112

E. Interpretation of the alignment parameters

The values of the alignment parameters .42’ and
A" provide information on the spatial distribution of
the angular momentum vectors J; of product molecules.
As discussed in GZ? .4{? is negative when low M, («<J;)
values are primarily excited, implying that J; lies pre-
dominantly at right angles to the symmetry axis 2.
When J, lies mainly along Z and large values of M, (~J;)
are excited, .4§> is positive. The analogous interpre-
tation of .¢{? is less straightforward. Figure 4 shows
A as a function of J, - £=M,/VJ,(J; +1) in the high-J,
limit where Ay’ =P,(J, - ). This distribution is com-
pared to some exact values of (Aé“ obtained [from Eq.
(5)] if a single (J;, M,) state is excited. Already the
limiting high-J; form agrees closely with the exact val-
ues for J; =2 and 3. Positive values of .4 occur
either for M;~0 or M;~+J;. Midway between these
extremes -4’ is negative. Whereas 42’ primarily re-
lates to the average or most likely value of J; - £, .4 ¢’
can have several effects, one of which is to sharpen or
narrow the distribution.

At first it might be thought that 4> and -4 are
completely independent quantities, but this impression
is false when either lies close to one of its extrema; in
this situation, the value of the other alignment parame-
ter is constrained. Indeed if one is exactly at an ex-
treme value, all multipole moments of the system are
known. (This is a consequence of a joint requirement
that the eigenvalues of the density matrix are positive
definite and sum to unity.) Let us illustrate this by ex-~
ample. A gystem which has a quadrupole alignment at
its negative extreme 4>’ = - 1 must necessarily be in
the pure state M; =0. For any pure state all multipole
moments are fixed. For the above example with M, =0,

AW =3 -3/4J,(; +1). (26)

The alignment parameters .42 and A refer to the
spatial distribution of J, [see Eqs. (4) and (5)]. How-
ever, in many molecular systems J; is the resultant of
other angular momenta such as the nuclear rotational
angular momentum N and the electron spin 8, i.e.,
J=N+8, in Hund’s case (b) molecules in arbitrary A

6749

states. Then it is often of interest to determine the de-
gree of alignment of the molecule’s nuclear rotation.
This is a separate problem whose consideration will be
deferred.

tIl. DERIVATION OF THE LIF INTENSITY USING A
FANO-MACEK-TYPE TREATMENT

As in the formulation of impact-excited fluorescence
polarization by Fano and Macek, we begin from an ele-
mentary expression for the LIF intensity I and use re-
coupling algebra to express I in terms of expectation
values of angular momentum operators. The problem
of laser-induced fluorescence is more complicated than
that treated by FM, ! since two photons are involved here.
The ability to sort out the geometrical and dynamical
aspects of LIF despite this greater complexity illus-
trates the power of the Wigner—Racah recoupling
algebra.

The starting expression for the intensity of a fluores-

-cence transition J,~ J; following the resonant absorption

process J; —~J, is
2
I=CZ<Z(f|€a“r|e)(e|€a-r|i) > @7
Mf ¥,

Here €, and €, are the polarization unit vectors of the
detected photon and the absorbed photon, respectively,
and r represents the dipole moment operator of the
molecule. The constant C is proportional to the total
population »; of the initial product state |i) and contains
various normalization factors irrelevant to our analysis.
It should be noted, however, that when is expressed as
a power flux, C varies with the frequencies of the ab-
sorbed (v,,) and detected (v,,) photons according to
Cxv, v, (Ref. 4). The summation over M, in Eq. (27) is
coherent because the various alternative paths M;~ M,
—~ M, for different M, are indistinguishable. Finally,
the brackets () indicate an averaging over the distribu-
tion of initial state magnetic quantum numbers M,. The
form of Eq. (27) is dictated solely by geometry, i.e.,
by the dipole nature of the absorbed and emitted light,
and by the fact that no observation is made of the final
state |f). The information about the dynamics of the
reaction which populates the state |i) is instead re-
flected solely by the process of averaging over M,;. This
averaging process is discussed in somewhat greater de-
tail on p. 129 of GZ.?

On expanding the absolute square in Eq. (27), the co-
herence in M, produces another summation, over the
magnetic quantum numbers M.:

I=C 2 ((i]et-r|eNe’| & rylf)

Mos Mo My
<(F|2, m| e, 2| . (28)

The four dipole operators r have been labeled here with
subscripts 1 through 4 for purposes of bookkeeping in
the recoupling algebra to follow, and also to serve as a
reminder that the r, are independent quantities appear-
ing in separate matrix elements.

An essential step in sorting out the tensorial struc-
ture of Eq. (28) is the recognition that the projection
operators
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P, = Zle')(e'] s
M,

(29)
P,=22I0(f], and P,=2|e)(e]
My P

are all gcalars (tensors of rank 2=0). Accordingly we
write Eq. (28) in the symbolic form

I=C{(i](er - 1P (€% - 0))PLe " T)P,(€, - v)|i)) . (30)

The main properties of this intensity expression are
gifficult to see at a glance, as the polarization vectors

€ and dipole operators r are intertwined in a complicated
fashion. The first task of recoupling algebra is to re-
organize this expression so that all polarization vectors
are coupled into one resultant which can then be taken
outside of all the matrix elements, and so that all di-
pole operators are similarly coupled into another resul-
tant. The tensorial notation of Fano and Racah proves
useful here. (See especially p. 103 and p. 146 of Judd®!
for examples of this procedure.) Each factor of the
operator

Q=(er » r)(e% - 1€, 1y)(e, - 1) (31)
can be represented by the alternative form
€r == V3 [P Xy DO
= -3, ePrP(1q,14'|00) . (32)
qq’

Here each vector is written in termas of its spherical
components, e.g., € =¢, €} =(3¢,-i¢,)/V2, and
the proportionality factor —v3 is required to make Eq.
(32) hold identically. Treating the two “d” factors in
Eq. (31) first, we write them as

(E: . rZ)(Ed. rg):3{[€’,.; (1)X1’2(“](0)>([E;“X7'3(1)](0)}50)

—3 ;{[62‘ @) D)k [ {0 x4 {1] R} O
d

X ((11)kg(11)k,) (11)0(11)0) (33)

In the last step the four unit angular momenta have
been recoupled using Eq. (12.11) of FR, ® or Eq. (3.9) of
Rotenberg ¢t al.!® The transformation coefficient in-
volves a 9j coefficient with three zeroes and can be
evaluated explicitly:

((11)k,(11)k,] (11)0(11)0) @ = §(2k, + 1)V/2 . (34)

Physically, the factor [e% ‘U xe{1’]®¢’ is interpreted as
a 2% multipole moment of the emitted (i.e., detected)
radiation, where 2,=0, 1, or 2. After an analogous
recoupling to form the multipole moments of rank &, of
the absorbed radiation, the operator @ in Eq. (31) looks
like

Z (et W ¢S] %0 x [1{1) x4 D] %} @
Bgsky

% [(* ) Xe:“]"’d)X[n‘“ X’r;i)](k")} (0)1((}0)
@

X (2k, + 1)V2 (26, + 1)V, (35)

With one more recoupling transformation all of the
polarization factors can be grouped together as desired,

C. H. Greene and R. N. Zare: Determination of product population and alignment

Q = Zk:k[{[ej‘(“xe,,(“]“d’ x[ex P x 1] %}
d*"a?

x {[sz Xr;i)](kd) X [7.1(1) szi)]ika)} (k)]am

X2k, + V)V 2H2k, + 1)V 2((kaky) k(kaky)k | (R g)O(k,R,)0) ¥ .

Using the relation e
((Rgk )kl gk, )l | (R gk g) O(kyR,)0) ©
=(2k + 1)V2(2R, + 1) (28, +1)? 37
and the scalar product
[F® x G w® =Z(_ l)k-qF;mG_(:)(Zk +1yv2 (38)
)

we finally have the key result

sz kzk (—l)k-q{[iz‘(1))(6;1)]("4))([6:“))(Ga(“](kd)}:“
1 Rg v R0 @

x{[,rz(l) x,',:i(i)](kd) x[,rfl) X’)’A(“](k“)}.(:) .

The indices k and q, with |ky—k,| =k=Fk,+k, and
~g=k=gq, are net multipole quantum numbers for the
combination of absorbed and emitted radiations.

(39)

We may now extract the polarization factors from the
matrix elements in Eq. (39), obtaining

I1=C 2 (=1elky, ko by q; Q) ({75 x 70 )00

Rgihgrkea

[P xr 1% Py PP (40)
where we have defined the polarization tensors by
€k, by by g3 2) ={{€f P x V)%
x[e:“)xg:“]("a)}:"’ . (41)

The operator in the expectation value (40) is a rank k
tensor (0 =<k = 4) operating on the initial state only, with
the dependence on J, and J, embodied in the projection
operators P,., P;, and P,. Using the Wigner-Eckart
theorem, we now replace this complicated tensor opera-
tor by the angular momentum operator J'!’. This re-
placement introduces a compensating ratio of reduced
matrix elements

I= Do (=1)elky, by b,y q; QXGE [T [0))

kgrkg ok a
X (J{“{['rz(“ ><1,51)]0:‘1) % [,',1(1) Xr;l)](k“)}(k)
X Py Py PIN,) /W, TR 1))
The operator Jé’* ) is the same angular momentum opera-
tor as given by Biedenharn, 2?2 with J&*' = 2"V (-J - i) !
and with the remaining elements J*’ obtained from the
commutation relations with J:

Vo I =q I ;

[, J®)=[r(+1) —glg = 1)]V2 T8 .
The only elements we require for the cylindrically sym-
metric problem here are those with 4=0, and when the
reacting particles have no net spin helicity or chirality

the odd %k terms vanish also. The relevant operators are
thus

I =15 I =875 -39)/V6
J® = (374 - 832~ 307%° + 252+ 35J%)/2V70 .

(42)

(43)

(44)
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To obtain dynamical parameters with simple ranges of
variations, it is useful to introduce renormalized align-
ment parameters -4.*, where

AP =15 AR TP 1+
AP = (|70 |90 /43, + 17 )

These have simple ranges of variation, as discussed in
Sec. II. The reduced matrix elements of the angular
momentum operators are straightforward to evaluate.
In terms of the well-known matrix elements of J, and
Clebsch-Gordan coefficients they are given by

@l ®,) = ST+ LUy k= 1T, =)

TN =27, + V2,

TP W) = [T, + 1)@, +3)(2J, +1)(2T, - 1)/6]V2

(J,HJ“’ W) =[, - DI, + ), +2)(2J, + 5)(2J, +3)
x (27, +1)(2J; - 1)(2J, -3)/70]'/2 ,  (47)

which differ from those tabulated in CMH' by a factor
(2J; +1)/2 owing to a difference in conventions. It will
also prove useful to define a rescaling factor b"”(J,) by
the equation

AEBRG) = (G |IE N/ NI PN, . (48)

The factors b'*'(J;) were already given in Eqs. (10)-
(12) above.

2¥2(J,, k=d, |d, =J;, kk) ’ The last factor to evaluate in Eq. (42) is the radial
(46) reduced matrix element. It can be written in a com-
using the conventions of Messiah.?® More explicitly, plicated but more detailed form as
]
I x 72190 x [y xr (P % Y P PPN = D0 0 M7 1, M), M |72 |0, M)
all M,q
J, ok J,
X My |75 | T MO M, |75 |7, M, Mgy, 145 R (L1, 14| Rago)Bagar Bag, | kg) (= 1)7 4741 M, g M, (49)

FIG. 5. Angular momentum coupling diagram relevant for the evaluation of the reduced matrix. element in Eq. (49). Its depen~
dence on angular momentum quantum numbers should be given, in essence, by the 215 coefficient having three vanishing angular
momenta, shown in Fig. 5(a). Note that an nj coefficient has (22/3) nodes. By erasing all lines with zeroes, the 125 coefficient
shown in Fig, 5(b) is obtained. The lines J, and J,' can be “pinched” togetber by recoupling them into a resultant k/. In general
this involves a summation over all possible values of k;. One portion of the diagram is connected to the rest by only two lines
k and k,, picking out only a single term with k¢=h,. This portion is shown inside the closed dashed line in Fig. 5(c). Finally,
a slight rearrangement gives the 12f coefficient as a product of a 9j coefficient and a 65 coefficient, shown in Fig. 5(d),
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After applying the Wigner—Eckart theorem to the radial
matrix elements in Eq. (49}, we are left with a summa-
tion over eight 3j coefficients. As a guide to the explicit
evaluation of this summation, we have found graphical
techniques useful. This approach is outlined in Fig. 5.
Qualitatively, we expect the dependence of this reduced
matrix element on J;, J,, J, Ry kR, and % to be given
by the projection of a state whose coupling scheme is

[T oo d Nl 1T ) Rg[ (T T )14 (T, T )1 Ry (50)
[i.e., the right-hand half of Fig. 5(a)] onto a second
state in which P, P,, and P, are forced to be scalars:

{0 od O[T, T )00, W, kW ,T )0 * (51)
[the left-hand half of Fig. 5(a)]. This recoupling trans-
formation amounts to a 215 coefficient with three zeroes.
As discussed in the caption to Fig. 5, this matrix ele-
ment factorizes into the product of a 6 and a 95 coeffi-
cient

1 ;
Je Je kd Je J‘

Fig. 5=\, J, J, 1 d,» , (52)
Ry k, E

which contains the essential factors in the reduced ma-
trix element. (Here we have dropped the primes and
subscripts which we had used for labeling.) Diagram-
matic methods have served us as a “roadmap” in the
algebraic evaluation of the radial reduced matrix ele-
ment. As suggested by Fig. 5, the first step is the com-
pletion of the summation over M, using Eq. (2.19) of
Rotenberg ¢t al., ' giving the 6j coefficient in Eq. (52),
after which Eq. (3.1) of Ref. 15 contributes the 95 co-
efficient. In general complicated phase factors enter
the final result, but restricting ourselves to even values
of k,, k,, and ¥ we find

(Ji”{['VQ(I) x,rs(i)](kd)x [71(1) Xr;“](ka)} (k)Pe' PfPe”Ji)

=Sy, Jo Tky, kyy B iy d ey dy) (53)
where the product of absorption and emission line
strengths is

SW, oy dp) = | Tellr VT Mlr Pl [P (54)
and the factor % is
hlkey, Foy &5 J“Je,Jf):(_]_)Jeu,q (2k, + 1)12 (2k, + 1)1/2

g, d, B J, 1 J,
x(2k +1)1/2 { 11 J,} J, 1 J; (55)
ky k, k

This completes the derivation of Eqs. (1)-(12) above.
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APPENDIX: CALCULATION OF THE POLARIZATION
TENSORS

The polarization tensors are linear combinations of
components of the polarization unit vectors €, and €,
describing the detected and absorbed radiations. They
have a simple general form in a primed coordinate
frame whose Z' axis coincides with the photon propaga-
tion axis. In the “detected photon” coordinate frame,
e.g., the detected photon polarization vector can be
written as &,=(cos 8,, i 8inB,, 0), where B, specifies the
elliptical polarization of the light.! Light which is lin-
early polarized along the %’ axis is then represented by
B;=0, while circularly polarized light with a positive
(or negative) component of angular momentum along the
propagation axis £’ has B, =47 (or - 17). Since there is
no uniform convention for defining left-hand and right-
hand circularly polarized light in the literature, we re-
fer instead to circularly polarized light being positive
or negative. (In GZ® we called the positive helicity
left-hand circularly polarized.) Similarly, in the
“absorbed photon” coordinate frame the absorbed pho-
ton polarization vector is &,=(cos 8,,isin4,, 0).

In the detection coordinate system the nonvanishing

elements of [} V' x ;'] are:

*(D) (DY 1 *Wy iy _ L
[e; ' X€, Io == [64 X €, I =- \/2—'511125.1,
* (1) (1@ 1 Xy 7@ _ L
[€ ' xegq ]()2 ==’ [eg Vxel]3 =2c0828,, (Al)

and identical expressions apply to the absorbed photon
in the absorption coordinate frame with the substitution
d— a. Before we can couple the “d” and “a” factors to
form e(ky, k,, &, ¢; ), they must be transformed into a
common coordinate system, which we take to be the
“collision frame” whose % axis coincides with the colli-
gsion symmetry axis. This frame transformation in-
volves two sets of Euler angles: (¢,, 84, X, which rotate
the collision frame (xyz) into the detection frame
(x7v52}), and (¢,, 6,,X,) which rotate the collision frame
into the absorption frame (x.y,z;). We define these
angles as in Messiah, 2* whereby the polar coordinates
of 2} with respect to the axes (ryz) are (8,, ¢,) and the
polar coordinates of # with respect to the axes (x;y42¢)
are (6, 7 —X,). When Z and Z, are parallel we must
complement this definition by taking ¢,=0, 6,=0 and
X as the angle between % and #;. The same convention
also defines (¢, 8,,X,). For definiteness these Euler
angles are taken within the ranges

0s¢=27, 0=6=g, —T7=X=T7. (A2)

The collision frame tensors are then derived from the
relation

T80 (col) = 2 TS0 (@)D * (¢ 00 Xa) 3o,

n
U

(A3)

also valid with d— a. Because Sec. II considers even
{#q, kg, k], we give the transformed tensors only for
them:

1
D e{]8P = - —E[Pz(cos 6,) -2 cos 28,sin? 6, cos 2x,] ,
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€5 P e =
L5 el

which are again valid with d— a.

lhg b by 0 D) = T (€49 0190 [ D x 010 (b, by ) -

1%,
The values of the polarization tensors of interest are then

DD _ expl(s2ipy) {1 8in® 6, + § cos 28,{(3 + cos 20 ,)cos 2, + 4i cos 8, 8in 2x,]} ,

6753

exp(+ip,){t 1 8in20, + 3 cos 28, sinf,[i sin2x, + cos , cos 2x,]},

(a4)

Lastly we must couple 4 to a according to

(A5)

1 .
€(0,0,0,0;Q)=%, €(2,0,2,0;0)= 3—J2_[P2(c°s 84) — 3 cos28,sin’ 6, cos 2x,] ,

1 . 1
€(0,2,2,0;Q) = -S-TZ[PZ(COS 8,) —3cos2B,sin’8, cos 2x,] , €(2,2,0,0;Q)= w/“=5(Q° -Q1+QJ) ,

1
€(2y 2,2,0; Q)= —-1\/":—4_(_ 2Q0 +@yt 2Q2) i €(2’ 2,4,0; Q)= Fo(th} + 4Q1 + QZ) 3

where the @, are given by

Qo =4[P,(cos8,) - cos 28, sin? 8, cos 2x,)[P,(cos 8,) - 3 cos 23, sin 6, cos 2x,] ;

(A6)

Q1= — 3OS 4[5 8in 26, 8in 26,(1 + cos 28, cos 2x,)(1 + cos 28, cos 2x,) + cos 28, cos 28, sin 8, sin 6, sin 2y, sin 2y, ]

+ 3 sing,,[cos 28, sin 8, sin 2x, sin 26,(1 + cos 28, cos 2x,) — cos 28, sinf, sin 2x, sin 26,(1 + cos 28, cos 2x,)] ;

Q=5 €08 2¢4,{[8in? 6, — 08 28,(1 + cos? 6,)cos 2x,][sin’ 6, — cos 28,(1 + cos? 6,)cos 2x,]

+ c0s 23, cos 2, cos 8, cos 8, 8in 2x, 8in 2x, } + 1 8in 2 ¢4, {cos 28, cos 6, sin 2,

x[sin?6, - cos 28,(1 + cos’ 8,)cos 2x,] ~ cos 28, cos 6, sin 2x,[sin’ 8, — cos 28,(1 + cos? 6,)cos 2x,]} .

am

Here ¢4, = ¢4 — ¢, is the difference between the azimuthal angles of the detected and absorbed photons. The ex-
pressions given in Table I for the mutually orthogonal geometry with linearly polarized excitation and detection are
recovered upon setting 8,=5,=0, 6,=6, =3m, and bap=12 37, and for the coaxially probed geometry upon setting 3,

=8,=0, 8,=3%m, 8,=0, and ¢, == 37.
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