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A method is presented for determining the population A4 é"i , the alignment factors 4 fi} and
A, and the orientation factors 4 {} and A{?} for a ground state distribution of diatomic
(symmetric top) molecules probed by elliptically polarized two-photon nonresonant
excitation. General expressions are developed for the O, P, O, R, and S branch transitions as a
function of the rotational quantum number, J. This treatment assumes that the resonant state
reached by the two-photon transition is subsequently detected independent of its orientation
and alignment. This can be achieved by 2 + » multiphoton ionization in which the ionization
steps are saturated, or by 2 + 1 laser induced fluorescence in which the fluorescence is
collected independent of its polarization and spatial anisotropy. For the case where elliptically
polarized light is created by passing linearly polarized light through a quarter-wave plate, the

alignment and orientation moments can be independently determined using a single

experimental excitation-detection geometry.

I. INTRODUCTION

This paper presents the theory required to determine the
orientation of an ensemble of molecules using two-photon
nonresonant excitation. By orientation we mean the net heli-
city of the angular momentum vector, J. In the |JM ) repre-
sentation, orientation implies that there are unequal proba-
bilities that the molecule is in sublevel M as opposed to
sublevel — M. This paper treats the most general case: de-
tection of population, alignment, and orientation by ellipti-
cally polarized light which has been prepared using a vari-
able phase shift wave plate propagating along any spatial
direction. By varying the ellipticity one can determine, in
principle, the 25 4 g’f for k<4. Elliptically polarized light is
of great experimental utility because it permits the determin-
ation of several orientation moments using a single experi-
mental geometry. In contrast, with circularly and linearly
polarized light one must employ several experimental geo-
metries in order to extract multiple orientation moments.
There are three important geometries for using elliptically
polarized light in conjunction with two-photon nonresonant
excitation: light which has been prepared with half- and
quarter-wave plates which is propagating along either the x,
¥, or z laboratory axes. We will present the specific formulas
for these three cases as well as a completely general formula.
This paper is a direct extension of our previous work' (here-
after denoted as KSZ) for determining the population and
alignment of the ground state by two-photon nonresonant
excitation with linearly polarized light.

Much work has addressed the extraction of the popula-
tion and alignment of the ground state distribution using
linearly polarized light in conjunction with laser induced
fluorescence (LIF) or multiphoton ionization (MPI) (see
Ref. 1 and references cited therein), but very little theoreti-
cal work has addressed the problem of determining orienta-
tions. Jeyes et al.? as well as Macek and Burns® have derived
a theory to extract 452 , A, and 4% from emission
spectra. Bain and McCaffery, as well as Bain er al.* showed
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how to determine 4 ) , 48"}, and 4§ using single-pho-

ton absorption spectroscopy. Bain and McCaffery® also
demonstrated how 4 % , A0 48 4% and 4§ can
be determined using two-photon absorption, 2 + n MPI, but
they only give explicit formulas for A/ = + 2 transitions. In
their papers, McCaffery and co-workers restrict themselves
to linearly and circularly polarized light and to determining
only the A {*} with g = 0. Case, McClelland, and Hersch-
bach® have derived a very general formalism for 1 4+ 1 LIF
which allows, in principle, the determination of any of the
A4 f,’;} ; however, their paper also considers only linearly and
circularly polarized light.

Several experiments have exploited the permanent di-
pole of CX,Y or AB to orient the angular momentum of
these molecules. These oriented molecules were subsequent-
1y reacted with an atom beam,”!? scattered off a molecular
beam,'? or photodissociated. > The reactivities into all prod-
uct internal states were studied as a function of the reagent
orientation; none of these experiments directly measured
molecular orientation by a laser technique.

Atomic orientation has been observed in many beam-
foil experiments (see Ref. 3 and references cited therein). In
these experiments a high energy ion beam is aimed at a tilted
metal foil. The metal atoms recoiling off the foil are both
oriented and electronically excited and hence produce ellip-
tically polarized emission.

The experiments most relevant to this paper have been
done by McCaffery and co-workers and by ourselves. Jeyes
et al? used circularly polarized light to prepare single rovi-
bronic states of /¥ with a known alignment and orientation.
They allowed the ¥ to collide with He and calculated the
remaining orientation by measuring the circular polariza-
tion ratio from the emission of I¥. Jeyes, McCaffery, and
Rowe'® did similar experiments on Li,. In each case they
could measure only one orientation parameter, A {' , be-
cause their probe was a one-photon process.

In general, there may be many orientation parameters
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and measuring a circular polarization ratio (for example,
the degree of circular polarization) either in absorption or
emission does not provide sufficient information to deter-
mine multiple orientation moments. This paper presents for-
mulas which allow data taken with elliptically polarized
light to be analyzed so that several orientation moments can
be determined. Recently, Sitz, Kummel, and Zare'* have
measured two orientation moments for N, scattered off
Ag(111). They used 2 + 2 multiphoton ionization to detect
the N, and the results presented in this paper to analyze the
data.

This paper is a companion to KSZ, and hence we assume
that the reader is already familiar with the equations in that
paper.’ The only equations we will derive are those that dif-
fer from the ones in our previous paper. Section II presents
the general equations needed to convert raw data taken with
elliptically polarized light into moments of the ground state
distribution. This section also contains the simple formulas
that are applicable for three special cases: light propagating
parallel or antiparallel to the x, y, or z axes. These results are
summarized in Tables I-IX, and the derivations are given in
the Appendix. In Sec. III we calculate the line strength fac-
tors and demonstrate how to extract the polarization mo-
ments from experiments for the three special cases for a sam-
ple molecule. In Sec. IV we discuss the meaning of the higher
order orientation moments. In Sec. V we consider the effects
of using a variable wave plate or incoherent light upon the
two-photon absorption process. In Sec. VI we derive the
two-photon absorption probability for specific |JM ) states
in order to gain insight into the two-photon absorption pro-
cess using elliptically polarized light.

il. ABSORPTION PROBABILITY FOR ELLIPTICALLY
POLARIZED LIGHT

We can readily adapt the generalized equations from
KSZ by expressing the expansion of the absorption intensity
in terms of the sum over all ranks and components of the
moments of the line strength Pf,"i} and the moments of the
ground state distributions 4 {*}. In addition, we must in-
clude in the equation for P,{I’;} the sum over all ranks of the
squares of the first and second photons absorbed, k, and k.
Hence the intensity of a two-photon resonant absorption
from ground state J,, A, to the virtual state J,,A, and then to
the resonant final state J;, A is as follows:

I=C(det)n(J)) 3 [P (JuATnAs 045 ()
kg

+ PP (AT A AR D], (1)
where
Pgl_ft} (JnAi,Jf’Af;Q)
=b NN Y (— 15 (kykaiiay)

kd’ ka

X S SULAWLAT LALTRAL)

JohAod LAL

Xh(kd9ka;k’Ji’Je’J;an)’ (2)
where k =0,1,2,3,4, ¢ = 0,1,2,3,4, but g<k and k,; =0,1,2

and k, = 0,1,2. As with linearly polarized light, J,,A,, and
J,A. are subject to the usual dipole selection rules with
respect to J;,A; and J,A.

As indicated by the brackets around the ranks of the
tensors' in Egs. (1) and (2), we are employing the Hertel-
Stoll'® normalization for the spherical tensor operators. This
is of great utility when determining moments of the ground
state distribution with nonzero components since all 4 (%
are real in the Hertel-Stoll normalization but complex in the
standard normalization. As explained in the Appendix, this
renormalization reduces the number of detectable moments
because sometimes we can detect only the real or imaginary
part of a complex 4 §.

In Egs. (1) and (2) most of the terms have the same
definitions as in KSZ: the detection-sensitivity constant
C(det), the population n(J;), the moments of the ground
state distributions A4 f,’g , the moments of the line strength
Pf,’;} , the reduced matrix elements of the spherical tensor
angular momentum operators b %(J;), the hyperfine and
spin depolarization g(J;) and g*(%,), the reduced matrix
elements of the dipole moment  operator
S(UpAid oA (AL Af), and the angular momentum
coupling terms A(ky,k,.k,J;,J,J ;,J;). Since KSZ did not
deal with the odd moments of the ground state distribution,
we need to evaluate the normalization constants for £ = 1,3.
In addition we need to calculate both Af}';} and b*(J,) for
k = 1,3 and all ¢. The only term whose definition is changed
by the light being elliptically polarized is the geometric fac-
tor €%} (k k320 )-

In order to determine the polarization parameters 4
in Eq. (1), we measure the absorption intensity as a function
of the laser polarization. The line strengths P fl’g can be cal-
culated, but the detection sensitivity constant C(det) and
the rotational populations n(J;) must also be measured in
order to determine the 4 I} . Often, it is impossible to mea-
sure C(det) and n(J;), and hence only the unreduced polar-
ization moments can be determined from Eq. (1). The unre-

{k}
9t

duced moments ag"i} are equal to the more familiar 4 {q’;}
multiplied by aff’l :
al () = 4L} (Hn)Cdet), (3)
A ) =d? ()78 ), (4)
al? (J)) = n(J,)C(det), (5
AP Uy =1. (6)

Tables I and II summarize the relevant equations taken
from KSZ along with the general equation for
€ (kyk, ;0 ). Table III contains the equations for
ez"i} (kg,k .8, ) specific to the three special system geome-
tries. Table IV contains the normalization constants for
A g’;} . Tables V-VIII contain the definitions and magic an-
gles for A} for all k and g. Table IX lists the values of
b*(J,) for all k.

A. The general system geometry

For calculating the general equation for
€4 (ky,ky3Q ), we employ the standard geometry pro-
posed by Fano'® (see Fig. 1). In the detector frame of the
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TABLE 1. The two-photon transition probability for noncoincident lab and detector frames where the detection geometry is general.

I=C(det)n(J;) g [P (A p A AN (1) + PY (T,A A 004 8 (0]
q

P (T AT ARQ) = b*(J)g ) > - 1M (kyoky; Q)
Kk,

x ¥ .

JuAud WAL
AT = (MM LMADY /[ (TMA T MA) T2
8 (g k) = ( — D2 = 8,5) Re[ 6P (kk, )], 420
€8 (k k) = (= DUV = 8, ) Im[ € (hp ksl )], g0

v A . k
& ki) = 3 65, (= 062 3 (= DM 10k ””2(,:

El=[e*Voe"]%  seeTableINl

n(J;) = population of level J;
bk(J;) :c(k)_l{[(JiMiAi{le'liMiAi)]&/2}/(‘]:'1 !J(k)l {J,)
k)2

X — 2 i i
FUI=TT@ELD
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J;
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J. 1 7
J; Je kd

X Jo 1 J;
1 1 J

ks k, k

standard geometry (x,,y,,2;), the light is propagating
along the — z, axis and is initially linearly polarized along a
vector B. The ellipticity is created using a wave plate, or
equivalent device, whose major axis is parallel to x,,. Here, #
is defined as the angle between B and x,, and S s positive in
the counterclockwise direction. Hence, as the light passes
through the phase shift device, its y; component experiences
a shift §, relative to its x, component. The Euler angles,
(#,6,y), rotate the laboratory frame (x, y,z) into the detec-
tor frame where the x, axis is the major axis of the wave
plate, the y, axis is the minor axis of the wave plate, and the
- 24 axis is pointing along the laser beam propagation di-
rection. For this geometry,

€1 (Karkaiiy) = (— 192 — 8,)"2
XRe[ €l (kakys) ], 450,
@)
€ (kaskaila) = (= DU VA(1 = 8,4)
X Im[efl"’ (karky; Qi) ] q>0,8
(8)

where

6((1k) ( kd 9ka ;Qlab )

= Z exq ’;,‘q( — g)eiq¢
ry

X3 (=TT 2k 4+ 12

k k k
><( o ,)E’;;’EZ?_.,, 9)
m ¢—m —gq
and
Ef=[e*V ek (10)

Here, "V is the electric field vector of the photons. The
electric field vector cross products E f,‘ are just trigonometric
functions of &, the phase shift, and 3, the angle between the
major axis of the wave plate and the direction of linear polar-
ization of the incident light. For this general geometry, the
E ¥ are identical to those for case I as listed in Table IIL
Equation (9) is very tedious to evaluate: it contains two
summations including a summation over reduced matrix
elements. In order to simplify Eq. (9) and gain some insight
into the geometric factor, we need to restrict our geometry
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TABLE II. Nomenclature for the two-photon transition strength formula.

J; = Rotational quantum number of the *“initial”/ground state apart from nuclear spin
J, = Rotational quantum number of the “excited”/virtual state apart from nuclear spin
J, = Rotational quantum number of the “final”’/resonant state apart from nuclear spin
A, = Orbital angular momentum quantum number of the initial state

A, = Orbital angular momentum quantum number of the excited/virtual state

A, = Orbital angular momentum quantum number of the final state

k, = The rank for the square of the first photon

k, = The rank for the square of the second photon

k = The rank for the ground state distribution

q = The component for the ground state distribution

Q) = Angles describing the geometry of the laser beam with respect to the coordinate system for the moments of the ground state distribution
4,6,y = Euler angles which rotate the lab into the detector frame

B = The vector along which the laser light is linearly polarized before passing through the quarter-wave plate

B = Angle between the laser polarization vector and the major axis of the quarter-wave plate

A = Angle between the major axis of the quarter-wave plate and one of the three lab axes

£ = The phase shift between the x, and y, components of the electric field vector of the light. £ is determined by a variable phase shift wave plate. For a
quarter-wave plate, £ = 7/2

F, = Total angular momentum quantum number of the ground state including nuclear spin

I = Nuclear spin quantum number

S = Electronic spin quantum number

N, = Total angular momentum quantum number apart from spin for Hund’s case (b) molecules

VARIABLE Y4

WAVE 4
PLATE s hy
I
[
/
z4 Bl\\\f\ ELBIP;:_{CALLY
- ~ POLARIZED
hy « “Jg ™8 LIGHT
S<’e‘ \jl X~
~ X4
ROTATED
LINEARLY
POLARIZED
LIGHT
LINEARLY
POLARIZED
LIGHT

FIG. 1. The standard geometry as defined by Fano (Ref. 16). The linearly polarized light produced by the laser has its electric field vector rotated by a half-
wave plate. The variable phase shift wave plate elliptically polarizes the light; the angle between the polarization vector of the rotated linearly polarized light
and the major axis of the wave plate determines the ellipticity of the light. The axes of the wave plate and the propagation direction of the light define the

detector reference frame relative to the lab reference frame.
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by having the laser propagate parallel or antiparallel to the x,
¥, Or z axes,

The laboratory axes are usually assigned so that the z
axis is the axis of cylindrical or near-cylindrical symmetry
since this minimizes the magnitude of the 4 ﬁ"_} with g#0. If
the molecular ensemble being probed has orientation along
only one direction, this direction is labeled as either the x, y,
or z axis in order to minimize the number of nonzero 4 g"i)
withk=1or3.

B. Case I: Propagation along the —z axis

This geometry is similar to the coaxially probed geome-
try described by Greene and Zare'’(GZ). The light is propa-
gating along the laboratory — z axis, but the major axis of
the wave plate x, may lie anywhere in the laboratory x-y
plane. For case I geometry, 8 is the angle between B and x,
and A is defined as the angle between the x axis and the x,

(a)

e_=cos 8
Xg
eyd=isin B8
e =
“d hy x
LINEARLY
POLARIZED QUARTER-WAVE
LIGHT PLATE
X ,= major axis
d
e_=cos B
z, R
eyd=-lsinB £
e =
Xg hyv
LINEARLY
POLARIZED QUARTER~-WAVE
LIGHT PLATE

z4% major axis

(c)

e =cos B
Z4
e X¢= -igin 8
e =
Yd
LINEARLY
PO QUARTER-WAVE
LaRizED PiaTe

z,= major axis

axis [see Fig. 2(a) ]. Since we are free to choose Sand A, we
are free to change the ellipticity and the direction in the x—y
plane of the major axis of the ellipsoid of polarization. Then
for case I geometry two of the Euler angles are fixed
(y = 0=20) and the third is equivalent to — A. Conse-
quently, for case I geometry,

et(]k)(kd’ka;ﬂlab)
= [cos(gA) —isin(gA)]( — D™~ 22k 4+ 1)1/2

kd ka k) kyyr k
EE - . 11
x;(m gom —g)EmEdm (an

This equation is much more convenient than the general
equation, Eq. (9), because it avoids the use of the reduced
rotation matrices d % ,, which are tedious to calculate. The
E ! used in Eq. (11) are the same as for the general geometry
and are given in Table IIL

FIG. 2. The reference frames, angles, and
electric field vector Cartesian components
specific to: (a) case I geometry; (b) case 11
geometry; and (c) case III geometry.
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TABLE III. Simplified equations for the geometry term for cases I, 11, and IIIL.

Kummel, Sitz, and Zare: Orientation of the ground state

The geometric terms for case I, II, and III geometries

€0 (kyok, 3y ) = [cos(gA) — isin(gA)1( — 1)~ 92k + 1)'/2

k k k '
sz: (”‘: q_"m - )Ef,,"E:“_,,, (case )
€9 (kgrk ;@0 ) = [cOs(gn/2) + isin(gn/2)} z di (—A)[cos(g'n/2) —isin(g'n/2)]
q
) . k k k
Xz(—l)k“'k“’“(2k+1)”2( a0 ,)Ef,;’E";;,,, (case II)
m m qg—m —gq

k

e k .
6 huki) = S b (=) 3 (=1 2k 4 1y

q-—m

k

) ExEN_ . (caseIll)

The electric field vector cross products E  for light prepared with a quarter-wave plate

E} Case I Case II Case 11

E} —1/v3 - 1/v3 —1/v3

E', 0 (+1/2)sin 28 (—i/2)sin 28
E) (—1/v/2)sin 28 0 0

E%, (1/2)cos 28 (—1/2)sin’ B (1/2)sin’ B
E%, 0 0 0

E? (- 1/v6) (1/v/6)(3cos’B—1) (1/v6)(3cos’ B~ 1)

The electric field vector cross products E  for light/prepared with a variable wave plate®

E} Case | Case 11 Case 111

E} —1/v3 —1/v3 - 1/v3

E',, 0 (4 1/2)sin 2 Bsin & (= i/2)sin 2 Bsin
E; ( — 1/v/2)sin 2Bsin £ 0 0

E*, (cos 2B + isin 2fcos £)/2 (- 1/2)sin’ 8 (1/2)sin’ 8

E? 0 (i/2)sin 23 cos £ ( + 1/2)sin 2B cos £
E} (—1/v6) (1/v6)(3cos*’ B—1) (1/v/6)(3cos’ B— 1)

* Note, we can define £’ as the deviation of the phase shift from that produced by a quarter-wave plate

(&' =90° — &) and replace sin & with cos £’ and cos & with sin &',

C. Case lI: Propagation along the —x axis

This geometry is similar to the mutually orthogonal ge-
ometry described by GZ. The light is propagating along the

laboratory — x axis, and the major axis of the wave plateJ

may lie anywhere in the laboratory y-z plane. Here we define
z, as being parallel to the major axis of the wave plate. For
case I1, Bis the angle between B and the z, axis, and A is the
angle between z and z, [see Fig. 2(b)]. For case II geome-

try,

€50 (kyrk Q) = [cos(gm/2) +isin(gn/2)] 3 d g, (— A)[cos(g'n/2) — isin(g'm/2)]
q

. k
ko—ka—¢ 1/2 d

The E % used in Eq. (12) are different from those for Egs.
(9) and (11), and are specific to case II geometry and are
given in Table III. For the case where the major axis of the
wave plate lies along z, A = 0, the reduced rotation matrix
d% . in Eq. (12) equals §,,, and Eq. (12) is significantly
easier to evaluate than Eq. (9).

D. Case IlII: Propagation along the y axis

This geometry is identical to that used by KSZ. The
light is propagating along the laboratory y axis, and the ma-

g —m

k, k

*)EuE.

(12)

TABLE IV. Normalization constants for the 4 .

k c(k) v(k)

0 1 Jar

1 1 Jan/3
2 Jé V8n/15
3 V1072 V87/35
4 3578 277315
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TABLE V. The angular momentum spherical tensor operators expressed in
the Hertel-Stoll normalization (Ref. 15). Operators with multiple sub-
scripts represent symmetric sums of all unique permutations. For example:
J =dJ, + 0, but I, = (J,) {|F|) is the magnitude of the vector

squared, i.e., {|J]) = [J(J + 1)]'/22

I =1
Ji =y,
e =y,
I =4

ng_) = (2)»I/2ny

‘,?2—) — (2)_”2‘,;:1

JE =(1/6)"2(3, — )

szl - (2)-”21“

ngl — (2)_”2(sz —Jyz)

I =1/, =)

I =1(6)7"1,,

I =105)7"22014) -3 - T )
I8 = [(1/10)210,(50, = 3 + 1)
IR =15 72204, =30, =T )
JE =[O, —J,)

IO =[/DIU, =T )

IO =172, — )

I =/, -,

JE =1aH 720, =T, T )

T = (D74 =30, =)

JE = [(70)7"2/2] (3F* — 63 — 30J,: 3% + 257, + 35/ )
Jf? = [(7)~"?%/4) (4sz‘ —3J,, _ny‘z)

Jg?_ = [(14)h|/2](']gzz —Jyzg +Jy4 _Jx4)

I =W, - )

T =120+ =T )

2J'? and (J, )* in Table VI of KSZ were incorrectly listed. The correct
values are: J P, = FJ, (U, £+ 1)/2 and (J ) =Tu+ = V0
+ i(Jyx3 — ny. ). AlsoJ ¢} and J {* are incorrect in Table I of CMH. The
correct values are: I =[Vap —Jpa+ T~ J0)
T W2~ T, — T )2V and
J(()“ = [(2J24 —szzz ——Jy’zl) + (1/4)(3";“ + 3Jy4
+J2,) ] [2(70)7'/?]. To generate the J ¥ we employed Table I of

CMH (with the aforementioned corrections) except for the tensors with
g = 0 for which we employed Table VI of KSZ. The CMH formulas were
used because they are in a form which can be directly converted into the
real-tensor operators while the KSZ formulas were employed for ¢ =0
since they express these spherical tensors as functions of J, alone.

jor axis of the wave plate may lie anywhere in laboratory the
x—z plane. For case III, the z, is defined as being parallel to
the major axis of the wave plate, Bis the angle between B and
2,4, and A is defined as the angle between z and z, [see Fig.
2(c)]. For case III,

5‘(1,‘) (kgsks;Qiap)

=Eds'.q( —4) z (- 1ka—*—9 ok 4 1)1/2
g m

x(kd ,k" k ,)Eﬁ"E:."_m.
m ¢g—m —gq

The E} used in Eq. (13) are specific to case III geometry
and are given in Table III. Equation (13) is especially con-
venient when the major axis of the wave plate lies along z

(13)

6713

TABLE VI. Expressions for the moments of the ground state distribution
which can be extracted from a two-photon transition using linearly polar-
ized excitation. The moments employ the GZ normalization and the Her-
tel-Stoll normalization (Ref. 15). In the classical limit:
AN =c(k)v(k)(|YY (8,4)]), where c(k) and v(k) are given in Table
1V and Y4 (6,4) are the spherical harmonics describing the angular mo-
mentum vector in the Hertel-Stoll normalization [see Egs. (54)-(56),
(A10), (Al11)].®

AP =1

AN = ((J),/319))
A(()ll = ((Ji|Jz/J|',i))
A1 =319

AP = )|/ EHD)
AP =)L/ IH)
AZ = (B3 =P/ IDH))
AR =YL/ IDH))
AP = )T =) /D))

AP = [(10)'2/41{(J| (e — )/ (I

AP = [(5/3)272{(| (T )/ (THT))

AP = [/ /418, — 3T, — T2, )/ (FD)T))
AP = (/D) (5] =332 + 1)/(I)|T))

ALY = [/ /A(J (A e — 3T — T )/ (I
AL =[5/ 2 e — T2) /(I T))

AP =[10)"2/4)((J,| (T — T )/ (I

AP =1035)"2BII | Ty — T/ (IHT))

AW =[(70)"2/161((J)|(J e — T,/ (FDL))

AW =[5/ N e — Ty = T )/ (THID)

AWM =[010)"2/16)( (| (4], — 3z — T2, )/ (I |J)))

A = (1/8)((J,| (3J* — 692 — 30J,. 3% + 257, + 357,.)/(IH )
AP =[00) /161, |(# — 3, — T2 )/ (D))

AW = (/| pp = Tpp +Tp =T/ THI))

A =1(70)"2/161 (T, | (J oy — Ly )/ (I 1))

AWM =[05)'"2 B Te + T, =T Y/ (IH))

2In Table VI of KSZ the 4 f,“i’ and 4 ¥ are correct for g = O and g = &; the
other formulas are only correct in the high J limit because the conversion
formula to the Hertel-Stoll normalization was incorrectly applied. The list
of A} given here supersedes the one given in KSZ and the corrections to
the list of A can be generated as follows:
AP =(—1)92—8,,)""24 8.

because this makes the reduced rotation matrix
% qa(A=0)inEq. (13) equal to 8, ,.

This concludes the presentation of the equations needed

to determine the two-photon absorption probability for el-

liptically polarized light. Now we proceed to illustrate the

application of these formulas to a specific system.

lil. AN EXAMPLE

In this section we calculate the moments of the line
strength for a specific case, the N, a 'II,-X 'S} transition
excited by elliptically polarized light which has been pre-
pared with quarter and half-wave plates. Equations and opti-
mal geometries are described for determining the octupole
orientation moments A4 {qi’i} , even when these are much
smaller than the dipole orientation moments A g‘g . We also
list all the moments that can be measured using each of our
three special geometries. Though it may seem repetitious to
give explicit equations for all.three geometries, it is impor-
tant for the experimentalist to know the relative magnitudes
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TABLE VILI. The sensitivity of case I, II, and IIT geometries to the 4 1} .

Kummel, Sitz, and Zare: Orientation of the ground state

4% Case I Case I1 Case I1I
4 v v v
4 v
A3} v

4 v

4P 0,90

AP 0,90,180

A3 v 54,7,125.3 547.125.3
A7 0,90,180
43 45,135 0,180 0.180
A §3_} Vv
4 0,90 0,90,180 0.90,180
A fg_) V4
A%} v

AP

A8 45,135

A

44 0,45,90,135,180

4 0,90,180

4 0,90

4 0,49.1,90,130.9,180

A5 v 30670.1 306701
A% 0,49.1,90,130.9,180
44 45,135 0,67.8,112.2,180 0,67.8,112.2,180
4% 0,90,180
4@ 22.5,67.5,112.5,157.5 0,180 0.180

*If a geometry is sensitive to a particular moment, it is indicated by either a check or an angle. The angles (in
degrees) indicate the magic angles of A for the indicated geometry and moment. The underlined magic angles

are only valid for linearly polarized light, 5= 0.

of the line strengths in the three geometries. This informa-
tion will help determine the optimal geometry to employ
when measuring a particular set of polarization moments.
Magic angles normally refer to particular sets of Euler
angles which force one or more of the moments of the line
strength P{¥ to vanish. First, in each of our geometries,
regardless of the value of A, two of the Euler angles are fixed.
This alone causes many of the P} to vanish. The 4 {*}
corresponding to the nonvanishing P are listed in Table
VII. Second, for each of our three cases there are several
values of A which force additional P,{,"t} to vanish; these an-
gles are listed inTable VII. Third, there are at least three
values of S which cause some of the P ,{,’;) to vanish; when the
light is linearly polarized (8 = Oor + 7/2), all the orienta-
tion line strengths, Pf,’_jc} with £k = 1 or 3, vanish. Hence, if
one wishes to determine the alignment in a system possessing

both alignment and orientation, one first employs linearly
polarized light (8 = 0), and records I vs A to determine the
alignment. Then, one uses elliptically polarized light to de-
termine the orientation moments.

A. Calculated line strengths for case | geometry

In Fig. 3, we have plotted Pg’;} vs J,, the rotational
quantum number, for 8 = 7/8 and A = 22.5°. We have only
plotted the curves for ¢ = 0 because the shapes of the curves
are identical for all Pf,"i} having the same k. Replotting at a
different set of angles (/3,A) would not change the shapes of
any of the curves but would multiply all the values by a
constant. Since the shapes are invariant with respect to all
the Euler angles, the curves for Pfl’;} vs J; for case I, case I1,

and case III geometries are identical, except for a scaling
constant.

TABLE VIII. Expressions for the rescaling factors b *(J;). These expressions employ the GZ normalization.

bO(J) = (2, + 1712

b=, + 1)1

b2(J) = {V,(J; + N/[ (2], +3) (2T, + D, — D]

b3(J) =21,(J; + V)/[(J; — D2, — D2, + 1), + 3)(J, + 2)]'?

[ +2)U, + DI (7, — DT, + 52, + 32, + D2, — D2, = 3]
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TABLE IX. The apparent moments as a function of the reduced moments of the ground state distribution.

Case I geometry

AL (app) = A& — J578R(2,0,0,0,0,7)4 2 + 9/8R(4,0,0,0,4,J,)4 5%

ALY (app) =4 P —374R(4,2,2,2,,,7)4 ("

AP (app) =A4® —37AR(42 22— J,J)AH

A5 (app) =4 (Y

A (app) =4,

where

[P (T A Ap8)/ Y ¥ (172, — A)]
[PEITaAL L ALDY/ Y S (12, - A)]

R(kg+.k'.¢' +.J00p) =

Case II geometry

AL (app) =4 +2[ — 576R(2,2,0,0,J,,7)4 % + JT/10R(4,40,0,J,,7,)4 {*}

— J1/10R(4,2,0,0,J,,J,)4 5%}

A8 (app) = A +2[V176R(2,2,2,0J,0)4 5 —\2/TR(4,4,2,0J,,J)4

—JI/2R(4,4,2,0,J,.J)A
AP (app) =A4{? —J6/TR(4,3 ~ 2,1 — J, 4"

A8 (app) =48 +\2[JVI/T0R(4,4,4,0J,0)4 % +2/5R(4,2,40J,1)4"

A™ (app) =4 +JT/TR(4,3 — 8,1 — J,J )4
where
[P (J, AT ALL) /Y (Am/2)]

R(ky ,k'9 ’ anJ ) = E ’
9T ) = T PUT (AT AR Y (A7) ]

Case III geometry

A (app) =48 +Z[V576R(2,2,00J,7)45 + V1/10R(4,4,0,0,,,7,)4 5%

+ J1710R(4,2,0,0,7,,J,)4 {*

A (app) =48 +2[ —JI/6R(2,2,2,0J,.7)4) —27TR(4,4,2,0J,7)4

+172R(4,2,2,0,J,,0,)4 1
A (app) =4 +J67TR(4,3,2,1,0,,7,)4

A5 (app) = 4% +2[V1/T0R(4,4,4,0,J,J)4 " —\2/5R(4,2,4,0,J,,J,)4

A (app) =4 —JI/TR(434,1J,7)4 %"
where
[PY2 (JuAud, A B) /Y (A0)]

Rk + kg + JJp) = ——2 ,
PRI ILALT LA LB/ Y E(A,0)]

*Table VIII of KSZ is in error because the equations do not contain the R(k,g,k ".q'J;nJ;) terms.

Because the laser is propagating along the — z axis, the
measurement is sensitive only to orientation along the z axis
and alignment with respect to the x or y axes. Consequently,
case I geometry is insensitive to the expectation values of
(J,)"or (J,)" where n is an odd number, and it follows that
this geometry is insensitive to all alignment moments with
odd components (see Table VII).

In Fig. 4, we have plotted P g'z vs 3, the ellipticity angle,
at A =225 for J, =20; this plot shows how the line
strengths vary as the light is changed from right circular
polarization to linear polarization to left circular polariza-
tion (see Sec. VI for definition of right vs left circularly po-
larized light). In Fig. 4, for a given k and gonly P %} or P{¥
is depicted because P =c(q) P!} where c(q)

= —sin(qA)/cos(qA). For even ranks, the values of P f,"i}
are symmetric about S = 0°, and the values for the O and §

branches and for the P and R branches are similar. For the
odd ranks, the values of Pg’;} are asymmetric about S =0°
and identically equal to zero at 8 = 0°. Also the values are of
similar magnitude but of opposite sign for the O and S
branches as well as for the P and R branches.

Figure 5 is a plot of Pg"i} vs A for J; = 20 probed by
elliptically polarized light, B = 22.5°. This figure depicts
how the line strengths vary as the quarter-wave and the half-
wave plates are simultaneously rotated. By changing A, we
change the angle the major axis of the polarization ellipsoid
makes with the x axis; hence, we vary the line strenths of the
polarization moments which measure a projection of J onto
the plane of polarization of our light, the x—y plane. By the
same reasoning, we expect that the sensitivity to the expecta-
tion values of (J,)" to be independent of A. Hence, the line
strengths for ¢ = 0 are invariant with respect to A because
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the corresponding A4 §! only depend on the expectation val-
ues of (J,)"; these line strengths are not plotted in Fig. 5, but
rather they are given in the figure caption. For ¢ = 2 or 4, the
P are symmetric about A = 90° and the P are asym-
metric about A =90° and identically equal to zero at
A = 90°. The shapes of the curves depend only on the com-
ponentof P or P ff’? and not on the rank; the shapes of the
curves of P;’l and P1*} are identical as are the shapes for
P and PI¥ .

B. Exploiting the magic angles for case |

If we have a system which has no alignment moments
greater than quadrupole, (for example a J = 3/2 system),
we can measure two unreduced moments, ai?} and a{? ,
using linearly polarized light, three magic angles, and just

one rotational branch:

a¥ =[I(A=0)—-R]/PH (A=0), (14)

ai? = [I(A=45) —R]/P (A=45), (15)
where

R =[I(A =0°) + I(A =90°)]/2. (16)

In order to independently determine the remaining mo-
mentsa® and af?} , we need only compare the intensities of
two rotational branches at one magic angle, A = (°; prefera-
bly the rotational branches will be a pair with very different

P, for example O and R but not O and S:

I'(J;) =IUp) — P (J)a8, (17
I'(Up) =1(Jp) — P (Jp)al, (18)
al =[I'Upy) —r'(I;)]/
[P () — P2 () ], (19),
1(Jp, B1)
(i)
\I(Jf,,,,ﬁ,,, )/

/ P& (U, B0 PEY (UpLB) P (U, B PELWUn.BY PS4, B)
PP (U By P UnuB) PEL (B P8 (U, By) P8 Uy, B)

\P({)O-Q}— (me’ﬂm) P(§1-§}- (me’ Bm) Pé:)z-f}v (me’ﬂm) P({)3-0}» (']fm’ ﬂm) P({)4—+): (me’ ﬂm))

Kummel, Sitz, and Zare: Orientation of the ground state

ol = [I'Up) —ai PI7 (1)) 1/P8 (J,,), (20)
where

r=P8 (J;)/P¥ () 21
and the subscripts /1" and “f2” on the J;, are used to differ-
entiate between the different rotational branches. In the
above equations '(J, ) are the intensities after the contri-
butions from the af} moment have been removed. In Egs.
(17)—(21) all the line strengths are evaluated for # = 0°and
A = 0 and for a single J;.

If we are examining a system with case I geometry
which has no orientation moments greater than dipole, then
we are only able to detect one orientation, aj'} . To deter-
mine this orientation we only need to compare the absorp-
tion of left and right circularly polarized light for one rota-
tional branch:

ot =[I(B= +45) —I(B= — 4]/
[2P{} (B= +459]. (22)

If a system possesses both dipole and quadrupole mo-
ments but no octupole nor hexadecapole moments, one can
still utilize Eqgs. (14-22). However, if the system has higher
order moments of polarization, a linear least-squares tech-
nique must be used.

C. Detection of alignment and orientation for a system
with cylindrical symmetry and case | geometry

For a system with cylindrical symmetry about the z axis,
only the moments with components equal to zero, 4 ff’i ,
A8, 48,48 and 4§, can be nonzero. For detecting
these moments, we must analyze data from an experiment
which records 7 vs £ since the moments are insensitive to a
change in A:

0,
\ af%

1}
a'

2
ag

{3
agy

{4}
Ao +

{23a)

In Eq. (23a) the arguments of the intensity and line strength include a J;, to indicate the rotational branch being probed,
and “n,,,,” equals “m.” It is important to use at least two rotational branches in order to distinguish between 4 §!} and 4 §} :
the shapes of the plots of P§"! vs Band P £ vs B are very similar for each rotational branch, but the relative magnitudes of
these line strengths vary with rotational branch (see Fig. 4). Equation (23a) is very convenient because it allows us to
determine the reduced moments of the alignment and orientation directly since Eq. (23a) determines the zeroth moment

{0}
ayy .
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to}
Poe /‘}‘(2&1)

FIG. 3. The moments of the line strength factors P§* for case I geometry
vs the ground state rotational quantum number for the five rotational
branches at 8= 7/8 and A =22.5 in the N, a 'll,-X 'Z;" two-photon
transition. The P{% have been normalized with respect to the total nuclear
hyperfine degeneracy of each J,, and the higher order moments have been
normalized with respect to the zeroth moment. Note that the labeling of a
similar figure in our previous paper, Fig. 5 of KSZ, was misleading; the
correct labels are presented here.

Equation (23a) can be written in compact symbolic ma-
trix notation:

1, B,) =P¥ (7, 8,3, (23b)

where
n=0-n,,, (23c)
(k) = (0,0 +),(1,0 +),(2,0 +),(3,0 + ),(4,0 + ).
(23d)

Here a vector is indicated by an arrow, and the rectangular
array is denoted by a bold letter with a tilde. The horizontal
variables in the array are the ranks and components of the
moments of the line strength while the vertical variables are
the polarization angles and rotational branches. When de-
scribing an experiment to determine specific moments, we
will employ this matrix notation.

D. Calculated line strengths for case Il and IlI
geometries

The shapes of the plots of Pt} vs J, for cases IT and II,
for #=22.5 and A = 22.5° are 1dentlca1 to those for case I
geometry (see Fig. 3), except for a scaling constant, so they
have not been reproduced here. Similar to case I, the shapes
of the curves are insensitive to both S and A and for a given &
all the curves for P “‘} vs J, have the same shape. The other
figures of the calculated moments for case II geometry have
been combined with those for case II1 geometry since they
are identical except for a phase factor and the signs of the
components.

For case II geometry, the laser is propagating along the

- x axis; hence, we are only able to detect orientation along
the x axis and alignment with respect to either y or z axes.
Because of this restriction on detection of orientation, the
line strengths for moments withk = 1,3andg=0+,1 —,
2 4, 0r 3 — are zero. In addition, because of the previously
mentioned restriction on alignment detection, the line
strengths for moments with k=24 and g=1+, 2 —,
3 4, o0r4 — are also zero.

For case III geometry, the laser light is traveling along
the y axis, and, consequently, we are only sensitive to orien-
tation along the y axis and to alignment with respect to the x
and z axes. This restriction on orientation sets all the mo-
ments of the line strengths to zero for k = 1 or 3 with ¢3:0.
The aforementioned restrictions on the alignment set all the
line strengths to zero for k = 2 or 4 and ¢ <O.

In Fig. 6, we have plotted P ; &} vs B, the ellipticity angle,
at A = 22.5° for J, = 20 for case II and III geometries. For
even ranks, the values of P{*} are symmetric about 8 = 0°,
and for odd ranks, the values of P “‘} are asymmetric about
B = 0° and identically equal to zero at B = 0°. For case II
and III geometries, there are several magic angles of £: at
B= +45 P{? (casesIland III), P{¥ (cases Il and III),
P™ (case II), P (case III), P{“} (case II), and P{*
(case III) are zero. Forboth cases I and II1if 8 = O, linear-
ly polarized light, not only are all the orientation moments
zero, but if A is also zero, all the alignment moments with
nonzero components are zero. At 8 = 90°, all the orientation
moments are zero, and if A is also zero, all the alignment
moments with odd components are zero.

Figure 7 is a plot of P{"} vs A for J, = 20 being probed
by elliptically polarized hght, B = 22.5°, with the propaga-
tion vector of the light defined by either case II or III geome-
try. For case II geometry, the light is propagating along the

— x axis, and the sensitivity to the expectation values of
(/,)"isindependent of A (see Table VII). Consequently, for
case II geometry the P and P§‘+} line strengths are inde-
pendent of A; all other moments are functions of the expecta-
tion values of (J,)" or (J,)”, and, hence, their line strengths
are dependent on A [see Eq. (8)]. Similarly, for case III
geometry, since the probe light is propagating along the y
axis, the sensitivity to the expectation values of (J, )" is inde-
pendent of A. Hence, for case III geometry only P{ o4 and
P are independent of A. All the other P{¥} have unique
curves because A appears in the argument of the reduced
rotation matrix in Eq. (9),d% _( — A).
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E. Exploiting the magic angles for case Il geometry

If we have a system which has no polarization param-
eters greater than quadrupole, we can use the magic angles to
measure A2 410 4 4} and 43 . First using
linearly polarized light (8 = 0°) at A = 0°, we compare the
intensities from a single J; measured for two different rota-
tional branches:

al® = [I(A=0J5) —rI(A=0°Jp) ]/

[PP(A=07,) — P (A=0°7,,)], (24)

AP =[Ha=0J,) —al? PI (A=0°7,,))/

[PE (A=0Jp)a ], (23)
where

r=P% (A=0J,)/P (A=0J,). (26)

To determine the remaining moments, we need only mea-
sure the intensity of one rotational branch with linearly po-
larized light (8 = 0°) at two magic angles:

I'(A=90") = I(A=90") — [al®} P{” (A =90"]
— [a8 P8 (A=907], (27
I'(A =54.74) = I(A = 54.74°)
— [aL PP (A =54.74) ]
— [af3 P (A =5474)], (28)

AP =1'(A=90)/[PE (A=907a0 ], (29)

AP = I'(A=5474)/[ P (A =54.74)a}")
(30)

InEgs. (27)~(30), 7' (A) isthe absorption intensity with the
contributions from the a{” and af? or a{¥ moments sub-
tracted out. To determine the orientation, at A = 0°, we re-
cord the intensity of a single rotational line with left and
right circularly polarized light:

A = [I(B= +45) —I(B= —45)1/
[2P{2 o) ]. G

This method measures all five moments with <2 which
can be detected with case IT geometry. However, even if we
make multiple measurements at the specified magic angles,
we can only calculate standard deviations of the measured
polarizations, not their y* values; this is a result of fitting n
polarization moments to n unique measurements (in gen-
eral, n = number of rotational branches probed times the
number of angles probed). The value of y? indicates if the
data is accurately modeled by the theory while the standard
deviations only quantify the scatter in the data. Unfortunate-
ly, if y* is not determined, one cannot test whether the two-
photon absorption process conforms to the assumptions in
this paper or any additional assumptions made by the experi-
mentalist. In order to determine the y?, one must fit an over-
determined data set to the theory using, for example, the

least-squares techniques described in Secs. III, I-L. The de-
termination of y* can greatly increase the credibility of the
measured polarization moments.

F. Detection of alignment and orientation for a system
with cylindrical symmetry and case Il geometry

If the ground state angular momentum distribution is
symmetric about the z axis, there are only three moments
which can be detected with case II geometry: 4%, 4§
and A4 f,“i . These moments are readily measured; for exam-
ple, one can use two rotational branches and two magic an-
gles:

af®t = [I(A =30.55J,,) — rl(A=30.55J,,)]/
[P§} (A=3055J,)— P& (A=30557,)],

(32)
A48 =[1(A=30557,)
—ai% PS (A =3055,,)]/
[P8 (A =3055"7,,)a52 ], (33)
A% = [I(A=54.74,,)
—al’l P (A=5474J,,)]/
[P§) (A =54747,,)a ], (34)
where
r=P& (A=30.55J,)/P (A=3055J,).
(35)

Though a system with cylindrical symmetry about the z
axis can have two orientation moments, P§'} and P§?,
these cannot be measured with case II geometry. The advan-
tage in using case II geometry to measure the alignment pa-
rameters is that for this geometry the P} vary with A and
have magic angles while with case I geometry the P are
independent of A. The advantage of using case I geometry is
that when studying a system with cylindrical symmetry, this
geometry is sensitive to the orientation as well as the align-
ment.

G. Exploiting the magic angles for case Il geometry

The magic angles in A for the Pf;’:‘g are identical to those
for case II except that the signs have been switched on the
components of three line strengths: P{Z (case IT), P{¥
(case II), P{* (caseII), P{¥ (caseIll), P (caseIl),
and P{* (case III) have magic angles at A = 0°, 90°, and
180°. Consequently, the formulas for case II to determine the
polarization parameters for a system with no moments
greater than quadrupole [see Egs. (34-41)] are applicable
for case III if we substitute P{2} for P{* , 4% for 4%,
P for P1 Jand 419 for4 (1.
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H. Detection of alignment and orientation for a system
with cylindrical symmetry and case Il geometry

Since the magic angles for moments with ¢ = 0 are iden-
tical for case II and case III geometries, the case II equations
which determine the alignment moments for a system pos-
sessing cylindrical symmetry about the z axis [see Egs.
(42)—(45)] are equally valid for case III geometry.

l. Determination of the alignment for case |, II, and IlI
geometries

If there are no restrictions on the polarization of the
ground state, a detailed measurement for at least three rota-
tional branches of 7 vs A with linearly polarized light 8 = 0°
must be performed. Three rotational branches are required
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because the Pg’;} do not vary independently with A. For
example, with case I geometry P , P{? and P{* areall
independent of A. Experimentally, variation of A is equiva-
lent to rotating the half-wave plate in the absence of the
quarter-wave plate. From this data, the alignment moments

can be determined using matrix inversion:

1(J,.8,) =P (J,,4,)34, (36a)
where
n=0-n,,, (36b)

(kyq) = (0’0 + )9 (292 - ), (2’0 + )1 (2’2 + )’
(494— )r (4;2_ )’ (4,0+ )a (4,2+ ),
(44+4+)

(case 1), (36¢c)
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In Egs. (36), the subscripts on the angular momentum
quantum numbers, J;,, and on the angles, A,, indicate the
measurement number. This does not imply that #,,,,, distinct
angles need to be measured nor that the intensities from n,,,,
distinct rotational branches need to be recorded. Rather, in
general, n,,. /3 angles would be employed, and at each angle
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the intensities from three rotational branches would be re-
corded. We need three independent measurements to differ-
entiate the real polarization moments from the apparent mo-
ments (see Table IX).

At first glance, it may appear impossible to extract
meaningful values of the alignment parameters using Egs.
(36) because nine parameters are required to fit the data.
Two factors may ameliorate this problem. First, if we have
some knowledge about how the polarization on the ground
state was created, we may be able to assume that several of
the alignment and orientation parameters are approximately
zero. Second, several of the a{} (including the £ for all
three geometries) have line strengths which are independent
of A, and hence they may be easy to extract from the data.
This is very important because in order to calculate the re-
duced moments, 4 {} (J,), we must determine a{% (J,).
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6722 Kummel, Sitz, and Zare: Orientation of the ground state

J. Determination of the apparent alignment polarization
moments

Equations (36) require data from three rotational
branches for a given J;; often this may be difficult to obtain.
If data are only available from one rotational branch, we
cannot determine for a single excitation—detection geometry
all the alignment moments, but we can determine the appar-
ent moments which are linear combinations of the alignment
moments:

A7, 7)) (app)
= c(k'.q' k)
e

XR(k'\q' kg, J;, J)AE2 (T Tp), (37a)
A¥ (T, ) (app)/A ) (J,, ;) (app)
=a¥ (J,, J;) (app)/a® (J;, J;) (app), (37b)

a$® (7, J;) (app) = A4 8% (J,, J;) (app)n(J;) C(det),

(37¢)
1A, Jp) =PX (A, T3 (app), (38a)
where

n= O—»nma,, (38b)
(kﬂ) = (O’0+ )9 (2y2 - )’ (2y2 + )’

(4’4 - )y (4’4 + ) (Case I), (38C)
(k;Q) = (090+ )9 (2:1 - ), (2,0+ )’

(41—), (40+) (case II), (38d)
(kg) =(00+), (20+), (2,1 +),

(40+), (414+) (case III). (38e)

plane, we cause the ngt} to lose their strict independence.
The expansion coefficients in Eq. (37a) are specific to each
geometry and to 8 = 0°. The c(k’,q',k;q) are the projections
of the parts of the P which depend on A onto the parts of
the Pé"i} which depend on A. The R(k,q,k 'q’, J;, J;) are the
projections of the parts of the P {*;» which are independent of

9+
A onto the parts of the P which are independent of A.

These coefficients are deri\"I:d in the Appendix and are pre-
sented in Table IX. Note, as explained in the Appendix, the
A fl"i} (app) are specific to each rotational branch.

It is very important to be aware that even though 4 ({,"i
=1, A% (app) is not necessarily unity. Since all the ex-
perimentally determined apparent moments have been nor-
malized by 4 £ (app), when comparing theoretically de-
termined apparent moments (for example, from trajectory
calculations) with experimentally determined apparent mo-
ments, the theoretically calculated moments should be di-
vided by 4 ({,"i (app). This is also true for the population,
n(J;)-C(det); in general, for a given excitation—detection
geometry, the experimentalist cannot exactly determine the
rotational populations, only 4 f,"l (app) n(J;) C(det).

K. Determination of the orientation for case |, li, and il
geometries

To determine the orientation, we change the degree of
ellipticity, 3, while keeping the angle A between x, and the
major axis of the polarization ellipsoid fixed. Experimental-
ly, the half-wave plate is rotated while the position of the
quarter-wave plate is kept constant. The recorded intensities
are fitted to all the line strengths:

menzq(l:: ::ll?en sgr(;::c; :;(:e(:rSe) :zfrﬁl;(;;zlj:n??lt‘;: eAI?’;z I(Up, Ba) = 13§"§ (Jpn» Bs )af;k:} (Ji» Jr)(app),  (39a)
and P f;ki} are independent over all of space, but by varying A, where

we are only probing a single plane of space. By restricting the n=0- Ny, (39b)
polarization vector of our linearly polarized light to a single For case I:

(kg) =(0,0+), (1,0+), (20+), (3,2—), (3,0+), (3,2+), (40+);

a¥® (app) =f[al%, af?, oY}, ai?, af¥, o}, &{Y |;

af’} (app) =f[af), a2, o}, af?, af¥, o, &f¥) |;

a$¥ (app) =f[af}, a2, o}, o, af¥, &}, o )

ai? (app) =a{"}; ai¥ (app) =af® ; af’} (app) =af*}; i’} (app) =af’}. (39¢)
For case II:

(kg) =(0,0+), (L1+), (2,0+), 3,1+4), (3,2-), (33+), (4,0+);

ai® (app) =f[ai%, a®, a2, al¥, o, &¥, af¥ |

a$? (app) =f[af}, o, o}, oY, afY, af¥, o] |;

af'? (app) =f[af¥}, a2, a2}, {2, of¥, af?, o 1;

a{} (app) =ai"}; af’} (app) =4l ; af* (app) =af? ; af? (app) =af?. (39d)
For case I1I:

(k@) =(0,0+), (L,L1—), (20+), 3,1 =), (32—), 3,3—), (40+);

al®} (app) =f[al, a{%, o}, o'}, af¥, o, af¥ |;

af} (app) =f[af}, o, i}, o, ofY, &Y, o) ]

a§®} (app) =f[al}, o}, a2}, o}, i}, afY, of*} 1;

a'V (app) = af?; af® (app) = a!*; af? (app) = af¥ ; o (app) =af?. (39¢)
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Kummel, Sitz, and Zare: Orientation of the ground state 6723

Note that for an orientation measurement we directly deter-
mine all the orientation moments, but we only measure ap-
parent alignment moments. The definitions of the apparent
moments for an orientation measurement are different than
those for an alignment measurement; consequently, we can-
not use Table IX for orientation measurements; instead we
must use Eq. (A23) to numerically calculate the expansion
coefficient for the definitions of the apparent moments. In
general it is advantageous to do orientation measurements at
A = 0° since the line strengths of many of the moments are
zero at this angle; this greatly simplifies the definitions of the
apparent moments (see Figs. 5 and 7).

If we were to measure intensity versus ellipticity (7 vs
B) for several values of “delta” (this rotates the direction of
the major axis of elliptical polarization), then we could de-
termine the real moments instead of the apparent moments.
In general, it is not necessary to record I vs 3 at several A
since when performing orientation measurements we just
want to determine the orientation moments, and they are
only affected by the apparent moments through their norma-
lization with respect to ai®} (app); see Eq. (37b).

Directly fitting data taken with elliptically polarized
light to the alignment and orientation parameters allows the
simultaneous determination of the a{"} and @l and hence
the determination of the unreduced moments Unfortunate-
ly, the variation of the P, Pfﬁ_r} , and Pﬁ‘g with B are
similar; hence, it is difficult to determine the alignment mo-
ments or the populations using this method. To determine
the alignment moments and the population, a measurement
of I'vs A at 8 = 0° should be performed.

It is most convenient to record the intensity at pairs of
angles, + B and - B, subtracting the two intensities gives
us “delta intensity” AI(B) ={I(+B)—I(—pB)1/2,
which is independent of the alignment since all the align-
ment moments have line strengths which are identical at

+ 8

AI(J,, B,) =PX (U, B8, (40a)
where

n=0-n_.. (40b)
(kg) = (1,04+), (3,2-), (3,0+),

(3,24+) (case I), (40¢c)
(kg) = (L,1+), 3,2-), (3,1 +),

(3,34 ) (case II), (40d)
(kyg) = (1,1 =), (3,3-), (3,2-),

(3,1 —) (caselll). (40e)

L. Determination of the octupole orientation
polarization moments

If only one rotational branch is being probed, it may be
difficult to differentiate between the contributions from the
different orientation moments. When there is a small
amount of orientation, it would be particularly difficult to
measure the octupole moments using Egs. (40) since the
contributions from the octupole moments may be masked by
the contribution from the dipole moment. There is a better

way to detect at least two of the octupole moments: for a
fixed ellipticity £, record A of a single rotational line as a
function of A, and calculate §I(A) and SP(A):

OI(A,) =[I(+BA,) —I(~B4,)]/2
—[I(+B8A4=0)-I(—-BA=0]/2,
(41)
P (A =PH (+84,)—PR(+BA=0),
(42)
81(J,,, B,) = 6P¥ (J,,, B8, (43a)
where
n=0-n,,, (43b)
(kg)=(32-), (3,2+) (caseI), (43c)
(kg)=(32-), (3,1 4+), (3,3+) (case II),
(43d)
(kﬂ) = (3)3 - )) (3’2 - )9 (3,1 - ) (case III).
(43e)

Using these Egs. (41)-(43) two or three octupole mo-
ments can be determined [a“} (case I), a{” (caseI)],
[aD] (caseIl), @ (caseIl), af* (case II) ], and
[a{® (caseIII), af* (caseIII), ai® (caseIlI) ]. After
these moments have been determined, we can fit the data of 7
vs [ using just one or two parameters to determine the re-
maining orientation moments [a(‘} (case I),
a®} (case )], [al'} (case II)], and [a“} (case II) |:

81'(J,, B,) = P¥X(J,, B, B2, (44a)
where
oI'(B) = [AI(+B) — ~-B12
; a8 P (+p), (44b)
g
n=0-n,,, (44¢c)
(k'g)=(1,0+), (3,0+) (casel), (44d)
(k',g)=(1,14) (casell), (44e)
(k',g') =(1,0—) (caselll), (44f)

and k and g are defined in Egs. (40c)—(40e). Equations (43)
and (44a) will determine the orientation moments more ac-
curately than Eqgs. (40) since the former employ fewer fit-
ting parameters. All these equations determine only the un-
reduced moments of the orientation; in order to determine
the reduced moments, the population must be calculated us-
ing Eq. (19). Even when the population has not been deter-
mined, Eqgs. (43) and (44) yield accurate ratios of the re-
duced moments since

{ v
AV /4D = ol /alk ), (45)

IV. POLAR PLOTS OF THE PURE MOMENTS OF A
DISTRIBUTION

We want to derive equations which will depict the
shapes of the alignments and orientation moments in the
high J; limit. This was already done in KSZ for the moments
which can be detected with linearly polarized light and case
I1I geometry. Unfortunately, the nomenclature used for this
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6724 Kummel, Sitz, and Zare: Orientation of the ground state

calculation in KSZ cannot be readily extended to include all
the orientation and alignment moments so we will rederive
the equation for the three-dimensional probability distribu-
tion, P(J, M, ,M,,M, ). We will define the real moments
A {k} as
g+
ALD) = cOO(MAN T IMA)/
[(LM A FPMA )2 (46)

The normalization constant, c(k), has been assigned by
GZfor k = 0,2, and 4, but we are free to choose the values for
k = 1,3. We will choose the values of ¢{ k) for k = 1,3sothat
the 49 equals the corresponding Legendre polynomial
P [cos(J,/d)] in the high J limit. This formula will also
work for the established values of ¢(k = 0) and ¢(k = 4),
but will give a normalization constant for & = 2 which is
only one-half the established value:

c(k #2) = {P,(cos ) [ (M, A |F|T.MA) 7%/
(LMAN NI MANY, ., (47)
where

cos 0={M,/[JJ+ 1]V}, .. (48)

The values of ¢(k) are listed in Table IV. In Eq. (46),
the magnetic quantum numbers “M > refer to all the magnet-

J

ic quantum numbers, M, , M,, M, which are the expectation
values of the operators J,, J,, and J,. This does not imply
that we can measure these quantities simultaneously, but
rather that for an ensemble of molecules we can indepen-
dently measure the expectation values of each magnetic
guantum number (or the expectation values of multiples of
the magnetic quantum numbers). For example, we could
measure the spectrum of an ensemble first with a Stark field
along the x axis, then with a Stark field along the p axis, and
finally with a Stark field along the z axis. We denote the
measured populations in these three experiments as
P(J,M,), P(JM,), and P(J,M,). These are the probabili-
ties of a molecule in rotational state J being foundin M, M,
or M,. We define P(J.M) =P(UM M,.M,)=P(JIM,)
P(JM,) P(JM,). [Note in KSZ1 we refered to
P(UM, M,.M,) as P(JJ,,J,J,); this is a misnomer since
the J,, J,, and J, are operators not expectation values.] A
quantum mechanical or classical theoretical calculation can
also predict these independent expectation values. To com-
pare experimental results with theory, the polarization mo-
ments of a theoretical calculation can be computed with Eq.
(46).

To calculate the three-dimensional probability distribu-
tion in terms of the real tensor operators, we first express
A k(J) in terms of P(J,M,,M,,M, ) using the complex ten-
SOr operators:

A5 =
2y m p, PULM M, M)

(k) (JM | P|IM) = 20y ag pa, P(LM MM, ) (IM T P|IM)

(49a)

We solve Eq. (49a) for P(J,M,,M,, M) by multiplying both sides by =, , (2k + 1) (JM'[J P |JM ")/ (J | |J *| |J)? and
noting that the sum of P(J,M, ,M,, M) over all M, , M, M, is the population n(J) of level J:

n(J) ;A{;(zk+ D) (M |BIMY 2 (IM )T PUMY /et (T| [T P 1D)?]
4

= 2

MMM,

Application of the Wigner—Eckart theorem [see Eq. (5.4.1)
of Edmonds'®] to both matrix elements on the right-hand
side of Eq. (49b) and the orthonormality of the resulting
3 — j symbols [see Eq. (3.7.7) of Edmonds'®] gives

P(Ji?Mx’My9Mz )
=n(J) ¥ WA LU IM T PIIM,),  (49)
kg
where
é
§WK) = Qk+ DI+ D]/
[ek)T|T®1 1D,
= (2k + D) [BXWN /[T + 1)]¥72.(50)
In Eq. (49¢), we have omitted the orbital angular mo-
mentum quantum numbers A, for the sake of brevity. Using,

Eq. (A49) of KSZ, we convert the tensors in Eq. (49) to the
Hertel-Stoll normalization:

P(J M M, .M,)

PUMMM,) Y (2k+ D)(J| TR T2UM'|IPIM ) (IM [T PIM).
kg

(49b)

-
=n(J,) ; EVLR[AW (IHUMITE M)
g

— A UDUMNIE M) (51)

The sum over & ranges from O to 2J and ¢ ranges from 0
to k. However, with two-photon excitation, we can only de-
tect k<4 so we can never completely determine the |JM )
distribution for J> 2. However, we can depict the angular
momentum distribution if we ignore all moments that we
cannot measure, or we can depict a distribution of any single
moment.

In the high J limit the expectation values of the angular
momentum spherical tensor operators are proportional to
the spherical harmonics multiplied by normalization con-
stants, ¢(k) and v(k), and the reduced matrix elements of
the angular momentum spherical tensor operators, b(k):

v(k) = {[JE /T + D2/ Y R 6.},

(52)

P(J.M,.M,,M,)
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= n(J) ; 2k + DY [6X) JPe(k)v(k)
+q
X[A% DHYH 64 —aP DY),

(53)

where
cos O=J,/(J2 +J2+JT2)"?, (54)
sinfcosp=J,/(J2 +J2+JT*)? (55)
sin@sing =J,/(J2 +J2 + T2 (56)

The v(k) are tabulated in Table IV. The Y {¥} are the spheri-
cal harmonic functions in the Hertel-Stoll normalization.
They are generated from the standard spherical harmonics
using Eqgs. (A6) and (A7).

The shapes of all the polarization moments in the high J
limit (the spherical harmonics) for k<4 can be found in
Figs. 7 and 8 of KSZ and Fig. 8 of this paper. The moments

S

FIG. 8. Three-dimensional diagrams of the 4 £ (J,) with odd ranks in the
high J, limit. The 4 ¥ (J,) can be generated from the 4 ¥ (J;) by relabel-
ing the axes by rotating the x—y plane by (90°/¢) while keeping the figure of
A §’£ constant. ¥{! is generated from ¥Y{" by interchanging the z and

— x axes. These plotted functions are proportional to the corresponding
real spherical harmonics, ¥4,

depicted in KSZ are the ( — 1)74 é’fﬁ with even ranks while
those in Fig. 8 of this paper are the 4 g’ﬁz with odd ranks. The
shapes of the 4 (¥ can be determined from the shapes of the
A fl’ﬁ by rotating the x—y plane by (90°/q) while keeping the
figure of 4 ;'ﬁ fixed.

To determine if a given orientation can be detected for a
particular laser propagation axis, this axis must be drawn to
intersect the origin of an orientation moment. If the axis hits
Iobes of opposite sign on either side of the origin then that
moment can be detected with elliptically polarized light
propagating along the axis as drawn.

To determine if a given laser geometry can detect an
alignment moment, the laser propagation axis is drawn
through the origin of the alignment moment, and the electric
field vector of the linearly polarized light is drawn perpen-
dicular to this axis. If the net projection of the electric field
vector on all the lobes of the alignment moments is nonzero
when the alignment of this moment can be detected with the
given detection geometry.

One last note: we can combine Egs. (46) and (52) to
arrive at a definition of the A 5’2 in the high J limit:
AR =c(k)v(k){|Y ). This definition could be useful
when calculating the polarization moments for a given dis-
tribution, such as that produced from classical trajectory
calculations.

V. TYPES OF ELLIPTICALLY POLARIZED LIGHT

The calculation of the line strengths has assumed that
the light is monochromatic and coherent and that the ellipti-
cal polarization has been produced with a quarter-wave
plate. The latter requirement is easy to fulfill, and we will
explain why it is imperative to use a quarter-wave plate by
calculating the line strengths for a variable shift wave plate,
for example a one-fifth-wave plate. Most pulsed dye lasers do
not produce a single-mode Fourier transform limited band-
width output, and we will explain how this could only affect
the absolute magnitudes of the radial terms.

A. Variable phase shift wave plates

By “variable phase shift wave plate” we mean a device
which creates a stable phase shift other than 7/4; for exam-
ple a nonquarter-wave plate or Soleil-Babinet compensator.
To include the effect of a variable phase shift wave plate, we
need to calculate the electric field vector cross products, £ ’q‘,
under the assumption that the wave plate induces a relative
phase shift of £ between the components of the electric field
vector of the light lying along the major and minor axes of
the wave plate. This has been done in the Appendix, and the
results are tabulated in Table III.

Figure 9 is a plot of P,S’;} vs B, for J, =20, & = 105.0°,
and A = 22.5°for thea 'TI,-X '3+ excitation of N,. This is
the same case as given in Sec. IV. Figures 7 and 9 can be
directly compared to assess the effect of using a variable
wave plate. Note that a quarter-wave plate corresponds to
& =90°. For £ #90°, all the octupole orientation moments
are no longer asymmetric about 8 = 0. For example, in Fig.
9, P} has a magnitude which is double at 8= + 45° vs
B = — 45°. More importantly, for § #90° the alignments
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FIG. 9. Effects of using a variable phase shift wave plate (nonquarter-wave
plate) upon P g“i) vs the angle of the major axis of ellipticity of the radiation
A for case III geometry. The five rotational branches of J, = 20 are depicted
for B=n/8 and £=Tn/12 (£'= — 15°), inthe N, a 'TI,-X '2} two-
photon transition. The higher order moments have been normalized with
respect to the zeroth moment.

moments are no longer symmetric about 8 = 0°. For exam-
ple, in Fig. 9, P is 50% larger at S = + 45° than at
B= —45.

Since we can calculate the line strengths for any given
phase shift, £, we can analyze data taken with a variable
phase shift device. However, if we are not using a quarter-
waveplate, & #90°, then Al = I( + B) — I( — ) isnolong-
er just a function of the orientation moments. This is very
important experimentally because if a “bad” quarter-wave
plate is used to measure nonzero values of Al, the system
may only possess alignment even though one might conclude
orientation is present.

B. Effects of incoherence

In this calculation we have assumed that “pure ellipti-
cally polarized light” (PEPL) is employed for the multipho-
ton absorption. By PEPL we mean light that has been creat-
ed by passing a laser pulse of Fourier-transform limited
bandwidth, single longitudinal mode light through quarter-
and half-wave plates. This light is special because it is coher-
ent both in the near and far fields.

If a laser pulse contains more than one mode, the modes
can interfere and raise or lower the observed intensity from a
multiphoton absorption. If the bandwidth of the laser is

1

IU.M,) = (4#/3)2[[(7.1.- + 1), 4+ D]V

>

"!’At

(J,_, 1 J, )(J 1
m, —u —mJ\A, A —a,
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greater than the Fourier-transform limit then, in the far
field, the red side of the laser pulse will be out of phase with
the blue side of the laser pulse. This can result in interference
effects which change the observed intensity from a multi-
photon process.

Having laser light which is not PEPL does not matter so
long as the laser pulses do not have stable, repeatable inter-
nal coherences. First, the phase relationships between the
various modes in the laser pulse should be random when
averaged over many laser shots. Second, if each mode is
much wider than the Fourier-transform limit, the multipho-
ton process should occur in the far field where the phase
relationship between the red and blue sides of the bandwidth
is random when averaged over many laser shots.

In sum, in order to use these equations, we must either
employ PEPL or pulsed laser light which then averaged over
many laser shots behaves as PEPL but with a different effi-
ciency for multiphoton absorption.

VI.ABSORPTION PROBABILITIES FOR SPECIFIC |/, M,)
STATES

We can understand why the S'and R rotational branches
have dipole line strengths of opposite sign to the O and P
rotational branches by calculating the absorption probabili-
ties for single |J,M,) states, I(J;,M;). The equation for
I(J;,M;) along with some physical insight allows us to de-
duce the direction of rotation for a molecule whose S branch
transition is enhanced by circularly polarized light.

To calculate I(J,,M;) we sum the transition amplitudes
over all possible J, and A, but with a fixed M,. Since we will
be using circularly or linearly polarized light, M, , M, are also
fixed:

> UpMpA,

JoAoYe

M) = ( el M..A,.7.)

X(J M Ay, |\neld . M,A,)
2

X[E. —hv+i(l"e/2)]_') (57)

pe=ree=41/3)'"2 Y 1Y (Ripace ) (58)

In Eq. (58), the component of the spherical harmonic
indicates the type of light used for excitation: # = O for light
linearly polarized along the zaxis and u = + 1 for circularly
polarized light propagating along the y axis. Using methods
identical to those in Egs. (A20)~(A25) of KSZ and Egs.
(4.2.7) and (4.6.2) of Edmonds'®:

(=DM @I, + DRYTMRY ™™

J, )(Jf 1 J, )(Jf 1 J, )]2
—AJ\M, —u M J\A, A —A, —A,

(59)
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and the total radial parts of the transition R 5;* are defined in
Eqs. (A24b) and (A24¢) of KSZ. The radial terms are not
important since we are only interested in the relative
I(J,,M,) for different M; so we set them equal to unity in
subsequent calculations. Very similar equations have been
derived by Dixit and McKoy,!® but they used a nonconven-
tional phase convention on their rotational wave functions
[see Eq. (2) of Dixit and McKoy'® and Eq. (A21) of KSZ].

Note that Eq. (A24a) of KSZ is missing the sum over
the positions of the electrons. The correct expression is given
in Egs. (10) and (11) of Dixit and McKoy,'® and we refer
the reader to this paper for further discussions on the calcu-
lation of the radial terms. However, this oversight in Egs.
(A24a) of KSZ is of no significance when trying to deter-
mine rotational populations and polarizations.

Figure 10 depicts 7(J;,M;) vs M, for J = 10 for the five
rotational branches, and for u = — 1,0, and + 1. Looking
at the plot for the O branch [see Fig. 10(e)], for linearly
polarized light (u =0), the curve is symmetric about
M; =0 because AM =M, — M, =0, and I(J;,M,) is zero
for | M;| > 7 because these transitions would result in forbid-
den states: M,>J,. For left circularly polarized light
(u= —1),1(J;,,M;) iszerofor M; < — 5and [, occurs at

101 (a) s(10) 4 P(10) /7

P(J,M)
P(J,M)

0 .
-10 -6 -2 2 6 10

(b) _R(10)
3r // N

P(J. M)
P(J.M)

(v=+1)
(v=-1)
--- linearly (v=0)

circular

— right
--- left

P(J,M)

circular

FIG. 10. Excitation probability P(J,M) vs magnetic quantum number M
for right circularly polarized light, linearly polarized light, and left circular-
ly polarized light propagating along the z axis for J, = 10 in the N,
a'll,-X'Z; two-photon transition.

M, =9 because left circularly polarized light causes
AM = — 2. Similarly for right circularly polarized light
(u= +1),because AM = + 2, I(J;,M,) iszerofor M, > 5
and I, islocated at M, = — 9.

For the S branch the exact opposite trends are seen [see
Fig. 10(a)]: for left circularly polarized light (u = — 1),
I... occurs at M; = — 9, and for right circularly polarized
light (v = + 1), I, occurs at M; = 9. Hence, if we ob-
serve an enhancement of the .S branch relative to the O
branch for a sample irradiated by circularly polarized light,
the molecules are rotating in the same direction as the pho-
tons. To figure out which direction the molecules are rotat-
ing, one must determine the direction of rotation of the light.
This may be done using a single Fresnel rhomb.?°

Hecht and Zajac?® define right circularly polarized light
as that which has a clockwise rotation when the observer is
looking down the laser propagation axis, looking in the same
direction as the laser beam is propagating. However, we as-
sociate positive M, states with clockwise rotation for an ob-
served looking down the z,,, axis. For case I geometry, the
light is propagating along the — z axis and the P{'} line
strength for the S branch is positive for # = — 45° hence
since 4§ = (|J,/3]), B= — 45° must be associated with
right-handed circularly polarized light. For case II, we are
propagating along the — x direction so once again
B = — 45° corresponds to right circularly polarized light.
For case III, the light is propagating along the -+ y axis so
B = + 45° corresponds to right circularly polarized light.
Remember, the sense of rotation of the light is for an observ-
er looking down the laser propagation axis while the direc-
tion of rotation for J,,J,, and J, are referenced to the lab
fixed coordinate system.

From Figs. 10(b) and 10(d), we see that for the
AJ = 41 branches, I, does not occur at M; = +.J,.
Hence, we would expect that these branches would have
smaller line strengths for the dipole moments, and this is
seen in Figs. 3-7. Figure 10(c) shows that the Q branch is
almost insensitive to differences between left and right circu-
larly polarized light. Hence, we expect that the orientation
line strength for the Q@ branch would be very small, and this is
seen in Figs. 3-7.
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APPENDIX
1. Derivation of the geometric factor .} (k,,k,;2)

We can use all the derivations given by KSZ except Eqs.
(A31)—(A45) because these equations are applicable only
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for linearly polarized light. Our starting equation is Eq.
(A30) of KSZ:

ez(lk) (kgsko3Qaer)
— ( . l)ka—kd_q(2k+ 1)1/2

k, k K
xz("

m qg—m —

where EX = [¢'"" @ ¢]%. In our previous paper we were
able to break up these remaining cross products and separate
the geometric factor into some coupling constants multi-
plied by a spherical harmonic that depended on & and ¢ but
not on k, and k. In the general case, this is no longer possi-
ble since the electric field vector of the light is now a complex
quantity and requires at least three variables to specify its
state: two angles which describe the location of the plane of
polarization and another variable which describes its ellipti-
city. The spherical harmonics are functions of only two vari-
ables; hence, elliptically polarized light cannot be described
by a spherical harmonic function alone.

The best way to calculate the cross productsin Eq. (A1)
is by expanding them into the cartesian components of the
electric field vectors. From Table VI of KSZ and Eq. (A29)

of KSZ: e, =(—1/2)(e +ie);
e, = (1/y2)(e, —ie,), and
[eo(l) ®e(l)]lq€ — ( _ l)kz—k.—q(zk 4 1)1/2

ky k, k ) ko ke
><;,,:(m g—m —gq Em Cg—m
(A2)

The specific cross products for k = 0,1,2 are given in Table
X. We note that to calculate the moments of e*, you merely
replace e,, ¢, and e, by their complex conjugates in the
equations for the e} but leave the signs on “” untouched. For
example, e’ | = (e*)', | = (— 1/42) (e* + ie*).

To transform Eq. (A1) to the detector reference frame
we employ Eq. (4.8) of Brink and Satchler.>! We follow the
GZ and KSZ conventions [see Eq. (A3) of GZ and (A43)
of KSZ] of designating the Euler angles (¢#,6,y) as rotating
the lab into the detector frame. Since the photons are identi-
cal, we can rotate the geometric factor directly instead of
rotating the E: individually as was done by GZ; this direct
rotation greatly reduces the computational complexity:

ff;k) (Kaska; e )

=3 D7 (30006 (kyks;Qger)-
q

)E’;:'E’;"_,,., (A1)

1 _ 5.
€ = €,

(A3)

TABLE X. Cross products of the electric field vectors expressed in Carte-
sian components. Note e*-¢ = 1.

{e*'ee']ld = —1/43

[e*' @€'l = (i/V2)(ete, — ete,)

[e**@e'll, = (1/2)[(ere, —ete,) L i(ete, —ete,)]
[e*' ®e']2 = (1/4/6) (3ere, — 1)

[e*' @'’ = (FU/2)[(ele, +ete,) L i(ete, +efe,) ]
[e*' @€'l = (1/2) [ (e*e, — e*e,) L i(e¥e, + eFe,) ]

We convert the complex conjugate rotation matrix ele-
ment into a reduced rotation matrix element using Eqgs.
(2.15) and (2.17) of Brink and Satchler?':

e((yk) (kd ’ka ;Qlab )

=Y ey (— 0)e e (kyk,i Qe ). (A4)
7
Substituting Eq. (A1) into Eq. (A4), we derive the gen-
eral equation for the geometric factor:

€9 (kavk a0y )

=Y exdk (-0
&

Xz (— l)ka—kd—¢(2k+ 1)1/2

x(k" ,k" k ,)E';,"Ef;"_m. (A5)
m q¢g—-—m —gq

Finally, we must convert to the Hertel-Stoll'* normali-
zation because the geometric factor will, in general, be com-
plex when detecting orientation moments with elliptically
polarized light. In the Hertel-Stoll normalization the geo-
metric factor is always real. Another benefit of this renor-
malization is a reduction in the number of detectable mo-
ments. For example, if J, has a nonzero expectation value,
this would normally result in two nonzero dipole moments,
AP, and 4", but in the Hertel-Stoll'> normalization it
would result in only one nonzero dipole moment, 4 {*} (see
Table VI). We can use Egs. (A49a) — (A49c) of KSZ along
with Table V of this paper to arrive at a more straightfor-
ward transformation to the Hertel-Stoll'* normalization:

TH =(=-1%2—-6,,)"""Re(T), ¢>0 (A6)
and

TH = (= DU —6,0)(2)Im(TP), ¢>0.

(A7)

We note that Eqgs. (A6) and (A7) as well as Eqs. (A49a)-
(A49c) of KSZ and Eqgs. (13) and (14) of Ref. 15 only
produce real tensor operators if the original standard opera-
tors T, are of the form TP, _.., =Re+iIm and
T, _ oaa = + Re+ i Imwhere “Re” is the real part of the
operator and “Im” is the imaginary part of the operator.
These conditions are fulfilled by the geometric factor. Hence
fgkl (Kaska; Qi)

= (=192 —8,0)""Re[ € (kpk;Q) ], >0

(A8)
and
ft{lk—} (kaska3 Q)
= (— 1)1 —8,0) ()" Im[ € (ky.k ;) ],
g>0. (A9)

We note that Eqs. (A6) and (A7) have been used along with
the equations given in the footnotes in Table V to generate
theJ fl’;} and 4 <{1k¢} . The conditions for the use of Eqs. (A6)
and (A7) are only satisfied if the J ), are calculated in the
manner of the CMH (see discussion at the bottom of Table
V).
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2. Determination of the electric field vector Cartesian
components and the Euler angles for the three
geometries

a. General geometry and case | geometry

Let us assume that we start with linearly polarized light
whose polarization vector B can be varied via a half-wave
plate or an equivalent device (see Fig. 1). We designate the
detector frame as follows: the light is propagating along the

— z, axis, x,; lies along the major axis of the variable phase
shift plate, and y, lies along the minor axis of the variable
phase shift plate. Due to the anisotropy in the index of refrac-
tion, the wave plate induces a phase shift § for the compo-
nent of the photons’ electric field vector along the y, axis.
Thus according to Fano,'® we can model the effect of the
variable phase shift plate upon the photons’ electric field
vector as follows:

&,crore (linear) = exp(iwt) (cos fR, + sin B¥,),
(A10)

&.ne. Celliptical) = exp(iwt) (cos B, + € sin B§,).
(All1)

There is one special case: a quarter-wave plate, (8§ = 7/2):

€(1/4-wave plate) = exp(iwt) (cos B%X,; + i sin B¥,).
(Al12)

Hence, for case I geometry e, = cos 3, e, = exp(i6)sin f,
e, =0.

These equations are used to evaluate the cross products
in Table X and to produce the E ’q‘ for case I geometry in
Table II1. We can then use Eq. (A5) and a set of Euler angles
to relate the detection frame to any lab frame. However, if we
restrict ourselves to case I geometry, we can greatly simplify
Eq. (A5) since case I geometry fixes two of the Euler angles.
In case I geometry the laser is propagating along the — z
direction and the x,—y, plane is parallel to the x—y plane.
Consequently, two of the Euler angles are zero: y = 0 and
6=0. In Fig. 2(a) we have defined A to be a clockwise
rotation about z while the Euler angle ¢ causes a counter-
clockwise rotation about z. Consequently, we define
¢ = — A. Substituting these Euler angles into Eq. (A5), we
get:

et(]k)(kd1ka;ﬂlab )
= [cos(gA) — isin(gA)]( — D) %92k 4+ 1)!/?

kK, k, k
xz[ i

EYEL .
m gqg—m —q

(A13)

b. Case Il geometry

We can directly use the general equation for the geomet-
ric factor and the E ’; for case I geometry along with the
Euler angles (0,7/2,m — A) to evaluate the case II geomet-
ric factor. Alternately, we can directly label the major axis of
the wave plate as z; and the minor axis as — y, and calculate
a new set of £ ’q‘ specific to case II geometry. For case 11
geometry, e, = cos B, e, = — exp(id)sin B, and e, = 0. If
the major axis of the wave plate is kept fixed along z,
(A =0), then all the Euler angles are zero. In general, we
must allow the wave plate to rotate in the y—z plane. Desig-

nating A as a clockwise rotation, the Euler angles are
(¢ =7/2, 6=A, y= — n/2). Substituting the Euler an-
gles into Eq. (A9) and E } for case II geometry (see Table
III), we get a simplified equation:

€5 (kyka; Qi)
= [cos(gm/2) + isin(gn/2)]

x; df,(—A)[cos(g'm/2) —isin(q'n/2)]

Xz (— l)k"—kd_q,(Zk—!— 1)1/2

k k, k
x( 4

, , (Al14)
m g—m —¢q

)Ei‘:E,’;a_m.

¢. Case Illl geometry

We can directly use the general equation for the geomet-
ric factor and the E ’q‘ for case I geometry along with the
Euler angles ( — 7/2,7/2,m — A) to evaluate the case III
geometry factor. Alternately, we can directly label the major
axis of the wave plate as z, and the minor axis as — x,; and
calculate a new set of E f,‘ specific to case III geometry. For
case III geometry, e, =cos B, e, = — exp(id)sin B, and
e, = 0. We allow the major axis of the wave plate to rotate in
the z—x plate. Since the Euler angle @ describes a clockwise
rotation about y and A is also a clockwise rotation about p,
we can set the Eulger angles equal to (0,A,0). Using these
Euler angles along with the E § for case ITI geometry, we can
simplify Eq. (AS):

ec(]k)(kd’ka;‘n'lab)
=3di (=) (=D "2k 1)
q m

k k, k
x( ¢

)E"‘E"" X
m qr_m _ql m g —-m

(A15)

3. Geometric factors for linearly polarized light

We will derive simplified equations for the geometric
factors for the case that the light is linearly polarized. These
equations are free of reduced rotation matrix elements and
are free of summations (except for case I) and, hence, are
quite facile to calculate. The equation for case III was given
in our previous paper and our ability to regenerate it shows
the link between the results in this paper with the results in
KSZ. The equations for cases I and II are new. All three
equations can be used when trying to determine the align-
ment moments [see Eqgs. (36) and (38) ] and are most useful
in Appendix Sec. 4 when we calculate the expansion coeffi-
cients for the apparent moments [see Eq. (36) and Table
IX]. We will derive the equations for linearly polarized light
directly from the equations in this paper rather than using
KSZ, but we will compare the results. We start with case II1
since all other geometries can be related to this most simple
geometry via Euler rotations.
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a. Case lll geometry

For linearly polarized light, 5 = 0°, the only nonzero
E are those with ¢=0: E§ = — 1//6 and E} = 2//6.
This implies that in Eq. (A15) m=0, ¢ —m =0, and
hence ¢’ = 0. This removes both summations in Eq. (A15).
Hence:

€9 (kyk,;8=0)(lab) =d§ (A)(2k + 1)'"?

(k,, k, k

Ekgk
0 0 0) oo

(A16)

Note: we were able to remove the phase factor from Eq.
(Al15) since k; and k, are even and since
d§, (—A)=(—1)d§, (A). Next we make two substitu-
tions:

1 k)
k_ 1/2 —
E;=02k+1) (0 0 0 for k=0,2 only
(A17)
and
dé, (A) = [47/(2k + 1)]'?Y 5(A0). (A18)

Equation (A 17) was derived by induction. Substituting
Eqgs. (A17) and (A18) into Eq. (A16), we find

€9 (k4,ky;8 = 0) (case I1I)
= [4m(2k, + 1) (2k, + 1)]"?
11 k,,)l 1 ka)(kd k, k)
X(O 0 O (0 0 O 0 0 O

X Y %(4,0). (A19)
]
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This equations is identical to the one for the geometric factor
in Table IV of KSZ.

b. Case Il geometry

To rotate case II geometry into case III geometry, we
perform a Euler rotation of y = /2 about the z axis. Using
an equation analogous to Eq. (A4), we derive

€0 (k g,k 48 = 0) (case 1I)
= e "%eP (ky,k 8 = 0) (case III).
Substituting Eq. (A19) into Eq. (A20),
€ (kg,k 38 = 0) (case II)
= [4m(2k, + 1) (2k, + 1)]"?
1 1 kN\/1 V k\(k;, k, k
X(O 0 0)(0 0 0)(0 0 0)

XY5(Am/2).

(A20)

(A21)

¢. Case | geometry

For linearly polarized light, 8 = 0, and case I geometry,
there are, unfortunately, four nonzero E ’q‘: ES = —1/43,
E zi ,=1/2,and E3 = — 1/\/3. Hence, we cannot remove
the summation in the case I equation for the geometric factor
[see Eq. (A13)]. However, we can segregate the portion of
the geometric factor which depends on A from the part of the
geometric factor which depends on %, and k. Substituting
the identity Yi(#/2, — M)/ Y% (7/2,0)
= [cos(gA) — isin(gA)] into Eq. (A13), we find

€ (kyoko3B=0)(caseI) = (— 1) " 92k + 1)'2[Y*(7/2, — A)/

k
XY (/200] ¥ ("

m=0,+2

This may not seem so simple, but since the only part of the
geometric factor which depends on the polarization is now
outside of the summation, it will be very easy to calculate the
expansion coefficients for the apparent moments [see Eq.
(A3D]..

4. The apparent moments
a. General

As previously stated, when detecting the alignment with
linearly polarized light propagating along a fixed direction,
the line strengths do not vary independently with A. In addi-
tion, when detecting orientation with elliptically polarized
light with the major axis of ellipticity fixed in space (con-
stant A) and the light propagating along a fixed direction,
the line strengths do not vary independently with . For
example, as seen in Eq. (A13), for case I geometry, the geo-
metric factor’s variation with A only depends upon g and is
independent of k. In order to analyze data taken from one or
two rotational branches with linearly polarized light, we
need to reformulate Eq. (1) so that we are only using line
strengths which are independent over the plane of space in

k

m g—m —gq

k

a

)E’,;dE{;a_m. (A22)

r

which we are varying the light’s polarization vector.

For each geometry there will be only five P,(I"i} which
vary independently with A and seven P ‘{,’ﬁ_r} which vary inde-
pendently with S; these will be denoted as the P {’;) (ind) the
remaining line strengths are designated as P‘{I’; (dep). For
variation of A, the reason that there are only five indepen-
dent line strengths can be seen in Eq. (A22). For case 1
geometry, the dependence of P {j’:‘}q on A is only a function of
¢, and there are only five allowed values of g, g =0, + 2,
+ 4. In addition, for any other fixed geometry there are only
five PP (ind) for variation of A because rotating the coor-
dinate frame does not change the dimensionality of the coor-
dinate space. For either orientation or alignment experi-
ments, the Pf,"i} (dep) must be expressed as functions of
these independent P,{I’i (ind) in order to determine which

A4 we are measuring:

P (J,,J,B,A) (dep)
= Y c(kgk'.qIR(kgk' g J;Jr)
k'.q

X P %3 (J,.J,.8,8) (ind), (A23)
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where k' and ¢’ are the ranks and components of the five/
seven independent line strengths. The specific k ' and ¢’ of the
independent line strengths depend upon the detection geom-
etry.

For variation of 3, the choice of P g’i (ind)is not unique
except that all the moments with odd k must be included in
the set of independent moments. For orientation measure-
ments, the portion of P} which depends on S cannot be
separated from the dependence on &, and k. Consequently,
we cannot independently determine the two expansion coef-

c(kg.k'\q' J;J;) = c(kgk'.q) R(k,q,k"q J;,J;). For ori-
entation measurements, the c(k,q,k’'.q¢',J;,J;) are deter-
mined by numerically solving Eq. (A23).

For variation of A with § = 0°, the five independent line
strengths are orthogonal in the plane of the light’s polariza-
tion vector if that plane is perpendicular to the x, y, or z axes
of the laboratory frame. To evaluate the constants in Eq.
(A23), we multiply both sides of the equation by Pff"g and
integrate over the plane of space in which the polarization
vector of the light rotates:

ficients in Eq. (A23) but only their productj

R(k,q.k'q J;J)c(k.g.k'\q)
fg T 58z PUY(J,J.8=0,A)(ind)P¥ (J,,J,B=0,4)(dep)sin 0 dp dO
T ez astz P} (J,J,8=0,A)(ind)P ¥} (J,,J,8=0,A)(ind)sin O dp do

InEq. (A24), 8 and ¢ refer to the polar angles the electric field vector makes in the x—z and x—y planes. Specifically, we employ
the same definition as that used when defining the spherical harmonics Y % (6,4). Later we will explicitly give a relationship
between A and these polar angles for our three special geometries. Note, the integration limits in Eq. (A24) may depend on the
specific experimental geometry.

The expansion coefficients in Egs. (A23) and (A24) have been broken into two parts: c(k,q,k ',g’) is the projection of the
part of the P!} (dep) which depends on A onto the part of P (ind) which depends on A;R (k,g,k ',q".J,,J;) is the ratio of
the part of the P{*} (dep) which isindependent of A to the part of P} (ind) whichis independent of A. It is the portion of the
fraction in Eq. (A24) which can be brought outside the integrals.

Allof P 3 except e{"} is independent of A and can be brought outside the integrals in Eq. (A24). In addition, part of the
geometry factor is mdependent of A. Comparing Egs. (A19), (A21), and (A22), we see that for case III geometry, the
geometry factor is most easily separated into two parts: the first part is independent of A, and the second part depends on A. To
separate the general geometric factor into two parts, let (¢',8°,y’) be the Euler angles which rotate case III geometry into any
given geometry:

(A24)

€8 U JB=0A)(lab) = ¥ DY . (4.0'x)ell (J,,J;.8=0,4) (case II)
q *

1 1 kN/1 1 k\(k, k k
= [47(2k, + 1) 2k, + 1 1/2( ")( )(“ e )
[47(2k. + DR+ DI o 6/ 0o o/\o o o

X3 DML (4,07 YE (4,0 (A25)
T+
In Egs. (A25) we employed the real rotation matrices, D &} . . , which are defined in Eq. (15) of Ref. 15. If one wishes to

avoid using the real rotation matrices, the complex €{*’ can be rotated and then converted to the real €.} . The ¥ ¥} are the

spherical harmonic function in the Hertel-Stoll notation and can be calculated using Eqgs. (A6) and (A7) and a table of
spherical harmonics, such as that given in Mathews.”?

Equation (A25) neatly splits the geometric factor into two parts. The first part consists of the square roots of numbers
times the products of 3 — Jsymbols; it is independent of the system geometry. We name the second part G(k,q,¢',6",y",A); it
represents the portion of the geometric factor which depends on the direction of polarization of the light:

G(k,q,6',0'x',A)
= ZDl{Ik:g.Q':t (¢ H»X)Y{
~

Hence, P {k} v (JiJpB=0,4)/G(k,q,¢',0',',A) is the portion of the geometric factor which is independent of the Euler
angles and A. To calculate R(k;q,k",q’,J;,J;), the ratio of the part of the P{"} (dep) which is independent of A to the part of
P} (ind) which is independent of A, we compare P} /G with P}/ G:

P} (J,J;B=0,A)/G(kg,¢',0"x',A)
P¥Y(J.J.B=0,A)(dep)/G(k",q'.8',0" x' ,A)

To calculate c(k,9,k ’,q') we substitute Egs. (A25) and (A26) into Eq. (A24) and then divide by Eq. (A27). The result,
c(k.q,k'.q'), is the projection of G(k,q) onto G(k',q') over the plane of polarization:

S6=6 S5257 G(k,q,4',0' Y, A)G(k'.q',¢',0',x',A)sin 6 dp d6
ST S35 Gk \q 9,0 ' DIG(K g0y, B)sin O dp dO

(A,0). (A26)

R(k,q.k'\q' J;sJ;) =

(A27)

clkgk',q) = (A28)
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Note that k' and ¢’ are the indices for the independent line
strengths while k and g are the indices for the dependent line
strengths. The G(k,q,4,6,y,A) have simple forms for the
three special geometries:

G(k,g,A)(caseT) = Y (772, — B), (A29)
G(k,q,A) (case II) = Y (A,7/2), (A30)
G(k,g,A) (case IIT) = Y4 (A,0). (A31)

To perform the integration in Eq. (A28), we substitute the
appropriate equation for G(k,q,A) and replace A by #(case
I) or &(cases II and III).

Equations (A23)-(A28) and (A29)-(A31) were used
to prepare Table IX and were checked numerically by doing
a linearly least-squares fit of the P (dep) to the
P{q"i} (ind) for each geometry.

Once we have derived the coefficients in Eq. (A23), we
can revise Eq. (2) so that we can express the intensity as a
function of the apparent moments. Substituting Eq. (A23)
for each P‘{I’i (dep) and grouping together all the coeffi-
cients for each P fl’i (ind) and renaming these coefficients as
the A :{;’i (app):

I=C(det)n(J,)
XY [PY (JAidpAsQ) (ind)4 [ (app)
kg

+ P (U, A A5Q) (ind)4 &2 (app) ], (A32)
where
4% (J,,J,,8=0,A)(app)

= ok’ g kq)R(k'.q k\qJ;»Jr)

k'.q

and where the k and ¢ in Eq. (A32) are restricted to the
ranks and components for the five P g’i (ind), but the k' and
¢ in Eq. (A33) are completely general. Note that since
R(k'.q'kqJ;J;) are explicitly functions of J; the
A 3’;} (app) are different for each rotational branch. This
means that if two rotational branches are being probed, sepa-
rate 4 fl"i} (app) should be calculated for each branch. After-
wards the two sets of apparent moments can be compared
and inferences can be drawn about the real 4 ,{,’i .
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