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5.48107%, this is our theoretical value for the quan-
tity xr, for which Stevens, Pitzer, and Lipscomb® de-
rived the value 7.08X10-¢ from the rotational magnetic
moment of the molecule.’®!! The agreement between
this experimental value for x, and our theoretical result
does not seem very satisfactory to us.

We can now compare the three different theoretical
values of the susceptibility of the LiH molecule that
have been obtained from Ransil’s wavefunction?; they
are —7.48X107% obtained by Stevens, Pitzer, and Lips-
comb,® —9.14X10-¢ predicted by Karplus and Kolker,”
and our value —9.39X 1078, In addition, we can com-
pare the predicted anisotropies (x./x.) of the suscepti-
bilities which are 0.952 according to Karplus and Kol-

R. DE LA VEGA AND H. F. HAMEKA

ker” and 0.992 according to our calculations. It is worth
noting that the differences between these various theo-
retical results are not any greater than the deviations
between different experimental susceptibility values
for gaseous substances.

The contribution from Q to our susceptibility is 16%,.
This confirms our previous prediction that this term
ought to be included in the calculations since it is too
large to be negligible.
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Franck-Condon overlap integrals have been calculated which predict within experimental error the
intensity distribution of the sixty measured lines in the visible fluorescence spectrum of molecular iodine,
B3+, (v =15, 16, or 26) =X 1Zo+,(v"'=0 to 69). Rydberg-Klein—Rees potentials were used for both elec-
tronic states, and exact vibrational eigenfunctions were obtained by direct numerical solution of the radial
Schrodinger equation, including vibration-rotation interaction. The electronic transition moment was as-
sumed to be independent of internuclear distance. Overlap integrals derived in the same way for Morse po-
tentials fail to give even qualitative agreement with experiment for lines with "< 10. Because of the rapid
oscillation of the vibrational wavefunctions for high »’ and v”, a shift in the potential of only 0.002 A is found
to alter appreciably the calculated intensity distribution; thus the agreement obtained provides a very severe
test of the RKR potentials and the Franck-Condon principle. The radiative lifetime of the B state has also
been calculated from the absolute intensity of a single line and the integrated intensity of the band system,
and the results compare favorably with direct lifetime measurements.

RANCK-CONDON factors, computed to as high

vibrational quantum numbers ' and ¢/ as are con-
sistent with spectroscopic data, are of importance for
every major molecular band system, since they enter
into the calculation of radiative lifetimes, vibrational
temperatures, and kinetics of energy transfer, among
other applications. Although the Franck—Condon prin-
ciple is known to account for the main features of the
vibrational intensity distribution in an electronic tran-
sition, there have been relatively few quantitative
comparisons between theory and experiment. In large
part this is due to the difficulty of obtaining reliable
intensity data and the labor involved in performing a
realistic numerical calculation from theory.

The B 3p*,— X 124+, electronic transition® of I, ex-
tending from 5000 A in the visible to about 13000 A
in the infrared, is one of the most extensively studied
band systems of molecular spectroscopy. The resonance

T Our notation for the electronic states emphasizes the strong
Hund’s case ¢ coupling for I, and is consistent with Ref. 41.

spectrum, which may be excited by any of several
atomic lines,? consists of a long series of fluorescence
doublets in which the intensity fluctuates irregularly
from line to line. The intensity fluctuations arise pri-
marily from the overlap of the wavefunctions charac-
terizing the vibrational levels of the upper and lower
electronic states. For high vibrational levels, the wave-
functions are rapidly varying oscillatory functions
within the range of the classically allowed motion.
The overlap integrals thus depend critically on the
phase relation of the initial and final wavefunctions.
This specifically nonclassical effect has been called
“internal diffraction” by Condon.? For the »'=15, 16,

2 P. Pringsheim, Fluorescence and Phosphorescence (Inter-
science Publishers, Inc., New York, 1949).

3E. U. Condon, Am. J. Phys. 15, 365 (1947) ; originally, Phys.
Rev. 32, 858 (1928). As Condon has remarked, “internal dif-
fraction is just as real and forceful a proof for the wave nature of
nuclear motion as any of the basic external diffraction experi-
ments . . . which also are determined by a phase relation between
initial and final wavefunctions.”
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and 26 fluorescence series of I, for which 60 line inten-
sities have been measured, the internal diffraction
patterns are quite complex. For no other molecular
system does data exist for transitions at such high
vibrational quantum numbers.

Previous calculations of Franck-Condon factors
have made use of a wide variety of analytic potential
functions and approximations which allow relatively
easy evaluation of the overlap integrals. The results,
particularly for the lodine spectrum, have usually been
disheartening, except for transitions involving small
vibrational quantum numbers (v, v”/<Z10). In this
paper a calculation based on exact vibrational wave-
functions derived from Rydberg-Klein-Rees potentials
is described and the predicted internal diffraction pat-
terns for the iodine resonance series are shown to be in
good agreement with the intensity measurements over
the full range of vibrational quantum numbers.

THEORY

The intensity emitted in the line ¢/,
an electronic transition is given by*

Lyrgr?' = (647%/3) [ Sp? Noryr/ (2T 1) Jort

X[/‘pv’J'Re(r)’l/v”J”dr] ) (1)

where Sy~J’ is the rotational line strength given by
the Hénl-London® formula, N, is the population of
the initial state, » is the frequency in wavenumbers of
the line, and ¢,s is the rotational-vibrational wave-
function characterizing the (v, J) state. The function
R.(r) in Eq. (1) is called the electronic transition
moment and is given by

]'—VD”, J" in

Re(”) =/‘/’¢I(Qe, 7’)Me(qe) r)ll/e”(qe; 7)dqey (2)

in which ¢, designates the electronic coordinates, ¥.
an electronic wavefunction, and M, is that part of
the electric dipole transition moment which depends
only on the coordinates of the electrons.

No explicit evaluation of Eq. (2) has yet been made
for a many-electron molecule. However, it appears
reasonable to suppose that R.(r) will be a slowly
varying function of r over the small range of r in
which the vibrational wavefunctions have appreciable
value. By replacing R.(r) in Eq. (2) by an average
or effective value R, it may be taken outside the inte-
gral to give

(6474/3) [ Sy’ Nyeyr/ (27 +1) Jer* R 2

x( / mwwdr)z, (3)

¢ An extensive review is given by R. W. Nicholls and A. L.
Stewart, “Allowed Transitions,” in Afomic and Molecular Pro-
cesses, edited by D. R. Bates (Academic Press Inc., New York,
1962), Chap. 2.

§H. Honl and F. London, Z. Physik 33, 803 (1925). These
factors are tabulated in Ref. 39 p. 208.

[v' ;Jn”/',l=

1935

where the square of the overlap integral,

( / ¢v’J’¢v;’J”dr )2,

is known as the Franck-Condon factor.

When dealing with each vibrational band as a whole
it is customary also to neglect the effects of rotation—
vibration interaction. Summation over all lines of the
band leads to

2

I = (641r4/3)N,,/Cv4R92( / %uﬁvudr) , @)

where now the frequency » characterizes the band as

a whole (it is usually taken as the band origin) and

the wavefunctions are those for the rotationless (J=0)

vibrational states. The assumed separation of rotation

and vibration is usually a good approximation.® How-

ever, the calculations made in this paper do not make

this assumption. Instead, relative intensities are cal-
culated directly from Eq. (3) by numerical methods.

We proceed now to the straightforward evaluation
of Eq. (3). Potential curves for the upper and lower
electronic states will be determined from spectroscopic
data by the RKR method. These will be used in nu-
merically solving the radial Schrédinger equation for
each rotational-vibrational level. The eigenfunctions so
obtained will then be used to evaluate the overlap
integrals. The final result, with the frequency factor
vt taken into account, will be presented as relative
intensities for the v/=13, 16, and 26 fluorescence series
of the B—X transition in iodine. Following some brief
remarks on the individual steps in this procedure, a
detailed comparison of the calculations with experiment
will be made.

CONSTRUCTION OF POTENTIALS

In the Rydberg’-Klein®-Rees® method the potential
function is derived from experimental vibrational and
rotational spectroscopic term values without imposing
any assumed analytic form on the potential. The
method determines the classical turning points 7, and
r_. for a vibrational level of energy U from the ex-
pression

ra(U) = (f/gH i, (5)
where f and g are given by
1) =3[ LO=ET 0T (6)
and
g(U)= ZW(};MJ@E[U E(L 0TI (7)

6 T. C. James, “Studies of Rotation-Vibration Interaction,”
thesis, Harvard University, 1960.

R. Rydberg, Ann. Physik 73, 376 (1931).

8 0. Klein, Z. Physik 76, 226 (1932)

9A.L.G. Rees Proc. Phys Soc. (London) A59, 998 (1947).
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TasBre I. Comparison of calculated and observed G(v) values for
ground state of I,.

G (7’) oale- — G (7’) obs.
v Observed® G(v)

cm™ Kasper RKR  Vanderslice RKR
0 107.08 —0.01 3.34
1 320.39 —0.02 3.96
2 532.4 0.01 0.44
3 743.24 0.02 —2.93
4 952.90 —0.02 —3.47
5 1161.40 —0.07 —-2.72
6 1368.60 -0.06 -1.25
7 1574.40 0.02 0.72
8 1778.95 —0.01 2.81
9 1982.13 0.01 4.73
10 2184.06 —-0.01 6.24
11 2384.74 —0.06 7.03
12 2584.04 —0.02 7.32
13 2782.09 —0.02 7.26
14 2978.82 -0.04 7.23
15 3174.18 —0.03 7.66
16 3368.24 —0.03 8.46
17 3560.97 —0.07 9.50
18 3752.28 —-0.06 10.64
19 3942.24 —-0.07 11.44
20 4130.71 —0.02 11.82
21 4317.78 -0.01 11.80
22 4503.49 —0.03 11.45
23 4687.70 —~0.04 11.12
24 4870.44 —0.01 11.02
25 5051.78 -0.05 11.08
26 5231.63 —0.09 11.38
27 5409.91 -0.07 11.92
28 5586.69 —0.04 12.49
29 5761.92 —0.05 13.00

8 From Ref. 13.

Here E(I, «) is the sum of the vibrational and rota-
tional energies for any level up to U; I=k(v+3) is
the action variable arising from the quantization of the
radial momentum; k= J(J-1)42/8x%u comes from the
quantization of the angular momentum for a molecule
of reduced mass u; and 7=1I' when E=U. The vari-
able of integration I is not restricted to discrete values
and the integrals in Eqgs. (6) and (7) are to be evalu-
ated for k=0 to construct the effective potential func-
tion for the nonrotating (J=0) molecule.

The principal difficulty of the RKR method is the
accurate evaluation of the integrals appearing in Egs.
(6) and (7) for which the integrand is singular at the
upper limit of integration. If E(I, «) is a quadratic
function of I and «, Rees? has shown that Eqs. (6)
and (7) can be exactly expressed in closed form. But
this restriction on the form of E(I, «) is usually too
severe to represent the energy levels over the whole
range of the potential. Vanderslice and co-workers!®
have improved upon the Rees treatment by using a
series of quadratics over the range of the potential so
that a best least-squares choice of the spectroscopic
parameters w;, wx;, By a; is used for each vibrational

10 References to previous work may be found in the review

article: D. Steele, E. R. Lippincott, and J. T. Vanderslice, Rev.
Mod. Phys. 34, 239 (1962).

ZARE

level. Recently, Jarmain! has used the approach
of direct numerical integration of Eqs. (6) and (7)
on an IBM 650. An analytic approximation to
[U—E(, «) T was employed to overcome the dif-
ficulty at the upper limit. Kasper'? has further inves-
tigated this method, discarding entirely the use of an
analytic approximation and adding refinements in ac-
curacy made possible through the use of an IBM 7090.

Table I shows a test of the variant RKR procedures
of Vanderslice and Kasper. Potential functions were
constructed by each method using the same set of
observed spectroscopic term values and then each
function was employed in turn in a numerical solu-
tion of the radial Schrodinger equation. Since the
results derived from his program agree with the ob-
served term values within Verma’s'® error of measure-
ment, Kasper’s procedure was adopted.

As an additional check on the accuracy of the RKR
procedure, the wavefunctions generated by numerical
solution of the radial equation were used to compute
the expectation values of (1/72) and hence B, values.
For the first thirty vibrational levels tested, the B,
values calculated in this way differed at most by

TaBirE II. Results of calculations for the potential energy curve®
for the ground state of I, (J=0 rotational state).

Turning points Turning points

) r_(&) r. (1) v r_(R) r.(R)
0 2.6178 2.7175 33 2.3587 3.2575
1 2.5850 2.7580 35 2.3521 3.2846
2 2.5634 2.7873 37 2.3459 3.3120
3 2.5464 2.8120 39 2.3400 3.3399
4 2.5321 2.8340 41 2.3343 3.3686
5 2.5197 2.8542 43 2.3290 3.3978
6 2.5086 2.8731 45 2.3240 3.4277
7 2.4984 2.8911 47 2.3193 3.4586
9 2.4805 2.9248 49 2.3149 3.4905
11 2.4650 2.9564 51 2.3108 3.5236
13 2.4511 2.9864 53 2.3069 3.5583
15 2.4386 3.0154 55 2.3033 3.5946
17 2.4271 3.0434 57 2.3000 3.6328
19 2.4165 3.0709 59 2.2970 3.6730
21 2.4067 3.0980 61 2.2942 3.7155
23 2.3974 3.1247 63 2.2919 3.7606
25 2,3888 3.1512 65 2.2899 3.8088
27 2.3806 3.1777 67 2.2882 3.8605
29 2.3729 3.2042 68 2.2875 3.8877
31 2.3656 3.2307 69 2.2869 3.9160

® The values of the constants in Egs. (8) and (9) are 4==5.881X108,
=—3.012X104; a'=1.529X 108, 5’=8.507.

1'W, R. Jarmain, Sci. Rept. No. 1 and 2, Grant No. AF-
AFOSR-61-88, Department of Physics, University of Western
Ontario, Canada (1961).

2 7. V. V. Kasper, University of California, Berkeley (private
communication). The author wishes to thank J. V. V. Kasper for
making these programs available to him.

BR. D. Verma, J. Chem. Phys. 32, 738 (1960). Kasper has
confirmed by private communication with Verma that a 5 cm™?
error was made in the zero point energy used in Table VII of his
paper. Since Verma calculated the turning points for the ground
state from his AG (v) rather than G(v) data, the only correction to
his Table VII is to raise all G(v) values 5 em™.,
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1X10-¢ cnr! from the input B, values derived from
Verma’s reported rotational constants. The observed
B, values are not known to this accuracy, but these
tests show that the accuracy of the RKR method for
I, is limited only by the uncertainties in the spectro-
scopic data. These tests also serve as a useful check
on the method for numerical solution of the radial
equation.

Potential Curve for the X State

Verma® has given a thorough analysis of several
ultraviolet resonance series which he had followed
nearly to the dissociation limit. From his values of
AG(v) and B, we have constructed the turning points
for the first 70 vibrational levels of the ground elec-
tronic state. Some of the turning points are given in
Table II.

The potential function employed in our calculations
is obtained by connecting the turning points with a
smooth curve generated by seventh-order Lagrangian
interpolation.”* To estimate the potential outside the
central region derived from Verma’s data, repulsive
and attractive segments are smoothly joined to the
central portion. In these regions (which, as shown
later, do not contribute noticeably in the intensity
calculation) the potential is assumed to have the form

Veop=/r2+b (8)
Vaw=a'/r¥, (9)

where the two constants were determined from the
last RKR turning points .. for =68 and 69. Finally,
the rotational contribution is added to the nonrotating
potential V(r) to give the effective radial potential
U(r, J)

Ulr, 7)=V () +[T(J+1)h2/8x2ur]

and

Tasre ITI. Rotational parameters for the B state.

Source ' (R) B,/ (cm™) a, (cm™)
Mecke® 3.022 0.02909 0.00015
Loomis® 3.016 0.02920 0.00017
Values usede 3.022 0.02909 0.00017

& Reference 15. Mecke only determined «.’. The values given for »,’ and B,’
are based on his o',

b Reference 17. The ae’ shown is a weighted mean of a,’=0.000175 cm™! for
the difference of the (5, 7)—(4, 7) band lines and o,’'=0.000156 cm™ for the
(5,8) — (4,8) band lines. Loomis gives 7,’=3.01 A for the internuclear distance
but the value 7’ =3.016 A,based on his value of B,’, is commonly cited in the
literature in lieu of a more precise measurement. From analyzing new plates
by Wood and Klingaman of the absorption spectrum, Loomis determined Bs’=
0.023368:-0.000005 cm™2. He had planned to carry out a more definite analysis
of the rotational constants of the B state but this was never published.

° With y,'=—1.0%1078 cm™! estimated from Loomis’ value of Bss',

“Qther forms of interpolation proved unsatisfactory. This
method is able to interpolate points on a Morse curve with con-
siderable accuracy.
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TasLE IV. Results of calculations for the potential energy
curve® of the B state of I, (J=0 rotational state).

Turning points Turning points

? r_(4) r.(R) v r_(R) re ()
0 2.9609 3.0904 16 2.7503 3.5701
1 2.9203 3.1457 18 2.7393 3.6206
2 2.8942 3.1868 20 2.7292 3.6717
3 2.8741 3.2222 22 2.7199 3.7239
4 2.8575 3.2543 24 2.7111 3.7774
5 2.8432 3.2843 26 2.7026 3.8326
6 2.8307 3.3129 28 2.6944 3.8898
8 2.8092 3.3672 30 2.6863 3.9494
10 2.7913 3.4192 32 2.6781 4.0118
12 2.7759 3.4699 34 2.6697 4.0776
14 2.7624 3.5201 35 2.6654 4.1119

# The values of the constants in Egs. (8) and (9) are a=4.117X108,
b=—4.293X10%; ¢’=—1.215X108, b'=6.5%0.

appropriate to the molecule with rotational quantum
number J.

Potential Curve for the B State

Although the molecular constants of the ground state
have been repeatedly remeasured by different investi-
gators, knowledge of the upper state is not nearly so
extensive nor precise. It is based almost solely on the
pioneering experimental work of Mecke® who first
measured the iodine absorption band heads in the
region 5000 to 7000 A. By relating Wood’s'® fluores-
cence series (v'=26) to the iodine absorption spec-
trum, Loomis” re-analyzed Mecke’s data and estab-
lished the correct vibrational numbering. The vibra-
tional energy levels can be represented, within the
uncertainty of 0.5 cm™ in Mecke’s measurements, by

G(v) =/ (v13) —wx (v+5) ey (0+1)3,  (11)

where we have adopted® the values w,/=127.35 cm™,
wexs =0.76 cm™, and w.y,’=—0.0033 cm™! for the vi-
brational parameters.

The rotational analysis, however, which is summa-
rized in Table III, is less satisfactory. Only the first
two terms have been determined in the expansion of
the rotational constant

B,=B/—a,(v+3) +v, (v+3) 48/ (v+3)3+---  (12)

and the uncertainty in these values is considerable.
Mecke studied the individual lines of four bands (4, 7),
(4, 8), (5, 7), and (5, 8) which lie in the red. From
the difference between corresponding lines, Loomis de-
termined the rotational constants from Mecke’s data.
Loomis also determined the rotational constant of the
29th vibrational level from analyzing plates of the

15 R, Mecke, Ann. Physik 71, 104 (1923).

18 R. W. Wood, Phil. Mag. 21, 236 (1911).

17F, W. Loomis, Phys. Rev. 29, 112 (1927).

18T,0is Mathieson and A. L. G. Rees, J. Chem. Phys. 25, 753
(1956).
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TaBLE V. Sensitivity of turning points to v, for »'=26.

ve' (cm™) e (&) r- ()

—1.0X10°¢ 3.8326 2.7026
—-1.2 3.8374 2.7074
~1.4 3.8422 2.7122
—1.6 3.8470 2.7270

iodine absorption spectrum produced by the mercury
green line. From this value, we have estimated v,/=
—1.0X10°% cm™'. However, it is doubtful whether
Loomis made centrifugal distortion corrections in eval-
uating Be'. Furthermore, it is possible that a §,” term
would be required to represent the B, values through
the 29th level, and §,” cannot be calculated without
additional data.

If the rotational constants determined by Loomis
are used to obtain the upper state potential, the calcu-
lated intensity distribution gives reasonable agreement®
with experinent for only the lower »” members (up to
about 7”=18). Instead we have used the values of
B/, ., and v,/ given in Table III to construct the
turning points for the upper state shown in Table IV.
The only change from Loomis is in the value of B/,
which has been adjusted to shift the upper state po-
tential curve to the left by about 0.006 A. This change
could be achieved equally as well in a number of other
ways for these high vibrational levels, such as small
corrections in values of «,” or v,/ and the inclusion of
a 3,/ term. But these rotational constants lie within
the bounds of the experimental uncertainty (r,/=
3.016+£0.010 A) and give excellent agreement with
the observed intensity distribution.

The errors introduced into the RKR turning points
by inaccurate rotational constants are rather small for
the lower vibrational levels but rapidly build up. For
the higher vibrational levels, the potential energy func-
tion is quite sensitive to the rotational constants. The
width of the potential curve r.—r_=2f(U), given by
Eq. (6), depends on the vibrational constants alone,
However, the slant of the central axis of the potential
curve, i.e., how much each pair of turning points are
displaced to the left or right of 7., is mainly determined
by the rotational constants. For high vibrational levels
¥., for example, plays a significant role as can be seen
from Table V, which gives the turning points for the
v'=26 level for different values of v,. Table V shows
that the turning points are shifted linearly to the right
with increasingly negative v.. A 159, error in v, will
produce an uncertainty of £0.005 A in the turning
points of the v'=26 level. Such a shift will be shown
to alter markedly the intensity pattern. The same error

¥ R. N. Zare, “Inorganic Materials Research Division Annual
Report, 1962, University of California, Berkeley, U.S. Atomic
Energy Commission UCRL-10706, p. 84. A similar undertaking
for the IBM 650 has been reported by W. R. Jarmain, Can. J.
Phys. 41, 414 (1963).
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in w;y.” would be unnoticed. Consequently, accurate
rotational constants are of importance for relative in-
tensity calculations.

COMPUTATION OF THE VIBRATIONAL
WAVEFUNCTIONS

Once the potential is constructed, the vibrational
wavefunctions appropriate to this potential are ob-
tained by solving the radial Schrodinger equation. Re-
cently, Cooley® has described a rapid and accurate
numerical method for this purpose which has been
reviewed in detail elsewhere.?! Briefly, the one-dimen-
sional second-order differential equation

(@%i/dr) +[Eos—Ul(r, J) Hos=0  (13)

is replaced by an equivalent finite difference equation.
This is iteratively solved for the eigenvalue E,; of the
total energy and the wavefunction y¥,s by employing
a Numerov?? method of integration, together with a
second-order iteration—variation procedure due to
Lowdin?® In Eq. (13) U(r, J) is the effective poten-
tial function of Eq. (10), including the rotational con-
tribution, length is measured in Bohr radii a,, and the
unit of energy is equivalent to ~Ny/8r%cag’u=0.948344
cm™?, where Ny is Avogadro’s number (physical scale)
and u is the reduced mass in Aston units,
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2 J. W. Cooley, Math. Computation 15, 363 (1961).
2L R. N. Zare and J. K. Cashion, University of California Radia-
tion Laboratory UCRL-10881, July 1963.
( gSBj Numerov, Publ. Obs. Central Astrophys. Russ. 2, 188
1933).
2 P.-0. Léwdin, J. Mol. Spectry. 10, 12 (1963).
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Cooley has made available a SHARE program em-
bodying these procedures for the IBM 704. This has
been made compatible with the IBM 7090 and some
useful modifications have been added.? Additional
tests of this program have been conducted by Cashion®
who finds that it requires 0.4 sec to compute the eigen-
function at 1000 points and to correct the trial eigen-
value for the next iteration. Furthermore, relatively
few (often less than four) iterations are required in
order to obtain eight-figure constancy in the eigen-
value, even for an initial trial energy several percent
in error.

The evaluation of the overlap integrals is accom-
plished by Simpson’s rule between the limits 1.500 to
6.450 A in steps of 0.0025 A. This method of integration
as well as the reliability of the wavefunctions was
checked by halving the step size, changing the limits
of integration and comparing the computed expecta-
tion value of (1/7%) with the exact expression for the
Morse potential. These tests show that integrals of
these numerical wavefunctions are accurate beyond
five significant figures.

Figure 1 shows the vibrational wavefunctions ob-
tained by this method for the v'=26 level of the upper
state and the v"'=10 and 25 levels of the ground state
of Is. The sensitivity of the overlap integrals to the
relative location of the potential curves may be illus-
trated with these wavefunctions. As 7" increases, the
widening of the potential makes room for new loops
in the wavefunction at about the same rate as they
appear; thus for v””$20, the length of a loop remains
almost constant at about 0.03 A. The corresponding
length for the »'=26 level of the upper state is 0.04 A,
The value of the overlap integral for v'=26, v//=25 is
determined almost entirely by the narrow interval AX,
which contains about 15 nodes of the upper state and
17 nodes of the lower. For the two wavefunctions to
be less than a quarter wavelength out of step with
each other, the wavefunctions and hence the turning
points of the potential curves must be known to better
then 0.01 A,

COMPARISON OF CALCULATED AND OBSERVED
INTENSITY DISTRIBUTION

Relative intensity measurements for the B-X tran-
sition of I, are available for only three v/ band pro-
gressions: the »"=15 and ¢'=16 fluorescence series
excited by the sodium D lines; and the v'=26 fluores-
cence series excited by the mercury green line. If the
light source is highly monochromatic, it produces reso-
nant absorption into a definite rotational-vibrational
level of the B state. The subsequent fluorescence to
the different rotational-vibrational levels of the ground
state produces a long series of closely spaced P and R
doublets.

2 T, K. Cashion, J. Chem. Phys. 39, 1872 (1963).
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During the first quarter of the century Wood® car-
ried out an extensive study of the +'=26, J'=34 series,
which he was able to measure out to the 28th member,
Lenz? examined a reproduction of Wood’s plates and
roughly estimated the relative intensity of the first
20 members. Oldenberg,® using specially sensitized
plates, extended the observed series to the 38th mem-
ber at 8835 A, the upper limit of his plate sensitivity.
Unfortunately, Oldenberg’s measurements do not over-
lap with the portion of the series analyzed by Lenz.
Also, because of intensity limitations, Oldenberg had
to use a broad green line and low dispersion and con-
sequently his measurements include some contribution
from transitions which originate in excited levels other
than '=26, J'=34. Neither Lenz nor Oldenberg ap-
pear to have corrected for variation of film sensitivity
with wavelength, and their intensity data are visual
estimates of plate blackening. Recently, Arnot and
McDowell” have rephotographed the first 19 members
of the series, using narrow line excitation, and have
determined the peak heights from densitometer trac-
ings. Also, Rank® has remeasured the position of the
9”"=1 to 13 and v""=29 to 39 members; although Rank
did not make intensity measurements, the lines miss-
ing from his list serve to identify transitions of negli-
gible intensity.

Table VI compares the experimental results for the
v'=26 fluorescence series with those calculated from
both the RKR and the Morse potentials. Despite the
considerable discrepancies and uncertainties in the ex-
perimental intensity estimates, the location of the max-
ima and minima in the internal diffraction pattern is
well established, and thus offers a severe test of the
calculated intensities. If anything within 509, is re-
garded as within the bounds of experimental error,
both the RKR and Morse calculations are satisfactory
up to v"’=10. At higher +"/ the RKR results continue to
follow the experimental intensity fluctuations whereas
above v"'=11 the Morse results fall “in and out-of-
step.” Various choices of the Morse parameters were
tried with similar results.?? Figure 2 shows an example
in which 7.’ has been adjusted, within the uncertainty
indicated in Table III; again the Morse results fall
“out of step” by v’=11. The most satisfactory pro-
cedure, which gave results that paralleled the RKR

% W. Lenz, Z. Physik 25, 299 (1924).

26 Q. Oldenberg, Z. Physik 45, 451 (1927).

271 The relative intensities cited are quoted in Ref. 36. The data
was obtained as part of the work: C. Arnot and C. A. McDoweli,
Can. J. Chem. 36, 114, 1322 (1958).

28 D. H. Rank, J. Opt. Soc. Am. 36, 239 (1946).

2 In preliminary calculations on other molecular spectra,
further comparisons between the Morse and RKR potentials have
been made. It is found that even when r,/—7,” is small, overlap
integrals derived from the Morse potential are only satisfactory
for small 9" and . Since the «, given by the Morse potential is
systematically too large [see V. P. Varshni, Rev. Mod. Phys. 29,
664 (1957)7], the slant of the central axis of the potential is in-
correct, and the overlap integrals are sensitive to this asillustrated
in the discussion of Table V.
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TasLe VI. Calculated and observed relative intensities for the »'=26, J'=234 fluorescence series of I..

4 Observed Observed Calculated Calculated v’ Observed Calculated Calculated
Lenz® Arnot and RKRPb Morse? Oldenberg RKRP Morseb
McDowell
0 10 10.0 10.00 7.84 20 e 1.41 0.10
1 9 3.7 9.59 10.00 21 0f 0.01 1.63
2 1e 0.0 0.04 0.28 22 9 1.36 0.01
3 9 3.2 5.10 4.82 23 2 0.20 1.54
4 3 0.9 2.16 2.53 24 3 0.82 0.02
5 8e ?d 1.33 1.43 25 9 0.72 1.38
6 8 2.2 3.55 3.61 26 0 0.21 0.10
7 20 0.2 0.02 0.15 27 10 1.06 1.18
8 2.5 3.16 3.48 28 1 0.00 0.24
9 0 0.1 0.45 0.05 29 9 0.92 0.94
10 8 1.9 1.82 2.79 30 9 0.28 0.41
11 3 1.0 1.46 0.42 31 0 0.42 0.69
12 2¢ 0.6 0.56 1.97 32 10 0.70 0.60
13 7 1.7 2.10 0.88 33 1e 0.04 0.4
14 0 0.0 0.01 1.24 34 9 0.81 0.79
15 7 1.7 1.97 1.26 35 5 0.09 0.22
16 0 0.2 0.26 0.69 36 2 0.51 0.94
17 2 1.2 1.23 1.51 37 2 0.44 0.06
18 1 1.0 0.92 0.32 38 c 0.11 1.02
19 ot 0.41 1.63 39 e 0.67 0.00

& Note that the normalization used by Lenz is not related to that of Oldenberg. -
b Both the P(35) and R(35) doublet intensities were evaluated from Eq. (3). Since they do not differ from each other by more than 2%, their average normalized
to the 26’-0" transition is reported above. The RKR potentials used are given in Tables II and IV; the Morse potential parameters are r,"’=2.6666 A, w,''=214.52

cm™, and D,/’=12554.6 cm™! for the X state and r,’=3.022 A, w,’'=127.35 cm™?, and D,’=4507.0 cm™ for the B state.

¢ Indicated as very weak by Rank, Ref. 28.

d The observation of this line is made difficult by overlapping with the yellow mercury line at 5790 A.

€ The line has been observed but no intensity estimate has been made.
f Indicated as very weak by Wood, Ref. 16.

results up to /=15, was obtained by adjusting the
Morse potential for the B state to fit the RKR poten-
tial near the v'=26 level ®

The sensitivity of the Franck-Condon factors to
changes in the potential function is illustrated in Fig.
3, which compares several calculated intensity pat-
terns obtained by displacing the RKR potential curve
for the B state by increments of A(r,/—r./’)=0.002 A,

with the ground state curve fixed in position. Only
when the relative location of the potential curves is N
correct within displacements of this order will the cal- ' I
dLILL L
H
<
s s Siciicted Thiry Moo A+-0002k
H s Caiculated (Morse) N
il dul Llnll
3
= 3
= E
: L] o
23 Ll A+ 00004
L
E s 9k | | I l 1 a
€2
o 8+0.002R :
L lap L1,

F16. 2. Comparison between calculated and observed relative
intensities for the v’ =26 fluorescence series. The Morse param-
eters lfied are the same as given below Table VI except for 7,/ =
3.016 A.

3 The adjusted Morse parameters are: r,/=3.016 4, w,/=
129.834 cm™ and w.x.'=0.834 cm™L. This adjusted potential was
employed in the overlap integral calculations reported by R. W.
Nicholls, J. Chem. Phys. 38, 1029 (1963).

culated intensity pattern match the observed one over
a wide range of vibrational quantum numbers.

Brown has recently carried out a very careful study
of the first 10 members of the v'=15, P(114) and
v'=16, P(45) fluorescence series.®! His results are com-

V”

6 8 10 12 14 16 18 20 22 24

6 8 10 12 14 16 18 20 22 24

v "
Fic. 3. The variation of the internal diffraction pattern with
shift in the potential. The parameter A measures the change of
rs’ —r," for the two potentials.

31 R. L. Brown, thesis, Harvard University, Cambridge, Massa-
chusetts, 1962,
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pared with the RKR calculations in Tables VII and
VIII, Brown measured the intensities photometrically
and made corrections for the variation in photomulti-
plier response with wavelength. For the measurements
considered in Table VII, he estimated the experimen-
tal uncertainty as +309%, for v/>3, and even higher
for the lines with v”<3, which are subject to self-
absorption. Nevertheless, the agreement between the
calculated and experimental intensities is quite satis-
factory. In a second set of measurements at tenfold
lower pressure of iodine (30 microns), Brown evaluated
the self-absorption corrections experimentally and de-
termined intensity ratios for a few lines with an esti-
mated accuracy of 4=109,. These ratios are in excellent
agreement with the calculated values, as shown in
Table VIII.

Thus, we find in Tables VI-VIII that, within the
experimental uncertainty present in the spectroscopic
constants and the relative intensity measurements, the
relative intensity pattern calculated from RKR poten-
tials matches the experimental intensity for the sixty
lines of the B-X transitions measured to date. It is
also found that 7 additional lines: (2", v"")= (26, 2),
(26, 7), (26, 9), (26, 12), (26, 31), (26, 33), and
(26, 38), indicated as missing by Rank are indeed
predicted to have negligible intensity.

Table IX gives the calculated relative intensities
for all transitions of appreciable intensity in the v'=
15, 16, and 26 fluorescence series. Table IX shows that
the primary means of depopulating the (v/, J’) level
of the upper state is by transitions to the first few
vibrational levels of the ground state. However, the
fluorescence series extends far into the infrared with
appreciable intensity, and a weaker secondary maxima
in the intensity pattern is predicted to occur around
9"'=31 and 52 for the v'=15 and +'=16 fluorescence
series and around v"=635 for the v'=26 fluorescence
series. A calculation of the radiative lifetime of the
v'=15, 16, and 26 level based on the relative intensities
given in Table VII is presented in the Appendix.

TaBLe VII. Calculated and observed relative intensities for the
v'=15 and v'=16 fluorescence series of Is.

v’ 1v'=15 P(144) series v'=16 P(45) series

Brown Calculated Browne Calculated

RXR RXR
0 a 0.9 0.8 1.3
1 s 5.0 4.0 6.2
2 10.0 10.0 b 10.0
3 9.2 7.6 5.0 4.9
4 2.4 0.7 0.0 0.0
5 2.9 2.1 3.8 4.0
6 6.7 5.3 4.0 3.8
7 2.4 1.2 0.0 0.0
8 1.0 1.1 2.5 3.0
9 3.7 3.9 2.3 2.6

8 Not reported.
b Masked by scattered sodium light.
© Scaled arbitrarily.
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TasLe VIII. Comparison of intensity ratios.

Line intensity Experimental  Calculated
ratio Brown RKR
(15-3) /(15-2) 0.7740.15 0.76
(16-0)/(16-1) 0.224:0.04 0.21
(16-3)/(16-1) 0.7640.15 0.79
DISCUSSION

The Rydberg-Klein—Rees potential functions, prop-
erly evaluated, have been shown to reproduce accu-
rately the observed spectroscopic term values (Table
I) and to give Franck—Condon overlap integrals which,
within experimental error, account for the observed
internal diffraction pattern of the B-X transition of
I; (Tables VI-VIII) over a wide range of vibrational
quantum numbers. The agreement found for this ex-
treme case encourages the application of these exact
numerical methods to other molecular band systems.3?
Unfortunately, for many examples of interest, the
available spectroscopic data are not sufficient to en-
able accurate RKR potentials to be constructed, espe-
cially for excited electronic states. In particular, it is
necessary to have accurate rotational constants in
order to determine the relative position of the potential
curves as the overlap integrals are very sensitive to
this (Table V and Fig. 3). In the absence of the requi-
site data, recourse must be had to analytic approxima-
tions, and it is reassuring to find that overlap integrals
computed from Morse potentials closely simulate the
RXKR results for low vibrational quantum numbers.

Since our calculations, based on Eqs. (3) and (13),
have taken into account the centrifugal distortion of
the potential due to rotation, we may examine the
contribution from this effect, which has been ignored
in previous calculations of Franck—Condon factors. It
is found that the use of Eq. (4), which neglects vibra-
tion-rotation interaction, gives intensities in error by
about 109, for J'=34, and by £209, for J'=113;
furthermore, the error does not show a systematic
trend but varies irregularly from line to line. If the
rotational contribution is neglected, a systematic error
is introduced into the calculated lifetime for the upper
state (see the Appendix), although an error of 109,-20%
is well within the experimental uncertainty of most
intensity measurements.

Equation (3), on which this analysis is based, as-
sumes the Born-Oppenheimer approximation for the
separability of electronic and nuclear motion, and the
adequacy of a constant electronic transition moment
R. independent of r over the entire v/ progression of
a fluorescence series. The validity of this last assump-
tion is a matter of some importance since the sum
rules of molecular spectroscopy, from which (among

8 All computer programs described in this paper have been
documented in R. N. Zare, University of California Radiation
Laboratory Report, UCRL-10925, 1963.
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TaBLE IX. Summary of calculated relative intensities for the »’=15, 16, and 26 fluorescence series. All intensities have been scaled
to ten. The calculated values reported for the o’ =26 progression are an average of the P (35) and R(33) doublet intensities.

v v'=15 =16 v'=26 o =15 o'=16 v'=26 W =15 o'=16 o'=26
P(114) P@4S) J'=34 P(114) P(45) J'=34 P(114) P(45) J'=34
0 0.8 1.31 10.00 24 1.01  0.04 0.8 48  0.03 0.68 0.18
1 4.9 623 9.5 25 0.04 1.31 Q.72 49  0.83 0.03 0.47
2 10.00 10.00 0.04 26 1.33  0.68 0.21 5  1.69 0.36 0.00
3 7.58 4.8  5.10 27 0.80 0.13  1.06 51 1.69 1.20  0.47
4 0.68 0.0l 2.16 28 0,06 1.23  0.00 52 1.08 1.64 0.17
5 2,00 4.00 1.33 20 1.20 0.46  0.92 53 0.47 1.22 0.19
6 531 3.8 3.5 30 071 0.19 0.28 54 0.14 0.5  0.46
7 1.15 0.0  0.02 31 005 1.12 0.42 55 0.03 0.20 0.00
8 1.08 297 3.16 32 1.05 0.35 0.70 56 a  0.05 0.49
9  3.93 2.55 0.45 3 071 0.20 0.04 57 0.01 0.20
10 0.8 004 1.8 34 0.00 1.02 0.81 58 a  0.18
11 1.05 2.76 1.46 35  0.87 0.33 0.09 59 0.60
12 3.10 1.45 0.56 36 0.8 0.15 0.51 60 0.01
13 038 030 2.10 37 0.0 0.93 0.44 61 0.57
14 1.22 252 0.01 38  0.63 0.40 0.1 62 0.62
15 242 063 1.97 39 0.94 0.07 0.67 63 0.01
16 0141 071  0.26 40 011 0.8 0.19 64 1.22
17 1.39 2.8 1.23 41 0.31 0.56 0.51 65 2.04
18 1.83 0.16 0.92 42 1.01  0.00 0.28 66 1.13
19 001 1.08 0.4 43 0.48 0.62 0.15 67 0.25
20 1.46 1.54 1.41 44  0.00 0.81 0.54 68 0.02
21 1.35  0.00 0.01 45 0.73  0.00 0.10 69 a
2 001 1.28 1.36 46  1.08 0.25 0.49
23 1.43  1.04  0.20 47 0.36  0.95 0.20

& Negligible intensities for higher members of progression.

other consequences) radiative lifetimes are deduced,
strictly obtain only for a constant average R..

Recently, it has been possible to calculate exactly
the variation of R,(#) with r for the one-electron mole-
cules Hst by Bates ef al.® and HeH** by Arthurs
et al* Both these molecules have only one bound
state (1so for Hy* and 2po for HeH* *) and the strength
of transitions to repulsive electronic states have been
determined over a wide range of r.

For Hy+ the calculations refer to strongly allowed
transitions and the oscillator strength [proportional
to R2(r)] is found to be quite constant, varying by
no more than 15% from its mean value over a range
of 1 A centered about the 7, of the bound state. A
similar calculation for HeH* + likewise gives a slowly
varying oscillator strength for the strongly allowed
transitions but a rapidly varying oscillator strength
which changes by as much as a factor of ten for the
weakly allowed charge transfer transitions. It is not
clear whether these results can be generalized for many-
electron molecules.

Mulliken® has suggested a relatively rapid variation
of R.(r) for the charge transfer type B—X transitions
of the halogens, since it is forbidden for separated
atoms and enhanced by Case ¢ coupling in the united

3 D. R. Bates, R. T. S. Darling, S. C. Hawe, and A. L. Stewart,
Proc. Phys. Soc. (London) A66, 1124 (1953); see also, D. R.
Bates, J. Chem. Phys. 14, 1122 (1951).

3 A, M. Arthurs and J. Hyslop, Proc. Phys. Soc. (London)
A70, 489, 849 (1957); A. M. Arthurs, R. A. B. Bond, and ]J.
Hyslop, ibid. A70, 617 (1957).

35R). S. Mulliken and_C. A. Riecke, Rept. Progr. Phys. 8, 231
(1941).

atom limit. Using approximate calculations for chlo-
rine and bromine reported by Mulliken’s laboratory,
Stafford® has estimated a change in R2(r) by no
more than a factor of two to four over the extremes
of the iodine absorption spectrum. It may be noted,
however, that the same molecular orbital treatment
applied to Hyt or HeH* * leads to predicted variation
of R.(r) which are considerably too rapid.®:3*

Fraser® has suggested that observed intensities be
used to determine the functional form of R.(r), by
means of “the r-centroid method.” This employs the

approximation® [which is exact for a linear variation
of R.(r)1:

[t R s = o) [,

where 7., called the r-centroid, is a weighted value
of r encountered in the v'—u” transition, and is de-

fined by
fv’v"=/¢v’r¢v”dr //&bw\bwld?’.

#F. E. Stafford, thesis, University of California Radiation
Laboratory Report, UCRL-8854, 1959.

31 P, A, Fraser, Can. J. Phys. 32, 516 (1954).

% (Once accurate wavefunctions are available, the r-centroid
method may be made exact. The electronic transition moment
R,(r) may be expanded about z= (r,'+7,/') /2 in a power series:

R(r) = Ru(a)+ 2 (3Ro/0r%) L (r—2)"/!]

and each matrix element of a power of r evaluated separately.
The coefficients may be determined from accurate intensity data
by a best least squares procedure. This will give the form of R, (r)
within the radius of convergence of the power series.

(14)

(15)
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TasLE X. Calculated radiative lifetimes for I fluorescence.

Absolute line intensity

Integrated band intensity

vJ’ " J Aorrgrn VI X105 77X 1077 (sec) Jed Inv, 70 X 1077 (sec)
(sec™)
15,113 3,114 2.840.3s 2.940.3 15530 1844
16,44 3,45 1.0+0.2e 5.6+1.1 1344-204 1542
26,34 3,33 0r 35 2.0£1.60 2.9+2.4

2 From Ref. 31.
b ¢, Malamond and H. Boiteux, Compt. Rend. 238, 778 (1954).
¢ From Ref. 42,
d From Ref. 43.

From Eq. (4), observed band intensities may be used
to determine the variation of R,(F,,+) with Fyrprr from
the relation

R =1 | [zv( / wm,dr)ﬁ] (16)

using calculated values of the r-centroids and Franck-
Condon factors involved in each transition.

The r-centroid method has been applied to many
molecular band systems.? Since it ascribes all discrep-
ancies between the calculated and observed intensities
to the variation of R,(F,r,r) with Fyrps, it should be
emphasized that the results can only be valid if both
the experimental intensity and the calculated Franck-
Condon factors are highly accurate. For I, the uncer-
tainties are such that there is no possibility to assess
the variation of the electronic transition moment with
internuclear distance.

APPENDIX. RADIATIVE LIFETIME FOR I.
FLUORESCENCE

The radiative lifetime of a rotational-vibrational
level (¥/, J') of the upper state is defined as

Tor Jr = I: Z Av,;J::”’J']—I,

ol T

(17)

where A,y is the probability of spontaneous emis-
sion per second from the level (v', J') to the level
(v, J”) and the sum is taken over all levels of the
ground state for which the transition is allowed. Once
relative intensities are known, the radiative lifetime
may be calculated from measurement of either the
absolute intensity of a single line or the integrated
intensity of the entire band system.

The fluorescence intensity of a spectral line (in units
of energy emitted per second) is proportional to the
transition probability of spontaneous emission 4,+y:/*"7
and the frequency of the transition y,;*"/’ (in wave-
numbers). If relative intensities are available and
Ayyo?7 has een determined by an absolute intensity
measurement for the v’ J'—v*J* transition, the life-
time of the (v/, J’) level is simply given by

S [T fogrrg®]

oI I

. 134
1/Tv'JI—Av*J*” [Iv*J*v/JI/V'[)*J*v,J/] )

(18)

provided that certain vibrational and rotational sum
rules of molecular spectroscopy are applicable.®® Using
the relative intensities listed in Table IX and Einstein
A coefficients reported by various workers, we have
calculated lifetimes for the v’=15, 16, and 26 vibra-
tional levels and the results are given in Table X.

Total band absorption measurements provide an-
other means of estimating the radiative lifetime, al-
though the theoretical basis of this formulation is
more open to question. It may be shown® that the
absorption data can be related to the lifetime by the
following equation:

1/r=2.880X 102 (3,3 o~ f dlw,,  (19)

where e is the decadic molar extinction coefficient and
vs and », are the frequencies of fluorescence and ab-
sorption in wavenumbers. The mean fluorescence fre-
quency factor appropriate to the entire band system
is obtained from the expression

it 3 o o)1
s A [Iv//Juv,',,/llvr/‘,uv,"’]

by use of the relative intensity data found in Table IX.
For the v'=26 level the calculated mean fluorescence
wavelength is 8867 A. This result is 15% higher than
the estimate given in Reference 41. Lifetimes based on
the 8867-A value and the extinction coefficient meas-
urements of Rabinowitch and Wood# for a pressure
broadened spectrum and those of Sulzer and Wieland*
on superheated I, vapor are also given in Table X.
Recently, the lifetime of the v'=26 level has been
directly measured by Brewer, Berg, and Rosenblatt®
who obtained a value of (7.2+£1.0) X1077 sec by using
a phase fluorometer, This reported lifetime lies between
the lifetime calculated from the absolute line intensity
and that from the integrated band absorption. In view
of the large uncertainties possible in absolute intensity

(20)

oIt

% G. Herzberg, Spectra of Diatomic Molecules (D. Van Nostrand
Company, Inc., Princeton, New Jersey, 1961), 2nd ed.

« S, J. Strickler and R. A. Berg, J. Chem. Phys. 37, 814 (1962).

4 1,. Brewer, R. A, Berg, and G. Rosenblatt, J. Chem. Phys.
38, 1381 (1963); see also, R. A. Berg, thesis, University of Cali-
fornia Radiation Laboratory Report, UCRL-9954, 1962,

2 F, Rabinowitch and W. C. Wood, Trans. Faraday Soc. 32,
540 (1936).

4 P, Sulzer and K. Wieland, Helv. Phys. Acta 25, 653 (1952).
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measurements and the approximations made in Egs.
(18) and (19), the calculated lifetimes are in satis-
factory agreement with the direct observation.
The lifetime may be related to the electronic transi-
tion moment by
1/7orgr=(64w4/3)RR2 D, (vyrrgr?')3,

o1 J1

(21)

where the lifetime of the (v'J’) level of the upper
state is seen to depend on ¥’ (and very slightly on J')
only through the cube of the frequency factor. Conse-
quently, one would expect the lifetime for the o'=15
and v'=16 levels to be about 209, less than the life-
time of the v'=26 level, due to the displacement of the
secondary maxima to shorter wavelength, provided
R.(r) does not vary appreciably from transition to
transition. This trend to shorter lifetimes is qualita-
tively borne out by Table X.

No direct lifetimes for the »'=15 or ¥'=16 levels
have yet been determined. The source of the discrep-
ancy between lifetimes calculated from absolute line
intensity or band absorption data, as well as the pos-
sibility of assessing the validity of the rotational and

ZARE

vibrational sum rules must await the further compari-
son of calculated lifetimes, based on accurate Franck-
Condon factors, and observed lifetimes, determined by
direct measurements.

Note added in proof: The potential curve for the
ground state of I, has been recalculated recently by
S. Weissman, J. T. Vanderslice, and R. Battino, J.
Chem. Phys. 39, 2229 (1963), using a numerical RKR
procedure. To the three figures they have quoted, their
turning points are in full agreement with those calcu-
lated in the present work.

ACKNOWLEDGMENTS

It is a pleasure to thank Professor D. R. Herschbach
for suggesting this problem and for many stimulating
discussions. I am also deeply indebted to J. V. V.
Kasper and to Dr. J. K. Cashion for their assistance
and suggestions. I have enjoyed discussions of this
work with Dr. R. A. Berg, Dr. Gerd Rosenblatt, and
Professor Leo Brewer, and correspondence with Dr.
R. W. Nicholls, Dr. R. D. Verma, and Dr. A. L. G.
Rees.

THE JOURNAL OF CHEMICAL PHYSICS

VOLUME 40, NUMBER 7 1 APRIL 1964
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The self-consistent field functions for the ground state of the first- and second-row atoms (from He to Ar)
are computed with a basis set in which two Slater-type orbitals (STO’s) are chosen for each atomic orbital.
The reported STO’s have carefully optimized orbital exponents. The total energy is not far from the accurate
Hartree-Fock energy given by Clementi, Roothaan, and Yoshimine for the first-row atoms and unpublished
data for the second-row atoms. The obtained basis sets have sufficient flexibility to be a most useful starting
set for molecular computations, as noted by Richardson. With the addition of 3d and 4f functions, the re-
ported atomic basis sets provide a molecular basis set which duplicate quantitatively most of the chemical
information derivable by the more extended basis set needed to obtain accurate Hartree—Fock molecular

functions.

HE Richardson! double-zeta technique consists in

the use of two Slater-type orbitals to expand a
single atomic orbital. This technique has been proved
to be most useful in a number of molecular calcula-
tions.? For this reason we present a set of accurately
optimized self-consistent field basis sets for the I and
II period of the atomic system, where the double-zeta
technique was adopted. A most powerful computer
program for atomic calculation was kindly supplied to
us by Roothaan.® This program has been modified by
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us in such a way that we can automatically optimize
not only one, two, or three orbital exponents at the
same time (this much was included in the original
Roothaan program), but up to 35 orbital exponents
in a sequence.* This modification allowed the orbital
exponent optimization process to be speeded consider-
ably with & minimum amount of human effort. The
orbital exponents are given in Table I. In Table II,
the computed total energies for the double-zeta basis
set are compared with the best single-zeta set* and
with the Hartree-Fock energies previously reported
for the first period,® and those unpublished data for
the second period. The expansion coefficients and the
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