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Abstract

Construction and maintenance of on-orbit crew-operated hardware is currently done primar-

ily by extra-vehicular astronauts at great risk to the crew and expense to the space agency.

Use of robotics for some construction and maintenance tasks provides the opportunity for

both increased safety for the astronauts and major ground-crew cost savings. In particular,

a �xed-base robotic manipulator can use on-board power for extended operations and can

accomplish a variety of tasks such as swapping parts, connecting utilities, and inspecting

external space hardware.

An e�ective space robotic manipulator must be lightweight, have a large workspace,

and be capable of �ne dexterous control. Because it is large and lightweight, an on-orbit

manipulator will necessarily be quite 
exible, limiting the dexterity and speed of the end-

point. One way to achieve high performance end-point motion over a large workspace is

to use a macro/mini manipulator: a large lightweight manipulator carrying a smaller more

dexterous manipulator at its tip, such as is planned for the International Space Station.

Dexterous end-point motion of a macro/mini manipulator requires stable, high perfor-

mance control. However, designing a controller for a macro/mini manipulator is challenging

because a macro/mini manipulator is highly nonlinear, has low-frequency 
exibility, and has

dynamic coupling between the macro and mini. The controller must also control the redun-

dancy of the macro/mini manipulator by using the fast mini to isolate the end-point from

low-frequency oscillations of the macro. The goal of this dissertation is to develop a high

performance controller for a 
exible-joint macro manipulator carrying a mini manipulator

consisting of a pair of fully-integrated, two-link arms.

One promising method for controlling an on-orbit manipulator is impedance control

which enforces a force-velocity relationship at the end-point of the robot. The end-point

of the robot behaves as a linear impedance, allowing for smooth contact with the environ-

ment. The impedance controller can be implemented at the end-point of the manipulator
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by transforming the equations of motion into end-point coordinates, or operational space,

and designing the control law to impose a linear relation between end-point coordinates

and force. Using this operational space framework also enables a secondary control of the

redundant degrees of freedom, without degrading the primary end-point impedance task.

The operational space framework and impedance control method have previously been

demonstrated on rigid robots. This thesis presents new theoretical advances that extend

the concepts of operational space and impedance control to redundant 
exible-joint robots.

Important advances also include a new method for choosing the end-point impedance and

a high performance robust redundant controller.

The new control concepts are veri�ed on an experimental macro/mini manipulator. The

experimental system is planar with a two-link 
exible macro carrying a two-cooperating-arm

mini. The control law is used to semi-autonomously perform a variety of tasks: capture and

manipulate a free-
ying object; manipulate a large object; capture, manipulate, and insert

a 
exible object; and accelerate a large object with a prescribed force. The experiments

demonstrate that the impedance control law can accomplish a range of complex tasks similar

to tasks that would be done on-orbit.
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Chapter 1

Introduction

1.1 Motivation

Construction and maintenance of on-orbit crewed hardware is currently done mostly by

human Extra Vehicular Activity (EVA). If some of the construction and maintenance could

be completed by robots, astronaut safety would be increased and cost decreased by reducing

the needed human EVA time. Developing on-orbit robotic technology not only provides

immediate assistance to astronauts but also develops capabilities for future space missions

where humans cannot venture. Robotic technology is even more important with the advent

of the International Space Station. For the assembly of the space station, 1,920 man EVA

hours are planned [51], much more than the total of all EVA experience to date. An increased

on-orbit robotic presence could both increase the chance of the space station success and

reduce the future necessary EVA time.

One approach to fully utilize on-orbit robots would be to have the robots form a space

robotic workcell, where robots work together to accomplish a task, guided by humans from

a high-level. Robots are good at repetitive tasks but have di�culty with strategic thinking.

Humans, on the other hand, get bored and fatigued with simple, repetitive tasks but are

good at strategic thinking. Thus a space robotic workcell built upon Task-Level Control

will exploit the strengths of both humans and robots: the human tells the robot the task

it must accomplish and the robot carries out the task. As the human does not close the

low-level control loop, time delay is not a problem with operation, and a single human could

operate a number of robots. In some cases, the robots could be operated either from the

ground or by a single astronaut, reducing operation cost.

1
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Figure 1.1: Artist's Conception in 1997 of the International Space Station in 2003

For a space robotic workcell to be e�ective, robots must be smart, safe, dexterous,

and adaptable. To be able to complete a variety of tasks, a space robotic workcell would

contain several di�erent types of robots, including free-
ying robots and �xed base manip-

ulators. A robotic workcell requires not only development of capable robots but also smart

algorithms for controlling and commanding them. An important building block to enable

semi-autonomous robots is a high performance, stable low-level controller. In particular,

the control of space-based manipulators is challenging because of their nonlinearity and


exibility.

The only current operational on-orbit manipulator is the Space Shuttle's Remote Manip-

ulator System (RMS). The RMS performs preplanned tasks, such as satellite deployment

and retrieval, extremely well. However, each mission is extensively planned beforehand,

with the astronaut training on the ground for months before each mission. The RMS is

only operated through teleoperation, with an astronaut commanding either joint angle or

end-point velocities from inside the shuttle. Thus the operation of the RMS does not �t

into the space robotic workcell paradigm because of the signi�cant planning and training

for each task and the teleoperation mode of control. Much more sophisticated control

would be necessary to improve the performance of the RMS and enable the capability of

semi-autonomous operation.



1.1. MOTIVATION 3

Figure 1.2: Astronaut James Voss Acts as the Mini Manipulator on the End of the Remote
Manipulator System

Developing high performance controllers for a large on-orbit manipulator is di�cult

because an on-orbit manipulator has signi�cant 
exibility in its drive train and links. For

example, the RMS has very-low-frequency 
exible-joint modes that are between 0.05 Hz

and 0.5 Hz depending on the size of the payload, and 
exible-link modes that start at

4 Hz [1]. The end-point of the manipulator must move slowly to avoid exciting the 
exible

modes in the system. Higher performance control algorithms can enable faster motion of

the end-point, but the achievable speed of the end-point will be limited by the actuator

authority and the 
exibility of the system. Thus while the RMS is capable of manipulating

a large satellite, it is not well suited for dexterous tasks such as connecting a utility cable.

To complete a variety of tasks at many locations, a space manipulator should not only

have a large workspace like the RMS but also be capable of fast precise motion at the end-

point. One way to increase the end-point dexterity is to add a smaller manipulator on the

end of the large manipulator [69, 14]. If designed correctly, the macro/mini combination can

create a manipulator with the dexterity of the mini manipulator over the workspace of the
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Figure 1.3: Artist's Conception of SSRMS/SPDM

macro manipulator. The RMS does not have a mini manipulator that it can carry, but end-

point dexterity is often improved by using an astronaut as a human \mini manipulator,"

as shown in Figure 1.2. The concept of a macro/mini manipulator can be seen in biological

systems. The human arm/hand system is a great example of a macro/mini manipulator.

Your arm has a large reach and, anywhere within the reach of your arm, your �ngers can

perform dexterous motions.

The next planned operational on-orbit manipulator will be a macro/mini system, the

Space Station Remote Manipulator System (SSRMS) and Special Purpose Dexterous Ma-

nipulator (SPDM) as shown in Figure 1.3. The 7 degree of freedom SSRMS is similar in size

to the RMS, 15 m total length, and can operate by itself or with the SPDM. The SPDM

has two arms, each with 7 degrees of freedom as well as a base that can be securely fas-

tened down at various attachment points. Thus the SSRMS can do tasks by itself to move

large objects and then use the SPDM to accomplish more dexterous tasks. The SPDM

is planned to be used for a variety of tasks, such as replacing Orbital Replacement Units

(ORUs), connecting and disconnecting utilities, and opening doors [76].

Currently the SPDM is planned to be used in places where there is an attachment point

for its base. The SSRMS will carry the SPDM to an attachment point, then park the end of

the SSRMS on the attachment point while the SPDM does its task. In places where there is

no attachment point, it is proposed to use one of the SPDM arms as a brace and the other

arm to complete the task. Thus the SPDM is limited to dual-arm operation only where
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these attachment points exist and possibly single-arm operation elsewhere. Even with the

SPDM �rmly parked at an attachment point, teleoperation of two arms will be di�cult and

would take two astronauts using the current approach. A much better solution to operating

the SSRMS/SPDM would be to have a controller operating the full manipulator system,

optimizing the motion for good end-point performance. Then the astronaut could give

the manipulator high-level task commands rather than low-level teleoperation commands,

thereby enabling operation of the SPDM anywhere within the workspace of the SSRMS.

A high performance controller is necessary for good dexterity at the end-point; but

designing such a controller for a macro/mini manipulator is di�cult. The following char-

acteristics of a space-based macro/mini manipulator make it a challenge to design a high

performance controller:

� Robot manipulators are inherently nonlinear, with both con�guration-dependent and

velocity-dependent nonlinearities. Con�guration-dependent nonlinearities occur be-

cause the inertia of the manipulator, as seen by each joint, changes as the manipulator

moves. Furthermore, each link rotates the next link, creating nonlinear Coriolis and

centrifugal terms in the equations of motion.

� A space-based macro manipulator has signi�cant 
exibility, further complicating the

dynamics. The 
exibility limits the performance of a joint-based control design, and

stability will be an issue with noncollocated end-point control designs.

� A space-based mini manipulator, such as the SPDM, can be quite large relative to

the macro manipulator so that it can move large objects. If the mini were smaller|a

\micro" manipulator|separate controllers could be implemented for the macro and

micro manipulators as the motion of the micro manipulator would not cause signi�cant

motion of the macro manipulator [69, 36]. With a relatively larger mini manipulator,

motion of the mini manipulator would cause motion of the macro manipulator, and

vice versa. Consequently the control design must regulate the full macro/mini system,

controlling both the end-point and the redundant degrees of freedom.

The general class of macro/mini manipulators where the macro manipulator exhibits joint


exibility is addressed in this research. Note that, while the focus of this work is for space

manipulators, the results are important for other applications, because a mini manipulator

could be added to any manipulator to increase end-point dexterity. As joint 
exibility can
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result from drive-train 
exibility in cables, shafts, and belts, it is a common problem for

both ground and space manipulators. It is often more cost e�ective to improve end-point

performance by adding a fast mini manipulator to the end of a large robot, rather than

redesigning the larger robot.

This dissertation presents a new control strategy for the end-point position and force

control of macro/mini manipulators. The goal of the control law is to achieve, over the

workspace of the macro, the end-point performance that is achievable by the mini itself.

While many researchers have addressed key aspects of the macro/mini manipulator control

system, there is not yet a general method for end-point control of macro/mini manipulators

with joint 
exibility. Such a general method is a goal of this research.

First, to enable semi-autonomous operation of a macro/mini manipulator, a general

framework is needed for the low-level control law. The general framework should enable

good end-point control of position and force while guaranteeing stability and controlling the

redundant degrees of freedom. Using that framework as a base for hierarchical control, a

strategic layer can then plan motions and forces at the end-point of the robot that are nec-

essary to complete a task, with full con�dence that the low-level control law can accomplish

the desired end-point behavior.

1.2 Background

This section provides a background and general literature review for the control of manipu-

lators. While manipulators are capable of a large variety of tasks, designing controllers for

them is challenging. In particular, manipulators are nonlinear systems, with both position

and velocity dependant nonlinearities, and the dynamics of space manipulators are even

more complex because of their 
exibility. Adding a mini on the end of the space manipula-

tor enables good end-point performance by compensating for the macro 
exibility, but the

control design is complicated because the system is now redundant.

While little research has been done speci�cally on redundant robots with joint 
exibility,

this thesis draws on a large body of research in the �eld of robotics. This section �rst outlines

the research done in the area of controlling rigid robots, including redundant systems, that is

relevant to the macro/mini control problem. Then an overview of research on 
exible-joint

robots is presented. Finally research in the area of macro/micro robots is summarized.
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1.2.1 Rigid Robot Control

End-point position and force control has been well studied for robots that can be modelled

as having rigid joints and links [17, 20]. Often proportional/derivative (PD) joint control

is su�cient with rigid robots, thus much of the research has emphasized solutions to the

inverse kinematics problem, motion planning, and redundancy management. When PD

control is not su�cient, it is often augmented by inverse dynamics control, also known as

computed torque [20], which linearizes the robot dynamics.

Two developments in rigid-robot control are especially relevant to the control of macro/

mini manipulators: impedance control and operational space control. Impedance control

provides a uni�ed framework for control of both position and force. Operational space

control removes the inverse kinematics problem by designing the controller directly in end-

point coordinates. This section reviews impedance control, operational space control, and

redundant control.

Impedance Control

Typical control of rigid robots uses di�erent control laws for free trajectory motions and for

contact with the environment, switching between the control laws when the environment

is contacted [52, 59]. Controlling the contact force requires precise knowledge of contact

position and a good model of contact dynamics, because inadvertent contact while under

position control can cause instability. The knowledge of contact position is especially im-

portant for switching between position and force control, to avoid bouncing in and out of

contact. In a changing environment, such as on a space platform, the position of contact is

often not known accurately enough for this approach to be viable. Also, it is important for

a space manipulator to remain stable even if the environment is contacted by accident.

In [23], Hogan fundamentally changed control design for robots by introducing the idea of

impedance control, which enforces a velocity-force relationship at the end-point of the robot.

The end-point of the robot then behaves as a linear impedance, allowing for smooth contact

with the environment without a switch of the control method. The desired impedance can

be implemented through mechanical design or feedback control [24].

The behavior of the robot can be modi�ed by simply changing the values of the desired

linear impedance, a much less drastic change than switching from \position" to \force"

control. For example, for tight position control, the impedance is chosen such that the
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end-point behaves as a well-damped mass spring system with a very sti� spring. At the

other extreme, to contact a sti� environment, the end-point should behave like a soft spring.

The desired impedance value can be calculated by optimizing a cost function with weight

on both position and force error [25].

The idea of designing the controlled end-point of the robot to behave as a linear

impedance is a powerful one that extends to robots with 
exibility. The method of im-

plementing an impedance control law, however, assumes that the robot is rigid, and a new

level of control capability is required for a 
exible-joint robot. The following section de-

scribes the operational space method for implementing impedance control at the end-point

of the robot.

Operational Space Control

Often to control the end-point of a manipulator, the desired end-point velocities are trans-

formed into desired joint velocities using the inverse kinematics of the manipulator. The

control law is then designed such that the joint torque enforces the desired joint velocity.

This method requires solving the inverse kinematics, which is quite complex and usually

does not have closed-form solution. Also, it is di�cult to incorporate end-point sensing into

the control algorithm. The operational space method designs the control law in end-point

coordinates, eliminating the need for inverse kinematics and enabling the use of end-point

sensing.

The equations of motion of a manipulator are usually derived in terms of joint co-

ordinates, in \joint space". However, the task the manipulator performs is described in

end-point coordinates, the \task space" or \operational space" of the manipulator. The

idea of operational space control, as developed by Khatib [30], is to transform the robot's

equations of motion into operational space coordinates. With the transformed equations,

control design can be done directly in end-point coordinates. As a result, end-point sensing

of position and force can be easily incorporated into the design, thereby providing the best

possible control of the relevant task coordinates.

The operational space framework gives an intuitive way to implement impedance control

at the end-point of a manipulator. A common robotic control methodology, known as

computed torque or inverse dynamics control, is then used to cancel the nonlinear terms and

substitute in the desired linear dynamics [20]. Computed torque can be used to implement

an impedance control law by substituting in the desired linear impedance law.
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It should be noted that both computed torque control and the operational space for-

mulation depend on a static relationship between end-point force and robot torque, and

thus they cannot be applied when there is 
exibility in the manipulator [74]. However,

experience has indicated that the framework is very powerful for rigid robot control; so a

key goal of this thesis is to develop a similar framework for 
exible-joint robots.

Redundant Control

Often a robot is designed such that it has more internal degrees of freedom than are required

to complete a task. For example, a robot with seven links has one extra degree of freedom

when positioning and orienting its end-point in 3D or four extra degrees of freedom when

just positioning its end-point. A macro/micro robot is by de�nition redundant; usually all of

the macro degrees of freedom are redundant. Far from being a disadvantage, extra internal

degrees of freedom can be used to enhance the performance of the robot by performing a

secondary task, such as minimizing gravity torques, reaching around obstacles, or avoiding

singularity.

Controlling and planning for redundancy has been an active area of research: see [53]

and [82] for reviews of research on redundant robots. A common method of controlling

redundancy is to split the control into the end-point task and the redundant task. The

redundant controller is then mapped through a function that ensures that the redundant

motions will not a�ect the end-point [50]. Much of the research has been on �nding various

ways of designing the redundant control to accomplish secondary objectives. These control

designs are typically done in the kinematic sense, wherein the desired joint motions are

designed to accomplish both the end-point and redundant tasks. The design is then typically

implemented using the computed torque approach with PD feedback control. While this

approach has been demonstrated to work well for rigid robots, a kinematic design does not

extend well to a robot with 
exibility, because the 
exible modes of the system must also

be controlled.

As a result, a new approach that takes into consideration the dynamics of the robot is

required. One approach would be to use the operational space formulation, which enables

the use of dynamic redundant control [31]. The redundant controller can be designed and

implemented through a nonlinear mapping that ensures that the redundant control does

not a�ect end-point motion. The ability of the operational space framework to dynamically

manage redundancy provides yet another incentive for developing a framework similar to
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operational space for 
exible-joint robots.

1.2.2 Flexible-Joint Robot Control

Several di�erent methods have been developed for the control of 
exible robots. A recent

review of control techniques for 
exible robots and robots in general was done by Ge [20].

In this section, the relevant nonlinear control methods are grouped into three categories,

singular perturbation, cascaded systems, and feedback linearization.

Singular Perturbation

In the case where the joints are relatively sti�, singular perturbation methods can be used

for the control design. The technique divides the dynamics by time-scale into the fast, or

elastic subsystem dynamics, and the slow, or rigid-body dynamics. A rigid-body control law

can be designed to stabilize the slow system and a second controller is designed to stabilize

the fast system. The precise singular perturbation formulation can be found in Spong

[72] and Khorasani [32]. Singular perturbation methods have produced good experimental

results, but only when the joints are relatively sti�, as shown by Spong [73]. A decentralized

control law for stabilizing the fast modes has been developed by Readman [60]. A similar

approach was developed by Pfe�er [57], who separated the link and joint subsystems based

on a link-dominant assumption as well as spectral separation.

Singular perturbation techniques have the advantage that existing rigid-robot control

methods can be used by simply adding an extra control term to stabilize the fast dynamics.

In cases where the joint 
exibility is weak, this can be a very powerful method. However,

because of the necessary assumption of weak joint 
exibility, the singular perturbation

method does not apply to general 
exible-joint systems. In particular, the joint 
exibility

of most space manipulators and the experimental robot is too strong for this technique to

apply, the rigid-body motion would have to be prohibitively slow to ensure a frequency

separation between the slow and fast dynamics.

Cascaded Systems

The cascade system approach �rst solves the problem as if the links themselves can be

directly controlled, then determines the actual control that would be required to account for

the joint 
exibility. In this approach, the dynamics of the joint 
exible system are separated
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into two cascaded equations, �rst the manipulator equations and then the actuator equation.

The \input" to the manipulator set of equations is the force applied by the 
exible joint

between the motor and the link. After the desired \input" to the links has been determined,

the next loop controls the force to the actuator so that the 
exible joint provides the desired

\input" to the link. In contrast to the singular perturbation techniques, the cascaded system

approach does not assume that there is a frequency separation between link and 
exible-

joint dynamics.

The cascade system approach is dependent on a good model of the manipulator and

thus is often done adaptively. Yaun [80] used the cascade system approach to design an

adaptive controller for a 
exible-joint robot. An adaptive task space controller design was

done using the cascade system by expressing only the link equation in task space [15].

The form of the cascaded equations of motion has recently been exploited in the use of

integrator backstepping as a control design approach. Integrator backstepping is a systematic

way to develop Lyapunov functions for a system with a chain of integrators at the input

[34]. A Lyapunov-stable controller is identi�ed for the system without the integrators, then

is \backstepped" through the integrators, adding on to the Lyapunov function at each step.

Backstepping is an attractive design technique in that it provides a Lyapunov stability proof

for the nonlinear system. The backstepping technique was used by Nicosia and Tomei [54]

to design a globally stable controller for a 
exible-joint robot. Brogliato [7] presented a

similar backstepping technique and shows experimental results in [8]. Backstepping was

also used for 
exible-joint robot control by Oh [55] and Bridges [6].

The backstepping design technique usually includes adaptation, even in cases where the

manipulator's dynamics are known. The reason for this adaption is that the backstepping

design technique is very sensitive to the model parameters. In particular, the Lyapunov

control design requires the subtraction of dynamic terms that are sensitive both to model

parameters and measured outputs.

Another issue with backstepping is that the design of the Lyapunov equations is quite

constrained, and there is no direct way to include a performance speci�cation. The only

modi�cation that can be made to the control law is the adjustment of a few nonintuitive

control gains. Thus the control designer does not have full control over the closed-loop

dynamic behavior, only a guarantee of stability provided the subtraction is exact. The

backstepping technique was examined for control of the experimental macro/mini manip-

ulator, as is discussed in Chapter 3, but was not a viable method for impedance control
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because of the undesirable subtraction of dynamics and the inability to specify performance.

Feedback Linearization

A common method of control for rigid robots is computed torque, a feedback linearization

method where the nonlinear robot dynamics are cancelled and replaced by the desired linear

behavior. The computed torque method requires that the torque be applied directly to the

links and thus is not applicable to 
exible-joint robots because each degree of freedom is not

directly actuated. However both Spong [72] and Forrest-Barlach [19] showed that, through a

state transformation, the equations of motion for a 
exible-joint robot are globally feedback

linearizable. In this approach, the equations are transformed from being a function of joint

position, joint velocity, link position, and link velocity to a single equation that is a function

of the position, velocity, acceleration, and jerk of the link. The transformed equations are

then in a form that can be linearized by feedback control, as the dynamics are expressed in

a single equation with the joint torques as the input. The feedback linearization control law

is similar to the computed torque control law for rigid robots: the nonlinear velocity terms

are cancelled and replaced with the desired behavior. The feedback linearization provides

a promising technique for implementing an end-point impedance control law because it

enables the speci�cation of a desired linear dynamic behavior.

The feedback linearization technique has been demonstrated experimentally by Spong

[73] and Erbatur [18]. Because of the need for higher order link derivatives and the cancel-

lation of dynamic terms, a manipulator model is required for feedback linearization. If a

good model is not available, a neural network can be used to adaptively enhance the robot

model [21]. An LQR design for control of the linearized system was presented by Lahdhiri

[35]. Feedback linearization was shown to work when contacting the environment by Berger

[4]. Massoud [46] showed that feedback linearization could be used to implement impedance

control.

While these results showed that the feedback linearization technique works for 
exible-

joint robots, the techniques developed cannot handle a manipulator that has both 
exible

and rigid joints. As the macro manipulator has 
exible joints and the mini manipulator has

rigid joints, a more capable technique must be developed to control manipulators with mixed


exible and rigid joints. Because the dynamics of each link of a robot are coupled together,

the control law cannot be designed separately for the joint 
exible subsystem and the rigid

subsystem. DeLuca [40, 41] showed that only rarely, and never for a redundant robot,
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would the rigid and 
exible subsystems decouple and allow for separate control design. As

such, DeLuca proposed that a dynamic controller be added to the rigid links so that one

control design approach could be used for the whole system. A similar method is used in

this research to enable feedback linearization of the macro/mini manipulator by adding a

dynamic controller to the mini manipulator.

1.2.3 Macro/Micro Control

This section reviews related work speci�cally on macro/micro or macro/mini manipulators.

In the literature the smaller robot is referred to either as a mini or as a micro. For this

thesis, the term \micro" is used to refer to a manipulator that is signi�cantly smaller in

mass and inertia than the macro, while the term \mini" refers to a manipulator that has

a mass and inertia that are not negligible compared to the macro's mass and inertia. The

majority of the research done so far with 
exible macros has considered only macro/micro

systems, not macro/mini, and thus cannot directly apply to a macro/mini system.

The idea of placing a smaller manipulator on the end of a 
exible manipulator to im-

prove the end-point performance was introduced by Sharon [69] and Chiang [14]. Sharon

demonstrated high-bandwidth position and force control of a one-link 
exible macro ma-

nipulator with a one link micro using a linearized model [70]. The micro manipulator acts

to isolate the environment from the macro manipulator. Similarly, a very quick wrist, or

micro manipulator, was added to a single 
exible-link manipulator by Chiang [14]. Using

separate linearized controllers for the macro and micro, Chiang demonstrated a signi�cant

increase in bandwidth through the addition of the micro manipulator. Using the same 
exi-

ble macro manipulator, a two degree of freedom micro manipulator was used to demonstrate

both force and position control by Kraft [33].

Research on micro manipulator control is typically focused on reducing the e�ects of

the macro's 
exibility. Several researchers have shown that the micro manipulator can be

used to damp out motion in the macro manipulator, for example Lew [38], and Sharf [68].

However, it is di�cult to achieve end-point performance of the micro while it is being used

to damp out macro motions. Cannon [10] used the micro for damping, but also added

input shaping to reduce macro motions. Trajectory planning to reduce macro vibrations

plus micro control to correct for macro errors was used by Yoshikawa [84] to achieve good

end-point position control. Another option is to use one micro arm as a brace to damp out

macro vibrations and the other micro arm to perform a task, as shown by Lew [37].
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In the Aerospace Robotics Lab, a space-based macro/micro manipulator was simulated

by 
oating a 
exible link macro-manipulator carrying a micro manipulator on an air-bearing.

Ballhaus [3] used this system to demonstrate good end-point performance of the micro

manipulator by controlling the end-point of the macro to a target area, then using a separate

controller for fast control of the micro end-point. Using the same experimental system,

Stevens [74] demonstrated end-point impedance control of the micro manipulator using a

successive-loop-closure approach. The impedance controller enabled the robot to smoothly

stop the forward motion of a free-
oating object by controlling both position and force

simultaneously.

Of course, the control of macro/micro manipulators is more straightforward if there is

no 
exibility in the system. In that case, much of the work on rigid redundant manipulators

can be directly applied to a fully rigid macro/micro or macro/mini manipulator, such as

operational space control. With the operational space concept, Khatib [31] proved that the

e�ective end-point inertia of a rigid macro/mini manipulator is less than or equal to the

inertia of a the mini manipulator. A mini manipulator should be able to move at least as

quickly while on the end of a macro manipulator as it can on its own.

In addition to the manipulators, a micro could be added on to free ranging robots, such as

the free-
oating space robots in the Aerospace Robotics Lab [79]. These free-
oating robots


oat on an air-bearing surface and each carry two robotic arms for manipulation of objects

in the environment. The robots are therefore macro/micro robots where the macro is a free-


ying robot rather than a �xed-based manipulator, and the micro is the two-manipulator

system it carries. The free-
ying macro has a degraded performance because its thrusters

have limited authority and operate in an on/o� manner. The free-
ying macro/micro

testbed was used by Russakow [61] to extend operational space control to multiple arm

control.

Recent research on 
exible macros carrying micros has addressed the problem of con-

trolling the force as the micro contacts the environment. A micro force-damping controller

was designed and demonstrated experimentally by Lew [36]. Yoshikawa [83] experimentally

showed position and force control where the macro/micro operates about a nominal point.

Separate impedance controllers for the macro and micro were designed by Nagai [49]. The

concept of using separate impedance controllers for a macro and mini was experimentally

veri�ed with the mini in contact with a changing surface by Shaki [67]. A micro manipulator

with two degrees of freedom was added to the end of a two-link arm with joint 
exibility
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and used to demonstrate end-point position and force control by Anderson [2].

Inherent in this research done on 
exible macro/micro manipulators is the idea that the

micro inertia is small enough compared to the macro that the macro and micro controllers

can be designed separately. This thesis is concerned with the case where the micro increases

to the size of a \mini", where its inertia is large enough that dynamic coupling between

macro and mini cannot be ignored: The macro/mini system requires a control design for

the full system.

1.3 Research Goals

The goal of this research is to develop a control methodology for the end-point control of a


exible-joint macro manipulator carrying a mini manipulator. Ideally the controller should

achieve the end-point performance of the mini by itself, but over the full workspace of the

macro. Because of the importance of interacting with the environment, both position and

force at the end-point need to be controlled. The manipulator should be able to stably

manipulate a large variety of objects as well as smoothly contact the environment, whether

it be a rigid surface or a 
exible object.

The control will form the lowest level of a hierarchical control structure, in which the

higher levels need only specify the desired end-point behavior. Thus the low-level control

must manage the redundant degrees of freedom of the manipulator as well as ensure very

good end-point performance. As the base of the hierarchical control structure, the low-level

controller must be able to control the manipulator for every phase of a task including free

motion, capturing objects, and contacting the environment.

Prior to this research, no control framework existed that could achieve high performance

position and force control for a 
exible-joint macro/mini manipulator. One approach would

be to use end-point impedance control, which would provide good performance for a variety

of tasks. If the robot were fully rigid, the operational space framework could be used to

implement the impedance law. A similar framework that works for 
exible-joint robots

needs to be developed.

Another issue to be addressed is determining the proper end-point impedance for the

system. The original idea of impedance control was that the impedance should be chosen

to optimize the performance of the task, such as moving an object or pushing a lever [25].

However, it is not clear exactly what the optimal impedance should be for each task. Also,
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Figure 1.4: Example Task for the Experimental Manipulator

The experimental macro/mini manipulator must capture a 
exible object and
insert it into a port. The task requires fast end-point control to capture the
object and dexterity in handling the internal 
exibility.

the desired impedance must be compatible with the dynamics and control authority of the

manipulator, or the manipulator will not be able to achieve the desired impedance. A

goal of this research is to develop a systematic method of choosing the desired end-point

impedance, taking into account both the requested task and the manipulator dynamics.

A redundant controller will be necessary to control the full system. The redundant

controller must not degrade the end-point task, but instead should position the macro to

optimize the performance at the end-point by keeping the mini arms centered around the

task. The performance of the redundant manipulator must be fast enough to respond to

large-scale end-point motions without exceeding mini-manipulator joint limits. The goal is

to design a redundant controller with good performance while guaranteeing that it will not

degrade the end-point motion.

The �nal goal of the research is experimental validation of the control system. A 
exible-

joint macro manipulator with a two-arm mini was developed as an experimental testbed.

The manipulator was designed to mimic the dynamics of a space manipulator in 2D. The

macro end-point 
oats on an air-bearing on a 
at granite table, giving a zero-g, very-low-

drag environment in the plane. The experimental manipulator was used to test the valid-

ity of the controller. In particular, an important question with impedance control design
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is whether the end-point impedance matches the desired impedance. The end-point posi-

tion/force response was experimentally measured on the macro/mini system to demonstrate

that the correct impedance was achieved.

Using the impedance controller, the experimental system is used to demonstrate the

ability to complete representative tasks, spanning the capabilities needed for an on-orbit

manipulator. The tasks demonstrated include capturing an object, accelerating a large

object, and inserting a 
exible object into a port as shown in Figure 1.4. The tasks demon-

strate the high performance of the end-point control system in both contact and noncontact

tasks.

1.4 Contributions

This thesis research makes the following contributions to the �eld of robotic control:

1. A general framework for the control of a 
exible-joint macro manipulator carrying a

mini manipulator was developed. Flexible-joint impedance control, mixed 
ex/rigid

joint control and a redundancy management scheme are combined to control the

full macro/mini system. The framework enables end-point impedance control that

achieves excellent free-motion and contact performance as well as a smooth transition

between these modes. The framework is general enough to work for any redundant

robotic system with 
exible joints, or a mixture of 
exible and rigid joints. The

resulting performance is comparable to the mini alone, but is now achieved over the

workspace of the 
exible-joint macro.

2. The operational-space framework has been extended to work with 
exible-joint ma-

nipulators and manipulator systems with a mixture of 
exible and rigid joints. The

desired task can be speci�ed in end-point space with a secondary task in the null

space.

3. A systematic design method for choosing the desired end-point impedance for a


exible-joint manipulator has been developed. The method uses an LQR cost function

to determine a good end-point impedance for a speci�c 
exible-joint manipulator, and

gives insight on choosing the weights for the cost function based on the task. The

method also works for the mixed 
exible-joint/rigid-joint case.
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4. A simple null-space redundancy controller has been developed for the 
exible-joint

manipulator. The null-space controller is a linear feedback controller based on a

speci�c linear model that has been robusti�ed to work for all con�gurations expected

during a task.

5. A macro/mini test system has been designed to mimic the dynamic characteristics of

a space manipulator. The macro manipulator has 
exible joints and a large reach.

The mini manipulator has two rigid cooperating arms. The mini is smaller than the

macro, but large enough that there is a strong two-way inertial coupling between the

macro and mini, as would be expected for the macro/mini manipulator planned for

future space missions.

6. The macro/mini test system was used to experimentally demonstrate the viability

of feedback linearization and impedance control. End-point impedance control has

been demonstrated in trajectories with both free motion and contact, with smooth

contact of the environment. An experiment on the macro/mini demonstrated that the

desired end-point impedance was actually achieved. The end-point of the system was

excited by an external force, and the frequency response was compared to the desired

response.

7. Manipulation tasks have been experimentally demonstrated using the two-arm mini

on the end of the 
exible-joint macro. The tasks were commanded at a task level by

the user. The following tasks were performed:

� Smoothly contact both a rigid and elastic environment. The impedance

control law developed enables smooth contact with an environment of any elas-

ticity.

� Capture and move a free-
ying object. This task demonstrates the ability

of the controller to execute a large-scale motion to reach the object, as well as

small-scale dexterous motion to capture the object. The two mini arms then

cooperatively manipulate the object and move it to its desired location.

� Capture and control a large moving object. When the mini captures

an object that is signi�cantly large, the mini/object combination actually has

a higher inertia than the macro. Manipulating a large object emphasizes the
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controller's ability to control the macro/mini regardless of the size of the mini

plus its payload.

� Capture and insert an object that has internal dynamics. An object with

a linear spring is captured and inserted into a port as shown in Figure 1.4. The

ability to manipulate an object with internal dynamics and the ability to interact

with the environment are demonstrated. The task is similar to an assembly task

that would be performed on the space station.

� Accelerate a large satellite-like object. For this task, the manipulator is

asked to push on an object with a certain force for a given length of time. As

the mass is unknown, the end-point must also track the object as it accelerates.

The controller demonstrates the ability to control both position and force.

1.5 Reader's Guide

The �rst chapter of this thesis gave the motivation for the work, a general background on

robotics research, and a summary of the contributions. The following guide explains the

organization of the remainder of the thesis.

Chapter 2 gives a description of the experimental hardware and software used for the

system demonstrations in this thesis. The macro/mini manipulator system is described in

detail as well as the sensors used for sensing the robot and the environment. This chapter

also describes the various objects and the environment that the manipulator interacts with.

Chapter 3 explains a method of controlling 
exible-joint robots such that the operational

space framework can be used. The operational space method is reviewed as developed for

rigid robots. The method cannot directly be used for 
exible-joint robots because the links

are not directly actuated. Instead, a transformation is developed such that the full dynamics

of the 
exible-joint robot are expressed in operational space.

Chapter 4 extends the method developed in Chapter 3 to control manipulators with

mixed 
exible and rigid joints. The rigid mini links and the 
exible macro links are strongly

coupled together, and thus cannot be controlled separately. However, as one solution, the

dynamics of the mini can be augmented such that the control method developed for 
exible-

joint robots can be used for the full system.

Chapter 5 describes the method for choosing the desired end-point impedance. Because

of the undamped 
exible modes, the choice of impedance is more critical for a 
exible-joint
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robot than for a rigid robot. A method is developed where LQR can be used to �nd the

desired end-point dynamics. Various impedance functions are developed based on the task

the manipulator performs.

Chapter 6 gives the null-space redundant control design. A simple PD control design as

used for rigid robots is not su�cient for good performance for a 
exible-joint robot. Instead

a linear state-feedback method is proposed, using LQR to design the feedback gain using a

linearized model. The gain is then robusti�ed so that the feedback law is stable throughout

the workspace of the manipulator.

Chapter 7 presents the experimental results using the end-point impedance controller

on a macro/mini manipulator. It is shown that the desired end-point impedance is actu-

ally achieved. A variety of di�erent tasks are completed with commands issued from the

task level, demonstrating quantitatively the ability of the manipulator to control end-point

position and force to high accuracy and quickness.

Chapter 8 contains a summary of the work presented in this dissertation as well as

suggestions for future research.



Chapter 2

Experimental System

The experimental manipulator system is described in this chapter. The system is an ex-

perimental testbed for investigating control methods for macro/mini space manipulators.

The manipulator system is a macro manipulator with exaggerated joint 
exibility carrying

a two-cooperating-arm mini manipulator. To simulate the space environment, the manipu-

lator operates in a 2-D horizontal plane, manipulating objects that free 
oat in the plane;

thus there is no gravity force nor external friction on either the manipulator or the object

The new manipulator system has been designed to model the dynamics, capability,

and operation of a space-based macro/mini manipulator such as the SSRMS/SPDM. The

experimental manipulator mimics the SSRMS/SPDM characteristics: the joint 
exibility

of the macro, the two-armed mini, and the relative size of the macro compared to the mini

and payload.

2.1 Hardware Description

2.1.1 Manipulator

The planar manipulator system consists of a large two-link manipulator, the macro manip-

ulator, carrying a mini manipulator. Similar to the SSRMS/SPDM, the mini manipulator

has two cooperating arms, both with the same number of degrees of freedom as the macro

arm. A picture of the macro/mini manipulator is shown in Figure 2.1.

Because of the di�culty of counteracting gravity with suspension systems, the robot is

designed to operate only in the 2-D plane perpendicular to gravity. The end-point of the

21
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Figure 2.1: The Experimental Macro/Mini Manipulator and Object

macro manipulator 
oats on a frictionless air-bearing on a 6 ft by 12 ft granite table. The

manipulator and objects 
oating on the granite table behave just as they would in space in

the 2-D plane.

Macro Manipulator

Each of the two links of the macro arm is 5 ft long, giving the macro manipulator a workspace

larger than the table on which the end-point is 
oating. Thus, the two degrees of freedom

of the macro manipulator end-point allow the macro arm to place the mini manipulator

anywhere in the task space of the granite table.

In order to model the dynamics of a space-based manipulator system, the macro manip-

ulator was designed with low-frequency joint 
exibility. The brakes-on natural frequency

of the elbow joint is 0.5 Hz and the shoulder joint is 0.7 Hz, similar to the RMS's �rst

joint mode at 0.5 Hz [1]. In comparison, the lowest frequency link modes are 4 Hz or

more, depending on the pose of the manipulator. The macro manipulator does not have

link 
exibility; however 
exible links could be swapped for the rigid tubes at a later date.

The 
exible-joint dynamics were chosen as the relevant dynamics to imitate because of the

higher frequency of the 
exible-link modes on the RMS.
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The shoulder joint of the manipulator is attached to a large concrete block, housing

both the shoulder and elbow motor. The e�ective inertia of the �rst link is reduced by

locating the elbow motor o�-board; the elbow joint is driven by the motor via an idler

pulley pivoted at the shoulder joint. Both motors have a peak torque of 11 Nm, with a

2.44:1 gear reduction on the elbow drive train and a 5.91:1 gear reduction on the shoulder

drive train. Both of the cable drives have springs mounted in-line to give the joints their

exaggerated 
exibility. The motors and drive mechanism for the robot were used for a

previous experiment in the lab, the drive system is described in detail in [26].

The macro manipulator is equipped with encoders on both sides of the 
exibility to

measure angle and velocities. The encoders on the motors have 1800 lines per revolution,

whereas the link encoders are much more accurate with 81000 lines per revolution. Using

the quadrature-decoding interface boards [78] to get four times the number of counts per

revolution, the resolution of the link encoders is 1:94 � 10�5 rad and the resolution of

the joint encoders is 8:73 � 10�4 rad. The boards also give velocity information from the

encoders with resolutions of approximately 0.001 rad/s for the link encoders and 0.01 rad/s

for the joint encoders.

Mini Manipulator

The two-link main arm carries a mini manipulator. The mini manipulator has two arms

each with two links, identical to the mini arms carried by the free-
ying vehicles in the

ARL [79]. The reach of each mini arm is 0.6 m, compared with a total reach of 3 m of the

macro manipulator. In comparison, the reach of the SSRMS is 15 m, and the reach of the

SPDM is 3.4 m [58]. The experimental macro/mini manipulator has similar proportions to

the SSRMS/SPDM at approximately 1/5 the size.

The mini manipulator has four degrees of freedom; it can independently position each

arm's end-point in x-y. By each arm grabbing a port on an object (Figure 2.2), the two

arms can cooperatively control the x-y position and orientation of an object with the extra

degree of freedom used to control the internal force in the object. Also, each arm can

perform a two-dof task by itself, for example one arm can push against an object and one

arm can hold its position.

At the end of each mini arm is a pneumatic gripper for capturing objects and contacting

the environment (Figure 2.2). The gripper is a plunger on a linear bearing that can be

driven up and down by a pneumatic piston and cylinder. The gripper captures an object
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Figure 2.2: Closeup View of the Experimental Mini Manipulator

by positioning itself over the gripper port on the object and plunging into the port. The

bottom of the gripper is attached to a ball-bearing so that it is free to rotate in the plane of

table; thus it controls translational degrees of freedom while imparting no moment on the

object. An O-ring surrounding the end of the gripper allows the gripper to slide easily into

the port and gives a slight cushion when the end-e�ector pushes against the environment.

Figure 2.2 shows the grippers in their down position manipulating an object.

The mini arms are actuated by direct-drive motors. The elbow motor of each arm is

located on the shoulder, driving the elbow joint through a 1:1 cable drive, thus reducing

the e�ective inertia of the arm. The shoulder motor has a peak torque of 1.0 Nm and the

elbow motor a peak torque of 0.6 Nm.

The mini manipulator joints each have an RVDT for angular position and velocity

information. Force is sensed in two axes via a strain gage on the beam of the gripper. The

force sensor has a signal-to-noise ratio of 500:1 [62]. Global end-point position and object

position are measured with an overhead vision system as described in Section 2.2.
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Figure 2.3: Drawing of the Macro/Mini Manipulator System (Not to Scale)

2.1.2 Manipulator Parameters

The physical parameters of the macro/mini manipulator are given in this section. The

following nomenclature is used throughout the thesis to refer to the parts of the manipulator.

The subscripts are used to refer to the joint or link of the manipulator as follows:

s macro shoulder joint

e macro elbow joint

u macro upper link

f macro fore link

q mini right arm upper link
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r mini right arm fore link

k mini left arm upper link

l mini left arm fore link

Note that a separate notation for the mini arm joints is not necessary as the mini joints are

rigidly attached to the links rather than being separated by a spring. The masses, Mi, the

inertias, Ii, the link lengths, Li, and lengths to the center of mass, Ci for each body are

labeled in Figure 2.3.

The mass and inertia of each body were measured before the manipulator was assembled,

the measured values are listed in Table 2.1. The mass of each body was measured on a

digital scale. The mass centers were determined by resting the object on two knife edges

and measuring the force on each knife edge with the scale. The inertia of each body

was measured using an inertial pendulum. The inertial pendulum consists of a triangle

suspended from the ceiling with three strings, one at each corner. The frequency of the

twisting varies according to the inertia of the triangle; each object is placed with its center

of mass on the triangle to measure its inertia.

The lengths and spring constants were physically measured and are listed in Table 2.2.

A ruler was used to measure the lengths, and the link lengths were veri�ed by having the

manipulator perform large motions and comparing the expected end-point position to the

vision sensor end-point position. The linear spring constants were measured with a force

sensor before the springs were installed on the system. The gears were designed previously

and the gear ratios are listed in [26].

2.1.3 Objects

Several di�erent objects are used for manipulation by the macro/mini manipulator. The

objects are passive, but provide their own 
otation to move around in the zero-drag, zero-g

2D environment. All of the objects are marked with di�erent triangular LED patterns so

that they can be seen and identi�ed by the vision system.

Free-Floating Object

The free-
oating object used for catching and manipulation is shown in Figure 2.2. This

object represents a small satellite or other free-
ying space object. The object is 30.5 cm
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Parameter Unit

Masses kg

Mu 2.43

Mf 10.90

Mq =Mk 1.92

Mr =Ml 0.58

Centroidal Inertias kg m2

Is 6:3� 10�4

Ie 0.0014

Ii 0.0035

Ij 0.0025

Iu 0.800

If 4.235

Iq = Ik 0.024

Ir = Il 0.013

Table 2.1: Mass and Inertia Values for the Manipulator

by 15.2 cm and has a mass of 0.89 kg. The bottom of the object is 
at aluminum with two

holes for the 
otation air which is provided through a battery powered �sh-aquarium pump.

Two ports on either end of the object are used by the grippers on the mini to capture and

manipulate the object. Each port has a 0.63 cm bevel around the outside to guide the

gripper into the port; the accuracy of the end-point must be within 0.63 cm to capture the

object.

Flexible Object

The object with a single 
exible degree of freedom is shown in Figure 2.4. The 
exible

object consists of two free-
oating objects connected by a spring. The spring is constrained

to 
ex in only one degree of freedom, perpendicular to the object [47]. The 
exible object

is used to demonstrate the ability of the manipulator to handle a dynamic object, as well

as providing a platform to demonstrate an insertion task.

To accomplish the insertion task, the end of each of the free-
oating objects has a T-

shaped block. Each T-shaped block slides into either end of the insertion port, making

solid contact when the spring extends. The insertion port is shaped such that the object

cannot slide straight in when the spring is fully compressed. Instead one side of the object

is inserted �rst with the object at an angle, then the object is turned to insert the other
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Parameter Unit

Lengths m

Cu 0.815

Cf 1.206

Cq = Ck 0.059

Cr = Cl 0.150

Lu 1.498

Lf 1.603

Lq = Lk 0.305

Lr = Ll 0.297

Ly 0.127

Spring Constants N m=rad

Ks 666.7

Ke 286.6

Gear Ratios

N1 2.438

Ns 5.904

Ne 2.438

Table 2.2: Measured Values of the Manipulator Parameters

side.

Large Object

The large object is used to simulate a very large satellite: its mass and inertia are much

larger than the manipulator's mass and inertia. The mass of the large object is 27 kg

and the diameter of the object is 53 cm, as shown in Figure 2.5. Flotation for the object is

provided by on-board compressed air [85]. The large object is used as a large unknown mass

that the mini arms accelerate by exerting a constant force on its edge, the circular shape

gives a smooth surface for each mini arm to push against. Also, assuming the mass and

inertial properties are known, the two mini arms can cooperatively capture and manipulate

the large object.

2.2 Vision System

The objects on the table and the end-point of the manipulator are sensed by an overhead

vision system. The camera is mounted rigidly on the ceiling above the table with a view of
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Figure 2.4: Flexible Object

the task space of the table. The camera, a Pulnix 440s CCD camera, has an infrared �lter

on it so that the camera sees only infrared LEDs.

Each object and the end of the macro manipulator are marked with three infrared LEDs

forming a unique triangle. The end of each of the mini manipulator arms is marked with

a single LED. The single LEDs are matched to the correct mini arm by estimating their

expected position based on the joint angle measurements.

The output of the CCD camera is fed into a PointGrabber II board developed in house

by Chen [12]. The PointGrabber II locates the bright objects in its view, in this case the

LEDs, and sends their location to a processor. The processor runs VisionServer software

[62] which tracks the actual object locations based on the output of the PointGrabber II

board. The VisionServer software recognizes the triangular patterns, matches them to the

correct object, and returns a position and velocity of that object.

The vision system, including the camera, PointGrabber II, and software, returns the

location of the objects at 60 Hz. The accuracy of determining the location of an LED is

1/20th of a pixel. A larger source of error is from the lens distortion of the camera and

calibration errors. The camera is calibrated using a third order polynomial to correct for

lens distortion, using a grid of LEDs on the granite table. With the calibration, the global

accuracy over the �eld of view of the camera is approximately 0.5 cm.
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Figure 2.5: Large Free-
oating Object

2.3 Computing Environment

The real-time computer is a Motorola 200 MHz MVME2604 processor, which handles all

the real-time processing, including a low-level control loop and �nite state machine. The

processor resides on a VME bus and communicates with the various I/O boards on the bus,

as shown in Figure 2.6. The commands are sent to the robot motors through two 12 bit D/A

boards, the Xycom XVME 505. The strain gage and RVDT measurements are sent to the

processor via a 12 bit A/D, the Xycom XVME 500. A digital I/O board, Motorola's MVME

340, communicates with the encoders and the grippers. Another processor, a Motorola

MVME 167, handles the vision processing as described in the previous section.

The real-time software code was developed using ControlShell, a real-time programming

software package invented in the ARL and developed by Real-Time Innovations [64]. Con-

trolShell allows for the development of both low-level control loops and strategic control

with a �nite state machine. The control algorithm is developed via a graphical user inter-

face, with the actual code written in C++. The development of the code is done on a Sun

workstation, then the code is compiled to run on the VxWorks real-time operating system.

Data collection was done using StethoScope, a data collecting program developed by

Real-Time Innovations. StethoScope displays the data in real time on the Sun workstation

and saves data for post analysis. The user can dynamically decide what data to plot and
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Figure 2.6: Computing Environment

save on StethoScope.

The model of the macro/mini manipulator was developed using AUTOLEV, software

for dynamics modeling based on Kane's dynamics. The model was then put into Matlab

software package for development and testing of control algorithms. StethoScope has the

ability to save data in Matlab format, thus Matlab was used for the data analysis and

plotting of experimental results.



Chapter 3

Operational Space for

Flexible-Joint Robots

This chapter develops an operational space formulation for 
exible-joint robots. The op-

erational space formulation enables the control design to be done directly in end-point

coordinates of the robot, taking advantage of end-point position and force sensors to op-

timize end-point performance. The operational space method was originally developed for

rigid robots, and cannot directly be used for 
exible-joint robots, because not all the links

are directly actuated. In this research, a new operational space formulation is developed

that takes into account the 
exible-joint dynamics by transforming the entire equations of

motion into operational space.

The chapter begins with a review of the operational space framework for rigid robots in

Section 3.1. Then in Section 3.2, the model for the 
exible-joint robot is developed. The

problem with directly applying the operational space framework to 
exible-joint robots is

shown by comparing the rigid robot model with the 
exible-joint robot model. Section 3.3

presents a multi-step control method, backstepping, that enables the rigid robot operational

space framework to be used in the �rst step. However, the multi-step method has several

problems, such as the inability to specify the desired performance. A new operational space

formulation for 
exible-joint robots is developed in Section 3.4.

32
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Figure 3.1: An Example Rigid Robot with Three Planar Links

3.1 Review of Operational Space for Rigid Manipulators

The term operational space refers to the end-point coordinates of the robots, which are used

to describe the operation that the robot will perform. The operational space coordinates are

generally inertial and often include both linear and rotational components, for example x,

y, and yaw for a planar robot. Although a manipulator is usually actuated through motors

at the joints, the ultimate goal of a manipulator is excellent performance in operational

coordinates, not joint coordinates. The operational space formulation enables the direct

control of end-point position and force.

The operational space formulation, as developed by Khatib [30], is a method of trans-

forming the equations of motion into operational space coordinates. The equations of motion

are usually derived as a function of the manipulator joint angles, joint space; but the equa-

tions can be transformed into a function of the end-point coordinates, operational space.

The operational space formulation has the advantage that the control engineer can design

the control in the relevant task-based coordinates while retaining dynamic knowledge of the

manipulator.

3.1.1 Rigid Manipulator Model

A rigid manipulator is modeled as a series of links, each directly actuated as shown in Figure

3.1. It is well known, [17], that the dynamics of a rigid robotic manipulator can be written
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as

M(ql)�ql + Cl(ql; _ql) + g(ql) = � (3.1)

where ql 2 IRn represents the link angles of a robot with n degrees of freedom. M(ql) 2

IRn�n is the inertia matrix, Cl(ql; _ql) 2 IRn represents the Coriolis and centrifugal forces,

g(ql) 2 IRn represents the gravitational forces, and � 2 IRn is the input torque vector. For

the robot in Figure 3.1, the vector of link angles is

ql =

2
6664
ql1

ql2

ql3

3
7775 (3.2)

Because of the complex kinematics of the robot, the dynamics are inherently nonlinear,

with both con�guration-dependant and velocity-dependant nonlinearities. In particular,

the inertia matrix, M(ql), depends on the con�guration of the manipulator. For example, if

the elbow is extended, the e�ective inertia of the robot about the shoulder joint increases.

The robot experiences velocity-dependent nonlinearities, Cl(ql; _ql); caused by the serial ro-

tating links. For a robot operating in a gravity �eld, the e�ect of gravity, g(ql) changes

with con�guration. Note that this term is zero for space manipulators and manipulators

operating in a horizontal plane. Without loss of generality, the terms g(ql) and Cl(ql; _ql) can

be combined into C(ql; _ql) and Equation 3.1 can be written as

M(ql)�ql + C(ql; _ql) = � (3.3)

3.1.2 Operational Space Control

The dynamics of the manipulator, Equation 3.3, are expressed in terms of the joint variables,

or in joint space. The tasks the robot must perform are usually expressed in Cartesian

coordinates at the end-point of the robot, or operational space. The operational space

coordinates and the joint space coordinates are related by

_x = J(ql) _ql (3.4)

where _x 2 IRm are the end-point velocities in task coordinates and J(ql) 2 IRm�n is known

as the Jacobian of the manipulator [17]. There are m degrees of freedom in the task, where

m � n or the manipulator would be unable to complete the task. J(ql) can be calculated
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by di�erentiating x = G(ql) as determined from the geometry of the manipulator, or by

other methods [17]. The Jacobian can also be used to express the equivalent force at the

end-point from the control input at the joints

� = JT (ql)Fop (3.5)

where Fop 2 IRm is the e�ective control input at the end-point.

The equations of motion from the robot, Equation 3.3, can be transformed to operational

space. First, a term to account for the external force acting on the end-point of the robot

is added to Equation 3.3

M(ql)�ql +C(ql; _ql) = � + JT (ql)Fext (3.6)

Equation 3.4 is then di�erentiated and rearranged to yield

�x = J(ql)�ql + _J(ql) _ql (3.7)

J(ql)�ql = �x� _J(ql) _ql (3.8)

The joint space equations of motion, Equation 3.6, are left multiplied by J(ql)M
�1(ql)

J(ql)�ql + J(ql)M
�1(ql)C(ql; _ql) = J(ql)M

�1(ql)� + J(ql)M
�1(ql)J

T (ql)Fext (3.9)

Substituting for J(ql)�ql from Equation 3.8 and using Equation 3.5 to substitute for � yields

�x� _J(ql) _ql + J(ql)M
�1(ql)C(ql; _ql) = J(ql)M

�1(ql)J
T (ql)Fop + J(ql)M

�1(ql)J
T (ql)Fext

Finally, multiplying by
�
J(ql)M

�1(ql)J
T (ql)

�
�1
, the operational space equations of motion

can be written as

�(ql)�x+ �(ql; _ql) = Fop + Fext (3.10)

where

�(ql) =
�
J(ql)M

�1(ql)J
T (ql)

�
�1

(3.11)

�(ql; _ql) = �(ql)
h
J(ql)M

�1(ql)C(ql; _ql)� _J(ql) _ql
i

(3.12)
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Figure 3.2: Operational Space Transformation

In Equation 3.10, �(ql) 2 IRm�m is the con�guration-dependant inertia matrix with respect

to the operational space, and �(ql; _ql) 2 IRm represents the Coriolis and centrifugal force

terms at the operational point. Equation 3.10 has the same form as the joint space dynamics,

Equation 3.3, with the state changed from ql to x and the input from � to Fop.

The operational space transformation for a planar manipulator is depicted in Figure 3.2.

The robot dynamics are transformed to an equivalent \mass" as seen at the end-point. The

\mass" is not a true mass but changes with the con�guration of the robot and experiences

nonlinear velocity e�ects. As shown in the �gure, the transformed actuator force, Fop, acts

directly on the mass in the same direction as the task space coordinates, x. The control

input, Fop, can either directly stabilize the position of the mass or counteract the external

force, Fext. In contrast, if the control is done in joint space with � as the input, the joint

positions, ql, are directly controlled and the end-point coordinates follow based on the

forward kinematics.

The operational space control law is developed by designing a suitable Fop to stabilize

the dynamics given in Equation 3.10. The control, however, is actually implemented on the

manipulator using the transformation to � , as given in Equation 3.5. A block diagram of the

operational space control law is shown in Figure 3.3. The dynamics can be stabilized using

the computed-torque method, where the nonlinear dynamics are cancelled and replaced

by linear dynamics that yield good performance. The computed-torque controller can be

written as

Fop = �(ql; _ql) + F � (3.13)
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Figure 3.3: Operational Space Block Diagram for a Rigid Robot

where F � speci�es the desired linear dynamics of the robot.

3.2 Flexible-Joint Manipulator Model

Because of the ability to design the controller directly in end-point coordinates, the op-

erational space formulation is a promising method for end-point control of 
exible-joint

manipulators. The current operational space transformation, however, cannot be directly

applied to a manipulator with 
exible joints. The di�culty in transforming the 
exible-joint

manipulator equations into operational space can be explained by comparing the dynamic

model of a 
exible-joint manipulator to the dynamic model of a rigid manipulator.

3.2.1 Model

A 
exible joint is modeled as a motor and link separated by a torsional spring as shown in

Figure 3.4. The torque is applied to the motor rotor, modeled as a disc. The motor can be

viewed as an intermediate link, with the next link passively connected by a torsional spring.

Developing a model for a 
exible-joint robot is a well studied problem. The model used

in this thesis is that proposed by Spong [71, 72]. The derivation of the model includes only

the kinetic energy of the motor that comes from its own rotation. The assumption is that

the o�-axis rotations of the motor are small, a valid assumption for any geared system. For
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Figure 3.4: Two-Link Planar Flexible-Joint Manipulator

planar robots, such as used in this research, the model is exact.

The 
exible manipulator is modelled using Kane's dynamics [28]. A full derivation of

the model of a 
exible-joint robot using Kane's dynamics can be found in [26].

The resulting equations of motion for a 
exible-joint manipulator can be written as

M(ql)�ql + C(ql; _ql) = K (qj � ql) + JT (ql)Fext (3.14)

D�qj +K (qj � ql) = � (3.15)

where ql 2 IRn represents the link angles and qj 2 IRn represents the joint angles of a robot

with n degrees of freedom. M(ql) 2 IRn�n is the inertia matrix, Cl(ql; _ql) 2 IRn represents

the Coriolis, centrifugal forces and gravitational forces, and � 2 IRn is the input torque

vector. The diagonal matrix D 2 IRn�n contains the inertia of the joint motors and the

diagonal matrix K 2 IRn�n represents the spring constants. As before, J(ql) 2 IRm�n is

the Jacobian relating link velocities to end-point velocities, and Fext 2 IRm is the external

force at the end-point of the robot.

Writing the equations of motion in this manner gives an intuitive understanding of the

robot dynamics. The �rst equation, Equation 3.14, describes the link motion, and the

second equation, Equation 3.15, describes the joint behavior. Note the similarities between

Equation 3.14 and the equation describing the rigid robot, Equation 3.6: The equations are

the same, except that in the case of the 
exible-joint robot, the \input" to the links is the
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torque in a spring rather than a direct torque.

3.2.2 Problem Statement

As with the rigid robot, the equations of motion for a 
exible robot are developed in joint

space. If the equations could be transformed into operational space, the control law could

be implemented at the end-point of the manipulator. However, because of the more complex

dynamics of the 
exible-joint manipulator, the transformation to operational space is not

straightforward.

The problem with directly using the operational space control method is the assumption

that the operational force, Fop, can be applied directly to the end-point. For a rigid robot,

this operational force is transmitted by the joint motors through the simple geometric

transformation, � = JT (ql)Fop. For a 
exible-joint robot, the joint torques do not directly

actuate every degree of freedom, only the 
exible joints. Thus it is not a simple geometric

transformation between joint torques and forces at the end-point.

As noted earlier, the link equations of motion for the 
exible-joint manipulator are iden-

tical to the rigid-robot equations of motion, except that the \input" is the term K (qj � ql).

One way to implement an operational space controller would be to design the control as if

the input were K (qj � ql). Then the joint equation, Equation 3.15, can be used to control

qj using the actual joint torques. The next section formalizes this procedure by using the

backstepping method to �nd a Lyapunov-stable controller in operational space. The prob-

lem with this multi-step design approach is that the �nal control law is often not the best

choice to stabilize the 
exible modes, and the control law is di�cult to modify to achieve

better performance.

An alternative solution is to transform the full dynamics of the 
exible-joint manipu-

lator into operational space. The control design is then done in one step; the end-point

performance can be speci�ed, and the control law designed to match that performance.

Section 3.4 describes the transformation into operational space and shows how it enables

implemention of an end-point impedance law in a single step.

3.3 Backstepping for Operational Space

The backstepping method is a nonlinear control design technique that can easily be applied

to 
exible joint robots [54, 7, 34, 6, 55]. The advantage of the technique is that it enables
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control design as if the robot were a rigid robot, then \backsteps" through the 
exible

dynamics to design the �nal control law. The �rst equation of the manipulator can be put

into operational space just as if the robot were rigid.

This section starts with a brief overview of the theory of backstepping, followed by

the development of an operational space controller using backstepping. The method of

developing the backstepping control is the same as that suggested by Brogliato [7], but the

controller is developed in operational space rather than joint space. The control is developed

in several steps, thus the �nal control law is quite complex. At the end of this section, the

backstepping controller is applied to a linear system so that linear analysis tools can be

used to examine the closed-loop behavior.

3.3.1 Backstepping Theory

Backstepping is used for the systematic design of Lyapunov-stable controllers for strict-

feedback nonlinear systems. Backstepping is a recursive method of developing a Lyapunov

function that guarantees global closed-loop stability. As backstepping is based on Lyapunov

stability, this section begins by reviewing the Lyapunov theorem and then reviews the

backstepping method.

Lyapunov Stability

A widely used method of proving stability of nonlinear systems is Lyapunov stability. The

idea of Lyapunov theory is that if a positive de�nite function of the system states, for

example an energy function, is decreasing, then the system is stable. To determine Lyapunov

stability, consider the nonlinear system

_x = f(x) (3.16)

where x 2 IRn. The following theorem provides su�cient conditions for global stability.

Theorem 3.1 [29] Let x = 0 be an equilibrium point for Equation 3.16, that is f(0) = 0.

Let V : IRn ! IR be a continuously di�erentiable function such that

V (x) > 0; V (0) = 0 (3.17)
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If

_V (x) < 0 (3.18)

along all possible trajectories of Equation 3.16, then x = 0 is a globally asymptotically

stable equilibrium point.

Thus to prove Lyapunov stability of a nonlinear system one must �nd a Lypunov function,V ,

that satis�es Theorem 3.1.

The theory can be used to �nd a state feedback control law for a nonlinear system that

guarantees Lyapunov stability. Consider the system

_x = f(x; u) (3.19)

where the goal is to �nd a control input, u = �(x), such that the closed-loop system, _x =

f(x; �(x)), is Lyapunov stable. The control designer must iterate between �nding a control

law that stabilizes the system using a Lyapunov function, and changing the Lyapunov

function to prove the stability using the proposed control law.

Finding a control law and accompanying Lyapunov function that guarantee stability

of a closed-loop system can be di�cult when the system is complex. The backstepping

method solves this problem by recursively developing controllers and Lyapunov functions

for strict-feedback systems [34].

Backstepping

Consider the nonlinear system

_x = f(x) + g(x)�1 (3.20)

_�1 = u (3.21)

The goal is to �nd a state feedback control, u(x; �1), and a Lyapunov function that guar-

antees stability of the closed-loop system.

Theorem 3.2 [34] Consider only Equation 3.20 as if �1 were the input. Let the control

law be �1 = �(x), thus _x = f(x) + g(x)�(x). Assume V1(x) is a Lyapunov function

that proves stability for the system _x = f(x) + g(x)�(x). Consider the system of both
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Equation 3.20 and Equation 3.21, then

V2(x; �1) = V1(x) +
1

2
(�1 � �(x))T (�1 � �(x)) (3.22)

is a Lyapunov function for the full system. One control law that is Lyapunov stable

using V2 is

u = �c (�1 � �(x)) +
@�

@x
(x) (f(x) + g(x)�1)�

@V

@x
(x)g(x) 8 c > 0 (3.23)

The backstepping theorem enables the systematic construction of a Lyapunov function for a

system where the input is a single integral away from a subsystem with a known Lyapunov

function. The theorem suggests a control law, but any control can be used that ensures

_V2 � 0.

The theory of integrator backstepping extends to the more general case of a system with

a chain of integrators

_x = f(x) + g(x)�1

_�1 = �2
...

_�k�1 = �k

_�k = u (3.24)

In this case, Theorem 3.2 can be repeatedly applied to �nd a Lyapunov function for the

entire system. At each step, the �i is considered a virtual control for the system, such as

�1 was in De�nition 3.1. The Lyapunov function and control are developed step by step,

working through the integrators to reach the actual input. The �nal Lyapunov function can

be written as

Vk+1 = V1(x) +
1

2

kX
i=1

[�i � �i (x; �1; : : : ; �i�1)]
T [�i � �i (x; �1; : : : ; �i�1)] (3.25)

In general, both the resulting control law, u, and Lyapunov function Vk+1 are quite

complex functions, but their development is systematic. Backstepping enables Lyapunov

control design for any system that can be written in the form of Equation 3.24.
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3.3.2 Operational Space Backstepping Design

The backstepping method can be used to design an operational space Lyapunov stable

controller for a 
exible-joint manipulator. The equations of motion can be written in the

backstepping form introduced in the previous section, with the input several integrators

away from a nonlinear subsystem. First, rewrite the equations of motion so that the Coriolis

and centrifugal term is written as C2(ql; _ql) such that C2(ql; _ql) _ql = C(ql; _ql), and the external

force is set to zero

M(ql)�ql + C2(ql; _ql) _ql = K (qj � ql) (3.26)

D�qj +K (qj � ql) = � (3.27)

The left side of Equation 3.26 is identical to the equation for a rigid robot (Equation 3.3).

The primary di�erence between the equations is that the rigid-robot equation has the input

on the right side, whereas the 
exible robot has the term K (qj � ql). Treating the 
exible-

joint position, qj, as the virtual input to Equation 3.26, the transformation to operational

space can be performed as follows

_x = J(ql) _ql (3.28)

K (qj � ql) = JTF1 (3.29)

where F1 is the virtual operational space force acting on the end-point. Using this transfor-

mation, the equations of motion can be transformed into operational space and separated

into three equations

�(ql)�x+ �(ql; _ql) _x = F1 (3.30)

_qj = � (3.31)

_� = �D�1K (qj � ql) +D�1� (3.32)

A new control input, u, can be de�ned, where

� = K (qj � ql) +Du (3.33)
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The equations of motion can be written in backstepping form, one nonlinear equation with

the input separated by two integrators

�(ql)�x+ �(ql; _ql) _x = F1 (3.34)

_qj = � (3.35)

_� = u (3.36)

The backstepping Lyapunov control design can be done in three steps: �rst stabilize

Equation 3.34, then backstep through Equation 3.35, and �nally backstep through Equation

3.36 to the input u.

Step 1

The �rst step in designing a Lyapunov-stable controller is to �nd a stable controller for the

dynamic system consisting only of Equation 3.34 with F1 as the virtual input. To design

the control law, de�ne the following error terms

ex = x� xdes (3.37)

e = _~x+K1ex (3.38)

_xr = _xdes �K1ex (3.39)

where xdes is the desired value of x and K1 is a diagonal positive matrix chosen by the

control designer. The virtual input is proposed to be

F1 = �(ql)�xr + �(ql; _ql) _xr �K2e (3.40)

where K2 is a diagonal positive matrix. Substituting this input into Equation 3.34 results

in the following error equations for the closed-loop system

�(ql) _e+ �(ql; _ql)e+K2e = J�T (ql)Keqj (3.41)

_~x = �K1ex+ e (3.42)
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The nonzero term on the right-hand side of Equation 3.41 exists because F1 is not the actual

input to the system. The virtual input, F1, speci�es a desired value for qj such that

qjdes = K�1JT (ql)F1 + ql (3.43)

The error dynamics of qj are

eqj = qj � qjdes (3.44)

For this �rst design step, it is assumed that the input is actually qj, in other words eqj = 0.

The error term ~qj is added to Equation 3.41 anticipating the next step of the control

development.

To prove the stability of the error dynamics, Equation 3.41 and Equation 3.42, the

following Lyapunov function is proposed

V1 = exTK1K2ex+ 1

2
eT�(q1)e (3.45)

Take the derivative of V1

_V1 = 2exTK1K2
_~x+

1

2
eT _�(q1)e+ eT�(q1) _e (3.46)

= 2exTK1K2
_~x+

1

2
eT _�(q1)e� eT�e� eTK2e+ eTJ�T (ql)Keqj (3.47)

= 2exTK1K2
_~x� eTK2e+ eTJ�T (ql)Keqj (3.48)

= � _~x
T
K2

_~x� exTK1K2K1ex+ eTJ�T (ql)Keqj (3.49)

The second and third terms of Equation 3.47 are cancelled out using the well known skew-

symmetry property that _� = �+�T [17]. From Equation 3.49, it is apparent that if eqj = 0,

_V � 0. Thus if the actual input were qj, the system would be Lyapunov stable. The last

term will be handled in the next step.

Step 2

Using the backstepping theory, the new Lyapunov function for the system of Equation 3.34

and Equation 3.35 with � as the virtual input is

V2 = V1 +
1

2
eqjTK eqj (3.50)
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Taking the derivative of V2

_V2 = � _~x
T
K2

_~x� exTK1K2K1ex+ eTJ�T (ql)Keqj + eqjTK (� � _qjdes) (3.51)

If � were the input, setting � = �J�1(ql)e� eqj+ _qjdes would make _V2 negative de�nite. Note

that the second term, eqj , cancels out the nonnegative term in Equation 3.49. The actual

input is still one more integral away, let

�des = �J�1(ql)e� eqj + _qjdes (3.52)

creating the error equation of e� = � � �des (3.53)

Then

_V2 = � _~x
T
K2

_~x� exTK1K2K1ex� eqjTK eqj + eqjTK e� (3.54)

which is negative de�nite except for the last term, which will be compensated in the �nal

step.

Step 3

For the �nal backstepping step, a new Lyapunov function can be formed

V3 = V2 +
1

2
e� TK e� (3.55)

Taking the derivative results in

_V3 = � _~x
T
K2

_~x� exTK1K2K1ex� eqjTK eqj + eqjTK e� + e�TK �
u� _�des

�
(3.56)

where Equation 3.36 is used to substitute in for _�. The actual input, u, appears in the

derivative of the Lyapunov function. The input can be set to

u = �e� + _�des � eqj (3.57)
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The derivative of the Lyapunov function for the full closed-loop system is

_V3 = � _~x
T
K2

_~x� exTK1K2K1ex� eqjTK eqj � e�TK e� (3.58)

According to the backstepping theory, V3 is a Lyapunov function for the entire closed-loop

system, and thus because _V3 � 0 the system is stable.

Combining Equations 3.33, 3.40, 3.43, 3.52, and 3.57, the �nal control law can be written

as:

� = K (qj � ql) +D
h
�qjdes � 2_~qj � 2eqj � �

J�1(ql)e+ J�1(ql) _e+ _J�1(ql)e
�i

(3.59)

where e is speci�ed in Equation 3.38 and qjdes is speci�ed in Equation 3.43.

The backstepping method results in a complex control law, making it di�cult to de-

termine the closed-loop performance by examining Equation 3.59. The Lyapunov proof

guarantees stability, but does not give any guarantees of good performance. The end-point

dynamics should roughly follow the error dynamics given in Equation 3.41; but it is not

obvious how the \input error" term, eqj, will e�ect the �nal dynamic behavior. Even if the

eqj term is assumed to be zero, the error dynamics are nonlinear, making it more di�cult to

predict the global dynamic behavior.

Using the backstepping method, there is no way for the control designer to specify the

desired end-point performance; the only control knobs are the two gains K1 and K2. It

is not intuitive how to choose these two control gains, nor is it clear how the gains a�ect

the closed-loop dynamics. The backstepping method provides a systematic method for

designing a stable controller, but it does not necessarily provide a convenient method for

improving performance.

In order to examine the closed-loop dynamics and the e�ect of the gains, the control

law is applied to a linear system. Then linear analysis methods are used to gain insight into

the behavior of the closed-loop system and the e�ect of the gains K1 and K2 on the �nal

performance.

3.3.3 Linear Example

To investigate the performance of this control approach, a one-link 
exible-joint manipulator

is used as a simple linear example. The one-link manipulator, shown in Figure 3.5, is a single
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Figure 3.5: One Link Flexible-Joint Manipulator

link attached to a motor through a torsional spring, thus it has the same dynamics as a mass-

spring-mass system with no damping. The relevant 
exible-joint dynamics are captured in

this example, without the nonlinear dynamics associated with multiple-link manipulators.

The system is also SISO, with the link position as the output, further simplifying the

analysis.

The mass matrix of the single-link manipulator is simply I, the moment of inertia of the

link, and the motor inertia is d. As shown in Figure 3.5, the operational space coordinate,

x, for the manipulator is simply the distance along the path of the tip. The equations of

motion for the manipulator can be written as

I �ql = k (qj � ql) (3.60)

d�qj + k (qj � ql) = � (3.61)

where the variables qj and ql are labelled in Figure 3.5. The conversion to operational space

is straightforward, as the Jacobian is simply the length of the link, J = l. The operational

space equations in backstepping form can be written as

I

l2
�x = F1 (3.62)

_qj = � (3.63)

_� = �
1

d
k (qj � ql) +

1

d
� (3.64)
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where lF1 = k (qj � ql). As previously developed, the backstepping control law is

� = k (qj � ql) + d

�
�qjdes � 2_~qj � 2eqj � 1

l
(e+ _e)

�
(3.65)

where

e = _~x+K1ex (3.66)

_xr = _xdes �K1ex (3.67)

qjdes =
l

k

�
I

l2
�xr �K2e+ ql

�
(3.68)

Because the Equation 3.60 is linear, the control law, Equation 3.65, is a linear feedback

controller. Linear analysis tools, such as a root locus with respect to the gain K1 or K2,

can be used to analyze the closed-loop system.

As an example system, let k = 20, d = 1, I = 2 and l = 1. For the initial control

design, let K1 = 0:2 and vary K2. The locus of closed-loop poles varying the gain K2

is shown in Figure 3.6. The closed-loop system places two poles along the real axis and

increases the damping of the two 
exible poles as K2 increases. The closed-loop system has

two unusual features: The �rst feature is that the rigid body poles are forced to be on the

real axis, regardless of the value of K2. The second feature is that even for a very small

K2, the frequency of the 
exible poles is reduced, in this case from 5.5 rad/s to 3.2 rad/s.

The frequency jump is apparent in Figure 3.6 as the nearest closed-loop pole has moved

signi�cantly from the open-loop pole.

The other degree of freedom the control designer has is varying the other gain, K1.

Varying K1, however, moves the rigid-body poles along the real axis but does not move the


exible poles at all.

The change in frequency of the 
exible mode occurs regardless of the values of the two

control gains, K1 and K2. The abrupt change in the frequency is caused by a fundamental

assumption of the backstepping control law: the cancellation ofK (qj � ql) in Equation 3.33.

The K (qj � ql) term must be cancelled to put the equation of motion into backstepping

form. Cancelling this term e�ectively changes the dynamics equations from Equation 3.60

and Equation 3.61 to

I �ql = k (qj � ql) (3.69)
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Figure 3.6: Pole-Zero Plot of the Backstepping Controller,

The model parameters are k = 20, d = 1, I = 2. K1 = 0:2 and K2 is varied
between 0.1 and 10.

�qj = u (3.70)

The natural frequency of the 
exible mode of this new system is
q

k
I
, whereas for the actual


exible system the natural frequency is
q

(d+I)k
dI

. For the above example the 
exible system

has a natural frequency of 5.5 rad/s whereas for the new system the natural frequency

is 3.2 rad/s, which is the frequency of the closed-loop 
exible poles in Figure 3.6. The

di�erence in frequency between the two systems increases as the di�erence between I and d

increases. For the experimental system, I and d are quite di�erent for each link, thus this

method would demand a large change in frequency for the closed-loop system.

Ideally the control could be modi�ed such that it just added damping to the 
exible



3.3. BACKSTEPPING FOR OPERATIONAL SPACE 51

modes and moved the rigid body poles to a desired frequency with 0.707 damping. Unfor-

tunately, the frequency of the 
exible poles is forced to change because of the cancellation

of K (qj � ql). The rigid-body poles are forced to the real axis because of the original Lya-

punov design done in the �rst step. The actual input torque, � , could be modi�ed so that

the rigid poles had 0.707 damping, but then it would be di�cult to �nd a Lyapunov function

for the new control law. Instead, the virtual input in the �rst step could be modi�ed, and

a new Lyapunov function identi�ed in the �rst step of the design. However, it is not clear

how modifying the �rst virtual input will e�ect the �nal closed-loop system.

In summary, the issues with the backstepping control design are

� The speci�ed closed-loop error dynamics, Equation 3.41, are nonlinear, rather than

a linear impedance function. It is possible that a controller could be designed that

would result in a linear closed-loop equation, however the control design is constrained

by the need to �nd an accompanying Lyapunov function.

� In the �rst step of the control design, the gains are chosen to specify the second-

order closed-loop error dynamics as given in Equation 3.41. The second-order target

dynamics, however, will not be achieved, as the system is fourth order; it is not obvious

how far the �nal dynamics will diverge from the desired second-order behavior.

� The �nal control law is developed through a series of steps that ensure that the

system is Lyapunov stable, but the method does not guarantee good performance. It

is di�cult to modify the �nal control law to improve performance because of the step

by step development of the Lyapunov function.

� The cancellation of the K (qj � ql) term is necessary to apply the integrator backstep-

ping method to 
exible-joint robots, but it causes an undesirable change in frequency

of the 
exible mode.

� The development of the Lyapunov control assumes that there is no external force on

the manipulator; thus only a position controller was developed, not force control. It

is not clear how to incorporate force control into the backstepping control law.

Integrator backstepping is an appealing method for controlling 
exible-joint manipulators,

as it is provably stable by Lyapunov and enables the �rst step of the control design to

be done as if the robot were rigid. Thus for a robot with both 
exible and rigid joints,
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such as the macro/mini manipulator, the control design could �rst be done as if the entire

robot had rigid joints, then backstepping could be used for the 
exible joints. However, for

the reasons listed above, integrator backstepping is not thought to be a viable method to

implement an end-point impedance controller for a 
exible-joint robot.

3.4 Full Transformation into Operational Space

A more capable technique is needed to implement end-point impedance control for a 
exible-

joint robot. The technique must enable speci�cation of the end-point performance while

ensuring stability of the nonlinear system. This section explains a new technique developed

here for implementing end-point impedance control of 
exible-joint manipulators via the

full transformation of the 
exible-joint dynamics into operation space.

In the backstepping method, the link equation of motion was transformed into opera-

tional space, and the operational space control was designed for this second-order system.

The operational space control was only a \virtual" input, the actual input, the joint space

torque, was two integrals away. Thus only part of the equations of motion, the link dy-

namics, were actually transformed into operational space, and the operational space control

design step did not consider the full dynamics of the 
exible-joint robot. The original

intention of the operational space method was that all of the dynamic properties of the

manipulator are transformed to operational space so that the control design could be done

with full knowledge of the manipulator dynamics. This section presents a method of trans-

forming the full dynamics of a 
exible-joint manipulator into operational space, allowing

development of a single operational space control law to stabilize the end-point.

After transforming the equations of motion into operational space, the feedback lin-

earization method can be used to implement a linear impedance at the end-point of the

robot. The feedback linearization method, developed in joint space in [72, 19], is the


exible-joint manipulator analog to the computed torque method for rigid manipulators.

In the feedback linearization method, the nonlinear velocity-dependant terms are cancelled

out and the desired linear dynamics speci�ed. By an astute choice of the linear end-point

impedance, the closed-loop poles can be placed in a suitable location for the dynamics of

the manipulator, as will be discussed in Chapter 5.

The �rst step in transforming the equations into operational space is to combine Equa-

tions 3.14 and 3.15. The equations can be rewritten in terms of only the link angles, ql.
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Then a transformation from the link angles to the operational space coordinates can be done,

which is similar to the transformation used for a rigid robot. Note that, using Equation

3.14, the joint angles, qj, can be written as a function of ql, _ql, and �ql

qj = K�1M(ql)�ql +K�1C(ql; _ql) + ql �K�1JT (ql)Fext (3.71)

di�erentiate Equation 3.71 to �nd _qj and �qj

_qj = K�1 _M (ql; _ql) �ql +K�1M (ql) q
(3)
l +K�1 _C (ql; _ql; �ql) + _ql �

K�1 _JT (ql; _ql)Fext �K�1JT (ql) _Fext (3.72)

�qj = K�1 �M (ql; _ql; �ql) �ql + 2K�1 _M (ql; _ql) q
(3)
l +K�1M (ql) q

(4)
l +

K�1 �C
�
ql; _ql; �ql; q

(3)
l

�
+ �ql �K�1 �JT (ql; _ql; �ql)Fext �

2K�1 _JT (ql; _ql) _Fext �K�1JT (ql) �Fext (3.73)

Then qj; _qj; and �qj can be substituted into Equation 3.15 to express the dynamics in one

equation as a function of the link angles and derivatives

�(ql)q
(4)
l + �(ql; _ql; �ql; q

(3)
l ) = � + �1 (ql; _ql; �ql)Fext + �2 (ql; _ql) _Fext + �3 (ql) �Fext (3.74)

where

� = DK�1M(ql) (3.75)

� = 2DK�1 _M (ql; _ql)q
(3)
l +

�
DK�1 �M (ql; _ql; �ql) +D +M(ql)

�
�ql +

DK�1 �C(ql; _ql; �ql; q
(3)
l ) +C (ql; _ql) (3.76)

�1 = JT (ql) +DK�1 �JT (ql; _ql; �ql) (3.77)

�2 = 2DK�1 _JT (ql; _ql) (3.78)

�3 = DK�1JT (ql) (3.79)

The equations of motion, Equation 3.74, are written in a form that is a function only of the

link variables. Equation 3.74 has a similar form as the dynamics of the rigid robot, Equation

3.6. Because of the 
exible modes, the equation for the 
exible-joint robot is fourth order,

rather than the simple second-order equation of the rigid robot. The 
exible-joint equation

also has the added complexity of higher order terms of the external force, _Fext and �Fext.
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The key point of expressing the equations of motion in this form is that the input, � , enters

directly as the input on the right hand side of the equation. Thus a multi step control

design is not necessary, the control law can be designed in one step.

The full dynamics of the manipulator, Equation 3.74, can be transformed to operational

space. The Jacobian, which relates link angular velocities to end-point velocities, is needed

to transform the equations of motion into operational space. The Jacobian is the same for a


exible-joint robot as for a rigid robot, although note that the Jacobian maps link velocities,

not joint velocities, to end-point velocities. The Jacobian and its higher derivatives will be

needed for the transformation to operational space

_x = J(ql) _ql (3.80)

�x = _J(ql; _ql) _ql + J(ql)�ql (3.81)

x(3) = �J(ql; _ql; �ql) _ql + 2 _J(ql; _ql)�ql + J(ql)q
(3)
l (3.82)

x(4) = J (3)(ql; _ql; �ql; q
(3)
l ) _ql + 3 �J(ql; _ql)�ql + 3 _J(ql; _ql)q

(3)
l + J(ql)q

(4)
l (3.83)

The Jacobian also relates the operational force to the joint torques

� = JT (ql)Fop (3.84)

Note that the relationship between the joint torque and the operational force is purely

geometrical. If the operational force acted directly on the end-point mass, then the transfor-

mation to joint torques would need to include the spring dynamics. Instead, the operational

force is the operational space analog to the 
exible-joint torque; it actuates the "motor mass"

which then a�ects the end-point mass through the spring.

The operational control can be designed with Fop as the input, and then Equation 3.84

used to map the control into actual joint torques. In contrast, in the backstepping method,

the \virtual" operational space force acted directly on the end-point mass and therefore did

not map directly to the torques, see Equation 3.29. The direct mapping from operational

force to joint torques eliminates the need for multi-step control development and enables

end-point force control.

To transform the dynamics into operational space, multiply Equation 3.74 by J��1
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(omitting the arguments for brevity)

Jq
(4)
l + J��1� = J��1� + J��1

�
�1Fext + �2 _Fext + �3 �Fext

�
(3.85)

Then substitute in x(4)from Equation 3.83

x(4) � J (3) _ql � 3 �J �ql � 3 _Jq
(3)
l + J��1� = J��1JTFop + J��1

�
�1Fext + �2 _Fext + �3 �Fext

�
(3.86)

Left multiply through by
�
J��1JT

�
�1
to obtain the �nal form, which is the operational

space equation

�x(4) + � = Fop + (I + 
1)Fext + 
2 _Fext + 
3 �Fext (3.87)

where

� =
�
J��1JT

�
�1

(3.88)

� = �
�
�J (3) _ql � 3 �J �ql � 3 _Jq

(3)
l + J��1�

�
(3.89)


1 = �J��1DK�1 �JT (3.90)


2 = 2�J��1DK�1 _JT (3.91)


3 = �J��1DK�1JT (3.92)

and I is the m�m identity matrix. As with the joint space equations, Equation 3.87 has

a form similar to the operational space equation for the rigid robot, Equation 3.10. The

advantage of the similar form is that the theories developed for rigid manipulator control,

such as impedance control and redundant control methods, can now be extended directly to


exible-joint manipulators. The methodology developed for impedance control design for

rigid robots can be applied to 
exible-joint robots as long as the more complex dynamics

are taken into account. As will be discussed in Chapter 6, this method of transforming the

equations into operational space enables the use of the theory of mapping the redundant

control law through the null space of the Jacobian. Thus the extensive body of research

[53, 82] on redundant control of rigid robots can now be applied to 
exible-joint robots.

A visualization of the transformation to operational space is shown in Figure 3.7. The

mass-spring-mass system is the operational space analogue to the motor-spring-link system

of the 
exible-joint manipulator. Note that in operational space, the actuator force, Fop,

does not directly actuate the end-point mass, but instead acts through a linear spring.
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Figure 3.7: Operational Space for a Flexible-Joint Robot

Similarly, the joint torque, � , does not directly actuate each link, but acts through a torsional

spring. The relationship between Fop and � is purely geometrical, just as in the rigid robot

case, because both act through a spring.

3.4.1 Feedback Linearization

The equations of motion of a 
exible-joint manipulator are feedback linearizable, as shown

in [72, 19]. The operational space model, Equation 3.87, is in a form that is feedback

linearizable, as the input, Fop, can be used to cancel out the nonlinearities. One possible

feedback linearization controller is

Fop = �� 
1Fext � 
2 _F
des
ext � 
3 �F

des
ext + F � (3.93)

where F � is the desired linear dynamics of the robot. Designing the desired linear dynamics

will be discussed in Chapter 5.

The control equation for the 
exible-joint robot is quite similar to the computed torque

control for the rigid robot, Equation 3.13. One di�erence is the necessity of cancelling the

higher order external force terms, _Fext and �Fext. For the experimental system, the external

force is measured through a strain gage, so the derivatives of the external force are extremely

noisy. To avoid the feedback of noisy measurements, the desired values, _F des
ext and �F des

ext , are

used in the feedback linearization rather than _Fext and �Fext. When the manipulator is in

contact with the environment, the equation will not be completely linearized because of the

error _Fext� _F des
ext and �Fext� �F des

ext . However, the nonlinear error will be small and transient,
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Figure 3.8: Operational Space Block Diagram for a Flexible-Joint Robot

as it depends only on the derivatives of Fext. If the higher order derivatives were available,

_Fext and �Fext could be directly cancelled. Alternatively, _Fext and �Fext could be estimated

based on position and velocity measurements and a model of the compliant environment

[45]; but the estimation requires a good a priori model of the environment, which is not

usually available.

The nonlinear term � is a function of the higher derivatives of the link angles, �ql, and

q
(3)
l ; however, the acceleration and jerk of the link angles are not usually measured. The

available measurements are the positions and velocities of both the links and the joints.

The link acceleration and jerk can be calculated from these measured states through the

following transformation

�ql = M�1 (ql)
h
�C(ql; _ql) +K(qj � ql) + JT (ql)Fext

i
(3.94)

q
(3)
l = _M�1 (ql)

h
�C(ql; _ql) +K(qj � ql) + JT (ql)Fext

i
+

M�1 (ql)
h
� _C(ql; _ql) +K( _qj � _ql) + _JT (ql)Fext + JT (ql) _Fext

i
(3.95)

The transformation follows directly from the equations of motion, Equation 3.14.

The block diagram for the operational space control of a 
exible-joint robot is shown in

Figure 3.8. The form of the block diagram is the same as for the rigid robot, Figure 3.3.

The main di�erence is the feedback of both the link and joint variables to account for the
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more complex dynamics. The actual operational space control block for the 
exible-joint

manipulator will be di�erent than the rigid robot control, as is discussed in Chapter 5.

3.5 Conclusions

The operational space formulation has been extended to robots with 
exible joints. The

full dynamics of the 
exible-joint robot are transformed into operational space. A controller

can be designed in operational space with full knowledge of the complex dynamics of the

manipulator. Then the operational space force can be transformed into the actual actuator

torques through a simple geometric transformation using the Jacobian.

All of the advantages that operational space formulation provides for rigid robots are

now available for 
exible-joint robots. The control design is performed in task space, using

the same coordinate system as the task. As a result, it is straightforward to implement force,

position, or impedance control at the end-point of the manipulator. The formulation also

provides a method for controlling the redundancy of the manipulator, as will be discussed

in Chapter 6.



Chapter 4

Operational Space with Mixed

Flexible/Rigid Joints

This chapter extends the feedback linearization method developed in Chapter 3 to manip-

ulators with mixed 
exible and rigid joints. Because of the dynamic coupling between the

rigid mini links and the 
exible macro links, the macro and mini cannot be controlled sep-

arately. The operational space method developed in the previous chapter does not directly

apply to a manipulator with mixed 
exible/rigid joints. The method can be used, however,

if the dynamics of the mini are augmented with extra dynamics in the controller to match

the order of the mini and macro systems.

One of the goals of the macro/mini control design is to achieve the same performance at

the end-point as the mini manipulator alone would have at its end-point. Using the opera-

tional space method on a representative macro/mini system, it is shown that the dynamics

as seen at the end-point are almost identical to the dynamics of the mini manipulator alone.

4.1 Model of Macro/Mini System

A macro/mini manipulator is any manipulator with a large arm carrying a smaller ma-

nipulator. The macro manipulator has a large workspace, whereas the mini manipulator

has a small workspace but can move faster and is more dexterous. The end-point behavior

of the macro/mini manipulator re
ects the behavior of the quick moving mini: the mini

manipulator isolates the end-point from undesirable macro motions. The mini usually has

the same number or more degrees of freedom than the macro manipulator, so that it can

59



60 CHAPTER 4. OPERATIONAL SPACE WITH MIXED FLEXIBLE/RIGID JOINTS

3
4

1

2
l

l

2m

l

l

1
q

m

q
F

ext

q

q
q q

Figure 4.1: Two Link Flexible-Joint Macro Manipulator Carrying a Two-Link Rigid Mini
Manipulator.

completely isolate the end-point task from the macro motion.

The macro is modelled as a manipulator with 
exible joints and rigid links, and the mini

is modelled as a completely rigid robot. The macro/mini manipulator has n links with the

link angles given by ql. The link angles can be divided into nf macro angles, qf , and nr

mini angles, qr, where nf+nr = n. The subscript f denotes a joint where there is 
exibility,

and the subscript r denotes a rigid joint. The macro also has nm joint angles, qm, where

by de�nition nm = nf . The mini has an equal number or more degrees of freedom than the

macro, nr � nf .

An example macro/mini manipulator is depicted in Figure 4.1. The example manipu-

lator is planar with two degrees of freedom at the end-point; thus nf = nr = 2. For the

example manipulator

qf =

2
4 ql1

ql2

3
5 ; qr =

2
4 ql3

ql4

3
5 ; qm =

2
4 qm1

qm2

3
5 (4.1)
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and

ql =

2
4 qf

qr

3
5 =

2
666664

ql1

ql2

ql3

ql4

3
777775 (4.2)

The equations of motion can be derived for a macro/mini manipulator system using

a variety of Lagrangian or Newtonian methods. The full equations for the experimental

macro/mini system are shown in Appendix A and were derived using Kane's dynamics [28].

The equations of motion for a 
exible-joint macro manipulator with a mini manipulator

can be written as

2
4 Mff (ql) Mfr(ql)

Mrf (ql) Mrr(qr)

3
5
2
4 �qf

�qr

3
5+

2
4 Cf (ql; _ql)

Cr(ql; _ql)

3
5 =

2
4 Kf (qm � qf )

0

3
5+

2
4 0

�r

3
5+ JT (ql)Fext

(4.3)

Df �qm +Kf (qm � qf ) = �f (4.4)

where �f 2 IRnf is a vector of joint torques for the 
exible macro and �r 2 IRnr is a vector

of torques for the mini. The diagonal matrix Df 2 IRnf�nf contains the inertia of the

macro joint motors and the diagonal matrix Kf 2 IRnf�nf represents the spring constants.

J(ql) 2 IRm�n is the Jacobian and Fext 2 IRm is the external force at the end-point of the

robot, with m degrees of freedom at the end-point. Note that the Jacobian is a function of

ql; it changes with either a macro or mini geometry change. The end-point task has either

the same number, or fewer, of degrees of freedom as the mini manipulator, m � nr. The

mass matrix is split into four terms. The term Mff (qf ) is the macro mass matrix, and the

term Mrr(qr) is the mini mass matrix. The cross terms, Mrf (ql) =MT
fr(ql), account for the

inertial interaction of the macro and mini. The nonlinear Coriolis and centrifugal terms are

Cf (ql; _ql) for the macro and Cr(ql; _ql) for the mini.

4.2 Operational Space Design: Mixed Flexible/Rigid Joints

The operational space control method developed in Chapter 3 is extended to a system with

both 
exible and rigid joints. The motivation for this extension is a 
exible macro with a

rigid mini, but the extension is general and applies to any robot with a mixture of 
exible
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and rigid joints.

A method of applying feedback linearization in joint space to mixed 
exible/rigid-joint

robots has been suggested by DeLuca [40, 41]. DeLuca developed the theory of augmenting

the rigid-link dynamics to make the order of the system consistent. The augmentation idea

developed by DeLuca is used here to enable the use of operational space control on a mixed


exible/rigid joint manipulator.

4.2.1 Problem Statement

The goal is to apply the operational space formulation to the macro/mini dynamics given

in Equations 4.3 and 4.4. The operational space method was developed for rigid robots,

and Chapter 3 developed a similar method for 
exible-joint robots. One obvious solution

to the mixed 
exible/rigid robot is to apply the di�erent methods separately for the macro

and the mini [41].

To apply the rigid robot method and 
exible-joint robot method separately, the macro

and mini equations must be separated. Assume that Mfr = 0 so Equations 4.3 and 4.4 can

be rewritten as

Mrr(qr)�qr + Cr(ql; _ql) = �r + JT
r (ql)Fext (4.5)

Mff (ql)�qf + Cf (ql; _ql) = Kf (qm � qf ) + JT
f (ql)Fext (4.6)

Df �qm +Kf (qm � qf ) = �f (4.7)

Where J is split into two matrices: Jr(qr) and Jf (ql) such that

J(ql) =

2
4 Jf (ql)

Jr(ql)

3
5 (4.8)

The equation for the mini manipulator, Equation 4.5, has the same form as the equations

of motion of a rigid robot, except for the dependence on the macro angles in Cr(ql; _ql) and

Jr(ql). Equation 4.5 can be transformed into operational space using the same method as

if it were a rigid robot. The nonlinearities can be cancelled using the computed torque

method, even though the equation does depend on the macro link angles as well. The terms

Cr(ql; _ql) and Jr(ql) are functions only of the position and velocity of the macro angles,

which are measured quantities available for the controller.
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The equations for the macro manipulator, Equations 4.6 and 4.7, have a similar form

to the equations for a 
exible-joint manipulator. The macro manipulator equations can be

transformed into operational space as described in Chapter 3. The transformation includes

the terms �Mff (ql; _ql;�ql), �Cf (ql; _ql; �ql; q
(3)
l ), and �JT

f (ql; _ql;�ql) which are functions of the accel-

eration and jerk of all the link angles in the manipulator. These terms are calculated for

the 
exible-joint macro through a nonlinear transformation, but they are not available for

the mini manipulator. Thus an additional assumption needs to be made for the equation to

be feedback linearizable, which is that Mff , Cf , and Jf depend only on the macro angles.

As shown above, for the separation of the mini and macro dynamics to work, two

assumptions must be made:

1. Mfr = 0

2. Mff , Cf , and Jf depend only on qf and _qf .

These two assumptions are very restrictive. For the planar macro/mini manipulator, the

second assumption is valid, the macro mass matrix and Jacobian are only dependant on

the macro angles. However, this assumption does not hold for more general, non-planar

manipulators. The �rst assumption, that Mfr = 0, is much more restrictive as it implies

that the inertias of the links do not couple their motion together. The only time that

Mfr = 0 for a manipulator with revolute joints is when each link is orthogonal to every

other link. For example, a two-link manipulator would have Mfr = 0 only at one pose of

the robot: when ql2 = �=2. If a two-link mini manipulator is added onto the �rst two-link

manipulator, it is impossible for all the links to be orthogonal, thus it is never true that

Mfr = 0. Because a macro/mini manipulator has more links than the space it spans, it

can never have all links orthogonal. The assumption that Mfr = 0 is never true for a

macro/mini manipulator.

Separate control design is often done for macro/micro manipulators [38, 49]. Although

Mfr 6= 0 for these manipulators, it can be assumed to be comparatively small when the

micro is much smaller in scale than the macro. Then the coupling terms can be ignored,

and separate controllers designed.

For the macro/mini case, however, by de�nition the mini is large enough that the cross-

coupling terms can not be ignored: The macro and mini dynamics cannot be separated into

Equations 4.5 and Equation 4.6, as the assumption that Mfr is zero or small is not true.

Instead, the entire macro/mini system must be controlled as one coupled system. In this
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case, the equations of motion for the full system, Equation 4.3 and Equation 4.4, need to

be converted to operational space.

The di�culty in converting the full equations into operational space is that the mini

equations are second order and the macro equations are fourth order. To illustrate the

problem, the procedure for converting the equations of motion into operational space can

be applied to the full equations. The �rst step in converting the 
exible-joint equations into

operational space is combining Equation 4.3 and Equation 4.4. Following the procedure

done in Section 3.4, Equation 4.3 can be used to write the joint position in terms of the

link position

qm = qf +
h
K�1Mff (qf ) K�1Mfr(ql)

i 24 �qf

�qr

3
5+K�1Cf (ql; _ql)�K�1JT

f (ql)Fext (4.9)

As qm is known as a function of ql, �qm can be calculated by taking the derivative of Equa-

tion 4.9 twice. Then �qm can be substituted into Equation 4.4 to �nd the equations of motion

for the \full system." The new equations of motion, however, will have lost rank because qm

is the same size as qf , not
h
qTf qTr

iT
. Thus the mini equations are lost and not contained

in the �nal equation. The second issue is that the �nal equation will be a function of �qr and

q
(3)
r , quantities that are not known or measured. As a result, it is not possible to directly

convert the equations of motion into operational space, or linearize the equations through

static feedback.

4.2.2 Augment Mini Dynamics

To enable the control of the full system, extra dynamics are added to the mini [41]. The

extra dynamics are simulated and can be considered part of the control law. A choice for

the extra dynamics is

�r = Knw (4.10)

Dn �w +Bn _w +Knw = �n (4.11)

where w 2 IRnr is the extra state and �n 2 IRnr is the control input to the added dynamic

system. The diagonal matrices Dn; Bn; Kn 2 IRnr�nr are chosen by the control designer,

as will be discussed in Section 4.2.4.

Combining the extra dynamics with the mini manipulator dynamics, the mini subsystem
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is fourth order. The extra dynamics, Equation 4.11, are the equations analogous to the joint

dynamics of the macro manipulator, Equation 4.4. The extra dynamics can be thought of

as adding joint dynamics onto the mini system.

The extra dynamics can be combined with the actual dynamics of the system so that

the system can be transformed to operational space. The mini joint torque in Equation 4.3

is replaced with Knw from Equation 4.10. The extra dynamics, Equation 4.11, are simply

appended to Equation 4.4. The resulting equations are

2
4 Mff (qf ) Mfr(ql)

Mrf (ql) Mrr(qr)

3
5
2
4 �qf

�qr

3
5+

2
4 Cf (ql; _ql)

Cr(ql; _ql)

3
5 =

2
4 Kf 0

0 Kn

3
5
2
4 qm � qf

w

3
5+ JT (ql)Fext

(4.12)

2
4 Df 0

0 Dn

3
5
2
4 �qm

�w

3
5+

2
4 0 0

0 Bn

3
5
2
4 _qm

_w

3
5+

2
4 Kf 0

0 Kn

3
5
2
4 qm � qf

w

3
5 =

2
4 �f

�n

3
5 (4.13)

With the addition of the extra dynamics, the link and joint equations are the same size,

which will enable transformation of the entire system into operational space. For the mini

manipulator, the new state w is the mini manipulator's equivalent of qm� qf for the macro

manipulator.

The combined system's equations of motion can be rewritten in a more compact form

M(ql)�ql + C(ql; _ql) = Kqj �Kofql + JT (ql)Fext (4.14)

D�qj +B _qj +Kqj �Kofql = � (4.15)

where qj =
h
qTm wT

iT
and the new input is � =

h
�Tf �Tn

iT
. The input vector, � , does

not directly actuate each of the manipulator's motors. The macro torques, �f , actuate the

macro motors, but the mini torques, �n, are �rst �ltered through the extra dynamics to the

actual torque for the mini motors, �r.

The matrices in the compact equation are de�ned as follows:

M =

2
4 Mff (qf ) Mfr(ql)

Mrf (ql) Mrr(qr)

3
5 ; C =

2
4 Cf (ql; _ql)

Cr(ql; _ql)

3
5 ; K =

2
4 Kf 0

0 Kn

3
5 ;

Kof =

2
4 Kf 0

0 0

3
5 ; D =

2
4 Df 0

0 Dn

3
5 ; B =

2
4 0 0

0 Bn

3
5
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Equation 4.12 and Equation 4.13 are in a form very similar to the equation for the


exible-joint manipulator, Equation 3.14. As such, the transformation into operational

space can be done considering � as the input to the full system.

The full equations of the manipulator, which include the extra dynamics, can be put into

operational space using the same methodology developed in Chapter 3 for a robot with all


exible joints. As a �rst step, qj; _qj; and �qj can be written as function of ql using Equation

4.14

qj = K�1M(ql)�ql +K�1C(ql; _ql) + Ifql �K�1JT (ql)Fext (4.16)

_qj = K�1 _M (ql; _ql) �ql +K�1M (ql) q
(3)
l +K�1 _C (ql; _ql; �ql) + If _ql �

K�1 _JT (ql; _ql)Fext �K�1JT (ql) _Fext (4.17)

�qj = K�1 �M (ql; _ql; �ql) �ql + 2K�1 _M (ql; _ql) q
(3)
l +K�1M (ql) q

(4)
l +

K�1 �C
�
ql; _ql; �ql; q

(3)
l

�
+ If �ql �K�1 �JT (ql; _ql; �ql)Fext �

2K�1 _JT (ql; _ql) _Fext �K�1JT (ql) �Fext (4.18)

where If = K�1Kof =

2
4 I 0

0 0

3
5

The joint variables, qj; _qj; and �qj can be substituted into Equation 4.15 to express the

full dynamics of the system in a single equation

�(ql)q
(4)
l + �

�
ql; _ql; �ql; q

(3)
l

�
= � + �1 (ql; _ql; �ql)Fext + �2 (ql; _ql) _Fext + �3 (ql) �Fext (4.19)

where

� = DK�1M(ql) (4.20)

� =
�
2DK�1 _M(ql; _ql) +BK�1M(ql)

�
q
(3)
l +�

DK�1 �M (ql; _ql; �ql) +BK�1 _M (ql; _ql) +DIf +M(ql)
�
�ql +

BIf _ql +DK�1 �C
�
ql; _ql; �ql; q

(3)
l

�
+BK�1 _C (ql; _ql; �ql) + C (ql; _ql) (4.21)

�1 = JT (ql) +DK�1 �JT (ql; _ql; �ql) +BK�1 _JT (ql; _ql) (4.22)

�2 = 2DK�1 _JT (ql; _ql) +BK�1JT (ql) (4.23)

�3 = DK�1JT (ql) (4.24)
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The equations of motion are expressed in a single equation that is a function of the link

variables only. The new equation has the same form as the equation for the fully 
exible

robot: it is fourth order in each link angle.

Following the same method as outlined in Section 3.2.3, Equation 4.19 can be trans-

formed into its operational space equation (omitting the arguments for brevity)

�x(4) + � = Fop + (I + 
1)Fext + 
2 _Fext + 
3 �Fext (4.25)

where

� =
�
J��1JT

�
�1

(4.26)

� = �
�
�J (3) _ql � 3 �J �ql � 3 _Jq

(3)
l + J��1�

�
(4.27)


1 = �J��1
�
DK�1 �JT +BK�1 _JT

�
(4.28)


2 = �J��1
�
2DK�1 _JT +BK�1JT

�
(4.29)


3 = �J��1DK�1JT (4.30)

and I is the m � m identity matrix. The equations of motion for the full macro/mini

manipulator system are contained in the operational space equation, Equation 4.25. No

approximations of the macro dynamics or assumptions about negligible cross coupling be-

tween the macro and mini manipulators were necessary. The extra dynamics added to the

mini manipulator enabled the representation of the full dynamics in operational space. The

control law can be designed in operational space using Fop as the input. Then the controller

is implemented through the transformation � = JTFop.

4.2.3 Feedback Linearization

The operational space model, Equation 4.25, is in a form that is feedback linearizable as a


exible-joint robot. The form of a feedback linearization controller is

Fop = �� 
1Fext � 
2 _F
des
ext � 
3 �F

des
ext + F � (4.31)

where F � is the desired linear dynamics of the robot. Designing the desired linear dynamics

is discussed in the next chapter.

Note that the higher derivatives of ql are needed, but these can be calculated through
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the state transformation

�ql = M�1 (ql)
h
�C(ql; _ql) +Kqj �Kofql + JT (ql)Fext

i
(4.32)

q
(3)
l = _M�1 (ql)

h
�C(ql; _ql) +Kqj �Kofql + JT (ql)Fext

i
M�1 (ql)

h
� _C(ql; _ql) +K _qj �Kof _ql + _JT (ql)Fext + JT (ql) _Fext

i
(4.33)

The transformation is determined from the equation of motion, Equation 4.14.

The feedback linearization method is the same as for a fully 
exible-joint robot, with

additional terms because of the extra dynamics added to the mini. The closed-loop control

is shown in the block diagram, Figure 4.2. In the block diagram the quantity q refers to

the measured states of the robot: the macro joint angles, joint velocities, link angles, and

link velocities and the mini link angles and velocities. The q vector is augmented with w

and _w from the known extra dynamics added to the control law. The operational space

control law uses this full state. The mini control torques are then �ltered through the extra

dynamics before being implemented on the robot. The box around the robot and extra

dynamics denotes that this combination is viewed as the full system to be controlled by the

operational space control law. Choosing the value of the extra dynamics is discussed in the

next subsection, and designing the operational space control is discussed in Chapter 5.

The grayed out boxes in the block diagram denote the redundant control system. By

de�nition, a macro/mini manipulator has more degrees of freedom than the end-point of

the manipulator. Since the operational space controller controls only the end-point degrees

of freedom, an additional controller is needed to ensure the stability of the internal states.

The additional controller, or redundant controller, is described in detail in Chapter 6.

4.2.4 Choosing Extra Dynamics

As described in the previous section, extra dynamics must be added onto the mini system

so that it matches the order of the macro. The additional dynamics should be chosen so

that they do not degrade the performance of the mini manipulator. The designer has full

control of choosing the extra dynamics and can carefully pick the dynamics so that they do

not reduce the end-point performance.

The dynamics that the control designer can choose are given in Equation 4.11, repeated

here for convenience

Dn �w +Bn _w +Knw = �n (4.34)
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Figure 4.2: Block Diagram of the Operational Space Control for a Macro/Mini Manipulator

The choice of Dn, Bn, and Kn is completely free. As there is no reason to couple the

dynamics together, the matrices are chosen to be diagonal. The choice then becomes �nding

the desired second order dynamics for each link of the mini manipulator.

Each second-order system can be chosen such that the frequency is high relative to the

expected bandwidth of the controlled manipulator. If the frequency of the extra dynamics

is 2 to 3 times the desired bandwidth of the mini, the performance of the mini will not be

signi�cantly a�ected by the additional dynamics.

Therefore, the extra dynamics for the mini manipulator are chosen as follows. The

\mass" matrix Dn is chosen so that, at a nominal value of ql, it matches the mass of the

mini manipulator, or Dn = diag(Mrr(ql)). The values of the \sti�ness" matrix Kn are

chosen such that the frequency of the extra dynamics is approximately 2 to 3 times the

desired bandwidth of the system. The values of the \damping" matrix, Bn, are chosen to

add su�cient damping to the poles.
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4.3 Mini Isolation

The purpose of adding the mini to the macro manipulator is that the mini isolates the

end-point dynamics from the macro dynamics. In other words, if the macro has lightly

damped oscillations, the mini should compensate such that the end-point does not move in

response to the macro motions. Thus the end-point behavior of a macro/mini manipulator

should be very similar to the end-point behavior of the mini attached to a rigid surface.

Putting the equations into operational space enables a comparison between the end-point

dynamics of the macro/mini manipulator system and the end-point dynamics of the mini

manipulator alone.

The end-point dynamic behavior for a rigid macro/mini manipulator was examined

by Khatib [31]. Because there are no 
exible modes in a rigid manipulator, the relevant

dynamic behavior is the e�ective mass as seen at the end-point. Khatib proved that the

e�ective end-point mass of a macro/mini manipulator is equal to or smaller than that of

the mini manipulator alone. This result can be understood intuitively as the end-point of

the mini being easier to push if the mini is mounted on a moving platform as opposed to a

rigid wall. Thus the end-point of the macro/mini manipulator can move just as fast as the

end-point of the mini manipulator alone.

The result should extend to manipulators with more complex dynamics. For the 
exible-

joint macro, the macro/mini manipulator end-point dynamics should be similar to the end-

point dynamics of the mini manipulator alone. The macro manipulator should not degrade

the end-point performance.

4.3.1 Example: Experimental Macro/Mini Manipulator

The model of the experimental macro/mini manipulator is used to compare the end-point

dynamics of a 
exible-joint macro carrying a mini to the end-point dynamics of the mini

alone. To simplify the model, only the right mini arm is included so that the example

manipulator is a two degree of freedom macro carrying a two degree of freedom mini,

Figure 4.3. The mini manipulator should isolate the two end-point degrees of freedom, x

and y, from the macro manipulator motions.

The operational space model for the macro/mini system can be derived following the

same procedure as outlined in Section 4.2. To evaluate the dynamics, the equations of

motion can be linearized about a nominal point ql = qlo and _ql = 0, and assuming that
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Figure 4.3: The Example Macro/Mini Manipulator.

The properties are the same as the experimental macro/mini manipulator with-
out its left arm.

Fext = 0. The linearized operational space equation can be written as

�ox
(4) + �x(3) + ��x+ � _x = Fop (4.35)

where

�o =

�
J(qlo)

�
DK�1M(qlo)

�
�1

JT (qlo)

�
�1

(4.36)

� =

�
J(qlo)

�
BK�1M(qlo)

�
�1

JT (qlo)

�
�1

(4.37)

� =
�
J(qlo) (DIf +M(qlo))

�1 JT (qlo)
�
�1

(4.38)

� =
�
J(qlo)B

�1IfJ
T (qlo)

�
�1

(4.39)

The equations of motion for the mini manipulator and extra dynamics can be extracted

from Equations 4.12 and 4.13. The lower right corner of the mass-matrix is identical to the

mass matrix of the mini alone, Equation A.3. The Coriolis and centrifugal term, Cr(qr; _qr)

can be determined by setting the macro link angular velocities to zero. The result is the
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equation of motion of the mini manipulator with the extra dynamics

Mrr(qr)�qr + Cr(qr; _qr) = Knw (4.40)

Dn �w +Bn _w +Knw = �n (4.41)

Where the extra dynamics are chosen to be have a natural frequency 2 to 3 times the desired

bandwidth of the mini, as discussed in Section 4.2.4. The extra dynamics are chosen as

Dn =

2
4 0:085 0

0 0:026

3
5 (4.42)

Bn =

2
4 2:5 0

0 0:77

3
5 (4.43)

Kn =

2
4 330 0

0 100

3
5 (4.44)

Using the same transformation as before, the operational space equation is determined for

the mini alone. The linear version of the end-point equation for the mini alone can be

written as

�rox
(4) + �rox

(3) + �ro�x = Fop (4.45)

where

�o =

�
Jmini(qro)

�
DK�1M(qro)

�
�1

JT
mini(qro)

�
�1

(4.46)

�o =

�
Jmini(qro)

�
BK�1M(qro)

�
�1

JT
mini(qro)

�
�1

(4.47)

�o =
�
Jmini(qro)M

�1(qro)J
T
mini(qro)

�
�1

(4.48)

and Jmini(qro) 2 IRnr�m is the Jacobian for the mini manipulator alone such that _x =

Jmini(qr) _qr. The last term � does not show up for the mini manipulator because If = 0.

The operational space coordinates, x, are the same for both the macro/mini and the

mini alone. The coordinates x are the x and y position of the end-point of the mini arm,

as shown in Figure 4.3. Equation 4.35 and Equation 4.45 are the same order, but the

macro/mini manipulator equation re
ects the full dynamics of the macro/mini. These two

equations can be compared to evaluate the di�erence between the mini alone and the mini
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Figure 4.4: Comparison Bode Plot

Compares the end-point dynamics of the right mini arm alone with the dynamics
of the mini on the end of the macro. The dynamics in both cases include the
extra dynamics in the controller, but the rest of the control law is open loop.

with the macro.

The two operational space equations exhibit very similar dynamic behavior. To illus-

trate, choose the nominal con�guration for linearization to be qf = [ 0� �90� ]T and

qr = [ �135� �37� ]T . The transfer function is determined from each input, Fopx and

Fopy , to each output, x and y. The transfer functions are quite similar for the macro/mini

and the mini alone, as shown in the Bode plot of the transfer function between Fopx and x,

Figure 4.4.

The plots of the two di�erent transfer functions are barely distinguishable, verifying

that the end-point dynamics of the macro/mini manipulator are almost identical to the

dynamics of the mini manipulator alone. For di�erent nominal angles the plots change but

continue to match. Thus, the macro/mini manipulator design is very e�ective in achieving
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the performance of the mini manipulator over a much larger workspace.

However, the analysis assumes a linear system, which holds only for a small movement of

the mini away from its nominal postion. Any end-point motion beyond the reach of the mini

manipulator requires signi�cant macro manipulator motion. Thus for larger motions, the

end-point response slows down because of the macro manipulator. However, the macro/mini

manipulator is sized such that many tasks requiring a high bandwidth are within the reach

of the mini. Tasks such as grabbing an object, opening a door, or connecting a utility are

usually within the workspace of the mini and thus quickly done, whereas a task such as

moving an object can be outside the workspace of the mini alone.

Thus a major value of this research is that the control designer is not limited by the


exible-joint modes of the macro when designing the end-point control law because the end-

point dynamics re
ect only the dynamics of the mini manipulator. The desired end-point

behavior can be implemented by a proper choice of the extra dynamics and the operational

space control law. The next chapter discusses the design of an operational space impedance

law for 
exible-joint manipulators. The problem of designing a controller for the redundant

states, the macro manipulator motion, will be discussed in Chapter 6.



Chapter 5

Impedance Design for a

Macro/Mini Manipulator

A valuable new method for choosing the desired end-point impedance for a 
exible-joint

manipulator is described in this chapter. Because of the undamped 
exible modes, the

choice of impedance is more critical for a 
exible-joint robot than for a rigid robot. The

selection of an appropriate impedance is done employing the same principle used to design

linear quadratic regulators (LQR). The problem of selecting an optimal impedance is solved

by �nding a regulator for the open-loop system consisting of the uncontrolled end-point

dynamics. The closed-loop system determined by applying the regulator is the desired end-

point impedance. A cost function, weighting end-point force and end-point position, is used

to select the impedance depending on the task.

5.1 Impedance Control Design

The operational space formulation transforms the equations of motion into a form such that

an end-point position and force controller can be designed. Many options for the design

of the controller are available, depending on the desired tasks of the manipulator. For

instance, a fast position controller can be designed for a manipulator that will never contact

the environment, such as an arm holding a camera. For a typical macro/mini manipulator,

however, a noncontact task is the exception rather than the rule. A more common task,

such as retrieving and moving an object, requires free motion as well as contact with the

environment. The control design should work well for unconstrained motion, constrained

75
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motion, and the transition between them. In addition, the control law needs to be robust to

errors in the contact location especially in a dynamic environment, such as a space station,

where the contact position is not well known.

A control method that can control position and force and the transition between them

is impedance control. Impedance control, developed by Hogan [23], enforces a desired re-

lationship (the impedance) between force and velocity at the end-point of a manipulator.

The desired impedance is a stable linear system with properties chosen according to the

manipulator task. The manipulator end-point moves and responds to the environment with

the behavior of the desired linear impedance. Instead of either controlling position or con-

trolling force at the end-point, the controller enforces a linear impedance at the end-point.

Then, a single control law can seamlessly control unconstrained motion, constrained motion,

and the transition between them. The control law can be optimized for each of these modes

by changing the desired impedance value. The impedance control law is naturally robust

to inadvertent contact or errors in the contact location, because the manipulator end-point

behaves like a linear impedance.

This section describes the implementation of impedance control using the operational

space framework for a 
exible-joint manipulator. As a review, an impedance control design

for rigid manipulators is developed in the operational space framework. Then, the 
exible-

joint operational space framework developed in the previous chapters is used to implement

an analogous impedance control law for 
exible-joint manipulators. The impedance for

a 
exible-joint manipulator is higher order than the impedance for a rigid manipulator,

motivating the need for a systematic method of selecting the impedance as will be discussed

in Section 5.2.

5.1.1 Impedance Control Design for Rigid Robots

Impedance control can be implemented on rigid robots using the computed torque method

to cancel the nonlinearities [23, 11]. The operational space formulation can be used to

implement the desired end-point impedance, which facilitates the use of end-point sensing

of position and force [30].

The �rst step in implementing end-point impedance control is to put the equations of

motion into operational space. As developed in Chapter 3, the operational space equation

for a rigid robot is

�(ql)�x+ �(ql; _ql) = Fop + Fext (5.1)
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Figure 5.1: Closed-Loop Representation of the Impedance Controller in One Degree of
Freedom

Using the computed torque design method and an impedance control law, the control is

designed as

Fop = �(ql; _ql) + F � (5.2)

F � = �(ql)
h
M�1

i

�
�Bi ( _x� _xdes)�Ki (x� xdes) +Kf

�
Fext � F des

ext

��
+ �xdes

i
�F des

ext (5.3)

Where F � speci�es the desired impedance law. The matricesMi, Bi, Ki, and Kf are chosen

by the control designer to specify the impedance.

Substituting the control, Fop, into Equation 5.1 results in the following closed-loop

equation at the end-point

Mi(�x� �xdes) +Bi( _x� _xdes) +Ki(x� xdes) = (Mi�
�1 +Kf )(Fext � F des

ext ) (5.4)

UsuallyMi, Bi, andKi are chosen to be diagonal matrices to decouple the end-point degrees

of freedom. The force gain can be chosen as Kf = Kf2 �Mi�
�1 to decouple each force

degree of freedom, then Kf2 is chosen to implement the desired force feedback.

The closed-loop behavior of the rigid robot in one degree of freedom is represented in

Figure 5.1: The end-point of the manipulator behaves as a second-order mass-spring-damper

system. The values of the spring and damper can be chosen di�erently depending on the

task. For example, for a postion control task, the spring can be very sti� for good position

tracking. For a force control task, the spring can be softer to enable smoother contact.
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5.1.2 Impedance Control for Flexible-Joint Manipulators

The impedance control method developed for rigid manipulators must be extended to


exible-joint manipulators in order to be applied to the macro/mini manipulator of this

research. One way to implement an impedance controller on a 
exible-joint robot is to

use backstepping [16]: A second-order impedance law is designed as if the system were

rigid, then the control \backsteps" through two integrators to the actual input. However,

as discussed in Chapter 3, the resulting closed-loop equations are neither second order nor

linear. In addition, it is unknown how much the �nal behavior will deviate from that of the

original second-order design. A fundamental issue with this design approach is the di�culty

of trying to force a system with fourth-order dynamics to behave like a second-order system

within the frequency range of the 
exible modes.

An alternate approach is to design and implement a fourth-order impedance law on the


exible-joint manipulator [46]. The choice of a fourth-order impedance re
ects the actual

dynamics of a 
exible-joint manipulator. Using the operational space method, the fourth-

order impedance can be directly implemented, eliminating the need for multiple steps to

design the control law. The �nal behavior at the end-point of the manipulator will be that

of a fourth-order linear system.

The operational space formulation developed in the previous two chapters is used to

implement a fourth-order impedance law at the end-point of a 
exible-joint manipulator.

The equations of motion of a 
exible-joint manipulator in operational space can be written

as

�x(4) + � = Fop + (I + 
1)Fext + 
2 _Fext + 
3 �Fext (5.5)

where x are the end-point coordinates to be controlled and Fop is the operational space

control input. The feedback linearization and impedance control law is

Fop = �� 
1Fext � 
2 _F
des
ext � 
3 �F

des
ext + F � (5.6)

F � = �(ql)
h
b�11

�
�b2

�
x(3) � x

(3)
des

�
� b3(�x� �xdes)� b4 ( _x� _xdes)�

b5 (x� xdes) + bf
�
Fext � F des

ext

��
+ x

(4)
des

i
� F des

ext (5.7)

where the matrices fb1; � � � ; b5; bfg are chosen to implement the desired impedance law.

Usually the matrices fb1; � � � ; b5; bfg are chosen to be diagonal to decouple the end-point

degrees of freedom. If the mini has more than one arm, the end-point degrees of freedom
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must be decoupled to avoid cross coupling between the mini arms.

The feedback linearization is not exact when the end-point is in contact with the environ-

ment because of the derivatives of the external force. The measurements of the derivatives

of the external force are extremely noisy; therefore _F des
ext and �F des

ext are used instead of _Fext

and �Fext in the feedback control law. Another option would be to estimate the _Fext and

�Fext based on a dynamic model of the environment [45]. Estimating the force derivatives,

however, requires a very good a priori model of the environment, which is often not available.

The choice to use the desired values of the external force derivatives a�ects only the

transient behavior of the robot when it comes into contact with the environment or when

the contact force changes. For unconstrained motion, �Fext = _Fext = 0, so using the desired

values will have no e�ect on the closed-loop behavior. The non-exact cancellation of _Fext

and �Fext does not cause an instability or chattering when the end-point is in contact with

the environment. Instead, using _F des
ext and �F des

ext for the cancellation constrains the choice of

the zeros in the impedance law, as will be discussed in Section 5.2.2.

Applying the control law to Equation 5.5, the �nal impedance at the end-point is

b1
�
x(4) � x

(4)
des

�
+ b2

�
x(3) � x

(3)
des

�
+ b3(�x� �xdes) + b4 ( _x� _xdes) + b5 (x� xdes) =�

b1�
�1 + bf

��
Fext � F des

ext

�
+ 
2

�
_Fext � _F des

ext

�
+ 
3

�
�Fext � �F des

ext

�
(5.8)

The force feedback gain can be chosen as bf = �b1�
�1 + bf2 to decouple the force degrees

of freedom.

Figure 5.2 shows a pictorial representation of the closed-loop impedance in one degree of

freedom. The end-point of the 
exible-joint manipulator has the dynamics of a fourth-order

linear system. The designer is free to implement any fourth-order system by choosing the

values of the bi matrices. The choice of the bi matrices is critical to the performance of the

system, as will be discussed in the next section.

5.2 Choosing the Impedance Value

The most important step in designing an impedance controller is choosing the value for

the end-point impedance. The desired impedance value should both re
ect the end-point

task and be realistically achievable on the manipulator, given its dynamics and actuator

authority.
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Figure 5.2: Closed-Loop Representation of the Impedance Controller for a Flexible-Joint
Manipulator.

The sketch shows a one degree of freedom example of the impedance controller.
The z variable can be viewed as representing the motor position in operational
space, while the x variable is the end-point position.

5.2.1 Background and Issues

To develop an impedance controller for a rigid robot, most researchers simply pick rea-

sonable values for the impedance [11, 56]. Given a knowledge of the task at hand, it is

straightforward to choose a Ki and Bi for a rigid robot. As long as the chosen values are

realizable based on the actuator limitations, the impedance can be implemented on the

manipulator with good results.

Choosing an impedance based only on the task ignores the actual dynamics of the

system, which can thus result in poor choice of closed-loop pole locations for a system with


exible modes. Rather than drastically change the end-point dynamics, the impedance

feedback law should stabilize the 
exible modes and place the rigid-body poles based on

the desired task. A general method is needed for choosing the desired impedance for a


exible-joint robot that optimizes the impedance for the task while taking into account the

manipulator dynamics.

Theory on choosing the correct impedance value for a robot with no 
exibility was

addressed by Hogan [25]. Hogan showed that the impedance of the manipulator can be

matched to the impedance of the environment to maximize the power transmitted to the

environment. However, a manipulation task rarely requires maximum power to be transmit-

ted; it is usually more critical to accurately control position and forces. Using a cost function

to minimize a weighted error in position and force, Hogan showed that the impedance of

the manipulator should be proportional to the admittance of the environment, where the

admittance is the inverse of the impedance. The result is intuitive: if the environment is
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quite sti�, the manipulator should be soft and compliant. Directly implementing the idea is

not always feasible if the model of the environment is not available or is di�cult to invert.

To choose an impedance for a dynamic manipulator, Hogan proposed minimizing an

objective function with weighting on the desired positions and forces. Hogan considered

the special case of a rigid manipulator holding a rigid body, and minimized the objective

function to �nd the optimal impedance values. A generalized objective function approach

would provide a method of choosing impedance values for a manipulator with complex

dynamics.

5.2.2 Method for Choosing the Impedance

A new formal method will now be developed for choosing the impedance of a 
exible-joint

manipulator based on the objective function method suggested by Hogan [25]. The new

method developed here is general and can be applied to either rigid or 
exible robots.

The design of the end-point impedance is based on the dynamics of the manipulator as

well as the desired task. However, the nonlinear end-point dynamics are quite complex and

di�cult to analyze. As a �rst step, the end-point equations of motion are linearized. A

cost function is formed that weights position and external force based on the task. Using

the linearized equations of motion as the open-loop dynamics, a controller is identi�ed

that minimizes the cost function. The desired impedance is then given by the closed-loop

dynamics that result from applying the controller to the linearized equations of motion.

The equations of motion of the manipulator, Equation 5.5, have both position-dependent

and velocity-dependent nonlinearities. The equations can be linearized about a given posi-

tion of the manipulator, qlo, and assuming the higher derivatives of ql are small. Using the

small-velocity assumption, all the nonlinear Coriolis and centrifugal terms are neglected, as

well as nonlinear velocity transformation terms such as _J(ql; _ql) _ql. The linearized equation

can then be written as

�ox
(4) +�oJo�

�1
o

�
BK�1Moq

(3)
l + (DIf +Mo)�ql +BIf _ql

�
=

Fop +DK�1JT
o
�Fext +BK�1JT

o
_Fext + Fext (5.9)

where

Mo = M(qlo) (5.10)
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Jo = J(qlo) (5.11)

�o = DK�1Mo (5.12)

�o =
�
Jo�

�1
o JT

o

�
�1

(5.13)

Equation 5.9 depends on ql; for analysis the equation needs to depend only on the end-

point variables, x. A linearized transformation from joint space to operational space can be

applied, assuming small velocities and accelerations

_x = Jo _ql (5.14)

�x = Jo�ql (5.15)

x(3) = Joq
(3)
l (5.16)

Using this transformation, Equation 5.9, can be simpli�ed and rewritten as

�ox
(4) + �x(3) + ��x+ � _x = Fop +DK�1JT

o
�Fext +BK�1JT

o
_Fext + Fext (5.17)

where

� =

�
Jo
�
BK�1Mo

�
�1

JT
o

�
�1

(5.18)

� =
�
Jo (DIf +Mo)

�1 JT
o

�
�1

(5.19)

� =
�
JoB

�1IfJ
T
o

�
�1

(5.20)

The linearized end-point model, Equation 5.17, can be used as the open-loop system for the

design of the desired closed-loop linear impedance.

As stated earlier, the usual choice for the desired impedance is to have it decouple each

end-point degree of freedom by having diagonal matrices, fb1; � � � ; b5g. However, in general,

Equation 5.17 will not be decoupled in each degree of freedom. One option to decouple the

equation is to de�ne a new end-point coordinate system, xn, such that � is diagonalized.

Because of their similar structure, the other matrices, �, �, and � will also be diagonalized.

However, the new coordinate system could be undesirable, especially for a two-arm mini,

as it could couple the two mini arms together.

Another option is to get an approximate model in each direction by using the diagonal

terms of each matrix. Ignoring the cross terms turns out to provide a good approximation
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to the model: For the experimental system the natural frequency changed less that 10%

when the cross terms were neglected.

Using either decoupling method, the equation of motion can be developed for one of the

end-point directions, xi, with the external force in that direction as Fe. The equation can

be written as

�1x
(4)
i + �2x

(3)
i + �3�xi + �4 _xi = Fopy + #1 �Fe + #2 _Fe + Fe (5.21)

Then, the desired impedance for each xi direction can be designed separately.

The separate design of the impedance law for each end-point coordinate has the signif-

icant value of enabling the implementation of di�erent impedance laws in each direction.

For example a task of moving along a wall while pushing on it could be optimized with one

impedance perpendicular to the wall and one tangential to the wall. The method developed

here can also be used to design a desired impedance for the full x state by putting the full

equation, Equation 5.17 into state space instead.

To proceed, transform Equation 5.21 into state space

_� = Ae�+BeFe

' = Ce� (5.22)

where

' =

2
4 xi

_xi

3
5

The input to the system is the external force, Fe. The actuator force, Fopy, is left out of the

equation. The actuator force is eventually used to implement the impedance value; but here

it is ignored, as the �nal impedance equation will relate the external force to the velocity.

The equation can be thought of as the \open-loop" impedance of the system.

The desired behavior at the end-point needs to be speci�ed based on the task. An

intuitive method is to specify a tolerance in the end-point position, velocity, and force: xtol,

vtol, and Ftol respectively. Thus for a free-motion task that needs accurate position, xtol

will be small and Ftol will be relatively larger.

To pursue this concept, a cost function can be formed

Jimp =

Z
1

0
�TQ�+ F T

e RFe dt (5.23)
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where

Q' =

2
4 x�2tol 0

0 v�2tol

3
5 (5.24)

Q = CT
e Q'Ce (5.25)

R = F�2tol (5.26)

The goal is to create a new set of linear dynamics, for a task-based choice of weights Q

and R, such that the cost Jimp is minimized. The linear quadratic-regulator (LQR) design

technique is used to �nd the optimal control, Fe, to minimize Jimp, subject to the dynamics

of the system. Using the optimal Fe, the closed-loop dynamics are the desired impedance

for the manipulator.

Of course Fe is not really the control for the system, but posing the problem in this

way allows the use of the LQR design technique to �nd a good set of desired closed-loop

dynamics. The optimal solution to the LQR problem is well known to be constant state

feedback, Fe = k� [27, 22]. The gain can be calculated be solving the Ricatti equation

PAe +AT
e P +Q� PBeR

�1BT
e P = 0

where the gain is given by

k = R�1BT
e P

The closed-loop equation for the system can be determined by substituting in Fe = �k�+

Fext

_� = (Ae �Bek)�+BeFext

' = Ce# (5.27)

The equations give the desired end-point impedance.

The state space equation can be transformed into transfer function form to �nd fb1; � � � ; b5g

in Equation 5.8 eXi(s)eFe(s)
=

#1s
2 + #2s+ bf2i

b1is4 + b2is3 + b3is2 + b4is+ b5i
(5.28)

where eXi(s) = Xi(s) �Xdes
i (s) and eFext(s) = Fext(s) � F des

ext (s), where the desired x and
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desired Fext are added to enable the system to track. The term b1i is the diagonal element

of b1 in this ith direction, and similarly with fb2i; � � � ; b5i;bf2ig.

So, using this approach, the poles for the fourth-order linear impedance are calculated

based on the task and the dynamics of the 
exible-joint manipulator. For example if xtol is

relatively small compared to Ftol, then position is heavily weighted and the \control input"

lightly weighted. The LQR design then creates a high bandwidth controller, or a sti� spring

in the closed-loop system. The sti� spring provides fast position control, but will not contact

a rigid wall smoothly. On the other hand, if Ftol is smaller, then the \control input" is heavily

weighted and the position not as much. A low bandwidth controller is designed, creating

a soft spring for the closed-loop system. The soft spring behavior provides for smoother

contact with the environment, but degrades position control. Similarly, decreasing vtol adds

damping to the system.

The LQR method determines the poles of the closed-loop system but does not e�ect

the zeros, so the desired value of the zeros must be determined separately. The zeros of the

system's transfer function are determined by #1, #2, and bf2. The only term that can be

changed is bf2; the other two terms are determined by the system model. The reason that

the terms #1 and #2 cannot be changed is that to do so would require the feedback of two

very noisy measurements, _Fext and �Fext. The presence of these two terms follows directly

from choosing to subtract _F des
ext and �F des

ext rather than _Fext and �Fext in Equation 5.6. For the

macro/mini manipulator, it was observed that #1 and #2 are a�ected mostly by the extra

dynamics chosen by the designer; so the zeros already are in a good location in the left half

plane. Changing bf2 will a�ect only the imaginary part, moving the zeros up and down in

the s-plane.

One way to select the value of the force-feedback gain is to trade o� between the steady-

state position error and force error. From Equation 5.8, the steady state error equation

is

b5 (x� xdes) = bf2
�
Fext � F des

ext

�
(5.29)

The force-feedback gain can be chosen as bf2 = 1 for noncontact tasks and increased for a

contact task. Using Equation 5.29, bf2 can be chosen to decrease the force error relative to

the position error based on the expected accuracy of the contact position and the allowable

force deviation.
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5.3 Design Example: the Experimental Macro/Mini Manip-

ulator

In this section, the experimental macro/mini manipulator is used as an example system to

demonstrate the method of designing the end-point impedance. Several di�erent types of

task are demonstrated on the experimental manipulator, including trajectory following, con-

tacting a rigid environment, and manipulating a 
exible object. The end-point impedance

is optimized using the LQR design developed in the previous section for each of these tasks.

5.3.1 Linearized Model

The operational space model of the macro/mini manipulator with the extra dynamics has

the same form as Equation 5.5. As shown in Figure 5.3, the joint space coordinates are

ql =

2
666666666664

qu

qf

qq

qr

qk

qle

3
777777777775

The operational space coordinates for the manipulator are the x-y coordinates of the left

and right arm in the table frame

x =

2
666664
xr

yr

xl

yl

3
777775

Because the mini manipulator has rigid joints, the �rst step in the controller design is

determining the extra dynamics which are added into the controller. As de�ned in Chapter

4, the extra dynamics can be written as

Dn �w +Bn _w +Knw = �n (5.30)
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Figure 5.3: Operational Space Coordinates for the Experimental Macro/Mini Manipulator

The mass matrix in this equation is chosen to match the mass matrix of the mini manipulator

itself

Dn = diagMrr(qro) (5.31)

where Mrr is the mass matrix of the mini manipulator as de�ned in Equation 4.3. The

sti�ness matrix, Kn is chosen to give a 10 Hz bandwidth and Bn to give good damping.

For the experimental system, the resulting values for the extra dynamics are

Dn =

2
666664
0:0846 0 0 0

0 0:0260 0 0

0 0 0:0846 0

0 0 0 0:0260

3
777775

Bn =

2
666664

2:51 0 0 0

0 0:772 0 0

0 0 2:51 0

0 0 0 0:772

3
777775
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Kn =

2
666664

334 0 0 0

0 103 0 0

0 0 334 0

0 0 0 103

3
777775 (5.32)

where the units of Dm are kg m2, the units of Bn are N ms=rad, and the units of Kn

are N m=rad. Adding the extra dynamics to the manipulator equations of motion, the

operational space model can be developed for the manipulator plus extra dynamics. The

equations of motion are linearized about a nominal set of joint angles

qlo =

2
666666666664

0�

�90�

�135�

�37�

�45�

�143�

3
777777777775

As an example of designing the impedance, consider the end-point of the right arm in the x

direction. The linearized equation of motion for the right arm x direction, leaving out the

input, Fopr, is

1:34�10�4x(4)r +7:44�10�3�3x(3)r +0:524�xr = 2:56�10�4 �Fer+7:61�10�3 _Fer+Fer (5.33)

The equation can be converted into state space form as

_� =

2
666664
�55:6 �3924 0 0

1 0 0 0

0 1 0 0

0 0 1 0

3
777775�+

2
666664
1

0

0

0

3
777775Fer (5.34)

' =

2
4 0 1:91 56:8 7465

1:91 56:8 7465 0

3
5� (5.35)

where ' =
h
xr _xr

iT
.

Now that the system is in state space form, the next step is to determine the desired
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weighting functions based on the task. Two di�erent tasks are described: the free-motion

task and contacting a rigid wall.

Free-Motion Control

A free-motion task is any task where the manipulator is not in contact with the environment.

Example free-motion tasks for a space manipulator include: inspecting an area, moving a

tool or small rigid object, holding a camera for another robot or astronaut, and reaching to

a contact point to grab an object or open a door. The tasks involve either holding a position

or following a trajectory. Good tracking of the desired positions and velocities is needed,

while controlling end-point forces is not important. However, because of the possibility of

an inadvertent contact, encountering a nonzero contact force should not cause a stability

problem. The impedance-control design takes this into account, as long as there is some

weighting on the force term of the cost function.

A signi�cant contribution of this new method is that the weighting functions can be

chosen directly by specifying the desired tolerances on position and on force. For example,

for the free-motion task, let xtol = 0:005 m, vtol = 0:05 m/s, and Ftol = 0:25 N. The closed-

loop dynamics, Equation 5.8, places two poles with a frequency of 1.6 Hz and 0.8 damping,

but the higher frequency \extra dynamics" poles are not moved from their original location

chosen in Equation 5.32.

The closed-loop dynamics are a�ected by the speci�ed desired tolerances. The e�ect

of changing the position tolerance is shown in Figure 5.4. The closed-loop system has

two rigid-body poles, and two high frequency poles which are the extra dynamics chosen

previously. As the position tolerance is reduced, the bandwidth of the rigid-body poles

increases while the high frequency poles do not move.

The original choice for the extra dynamics was that the frequency should be 2 to 3

times the expected bandwidth of the system. The root locus plot shows that this choice

remains valid for the position tolerance as low as 0.0005 m because the bandwidth of the

rigid-body poles still remains well below the high frequency poles. If the position tolerance

is reduced even further, the rigid-body poles would start to approach the frequency of the

extra dynamics. In this case, the extra dynamics should be redesigned to increase the

frequency of the higher frequency poles.

The velocity tolerance can also be varied, as shown in Figure 5.5. Decreasing the velocity

tolerance results in heavily damped low frequency closed-loop poles. A tighter velocity



90 CHAPTER 5. IMPEDANCE DESIGN FOR A MACRO/MINI MANIPULATOR

−80 −60 −40 −20 0 20 40 60

−60

−40

−20

0

20

40

60

Real Axis

Im
ag

 A
xi

s

closed−loop poles
open−loop zeros  
open−loop poles  

tol 
Smaller x 

Figure 5.4: Root Locus of Closed-Loop Poles vs. xtol

The tolerance xtol varies between 0.0005 m and 0.05 m, while vtol = :05 m/s
and Ftol = 0:25 m

tolerance also eventually causes the high frequency poles to move towards the nearby zeros;

however the poles move very little until the velocity tolerance is so tight that the rigid-body

poles are on the real axis.

Environmental Contact Control

Many tasks require that the manipulator come into contact with the environment. Exam-

ple contact tasks include: disconnecting/connecting utilities, grabbing an object, two-arm

manipulation of an object, opening doors, using tools on a structure and pushing against

an object. All of these tasks require a good control of the force at the end-point as well as

position control. Depending on the task, position or force control can be more important.

For control during a contact task, a tighter tolerance on the external force is needed,
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Figure 5.5: Root Locus of Closed-Loop Poles vs. vtol

The tolerance vtol varies between 0.005 m/s and 0.5 m/s, while xtol = 0:005 m
and Ftol = 0:25 N.

while the tolerance on position and velocity can be relaxed. A plot of the root locus of

the closed-loop poles as the force tolerance varies while xtol = 0:01 m and vtol = 0:1 m/s is

shown in Figure 5.6. As the force tolerance is made tighter, the bandwidth of the poles near

the origin decreases. Thus the system behaves as a softer spring as force control becomes

more important, enabling smoother contact with the environment.

Also relevant to the dynamic behavior is the location of the zeros. The open-loop zeros

are shown in Figure 5.6. The closed-loop zeros identically match the open-loop zeros if

bf = 1. If bf is increased, the imaginary part of the closed-loop zeros will increase, also

causing the closed-loop roots to increase. Increasing bf results in more force feedback. For

the experimental macro/mini manipulator, bf was increased until the end-point achieved

good force tracking.
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Figure 5.6: Root Locus of Closed-Loop Poles vs. Ftol

The tolerance Ftol varies between 0.04 N and 4 N, while xtol = 0:01 m and
vtol = 0:1 m/s

The example design shown here was done for the x direction of the right mini arm.

Exactly the same technique is used for the other end-point directions. The impedance value

calculated for one coordinate can be used for the other coordinates, or a di�erent impedance

can be designed for each coordinate. For example, a task where the right arm was contacting

the environment and the left arm was executing a free-motion trajectory would need di�erent

impedance values for each arm: The right arm would need an impedance with a tight force

tolerance, and the left arm would need an impedance with a tight position tolerance.
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5.4 Conclusions

A new systematic design method has been developed for choosing the end-point impedance

of a 
exible-joint manipulator based on both the dynamics of the system and the desired

task. Using the dynamics of the macro/mini manipulator, it was shown that a good choice of

end-point impedance can now easily be calculated. The impedance value can be optimized

based on the task by changing the relative weighting in the cost function of position and

force.

The end-point impedance design speci�es the desired end-point behavior for a macro/mini

manipulator, but the impedance controller alone does not control the entire manipulator.

Because there are more joint states than end-point states, an additional controller is needed

to control the internal degrees of freedom. The redundant controller is developed in the

next chapter.

Once a redundant controller is implemented, the impedance control can be tested on the

experimental system. An important question is whether the end-point impedance actually

behaves as the desired impedance. The results of an experiment to test the actual end-point

impedance value are presented in Chapter 7.



Chapter 6

Redundant Controller Design

A mini manipulator is placed on the end of a larger manipulator to isolate the end-point

task from the low bandwidth oscillations of the macro manipulator. The mini manipulator

must have at least as many degrees of freedom as the end-point task, while the macro

manipulator has at least one degree of freedom. Because the macro and mini together

have more degrees of freedom than the end-point task, they form a redundant manipulator.

Thus, the macro/mini manipulator can move internally without moving the end-point, as

shown in Figure 6.1.

The impedance control designed in the previous chapter guarantees stable control of

the end-point of the manipulator, but it does not necessarily stabilize the internal degrees

of freedom. An additional controller, the redundant controller, is needed to stabilize the

internal degrees of freedom. Note that the redundant controller can be used to accomplish

secondary tasks, or change the internal pose of the manipulator to improve performance of

the end-point task. Typically redundant controllers perform tasks such as minimizing ac-

tuator torques, avoiding joint singularity, avoiding obstacles, avoiding joint limits, enabling

strong leverage, or maximizing manipulability [13, 39]. However, the redundant task is sec-

ondary to the end-point task, so the redundant controller must not degrade the performance

at the end-point.

For a macro/mini manipulator, the redundant motion is the placement of the macro

manipulator end-point. The macro manipulator end-point supports the more dexterous

mini manipulator as the mini end-points accomplish the operational task. For large motions,

outside the reach of the mini manipulator, the macro must respond fast enough to keep the

mini arms within their joint limits. Thus a high performance redundant control is critical

94
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Figure 6.1: Example of Manipulator Motions of the Experimental System that do not Result
in End-point Motion.

for large-scale motions.

Although the macro manipulator can be thought of as the \redundant" part of the

manipulator and the mini as the actuator for the \end-point" task, the control is not

separated into macro control and mini control. A separated macro/mini control design does

not guarantee stability of the entire system and does not maximize end-point performance.

Instead, all the links of the manipulator work together to achieve the end-point objective.

The secondary objective, controlling the redundant degrees of freedom, is accomplished

using only motions of the manipulator system that do not cause end-point motion.

This chapter develops a high performance redundant controller for 
exible-joint macro/mini

manipulators. Section 6.1 reviews redundant control for rigid robots, speci�cally using the

operational space formulation. Section 6.2 shows how this method can be applied to 
exible-

joint robots and discusses performance limitations. A new linear null-space controller which
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increases the performance of the redundant controller is developed in Section 6.3.

6.1 Background

Managing the redundancy of rigid robots has been an active research area [53, 82]. Much of

the research has focused on designing various objective functions that are used to determine

the secondary task for the redundant controller, rather than the actual control design. A

wide variety of objective functions have been developed to accomplish various tasks. For

example, an objective function can be formed to maximize the manipulability measure,

w =
q
det(JJT ), to keep the arm away from singularity [81]. The actual control method

to achieve the objective function is done either by augmenting the end-point task or by

designing an additional control law for the redundant task.

A method of controlling the redundancy is to augment the main task with a secondary

task, thus making the Jacobian square, [66]. This method would be straightforward to

implement for a macro/mini manipulator, as the secondary task could be to control the

end-point position of the macro. The problem for the macro/mini system is that by aug-

menting the task space, the controller must trade o� between the primary-task error and

the secondary-task error. As a result, the primacy of the end-point task is not guaranteed.

Another method of controlling redundancy is to split the control into the end-point

task and the redundant task. The redundant controller is then mapped through the null

space of the Jacobian so that the motions do not e�ect the end-point [50]. The null-space

mapping can take place in terms of either torques or joint velocities. If done in terms

of velocities, it is only a kinematic solution, which assumes that the robot has a low-level

controller that causes the robot to track desired joint positions and velocities. On a 
exible-

joint robot, the links do not necessarily track the joints, so a velocity tracking method is

infeasible. To control a 
exible-joint robot, the joint torques should be mapped through

the null space, which allows the design of an appropriate redundant control law and ensures

that the redundant motions do not cause end-point motions.

If the null-space mapping is done in terms of the joint torques, the most common control

law for the redundant controller is proportional/derivative (PD) control [31]. The PD

controller provides good performance for a rigid robot, but will not achieve good link-

tracking performance when the joints are 
exible. A higher performance controller needs

to be developed for redundant control of the 
exible-joint robot.
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6.1.1 Operational Space Redundant Control

The operational space method provides a straightforward way to implement a null-space

redundant controller [30]. This section reviews the design of redundant controllers using

the operational space formulation.

Recall from Chapter 3, the dynamics of a rigid manipulator can be written as

M(ql)�ql +C(ql; _ql) = � + JT (ql)Fext (6.1)

The equation is converted to operational space using the transformation

_x = J(ql) _ql (6.2)

where ql 2 IRn, _x 2 IRm and J(ql) 2 IRm�n. For a redundant manipulator J(ql) is not

square, m < n. The operational space equation can be written as

�(ql)�x+ �(ql; _ql) = Fop + Fext (6.3)

where Fop 2 IRm. The operational space input, Fop, is designed to implement the desired

end-point impedance and is mapped back into the equivalent actuator torques using

� = JT (ql)Fop (6.4)

While this mapping is su�cient for a nonredundant robot, the mapping is not unique for

a redundant robot because � has more degrees of freedom than Fop. An in�nite number of

joint-torque vectors, any in the null-space of JT (ql), could also be applied that would not

cause any force at the end-point. An additional controller, �o, that does not change Fop and

controls the redundant degrees of freedom can be added to Equation 6.4

� = JT (ql)Fop +
h
I � JT (ql)J

T
(ql)

i
�o (6.5)

where I is the n � n identity matrix and J(ql) 2 IRn�m is a pseudoinverse of J(ql). The

redundant control, �o 2 IRn, is mapped through the null-space of the JT (ql). The null-space

mapping,
h
I � JT (ql)J

T
(ql)

i
, ensures that the redundant torques only act in directions that

will not result in end-point forces.



98 CHAPTER 6. REDUNDANT CONTROLLER DESIGN

Any number of pseudoinverses could be used for J(ql), but a choice for J(ql) that is

consistent with the system dynamics is the mass weighted pseudoinverse, Jm(ql), given by

Jm(ql) =M�1(ql)J
T (ql)

�
J(ql)M

�1(ql)J
T (ql)

�
�1

(6.6)

The inverse Jm(ql) is the dynamically consistent generalized inverse of J(ql): using Jm(ql)

ensures that the null-space torques will not cause any accelerations at the end-point [30].

The redundant control joint torques, �o, are chosen to achieve a secondary objective. A

common method is to de�ne a potential function, h = h(ql), that describes the performance

objective to be optimized [53, 82]. Then the null-space torque is

�o = �rh (6.7)

The function is chosen to be a positive quadratic in the joint angles, resulting in a linear

controller. The gradient of the potential function de�nes only desired joint angles, not rates,

so a dissipative term is added to ensure asymptotic stability of the controller. The �nal

control law has the form of a PD controller

�o = �Kp

�
ql � qdesl

�
�Kv

�
_ql � _qdesl

�
(6.8)

where the �rst term comes from �rh. The end-point impedance control ensures in-

put/output stability of the task-space coordinates, and the addition of the damping term

to the null-space control ensures stability for the entire system [30].

6.2 Flexible-Joint Robot Redundant Control

Using the operational space formulation for 
exible-joint robots developed in the previ-

ous chapters, the null-space mapping can be used for the redundant control of 
exible-joint

robots. The null-space control law, �o, must be modi�ed to control the 
exible-joint dynam-

ics. Using this formulation, however, provides the advantage that the signi�cant knowledge

acquired on redundant control for rigid robots, such as the development of a variety of

objective functions, can be applied to 
exible-joint robots.

Recall from Chapter 4 that the dynamics of a 
exible-joint macro/mini manipulator can
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be written as

�(ql)q
(4)
l + �

�
ql; _ql; �ql; q

(3)
l

�
= � + �1 (ql; _ql; �ql)Fext + �2 (ql; _ql) _Fext + �3 (ql) �Fext (6.9)

assuming that extra dynamics have been added to the mini manipulator system if it is rigid.

The equation is transformed into operational space

�(ql)x
(4) + �

�
ql; _ql; �ql; q

(3)
l

�
= Fop + (I + 
1)Fext + 
2 _Fext + 
3 �Fext (6.10)

Similarly to the rigid robot, the end-point controller is designed using Fop as the input.

When the system is redundant, a null-space controller is added

� = JT (ql)Fop +Ns(ql)�o (6.11)

Ns = I � JT (ql)J
T
m(ql) (6.12)

where Jm is de�ned in Equation 6.6. Figure 6.2 shows a block diagram of the full control

design for the macro/mini manipulator. The end-point impedance control is unchanged:

the redundant control is simply added to it. The null-space mapping ensures that the

redundant control input does not couple into end-point force, and the redundant controller

is designed through the choice of �o.

For a macro/mini manipulator, the objective for the redundant controller is to keep the

mini arms at the center of their workspace. The redundancy can be resolved by �nding

the desired macro end-point position to keep the mini centered. From the desired macro

end-point position and actual end-point position, the desired link positions and velocities,

qdesl and _qdesl , can be calculated. The same PD control as used for the rigid robot could

then be used

�o = �Kp

�
qj � qdesj

�
�Kv

�
_qj � _qdesj

�
(6.13)

where

qdesj = qdesl (6.14)

_qdesj = _qdesl (6.15)

The joint variables must be used for feedback because, as in any mass-spring-mass sys-

tem, using only the noncollocated link variables in the feedback control loop could cause
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Figure 6.2: Block Diagram of the Control for a Macro/Mini Manipulator

The diagram includes both the end-point controller (Op Space Impedance Con-
trol) and the redundant controller (Null Space Control).

instability.

The null-space feedback controller given in Equation 6.13 will be stable, but because it

feeds back only the joint variables, the tracking performance of the link variables will be

poor. To achieve good link tracking in the redundant space, a higher performance control

law is necessary. The next section develops a full state linear feedback control law that is

stable through the null-space mapper and achieves good link tracking.

6.3 Null-Space Controller Design

One option for the null-space control law is to design an impedance controller for the

joints, similar to the end-point impedance law. A joint-based impedance law for redundant

control has been developed for rigid robots in [77]. However, because the redundant control

is mapped through the null space, the desired impedance for each joint is not achieved. It

was shown that for a rigid robot, stability is maintained despite the null-space mapping.
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The stability proof does not extend to a case where the dynamics are more complex, such

as 
exible joint robots; therefore this method was not considered.

Another option to improve performance of the redundant controller is to use linear full

state feedback. The full state feedback control law can be written as

�o = Kn(q� qdes) (6.16)

where

q =

2
666664

ql

_ql

�ql

q
(3)
l

3
777775 (6.17)

An equivalent state representation is qlj =
h
ql _ql qj _qj

iT
, which can be transformed to

q using a nonlinear transformation. The challenge with this control design is to choose the

gain matrix, Kn, to improve performance and assure stability, even when mapped through

the null-space. The next subsection outlines a method of �nding Kn.

6.3.1 Design at a Nominal Con�guration

A control gain, Kn, can be calculated for a nominal set of dynamics which are speci�ed by

the nominal angular position of each link of the manipulator. The equations of motion for

the manipulator can be linearized at the nominal con�guration of the manipulator, enabling

the use of linear control design techniques to �nd Kn.

The equations of motion of the manipulator are written including the two inputs, the

end-point control force and the null-space control input. Combining Equation 6.9 and

Equation 6.11 yields

�(ql)q
(4)
l +�

�
ql; _ql; �ql; q

(3)
l

�
= JT (ql)Fop+Ns(ql)�o+JT (ql)Fext+�

�
ql; _ql; �ql; Fext;

_Fext; �Fext

�
(6.18)

The equation can be linearized about a nominal point ql = qlo assuming that higher deriva-

tives of ql are nominally zero and the external force is zero

�oq
(4)
l +BK�1Moq

(3)
l + (DIf +Mo)�ql +BIf _ql = JT

o Fop +Nso�o (6.19)
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where

�o = �(qlo)

Mo = M(qlo)

Jo = J(qlo)

Nso = N(qlo)

The equation can be converted to state space form, with the state as de�ned in Equation 6.17

_q = Aq +BopFop +Bnull�o (6.20)

The null-space mapping at this nominal point is encapsulated in the matrix Bnull, while the

transformation from operational space to joint space is contained in Bop. The end-point

control, Fop, implements the impedance law at the end of the manipulator. As the design

of the end-point impedance controller is done �rst, this loop can be closed before designing

the null-space control

Acl = A�BopKop (6.21)

where

Kop = �b�11

h
b5Jo b4Jo b3Jo b2Jo

i
(6.22)

The matrices b1, b2, b3, b4, and b5 implement the desired impedance at the end-point. The

end-point feedback control law stabilizes the manipulator dynamics that a�ect the end-point

motion but does not necessarily stabilize the internal dynamics. After closing the end-point

feedback loop, the system dynamics are

_q = Aclq +Bnull�o (6.23)

Because of the null-space mapping, Bnull, the input, �o, cannot a�ect all of the states of

the system; the system is not controllable. However, the states that the input cannot reach

have been stabilized by the end-point controller, so the system is stabilizable. The gain Kn

is calculated by minimizing the cost

Jnull =

Z
1

0
qTSq + �To N�o dt (6.24)
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Figure 6.3: Pole Locations for the Nominal Con�guration

The plots with the triangles show the open-loop pole locations, the plots with the
circles show the pole locations when only the end-point feedback loop is closed,
and the �'s show the pole locations when the redundant control loop also is
closed. The zoomed-in view in the bottom plots show the rigid-body poles.

where S is a matrix weighting the state vector, and N is a matrix weighting the control

e�ort.

The gain Kn that optimizes the cost given in Equation 6.24 subject to the dynamics of

Equation 6.23 can be calculated using the LQR technique [27, 22]. The gain will stabilize

the linear system, with the performance dependant on the choice of the weighting matrices.

Faster end-point performance can be achieved by increasing the weighting in S on the link

position and velocity terms.

Applying the feedback gain, Kn, to the system in Equation 6.23 results in a stable

closed-loop system, as shown in Figure 6.3. The �gure illustrates that the end-point feedback
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control law stabilizes some, but not all, of the poles, and the redundant control law stabilizes

the remaining poles. The highest frequency poles are the joint 
exible modes of the macro

manipulator which are stabilized by the redundant controller.

6.3.2 Test at Other Con�gurations

The state feedback gain designed in Section 6.3.1 stabilizes the macro/mini system at a

nominal manipulator con�guration. The same feedback gain could stabilize the redundant

states at any manipulator con�guration, but the stability of the closed-loop system at

di�erent con�gurations needs to be tested.

The gain can be tested analytically at di�erent con�gurations of the manipulator by

choosing a new set of nominal angles and �nding a new linearized model in the same form

as Equation 6.20. The end-point feedback control is based on the full nonlinear model

and changes as a function of the manipulator con�guration. Next, the end-point feedback

based on the new con�guration is calculated, and the loop is closed to �nd a new linearized

model, Acli, in the same form as Equation 6.23. The feedback gain, Kn, determined from

the nominal design is used to close the loop on the perturbed system which then is checked

for stability. The new closed-loop A matrix is written as

Aclni = Acli �BnulliKn (6.25)

where the subscript i indicates the matrices based on the ith con�guration tested.

As an example design, choose a nominal pose of the manipulator such that it is at the

center of its workspace

qlo =

2
666666666664

14�

�76�

�115�

�29�

�37�

�123�

3
777777777775

(6.26)

Using qlo as the nominal angle, the gain Kn is calculated using the nominal linear model,

then tested on the perturbed linear models.

As the �rst test, the gain found for the nominal con�guration can be tested at a single

new con�guration. As shown in Figure 6.4, the closed loop poles do change at this new
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Figure 6.4: Test of the Nominal Gain at a Di�erent Con�guration

The top left plot shows how the poles move for the new con�guration, with a
zoomed-in view on the top right plot. The bottom plot shows a birds-eye view of
the nominal and new con�gurations.

con�guration, but remain stable. Because the manipulator is a complex nonlinear MIMO

system, it is di�cult to predict how the poles will change as the con�guration changes.

Thus the controller should be tested for stability at any con�guration likely to occur during

the task .

The joint angles can change signi�cantly throughout a task the manipulator performs,

requiring an in�nite number of con�gurations that need to be tested. However, if an in-

stability occurs, it is most likely to happen at an extreme con�guration [9]. As a starting

point, systems with the maximum and minimum value of each angle can be tested, in other

words the \corners" of the perturbation values. Testing every combination of the maximum

and minimum of each angle for a 6 link manipulator results in 26 (64) tests.

For the experimental macro/mini manipulator system, it is assumed that the macro
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Figure 6.5: Test of the Nominal Gain at the Corners of the Expected Angle Deviations.

The top left plot shows how the poles move as the con�guration changes, with a
zoomed-in view on the top right plot. The bottom plot shows a birds-eye view of
the various robot poses tested, the stars at the end-point indicate unstable poses.

angles will deviate �30� from their nominal position and that the mini angles will deviate

�45� from their nominal position. The variation of the macro manipulator angles is limited

by the size of the table. The mini manipulator variations are limited by the joint limits

and the expected range of motion for the task. The two mini manipulator arms are further

constrained to not collide with one another. During the test, if a set of angles results in a

collision of the two mini arms, the angles are modi�ed so that the arms are just touching.

Figure 6.5 shows the result of testing this gain at the corners of the expected angle

deviation from the nominal con�guration. As shown in the �gure, for most con�gurations

of the manipulator the system is stable. However, 4 out of the 64 poses are unstable with

this feedback gain, and several other poses have poles very close to the imaginary axis.
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Because the nominal linear feedback gain stabilizes a large fraction of the perturbed

systems, a modi�ed linear feedback gain could be able to stabilize all of the perturbed

systems. The next section discusses a method of robustifying the gain over the expected

angle changes.

6.3.3 Robust Feedback Gain

The nominal gain stabilized most, but not all, con�gurations of the macro/mini manipulator.

An adaptive scheme could be used that changes the gain depending on the con�guration,

but this would be very di�cult to analyze for performance and stability. An alternative

approach is to robustify the constant LQ gain to changes in the robot con�guration.

One method for optimizing a linear feedback gain for a set of linear systems was devel-

oped by Mills [9], [48] and Ly [44]. Mills considered the set of linear systems where one or

more parameters vary. In this case, the feedback controller could be robusti�ed based on a

combined cost function of the linear systems with the parameter values most likely to cause

instability. Mills found that the parameter values that deviate the most from their nominal

values were most likely to cause instabilities, and thus a good test for stability is to check

all the models with the maximum and minimum parameter values.

For the macro/mini manipulator, the linear model varies as a nonlinear function of the

manipulator angles. Thus the test in the previous section checked the extreme values of

the parameter variation by using the maximum and minimum angles. Using the approach

of Mills, the feedback gain could be optimized for each of the 64 models. However, this

brute force approach would be computationally expensive. Instead, p models are chosen to

optimize, including the nominal model and several perturbed models that were destabilized

by the original gain. Three or four perturbed models, chosen to be as diverse as possible,

were su�cient to robustify the gain without excessive computation time.

To develop a combined cost function, �rst solve the following Lyapunov equation for

each ith model

AclniQi +QiA
T
clni = �BwRwB

T
w (6.27)

where

Bw =

2
666664

0

0

0

��1(ql)

3
777775 (6.28)
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The matrix Bw is the input matrix to the system for the full joint-torque vector. The matrix

Rw is a weighting matrix, here chosen as I. The cost function to be minimized is

Jtotal =
pX

i=1

trace((S +KT
nNKn)Qi) (6.29)

where S and N are the state and control weighting matrices from the original LQR problem,

Equation 6.24. In addition to the cost function, a constraint is added to ensure su�cient

damping for the 
exible modes. The constraint is that the damping of the high frequency

poles be larger than a speci�ed value.

A new value of Kn that minimizes the cost function subject to the constraint is calculated

using the MATLAB Optimization Toolbox with the fmincon() function. The optimization

returned an answer in less than an hour for p = 3 on a Sun Ultra 5 workstation. The

value of Kn calculated from the nominal LQR solution was used as a starting guess. The

optimization returned a new gain, Kopt
n , that meets the constraints and optimizes the cost

function.

The stability test of all the corners of the parameters is repeated using Kopt
n . The results

of the test with the robusti�ed gain are shown in Figure 6.6. The pole positions vary as the

con�guration of the robot changes, but this time the poles always stay in the left half plane

with the minimum damping ratio of 0.02. The stability of the system at the extreme values

of the parameters is a good indication that the system will remain stable at any value of

the parameters. However, before the robusti�ed gain is implemented, the stability can be

tested at many random value of the parameters.

The parameters can be modi�ed by a Monte Carlo simulation to check that the feed-

back gain will stabilize the manipulator throughout its workspace. To further check the

robustness of the feedback gain, the maximum angle deviation is increased by 10�, to �40�

for the macro and �55� for the mini. Test cases are created by changing each angle ran-

domly with a uniform distribution between the maximum and minimum value. The result

of 200 test cases is shown in Figure 6.7. For every con�guration, which together span a

larger workspace than expected for the manipulator, the robusti�ed gain stabilized the sys-

tem. Larger test cases were also run, with the system remaining stable. The results of the

simulation give con�dence in the stability of the controller throughout any task.
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Figure 6.6: Test of the Optimized Gain at the Corners of the Expected Angle Deviations

6.4 Experimental Results

The true test of the redundant controller is its performance on an experimental manipulator.

For the experimental macro/mini manipulator, the goal of the redundant controller is to

keep the mini centered around the task. If one of the mini arms approaches its joint limits,

the capability of the mini to isolate the environment from unwanted macro motions is

reduced.

The mini is kept centered on its task by positioning the macro end-point such that the

average Cartesian position of the two mini-arm end-points is in line with the macro fore link,

and is 40 cm away from the macro end-point. The desired joint angles can be calculated

from the desired end-point position of both the macro and mini using inverse kinematics.

Calculating the joint angles decouples into three inverse kinematics problems, one for the

macro, one for the right mini, and one for the left mini. For the experimental manipulator
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Figure 6.7: Results of the Monte Carlo Simulation

The macro angles vary �40� from their nominal position, and mini angles vary
�55� from their nominal position.

each arm is a two-link planar manipulator, which has an analytic inverse kinematic solution.

A more complex manipulator can require numerical calculation of the desired joint angles.

Using the robusti�ed LQR technique described in the previous section, a full state

feedback redundant control law can be designed. For comparison, a PD control law is

also designed, and the PD gains are tuned on the experimental system to obtain the best

achievable performance. The performance of the PD and LQR control laws can be compared

by observing the performance of the redundant degrees of freedom, which, for a macro/mini

manipulator, is the macro end-point motion. A desired end-point trajectory of the end-point

of the macro/mini manipulator translates into a similar desired trajectory for the end-point
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Figure 6.8: Experimental Performance of the Redundant Controller

of the macro.

The macro motion as a result of a 0.4 m trajectory in the x direction is shown in Figure

6.8. The constant gain feedback controller has a faster response than the PD controller,

reaching its �nal value 0.7 s faster than the PD controller. The faster response results in

better end-point performance by allowing the end-point to move on a faster trajectory and

keeping the mini arms closer to the center of their workspace.

The LQR technique is model based and provides a systematic method of calculating the

feedback gain. In contrast, the PD control technique requires a signi�cant amount of tuning

using the experimental system. Thus the LQR technique resulted in a better performance

on the experimental system, and does not require that the gains be tuned experimentally.

This section presented one experimental demonstration of the new method for control-

ling the redundant degrees of freedom for a 
exible-joint manipulator. The demonstration

veri�es the validity of the systematic design technique of redundant controllers. While the
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experiment was done on a 
exible-joint macro/mini manipulator, the design technique is

general enough to be applied to any redundant robot with any combination of 
exible and

rigid joints.



Chapter 7

Experimental Results

This chapter presents the experimental results of the performance of the end-point impedance

controller on the experimental macro/mini manipulator, shown in Figures 2.1 and 2.2. The

�rst series of experiments verify that the controlled system performs as expected. The

dynamics actually achieved at the end-point are measured and compared with the ideal

desired linear impedance. Then, the impedance controller performance is tested for both

position tracking and force control tasks. The second series of experiments demonstrate the

capability of the end-point impedance controller to complete a range of complex tasks.

An on-orbit macro/mini manipulator would be used to complete tasks such as inspection,

replacing Orbital Replacement Units (ORUs), connecting and disconnecting utilities, and

opening doors. A set of tasks is performed on the experimental manipulator to demonstrate

the applicability of the impedance control method to perform a wide variety of such on-orbit

tasks and to demonstrate the strengths of impedance control. Speci�cally the experimental

system is used to demonstrate the following tasks: capturing and manipulating a free-


oating object, manipulating a large object, capturing and inserting an object with a 
exible

mode, and accelerating a large object with an unknown mass.

7.1 Implementation on Experimental Manipulator

The end-point impedance control method was developed in Chapters 3-6 and has three

major components: the extra dynamics added onto the mini, the end-point impedance

control, and the redundant control. The control method can be directly applied to the

experimental macro/mini manipulator. This section summarizes the full controller, and

113
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discusses the issues associated with the implementation of the controller on the experimental

system.

The �rst step in the control law is adding the extra dynamics to the mini manipulator

�r = Knw (7.1)

Dn �w +Bn _w +Knw = �n (7.2)

To implement the extra dynamics, the equations are discretized at the sampling frequency.

For the experimental system, the mass matrix, Dn, is chosen to be the diagonal of the actual

mass matrix of the mini, the sti�ness matrix, Kn, is chosen to give a 10 Hz bandwidth and

Bn is chosen to give good damping. The resulting values for the matrices in the extra

dynamics are

Dn =

2
666664
0:0846 0 0 0

0 0:0260 0 0

0 0 0:0846 0

0 0 0 0:0260

3
777775

Bn =

2
666664

2:51 0 0 0

0 0:772 0 0

0 0 2:51 0

0 0 0 0:772

3
777775

Kn =

2
666664

334 0 0 0

0 103 0 0

0 0 334 0

0 0 0 103

3
777775

where the units of Dm are kg m2, the units of Bn are N ms=rad, and the units of Kn are

N m=rad. The operational space control, Fop, is designed to implement impedance control

at the end-point

Fop = �� 
1Fext � 
2 _F
des
ext � 
3 �F

des
ext + F � (7.3)

F � = �(ql)
h
b�11

�
�b2

�
x(3) � x

(3)
des

�
� b3(�x� �xdes)� b4 ( _x� _xdes)�

b5 (x� xdes) + bf
�
Fext � F des

ext

��
+ x

(4)
des

i
� F des

ext (7.4)
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The control of the redundant degrees of freedom is a constant-gain full-state feedback control

law

�o = Kn(q� qdes) (7.5)

where q is the full state of the macro/mini manipulator including the extra dynamics.

Using the same gain over the wide range of the system con�guration requires a robust

control design as developed in Chapter 6. The �nal control combines the end-point and

redundant controllers, with a null-space map to ensure that the redundant control does not

cause end-point motions

� = JT (ql)Fop +
h
I � JT (ql)J

T
(ql)

i
�o (7.6)

where

� =

2
4 �n

�f

3
5 (7.7)

The �rst states of the input torque, �n, are �rst �ltered through the extra dynamics; there-

fore the input torque to the manipulator is �m =
h
�Tr �Tf

iT
. The input torque, however,

is based on a model of the manipulator where each motor is considered to actuate the joint

from an inertial frame of reference. For the experimental manipulator, the motors actuate

between the links, and the macro motors are geared. Thus the torque sent to the motors,

�in, can be expressed as

�in = G�m (7.8)

where G is a linear transformation and is written in full in Appendix A.

The performance of the controller is determined by the choice of the impedance, b1, b2,

b3, b4, b5, bf , and the feedback gain Kn. Speci�c values of the impedance and feedback gain

for various tasks are listed in Appendix B. The desired task behavior of the robot is speci�ed

by F des
ext , xdes, _xdes, �xdes, x

(3)
des and x

(4)
des. In order to accomplish a task, the required end-point

trajectories or contact forces must be determined by a higher-level, strategic controller. For

the experimental system, a �nite-state machine is used to determine the desired values at

the end-point and to schedule the impedance values based on the task. A change of state

in the �nite-state machine is triggered by an input of the operator or a sensed event. Each

change of state triggers an event, such as changing the desired end-point force, or engaging

a gripper. Using the �nite-state machine in conjunction with the impedance controller, the
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macro/mini manipulator can accomplish complex tasks, such as capturing and inserting an

object, with a single command from the operator.

Each link and joint on the manipulator is equipped with a sensor for angular position

and velocity, and an overhead vision system senses the end-points of the manipulator and

objects in the environment. The link-angle sensors and the vision sensing of the end-point

both provide end-point information because the end-point position can be calculated from

the link angles and the forward kinematics as well as from the vision sensor. However, the

end-point position from the vision sensor and from the link sensors will not be identical

because of inexact knowledge of the link angles and calibration of the vision sensor. The

vision sensor gives more accurate global end-point information; therefore in Equation 7.4

the vision sensor is used to determine the x state. Because the velocity from the vision

system is quite noisy, and the vision system does not sense the joint states, the higher

derivatives of x and the angular states are all measured or inferred from the joint and link

sensors.

The controller is run on a real-time processor at 160 Hz, and the �nite-state machine

runs asynchronously on the same processor. The human operator commands the robot

by sending stimuli to the �nite-state machine from a deskstop SPARCstation. To complete

tasks, the human operator sends only high-level commands to the �nite-state machine, such

as \Retrieve Red Object."

7.2 Experimental Veri�cation of the Impedance

This section presents an experimental veri�cation that the manipulator achieves the desired

linear impedance at the end-point. The goal of the feedback impedance control is to enforce

a desired linear behavior at the end-point of the manipulator, relating the dynamic end-point

motions to the external force. An important question not commonly addressed is whether

the achieved impedance matches the desired impedance. To verify that the manipulator

achieves the desired linear behavior, the measured frequency response of the experimental

system shown in Figure 2.1 can be compared to the desired frequency response. There is

su�cient evidence of linearity that these test results, the ratio of amplitude to applied force,

were assumed to be independent of input force level.

As given in Chapter 5, the desired linear dynamics in the ith direction at the end-point
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of the robot are represented by

eXi(s)eFe(s)
=

#1s
2 + #2s+ bf2i

b1is4 + b2is3 + b3is2 + b4is+ b5i
(7.9)

where the desired values of the impedance function are calculated by minimizing a weighted

cost function. The performance objective of the impedance control law is to match this

linear transfer function.

The end-point of the manipulator is equipped with strain gages to sense the external

force, while angular sensors and the overhead vision system sense end-point position. Using

these sensors, the dynamic input/output behavior can be measured. An excitation signal is

put into the end-point of the manipulator by pushing on the end of the mini manipulator

by hand with various random hand motions. The resulting force histories are analyzed for

their frequency content.

A comparison of the desired impedance function and the experimentally measured

impedance in the x direction of the right mini arm is shown in Figure 7.1. The desired

impedance was calculated using the optimization technique developed in Chapter 5 with

tolerances of xtol = 1, vtol = 5, and Ftol = 30, where the numbers express the tolerance

ratios, and force feedback gain of bf2i = 2. The impedance control design is implemented on

the macro/mini manipulator, and input/output data are taken by pushing on the end-point

of the right mini arm. The empirical transfer function estimate (ETFE) of the input/output

data is plotted on top of the desired transfer function. The maximum frequency content

of the excitation signal is just under 10 Hz. As shown in Figure 7.1, the experimentally

measured transfer function matches the desired impedance very well in the frequency range

up to 10 Hz.

As a further test of the macro/mini manipulator's ability to implement the desired

impedance, a second impedance value was tested, wherein the natural frequency of the

extra dynamics was reduced from 10 Hz to 4 Hz. Because the maximum frequency of

the excitation signal is 10 Hz, lowering the system's natural frequencies should enable the

identi�cation of all the poles of the system. The desired impedance is calculated using

the optimization technique with tolerances of xtol = 1, vtol = 5, and Ftol = 15 and force

feedback gain of bf2i = 1. As shown in Figure 7.2, the manipulator successfully implements

the second impedance, and the desired and measured data match reasonably well up to

10 Hz.
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Figure 7.1: Closed-Loop Impedance Comparison

The experimental measurement of the impedance of the system is done at the
end-point of the right mini arm in the x direction. The input in the Bode plot
is the measured external force and the output is the position in the x direction.

Also shown in Figure 7.2 is a fourth-order �t to the experimental data. The pole locations

of the fourth-order �t can be compared to the pole locations of the desired impedance, as

shown in Table 7.1. The pole locations of the measured and the desired impedance do not

match exactly because of unmodeled friction e�ects, measurement noise, and an imperfectly

measured excitation signal. The frequency of the mode at 3.9 Hz matches quite well, but

the damping on that mode of the system is higher because of the unmodeled friction in the

manipulator joints.

The two di�erent tests of the macro/mini-manipulator end-point impedance verify that

the manipulator achieves the desired impedance. Comparing Figure 7.1 and Figure 7.2
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Figure 7.2: Closed-Loop Impedance Comparison with a Di�erent Impedance Value

demonstrates the ability of the control law to successfully implement impedance laws with

diverse dynamic behavior. These experiments verify the use of the 
exible-joint operational

space control approach for end-point impedance control.

7.3 Force and Position Tracking

The goal of a manipulator is to change the environment. Therefore the end-point of a

macro/mini manipulator must be able to control both position and force to complete the

full range of tasks. The impedance controller should be able to control position, force, or

both position and force together. This section presents experimental results of all three

control modes: tracking a position trajectory, contacting a rigid wall, and contacting a


exible wall.

The method of choosing the desired impedance, as developed in Chapter 5, enables the
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Pole Locations Natural Frequency Damping Ratio

Desired Value �3:5� 24i 3.9 Hz 0.14

�4:6� 2:4i 0.84 Hz 0.89

Measured Value �5:5� 20i 3.4 Hz 0.26

�1:6� 1:1i 0.31 Hz 0.82

Table 7.1: Characteristics of the End-Point Impedance from Figure 7.2

Task Mode xtol vtol Ftol bf2

Unconstrained Motion 1 5 50 1

Contact Rigid Wall 1 5 4 2

Contact Flexible Object 1 5 30 2

Manipulate Large Object 1 2 35 1

Table 7.2: Impedance Weights and Force Gain

control designer to specify relative weights on position and force. The position, velocity,

and force tolerance for four di�erent modes are shown in Table 7.2. For the Unconstrained-

Motion mode, the tolerance on the force is relatively large, but it is �nite in case of in-

advertent contact. While in the Contact-Rigid-Wall mode, the goal is to control the force

against the wall: The force tolerance is reduced and the force feedback gain is increased.

When reaching towards a rigid wall, the impedance law is switched from the unconstrained

value to the contact value well before reaching the contact point, ensuring a smooth contact

with the environment. To contact the 
exible spring, the Contact-Flexible-Object mode,

the force tolerance is chosen to compromise between position and force control. In the

Manipulate-Large-Object mode, Ftol is smaller than in unconstrained motion to reduce the

desired bandwidth so that the manipulator does not attempt to move the large object too

quickly and saturate its actuators.

7.3.1 Trajectory Following

As an example of position control, the end-point of each mini arm is commanded to complete

a �fth-order trajectory in the x direction. Accurately following a trajectory is critical to

completing tasks such as capturing a moving object (Figures 2.1 and 2.2), and provides a

good test of position control. The chosen trajectory, 0.5 m in 5 seconds, is large enough to

be well outside the reach of the mini-arms alone; thus the macro must move signi�cantly

to complete the trajectory.
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Figure 7.3: Fifth-Order Trajectory

The right and left end-points following a �fth-order trajectory, moving 1 m in 5
seconds. The two end-points are instructed to be 10 cm apart in the x direction.
This maneuver is required for an object catch, Figures 2.1 and 2.2.

The experimental results of the mini manipulator end-points following a 0.5 m trajectory

are shown in Figure 7.3. As expected, the macro end-point has a slow response and some

overshoot, and the maximum error of the macro end-point is 11.6 cm. The mini manipulator

correctly compensates for the macro motion, with the largest error at the end-point of each

mini arm reduced to less than 1.6 cm in the x-direction and less than 0.5 cm in the y-

direction. At the end of the trajectory, the end-point of each mini arm is within 0.5 cm of

its desired value, within the tolerance necessary to capture an object.

The good performance at the mini end-point despite a slower response of the macro

end-point validates the control design approach of designing an end-point control for the
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full system and a redundant control for the extra degrees of freedom. The end-point of

the mini follows the trajectory much better than the macro end-point, verifying that the

redundant null-space mapper prevents the redundant controller from degrading the end-

point task. The faster bandwidth of the mini is used to enable fast end-point response

rather than adjust the redundant degrees of freedom.

7.3.2 Contacting a Rigid Surface

The next test of the control method is its ability to control the external force when in

contact with a rigid environment. A granite block with a smooth straight edge is used as

the rigid environment. The straight edge is lined up with the y-direction so that the mini

manipulator can put a force in the x-direction but is entirely free to move in the y-direction.

Using the impedance value for force control in the x-direction, the mini manipulator slowly

approaches the granite block. When the contact is sensed by a spike in the force, the

�nite-state machine triggers a linear increase in the desired force level up to 1 N.

The results of the right mini arm contacting the rigid block are shown in Figure 7.4.

After the initial contact spike, the external force matches the desired force very well. The

bias between the desired force and the measured force is less than 10% because the contact

position is known very well. If the contact position were not accurate, the impedance

controller would trade-o� between position and force error, resulting in a bias of the force.

7.3.3 Contacting a Springy Surface

The impedance control law enables stable contact with a 
exible environment as well as

with a rigid environment. The 
exible object with a one degree of freedom spring shown in

Figure 2.4 is used as the 
exible environment. One half of the 
exible object is grounded

on the table and rests against the granite block, and the other half 
oats freely on its air

bearing. The end-point of the mini manipulator contacts the object by pushing on its freely


oating side.

The force and position results of the right mini arm contacting the 
exible object are

shown in Figure 7.5. The right mini arm is commanded to perform two trajectories, on

the �rst trajectory the arm contacts the spring, and on the second trajectory the arm

compresses the spring. The �nal desired values of the trajectory are a position of the mini

arm of 8 cm and a force of 0 N, which is not possible because as the position increases, the
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Figure 7.4: Right Mini Arm Contacts a Rigid Wall

The end-point approaches the wall and when contact is sensed, the �rst spike in
force, the desired force value is ramped up to 1 N.

force must also increase as the spring compresses. The impedance controller automatically

trades o� between the position and force error rather than causing an instability trying to

achieve both goals. The experimental results verify the trade o�, and the actual position

reached is 0.08 cm and the force is 0.5 N. The relative values of force and position error can

be changed by modifying the force feedback gain. Figure 7.5 shows that the trajectory has

a small overshoot, but the oscillation of the spring is quickly damped out.

The spring is released by commanding a position trajectory back to the original starting

point as shown in Figure 7.6. The force is slowly decreased until the end-point loses contact

with the spring just after 3 sec. After the end-point loses contact with the 
exible object,

the object is free to oscillate at its natural frequency. The plot demonstrates that the
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Figure 7.5: Right Mini Arm Contacts a Flexible Object

The contact point is 1 cm away from the object's center. Two trajectories are
input: the �rst contacts the object just after 3 s, and the second pushes the
object forward, resulting in a steady-state force. The �nal desired position of the
end-point is 8 cm and the desired force is 0 N. The object is shown in Figure 2.4.

object has a very lightly damped oscillation with a natural frequency of 0.8 Hz. Therefore

the damping after the contact shown in Figure 7.5 was provided almost entirely by the

manipulator.

7.4 Task Demonstrations

The end-point impedance control combined with a �nite state machine can be used to

accomplish robotic tasks, forming a Task-Level Control architecture. Under this hierarchical

architecture, the human operates the robot from a task level by requesting the robot to
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Figure 7.6: Right Mini Arm Releases Object

The end-point is given a desired trajectory away from the spring. At just after
3 s the end-point loses contact with the object and the object starts to oscillate
at its natural frequency. The object is shown in Figure 2.4.

complete entire tasks.

The human sends commands to the top level of the Task-Level Control architecture,

the strategic controller, which directs the lower-level control to complete the task. The

strategic controller is a �nite state machine that sequences events needed to complete a

task, monitors the robot, computes trajectories, and changes the desired impedance of the

low-level controller. In response to events, such as sensing contact, the strategic controller

triggers the next event that needs to happen to complete the task. Thus the strategic

controller needs a good world model, an understanding of the task to be completed, and

planning algorithms. The strategic controller relies on the low-level controller to achieve

the desired positions and forces at the end-point of the manipulator.
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The end-point impedance controller was designed such that it could provide a low-

level base of a Task-Level Control architecture. The impedance control provides a uni�ed

framework for force and position control, and the redundant controller optimizes the internal

degrees of freedom automatically. Thus the strategic controller is greatly simpli�ed, as it

only needs to request the desired force and position at the end-point of the manipulator,

and the low-level control ensures that the end-point tracks the desired values. The only

time the strategic control needs to intervene with the low-level controller is when a change

of the desired impedance value is necessary.

The tasks that are demonstrated were chosen both to be similar to typical operations

that a space-based macro/mini manipulator would perform and to highlight the performance

of the impedance controller. The tasks involve unconstrained motion, constrained motion,

the transition between constrained and unconstrained motion, and the cooperation of the

two mini arms. The following tasks were chosen as demonstrations and are explained in

more detail in the rest of this section:

1. Capture and move a free-
ying object (small satellite).

2. Capture and move a large free-
ying object.

3. Push against an object of unknown mass with a constant force.

4. Capture, manipulate, and insert into a stationary port an object with a 
exible degree

of freedom.

7.4.1 Object Catch and Move

For the object catch, the manipulator must locate the desired object, capture it using the

two mini arms, move it to the desired location, and place it gently at the desired location.

The object, shown in Figures 2.1 and 2.2, represents a small satellite or other free 
oating

object and usually has some velocity relative to the manipulators frame of reference. Each

mini arm has only two degrees of freedom, so the arms must cooperate together to move

the object in x, y and �. The extra degree of freedom of the two mini arms puts an internal

force on the object.

The object capture and manipulation task represents a range of typical tasks that a

space manipulator might do such as grabbing a satellite, moving a tool, or transporting

parts. The following capabilities of the macro/mini manipulator are demonstrated:
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Figure 7.7: Strategic Control for Catching and Moving an Object

� The macro/mini manipulator must execute a large motion to reach the object, but

also needs �ne end-point control in a local area to accurately grab the object. The

operational space impedance control can execute both the large scale and the small

accurate motion with the same end-point control law. For the large motion the macro

manipulator must move a lot, whereas the smaller motion of grabbing the object is

done mostly with the mini manipulator.

� The two mini arms must cooperate to grasp and manipulate the object. The impedance

controller at each of the mini arm end-points easily can control both the position and

orientation of the object while ensuring that the internal force is not too large.

� The task is completed with a hierarchical control methodology with impedance control

as the lowest level. The end-point impedance control provides a uni�ed low-level base

for the �nite-state machine.
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Figure 7.8: Macro/Mini Captures and Moves the Object

Each frame is a sketch of the manipulator and object position using experimental
data from the mini manipulator catching the object. The line at the center of
the object traces its path.

The �nite state machine for the object catch is shown in Figure 7.7. The macro/mini

manipulator starts in the idle state where it simply holds the end-points at their location.

The only input by the user is the \Move Object" command which starts the �nite-state

machine loop by moving to the state \Look for Object." Once the object has been located,

a trajectory is planned to intercept the object, and the end-points of the manipulator

execute the trajectory to the object. Once the object is in the workspace of the mini, the

manipulator goes into tracking mode until the error between the end-points and the ports

is small enough for the object to be caught. After catching the object, the manipulator

moves the object to its desired �nal location, holds the object at zero velocity, releases the
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object there, and then returns to its home position and \Idle" state.

A time lapse sketch of the manipulator capturing and moving a free-
ying object was

made from experimental data and is shown in Figure 7.8. The object has an initial velocity,

so the manipulator plans a path to intercept the object at a reachable position, matching

the velocity of the object. After the object is captured, the manipulator stops its motion

and carries it to its �nal destination. As shown in the last two frames, the object was

placed with close to zero velocity, and does not move as the manipulator returns to its

home position.

7.4.2 Large-Object Catch and Move

The previous task was completed with an object which had an inertia that was on the

same scale as the mini arm's inertia. Thus when the mini grasped the object, the inertia

of the mini and object together was not signi�cantly larger than the mini alone. If a

much larger object were grasped, such as the 27 kg object in Figure 2.5, the mini and the

object together would have an inertia which is actually larger than the macro. Then the

macro/mini becomes more like a macro/macro combination. As the control law development

made no assumptions that the mini was smaller than the macro, the controller should be

able to stably manipulate a large object.

The large-object catch and move task is performed in the same way as the smaller-object

catch and move task. However, the trajectory for moving the large object is delibrately

slowed down, as the actuators are not large enough to move the large object quickly. Also,

the desired impedance is changed to enable smooth control of the large object, using the

values listed in Table 7.2 for the Manipulate Large Object mode.

After the large object is captured, the manipulator moves it on a trajectory in the x

direction as shown in Figure 7.9. Because of its large size, the object has a small delay in

starting to move and a small overshoot after reaching the desired position. However, the

trajectory is stable and well behaved, and the object quite quickly reaches its steady-state

position without oscillation. The �nal steady-state error in position is only 0.3 cm in x with

zero velocity and the maximum deviation from the trajectory is 2.8 cm.

7.4.3 Object Push

To complete the object push task, the manipulator must push on a large object with an

unknown mass for several seconds with a constant force. Unlike the previous task, the object
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Figure 7.9: Large Object Trajectory in the x direction

is not captured by the grippers; instead the grippers push against the object. Position must

be accurately controlled to maintain contact with the object as it accelerates, and force

must be accurately controlled to keep the acceleration constant. The task demonstrates

the ability of the impedance controller to control both position and force. A controller that

controlled only force would fail, as the manipulator would come in and out of contact with

the object as it accelerated away. Similarly a position-only controller would fail to achieve

the correct level of force against the object, and a mass model would be needed to predict

the trajectory.

The large 27 kg object shown in Figure 2.5 is used for this task, each mini arm pushes

against its curved outside surface. Both mini arms must push the same amount, or the object

would not accelerate in a straight line. The curved surface makes the task more challenging,

as the mini arms must hold their position correctly on a curve while collectively exerting a

force only in the x direction.
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Figure 7.10: Two Mini Arms Cooperatively Pushing the Large Object.

The object's velocity is shown in the top plot. The measured force on both the
end-points is shown in the bottom plot.

The results of the manipulator pushing on the object with a force of 1 N from each arm

for 2 sec is shown in Figure 7.10. If the force and position are both tracked accurately, the

object should move with a linearly increasing velocity, as shown in the top �gure. The mass

of the object is 27 kg, so if the force were exactly 2 N the acceleration would be 0.074 m=s2.

The slope in the top �gure is 0.068 m=s2, only 8.7% di�erent from the expected acceleration,

verifying the ability of the arms to track the desired force.

The �nite state machine switches the desired force to 1 N for each arm as soon as it

senses that the arms are at the correct position. The initial force noise before the start

of the push is the hands coming into contact with the surface and getting into position.

The force takes 0.15 sec to rise in response to the force command, resulting in a delay of
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Figure 7.11: Manipulator Capturing and Inserting a Flexible Object

the velocity ramping up in the beginning and a similar delay in the velocity going to zero

at the end. The small noise in the force throughout the trajectory is a result of errors in

position tracking as the arms move slightly around the curved surface of the object. The

noise is small enough not to e�ect the acceleration of the object as shown by the slope of

the velocity remaining constant throughout the trajectory.

7.4.4 Manipulate Flexible Object

In this task, the manipulator must capture and manipulate an object with internal dynam-

ics, in this case the free-
ying object with a one degree of freedom spring that is shown in

Figure 2.4. The object is �tted with two T shaped ports on either end; so by squeezing

the spring together, the object can be inserted into a port as shown in Figure 7.11. The

opening in the insertion port is not wide enough for the object to be pushed straight in, even

with the spring fully compressed. Thus the manipulator must execute a complex motion to

insert the object by rotating the object and inserting the left T �rst and then the right T.

The insertion task demonstrates the ability of the macro/mini manipulator to interact

with the environment, as well as demonstrating the applicability of the controller to space-

based insertion tasks such as inserting an orbital replacement unit or plugging in a utility

connection. The manipulator must exert enough force to make positive contact with the

environment, but not enough force to break o� one of the Ts or damage the insertion port.
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The impedance control handles an insertion task in a straightforward manner, the task can

be commanded as a series of desired \positions" just within the boundary of the wall. The

impedance control holds the position tangential to the surface and exerts a small force onto

the surface proportional to the di�erence between the actual position and desired position.

Capturing and maneuvering a 
exible object presents another challenge to the control

law. The object is initially moving with both its rigid-body and 
exible mode. The 
exible

mode is very lightly damped, see Figure 7.6, so the manipulator must damp out the 
exible

oscillation and prevent further oscillations when manipulating the object. A new impedance

law is switched in as soon as the object is captured to better control the 
exible mode.

The same �nite state machine that was used for the rigid object, Figure 7.7, can be used

to capture and manipulate the 
exible object with only minor changes. When the object

is captured, the �nite-state machine should also initiate a switch in impedance values. The

other change is that the \Trajectory to Drop O�" state is replaced with a sequence of

trajectories to complete the insertion task.

Frames from a video of the macro/mini manipulator capturing and inserting the 
exible

object are shown in Figure 7.12. The end-point impedance control easily damps out the


exible mode in the object and moves the object around without exciting the 
exible mode.

The manipulator successfully inserts the the object into the port, �rst inserting the left T

and then turning the object in to insert the right T.
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Figure 7.12: Manipulation of a Flexible Object



Chapter 8

Conclusions and Future Work

This chapter contains two sections. The �rst section presents a summary and conclusions

of the thesis, and the last section suggests future research.

8.1 Summary

This section summarizes the research completed in this dissertation, including concluding

remarks. The detailed contributions made by this research can be found in Section 1.4.

An end-point impedance controller for a 
exible-joint macro manipulator carrying a

rigid mini manipulator has been developed and experimentally validated. A new framework

enables the implementation of impedance control in operational space for a 
exible-joint

manipulator. Using impedance control, the end-point of the manipulator behaves like a

linear system with properties chosen to optimize the task at hand. The end-point of the

manipulator is able to track a desired position, contact the environment, and track a desired

force with predictable, stable performance as speci�ed by the impedance law at the end-

point.

Adding the mini manipulator to the end-point of the macro manipulator enables the

implementation of a higher performance impedance law at the end-point of the manipu-

lator system. The macro/mini system is more complex than a single manipulator, but

the macro/mini combination enables fast, precise end-point motion over a large workspace.

The operational space impedance law controls the full macro/mini dynamics as expressed

in end-point coordinates. Because the macro/mini manipulator is redundant, some of the

internal states are lost in the transformation of the dynamics to end-point coordinates. An

135
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additional controller is developed to control the redundant degrees of freedom, using the

redundancy to achieve a secondary objective. The macro and mini cooperate to optimize

the performance at the end-point, while the redundant controller performs a secondary task.

The control design is validated on an experimental macro/mini manipulator. To emulate

an on-orbit manipulator, the macro manipulator has exaggerated 
exibility with the elbow

mode at 0.5 Hz and the shoulder mode at 0.7 Hz. The mini has a pair of cooperating

arms. Each of the mini arms can complete a task on its own, or they can work together

to manipulate an object. The manipulator demonstrates the dexterity at the end-point by

accomplishing a variety of tasks, including capturing an object and manipulating a 
exible

object. The same end-point impedance controller is used for all the tasks, with a change in

the value of the impedance depending on the task.

8.1.1 General Framework

An operational space control framework for 
exible-joint robots has been developed to en-

able the implementation of impedance control at the end-point. The joint-based equations

of motion are transformed into operational-space-based equations, enabling the control de-

sign to be done in end-point coordinates. The framework is analogous to the operational

space control framework developed for rigid robots. The bene�t of creating a framework

similar to the rigid robot is the ability to draw on the large body of research on rigid robot

control, such as impedance control and redundancy management methods.

Following the method developed for rigid robots, control of the system can be separated

into control of the end-point task and the secondary control of the redundant task. The

redundant-control command is mapped through the null space of the Jacobian so that it

does not degrade the end-point performance.

The transformations to operational space for a 
exible-joint manipulator and a rigid

manipulator are similar, but not identical. It is not possible to transform the equations

of motion of a manipulator with some rigid joints and some 
exible joints directly into

operational space, because the equations of motion of each link will have a di�erent order.

As a macro manipulator has 
exible joints, and a mini manipulator has rigid joints, the

operational space transformation method had to be extended to work for mixed 
exible/rigid

joint manipulators. The method is to augment the rigid mini manipulator's dynamics with

a set of extra dynamics to match the order of the mini manipulator's equations with the
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order of the macro manipulator equations. Then the framework developed for 
exible-

joint robots can be applied to the macro/mini manipulator. The control designer has full

control of the extra dynamics added to the mini; thus the dynamics can be designed at a

higher bandwidth than the desired end-point bandwidth, so that the extra dynamics do not

degrade the end-point performance.

The framework was developed speci�cally to address the problem of macro/mini ma-

nipulator control. However, no assumptions or approximations of the equations of motion

were made to design the control. For example, it was not assumed that the mini was much

smaller than the macro so that cross-coupling terms could be ignored. For this reason, the

operational space framework is general and can be used for any manipulator with 
exible

joints or mixed 
exible joints. Also, it was not assumed that the bandwidth of the 
exible

joints was higher than the bandwidth of the control design; so the method works for any

sti�ness of the 
exible joint and for any mass properties of the manipulator.

8.1.2 Impedance Control for Flexible-Joint Robots

The operational space framework enables the implementation of an end-point impedance

control law for a macro/mini manipulator. Designing an impedance law for a 
exible-

joint robot di�ers from the impedance design for a rigid robot because the dynamics are

more complex. The typical solution for a rigid robot impedance design|simply choosing

a reasonable bandwidth and appropriate damping for the desired end-point task|ignores

the manipulator dynamics in the choice of impedance. In this thesis, a systematic design

method that takes into account both the task and the manipulator dynamics was developed

to choose an appropriate impedance for a 
exible-joint robot.

The �rst step in designing the end-point closed-loop impedance for a 
exible-joint robot

is determining the properties of the \open-loop" impedance. Although the open-loop dy-

namics are nonlinear, a linearized version of the end-point dynamics enables the use of linear

design tools. Using the open-loop linearized equation and a cost function weighting posi-

tion and force, an optimal impedance can be calculated using LQR design techniques. The

weighting function varies with the task required of the manipulator, and the LQR design

ensures that the closed-loop dynamics are reasonable given the open-loop dynamics. The

method designs a closed-loop impedance that is appropriate for the manipulator dynamics

as well as the end-point task.
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The technique of �nding an appropriate impedance was developed speci�cally for 
exible-

joint manipulators, where the resonant modes in the system make the choice of impedance

critical to performance. The method provides an intuitive way of designing the impedance

law by weighting the importance of position control versus the importance of force control.

The method can easily be used to design the impedance law for a rigid robot as well, thereby

providing the bene�t of a systematic design technique.

8.1.3 Redundant Control for Flexible-Joint Robots

The operational framework also enables dynamic control of the redundancy inherent in a

macro/mini manipulator. For a macro/mini manipulator, the redundant degrees of freedom

are the motion of the end-point of the macro manipulator. The end-point of the macro

should move to keep the mini manipulator at the center of its workspace. If the motion is

not quick enough, the mini arms will reach their joint limits when trying to move a large

distance. Thus the redundant control performance is critical to enable a fast, large motion.

The usual control method for redundant degrees of freedom of rigid robots, propor-

tional/derivative (PD) control, can be directly used for a 
exible-joint robot. However, PD

control on the joints does not result in good performance of the links for a 
exible-joint

robot. To improve the redundant performance, a full-state feedback control has been de-

signed. The system was linearized about a certain con�guration, and LQR used to design a

constant-gain feedback control law. The gain is only guaranteed to stabilize the redundant

states at the particular con�guration about which the system was linearized. The gain is

tested at various other con�gurations of the manipulator to check if it stabilizes all con�gu-

rations in the expected workspace. If some con�gurations result in instability, the feedback

control is robusti�ed to remain stable over the range of linearized models.

The �nal full-state feedback control developed provides good performance, yet is simple

to implement, takes little computational power, and provides a systematic method for de-

signing of the feedback gain. The technique is very helpful in increasing the performance of

a redundant controller for a 
exible-joint robot, but also could be used to design a full-state

feedback gain for the redundant control of a rigid robot.

8.1.4 Experimental Validation

The operational space impedance control was validated on the experimental macro/mini

manipulator. The validation of the control design theory was done in two steps: �rst
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verifying the expected performance of the controller, and second showing that the control

law is applicable to a variety of representative tasks.

The end-point impedance is veri�ed experimentally by externally exciting the end-point

of one of the mini arms. Using the end-point sensor and force sensor, the actual end-point

dynamics can be measured. Comparing the measured impedance to the desired impedance

value shows a very good correlation. The performance of the end-point impedance con-

trol is demonstrated by performing large-scale free-motion trajectories and contacting the

environment.

The impedance control law was designed to enable the manipulator to accomplish a large

variety of tasks. Various tasks that an on-orbit macro/mini manipulator might perform

include inspection, inserting objects, moving objects, and connecting utilities. The tasks

performed by the macro/mini manipulator were chosen to be representative of typical tasks

an on-orbit manipulator might do as well as to demonstrate the capabilities of the impedance

controller. The following tasks were successfully demonstrated:

� A free-
ying object was captured and manipulated, demonstrating the ability of the

macro/mini manipulator to move a long distance to reach the object and then use

its dexterity to capture the object. The object was moving, so the manipulator must

catch it swiftly. The two mini arms then must cooperate to manipulate the object and

move it to its new location, controlling both position and orientation of the object.

� A large object was captured, signi�cantly changing the inertia ratio between the mini

holding the object and the macro. During subsequent manipulation, the control law

remains stable despite the drastic change in mass ratio.

� An object with a linear spring was captured, compressed, and inserted into a port.

To complete this task, the manipulator must be able to stably handle an object with

internal dynamics. The task represents a core assembly task because it requires that

the object be controlled in shape and inserted precisely into its port, using a particular

sequence of moves.

� The macro/mini manipulator pushed on a large object with a certain force for a given

length of time. The mass of the object is unknown, so the end-point of the two mini

arms must track the object as it accelerates. The task highlights the ability of the

impedance controller to control both position and force concurrently.
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8.2 Recommendations for Future Work

On-orbit space manipulators and robots could eventually perform many tasks currently

done only by astronauts. The recommendation for future work is split into two sections,

the �rst section is on the speci�c issue of controlling manipulators, and the second section

is on the more general problem of developing a space robotic workcell.

8.2.1 Macro/Mini Manipulator Control

The impedance control algorithm has been demonstrated experimentally on a ground-based

macro/mini manipulator. The next step, before a controller could be implemented on

an operational space manipulator, would be to demonstrate the controller in space. A

small manipulator with similar dynamics to the large SSRMS/SPDM could be put in the

interior of the shuttle or space station. The manipulator could then be used to validate the

impedance end-point control design and demonstrated high performance end-point control.

The on-orbit manipulator will have 
exible links as well as 
exible joints. The 
exible-

link vibration modes are higher than the 
exible-joint modes, so it could be possible to

use the controller that accounts only for the 
exible joints. The e�ect of the uncontrolled


exible-link modes on the end-point behavior needs to be quanti�ed. If the e�ect is signi�-

cant, the operational space impedance controller needs to be extended to handle the 
exible

links as well. A higher-order impedance law might be able to account for the �rst several


exible modes of the links, which might well be su�cient.

The experimental system is only a 2D system, whereas an on-orbit manipulator is 3D.

The extension to a 3D robot with only joint 
exibility is theoretically straightforward,

however the modeling and �nal control law will be more complex. Also, a 3D robot is

likely to have e�ects unmodeled on the 2D robot, such as torsional vibration modes. The

end-point sensing of a 3D manipulator is more di�cult: One overhead camera no longer

provides all the information. A ground-based 3D manipulator could be designed to examine

some of these issues by adding more degrees of freedom to the mini manipulator, such as

an elevator at the end.

The macro/mini manipulator idea could extend to surface robotics as well. For a surface

robot, the macro is no longer a �xed-base manipulator but is a nonholonomic rover. It could

be possible to design a control for the rover/mini manipulator system with the rover viewed

as a macro robot with di�erent dynamic behavior.
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8.2.2 Space Robotic Workcell

A macro/mini manipulator and other robots could form a space robotic workcell or team,

sometimes accomplishing tasks without the need of any human EVA. The space robotic

workcell could be on the exterior of a human-occupied space station, on a robotic satellite

servicer, or part of an unmanned space experiment. The team of robots needs the capability

to perform a variety of tasks in a changing unstructured environment with only minimal

input from humans to them at the team level. A human could then supervise from the

ground or inside a spacecraft by giving high-level commands to the robot team about tasks

to be done.

The logical way to control a team of robots is using a hierarchical control method such

as NASREM [42, 43], T3 [5], and Object-Based Task-Level Control (OBTLC) [63, 75]. In a

hierarchical control strategy, a low-level subsystem controls and stabilizes the robot, a mid-

level �nite state machine schedules the desired robot behavior, and a high-level system plans

tasks in real time. This thesis addressed the low-level control for a macro/mini manipulator;

much work remains to be done in the higher levels to achieve a capable robotic workcell.

The following is a list of some research ideas that could be pursued in this area.

1. A space robotic workcell would consist of several dissimilar robots, such as free-
ying

robots and �xed-based manipulators. Research needs to be done on planning algo-

rithms for robots with di�erent capabilities. For example, it would be better to use

a manipulator rather than a free-
ying robot to hold a steady-state force, because a

free-
ying robot would expend a lot of fuel holding a force. Similarly a free-
ying

robot would be needed to pick up an object outside of the workspace of a manip-

ulator. Thus the di�erent kinds of robots should be able to cooperatively complete

tasks together; but new real-time planning algorithms need to be developed to achieve

optimal performance.

2. Controlling many robots opens up the question of whether to use local or global

control. A hierarchical control method allows for local low-level control and higher-

level global planning. Then the question becomes at what level in the hierarchy should

the control switch from global to local planning. The �nal control design should

trade o� the con
icting needs of global performance, single-point-failure tolerance,

communication requirements, and computational availability.
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3. Another issue in controlling a space robotic workcell is the level of human interaction.

Humans can interact with a robot by direct teleoperation where the human closes the

low-level control loop, or at a task-level by commanding the robot team to complete

tasks [65]. Having the human command at a high level enables operation from the

ground, reduces the number of humans needed to control many robots, and relieves

the operator from closing low-level control loops. However, the human needs to re-

main in full-control of the robots at all times. The optimal interface and method for

human/robot interaction is an interesting research topic.

4. For a robotic workcell to work semi-autonomously over a period of time, the system

must be tolerant to failures. Individual robot parts, or even an entire robot, can fail.

The robotic workcell will also encounter other unexpected circumstances, such as a

port in the wrong place or the loss of the tool. Research needs to be done in the

best way for multiple robots to handle failure. The robotic workcell should be able

to respond to failure by sensing the problem, using other robots to �x the problem if

possible, and notifying the human operator of the problem.

These are just a few ideas for exciting near-term research. Many other research possibilities,

including things not yet imagined, will make a striking di�erence as our exploration of space

evolves.



Appendix A

Dynamics for the Experimental

Manipulator

The equations of motion for the experimental macro/mini manipulator are written out in

full in this appendix.

A.1 Nomenclature

The various lengths, masses, and inertias of the experimental are labeled in the sketch

shown in Figure A.1. The subscripts u, f , q, r, k, and l, refer to the macro �rst link, macro

second link, mini right �rst link, mini right second link, mini left �rst link, and mini left

second link respectively. The inertias of the bodies about the center of mass are denoted by

I and the masses by M . The spring constants for the macro springs are Ks and Ke. Not

shown in the sketch are the inertias for the pulleys for the shoulder motor, Ij , and elbow

motor, Ii.

The link angles, counterclockwise with respect to inertial space, are denoted as qu, qf ,

qq, qr, qk, and ql starting from the �rst macro link as shown in Figure A.2. The two macro

joint angles are qss and qee. In the model the angles qs and qe are used instead of qss and

qee and are de�ned as

qs = Nsqss (A.1)

qe = Neqee (A.2)
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Figure A.1: Sketch of the Macro/Mini System (Not to Scale)

where Ns and Ne are the gear ratios for the shoulder and elbow link respectively, thus one

revolution of qs equals one revolution of qu. The variable � is used in the model to denote

the torque applied to each joint from an inertial frame of reference, not including the gear

ratios. The actual input to the motors is denoted by u which can be calculated by a linear

transformation from � .
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A.2 Equations of Motion

The equations of motion from the macro/mini manipulator can be written as
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As is true for all manipulators, the mass matrix is symmetric and positive de�nite, and the

centrifugal and Coriolis matrix has the property that C = �CT .

For brevity, de�ne the following terms: ecuf = cos(qu � qf ), esuf = sin(qu � qf ), ecuq =
cos(qu � qq), esuq = sin(qu � qq), ecur = cos(qu � qr), esur = sin(qu � qr), ecuk = cos(qu � qk),

esuk = sin(qu � qk), ecul = cos(qu � ql), esul = sin(qu � ql), ecfq = cos(qf � qq), esfq =

sin(qf � qq), ecfr = cos(qf � qr), esfr = sin(qf � qr), ecfk = cos(qf � qk), esfk = sin(qf � qk),

ecfl = cos(qf �ql), esfl = sin(qf �ql), ecqr = cos(qq�qr), esqr = sin(qq�qr), eckl = cos(qk�ql),
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and eskl = sin(qk � ql). The terms of the mass matrix are

Muu = Iu +MuC
2
u + (Mf +Mk +Ml +Mq +Mr)L

2
u (A.5)

Mff = If +MfC
2
f + (Mk +Ml +Mq +Mr)(L

2
fm + L2

my) (A.6)

Mqq = Iq +MqC
2
q +MrL

2
q (A.7)

Mrr = Ir +MrC
2
r (A.8)

Mkk = Ik +MkC
2
k +MlL

2
k (A.9)

Mll = Il +MlC
2
l (A.10)

Muf =Mfu = MfCfLuecuf + (MkLu +MlLu)(Lfmecuf + Lmyesuf) + (A.11)

(MqCqLu +MrLqLu)ecuq (A.12)

Muq =Mqu = (MqCqLu +MrLqLu)ecuq (A.13)

Mur =Mru = MrCrLrecur (A.14)

Muk =Mku = (MkCkLu +MlLkLu)ecuk (A.15)

Mul =Mlu = MlClLuecul (A.16)

Mfq =Mqf = (MqCq +MrLr)(Lfmecfq + Lmyesfq) (A.17)

Mfr =Mrf = MrCr(Lfmecfr + Lmyesfr) (A.18)

Mfk =Mkf = (MkCk +MlLk)(Lfmecfk � Lmyesfk) (A.19)

Mfl =Mlf = MlCl(Lfmecfl � Lmyesfl) (A.20)

Mqr =Mrq = MrCrLqecqr (A.21)

Mkl =Mlk = MlClLkeckl (A.22)

The terms for the centrifugal and Coriolis matrix are

Cuf = �Cfu = (MfCf +MqLfm +MrLfm +MkLfm +MlLfm)Luesuf + (A.23)

(MqLmy +MrLmy �MkLmy �MlLmy)Luecuf (A.24)

Cuq = �Cqu = (MqCqLu +MrLqLu)esuq (A.25)

Cur = �Cru = MrCrLuesur (A.26)

Cuk = �Cku = (MkCkLu +MlLkLu)esuk (A.27)

Cul = �Clu = MlClLuesul (A.28)

Cfq = �Cqf = (MqCq +MrLq)(Lfmesfq � Lmyecfq) (A.29)
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Figure A.2: Link and End-Point Coordinates

Cfr = �Crf = MrCr(Lfmesfr � Lmyecfr) (A.30)

Cfk = �Ckf = (MkCk +MlLk)(Lfmesfk + Lmyecfk) (A.31)

Cfl = �Clf = MlCl(Lfmesfl + Lmyecfl) (A.32)

Cqr = �Crq = MrLqCresqr (A.33)

Ckl = �Clk = MlLkCleskl (A.34)

The terms of the joint mass matrix are

Ds =
�
Is + IjN

�2
1

�
N2

s (A.35)

De =
�
Ie + IiN

�2
e

�
N2

e (A.36)
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As previously mentioned, � is the inertial torque applied to each joint, the actual torque

applied to each motor can be calculated from the following transformation

�in = G�m (A.37)

G =

2
666666666664

N�1
s 0 0 0 0 0

0 N�1
e N�1

e N�1
e N�1

e N�1
e

0 0 1 1 0 0

0 0 0 1 0 0

0 0 0 0 1 1

0 0 0 0 0 1

3
777777777775

(A.38)

The end point coordinates are denoted by the vector x, where x is given in Figure A.2. The

end-point velocities are related to the link velocities through the equation

_x = J(qL) _qL (A.39)

where the Jacobian is given by

J =

2
666664

�Lu cos qu �Lm sin qf � Lf cos qf �Lq cos qq �Lr cos qr 0 0

�Lu sin qu Lm cos qf � Lf sin qf �Lq sin qq �Lr sin qr 0 0

�Lu cos qu Lm sin qf � Lf cos qf 0 0 �Lk cos qk �Ll cos ql

�Lu sin qu �Lm cos ql2 � Lf sin qf 0 0 �Lk sin qk �Ll cos ql

3
777775

(A.40)



Appendix B

Numerical Impedance Values

This appendix lists the numerical values of the desired end-point impedance and the redun-

dant gain matrix. The values are listed for each of the modes listed in Table 7.2.

Unconstrained Motion Mode

The unconstrained motion mode has the following tolerances: xtol = 1, vtol = 5, Ftol = 50

and bf = 1. The desired impedance values for this mode are

b1 =

2
666664

0:1340 � 10�3 0 0 0

0 0:1748 � 10�3 0 0

0 0 0:1340 � 10�3 0

0 0 0 0:1748 � 10�3

3
777775 (B.1)

b2 =

2
666664
0:01041 0 0 0

0 0:01091 0 0

0 0 0:01041 0

0 0 0 0:01091

3
777775 (B.2)

b3 =

2
666664

0:6975 0 0 0

0 0:8429 0 0

0 0 0:6975 0

0 0 0 0:8429

3
777775 (B.3)

149
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b4 =

2
666664

12:99 0 0 0

0 13:53 0 0

0 0 12:99 0

0 0 0 13:53

3
777775 (B.4)

b5 =

2
666664
50 0 0 0

0 50 0 0

0 0 50 0

0 0 0 50

3
777775 (B.5)

The redundant gain matrix is

Kn =
h
Kn1 Kn2 Kn3

i
(B.6)

Kn1 =

2
666666666664

1:438 0:000 0:044 �0:050 �0:044 0:050 1:377 0:000

�0:000 0:926 �0:090 �0:056 �0:090 �0:056 �0:000 0:967

4:833 �3:832 0:521 0:060 0:222 0:399 4:626 �4:001

�5:656 �2:842 0:101 0:369 0:450 �0:028 �5:415 �2:968

�4:833 �3:832 0:222 0:399 0:521 0:060 �4:626 �4:001

5:656 �2:842 0:450 �0:028 0:101 0:369 5:415 �2:968

3
777777777775

Kn2 =

2
666666666664

0:021 �0:024 �0:021 0:023 �0:003 �0:000 �0:001 �0:001

�0:045 �0:028 �0:045 �0:028 0:000 �0:047 �0:006 �0:001

0:257 0:036 0:116 0:194 �0:011 0:194 0:025 0:004

0:056 0:178 0:221 �0:007 0:012 0:144 0:012 0:003

0:116 0:194 0:257 0:036 0:011 0:194 0:016 0:003

0:221 �0:007 0:056 0:178 �0:012 0:144 0:022 0:004

3
777777777775

Kn3 =

2
666666666664

�0:001 0:000 0:001 0:000 �0:000 0:000 �0:000 �0:000

�0:005 �0:002 �0:001 0:0029 0:000 0:000 0:000 0:000

0:019 0:009 0:007 �0:010 �0:000 �0:000 �0:000 �0:000

0:019 0:000 �0:006 �0:007 0:000 �0:000 �0:000 0:000

0:026 �0:002 �0:008 �0:006 0:000 �0:000 �0:000 �0:000

0:012 0:012 0:011 �0:010 �0:000 �0:000 �0:000 0:000

3
777777777775
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Contact Rigid Wall Mode

The contact rigid wall mode has the following tolerances: xtol = 1, vtol = 5, Ftol = 4 , and

bf = 2. The desired impedance values for this mode are

b1 =

2
666664

0:1340 � 10�3 0 0 0

0 0:1748 � 10�3 0 0

0 0 0:1340 � 10�3 0

0 0 0 0:1748 � 10�3

3
777775 (B.7)

b2 =

2
666664

0:00800 0 0 0

0 0:00834 0 0

0 0 0:00800 0

0 0 0 0:00834

3
777775 (B.8)

b3 =

2
666664
0:5564 0 0 0

0 0:7196 0 0

0 0 0:5564 0

0 0 0 0:7196

3
777775 (B.9)

b4 =

2
666664

2:255 0 0 0

0 2:528 0 0

0 0 2:255 0

0 0 0 2:528

3
777775 (B.10)

b5 =

2
666664

4 0 0 0

0 4 0 0

0 0 4 0

0 0 0 4

3
777775 (B.11)

The redundant gain matrix is

Kn =
h
Kn1 Kn2 Kn3

i
(B.12)
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Kn1 =

2
666666666664

1:3613 0:0322 0:0519 �0:054 �0:047 0:0581 1:2710 0:0218

0:0276 0:9662 �0:084 �0:057 �0:081 �0:061 0:0191 0:9433

4:4592 �3:888 0:5235 0:0535 0:1764 0:4457 4:1911 �3:828

�5:438 �3:091 0:0552 0:3848 0:4343 �0:043 �5:056 �2:980

�4:688 �4:105 0:1751 0:4145 0:4938 0:0553 �4:349 �3:975

5:2684 �2:838 0:4630 �0:038 0:0628 0:4143 4:9394 �2:808

3
777777777775

Kn2 =

2
666666666664

0:0293 �0:030 �0:026 0:0326 �0:011 �0:000 0:0013 �0:001

�0:046 �0:031 �0:043 �0:034 �0:000 �0:025 �0:003 �0:001

0:2886 0:0281 0:0917 0:2480 �0:037 0:1019 0:0166 0:0014

0:0255 0:2113 0:2362 �0:025 0:0444 0:0762 0:0041 0:0054

0:0914 0:2272 0:2676 0:0292 0:0381 0:1026 0:0080 0:0060

0:2563 �0:022 0:0303 0:2309 �0:044 0:0754 0:0141 0:0001

3
777777777775

Kn3 =

2
666666666664

�0:001 0:0007 0:0010 �0:000 0:000 �0:000 �0:000 0:000

�0:003 �0:001 �0:000 0:002 0:000 �0:000 0:000 0:000

0:0082 0:0060 0:0034 �0:008 �0:000 �0:000 �0:000 0:000

0:0143 �0:000 �0:004 �0:006 �0:000 0:000 0:000 �0:000

0:0168 0:0013 �0:003 �0:008 �0:000 0:000 0:000 �0:000

0:0042 0:0054 0:0039 �0:006 0:000 �0:000 �0:000 0:000

3
777777777775

Contact Flexible Object Mode

The contact 
exible object mode has the following tolerances: xtol = 1, vtol = 5, Ftol = 30,

and bf = 2. The desired impedance values for this mode are

b1 =

2
666664
0:1340 � 10�3 0 0 0

0 0:1748 � 10�3 0 0

0 0 0:1340 � 10�3 0

0 0 0 0:1748 � 10�3

3
777775 (B.13)

b2 =

2
666664

0:00947 0 0 0

0 0:00990 0 0

0 0 0:00947 0

0 0 0 0:00990

3
777775 (B.14)
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b3 =

2
666664

0:6431 0 0 0

0 0:7947 0 0

0 0 0:6431 0

0 0 0 0:7947

3
777775 (B.15)

b4 =

2
666664
8:613 0 0 0

0 9:126 0 0

0 0 8:613 0

0 0 0 9:126

3
777775 (B.16)

b5 =

2
666664

30 0 0 0

0 30 0 0

0 0 30 0

0 0 0 30

3
777775 (B.17)

The redundant gain matrix is

Kn =
h
Kn1 Kn2 Kn3

i
(B.18)

Kn1 =

2
666666666664

1:7197 �0:011 0:0334 �0:023 �0:036 0:0230 1:5754 �0:000

�0:038 1:2115 �0:077 �0:022 �0:085 �0:020 �0:006 1:2698

5:9343 �5:048 0:4293 0:0135 0:2325 0:1590 5:3180 �5:253

�6:646 �3:674 0:1039 0:1581 0:4035 �0:030 �6:176 �3:895

�5:621 �4:974 0:2049 0:1684 0:4742 0:0043 �5:267 �5:252

6:8787 �3:761 0:3665 �0:023 0:1207 0:1511 6:2137 �3:897

3
777777777775

Kn2 =

2
666666666664

0:0105 �0:007 �0:011 0:0072 �0:008 �0:000 0:0011 �0:000

�0:023 �0:007 �0:024 �0:007 �0:000 �0:022 �0:003 �0:001

0:1291 0:0079 0:0651 0:0548 �0:026 0:0919 0:0155 0:0013

0:0286 0:0503 0:1170 �0:006 0:0331 0:0696 0:0044 0:0038

0:0589 0:0544 0:1369 0:0061 0:0288 0:0934 0:0081 0:0043

0:1108 �0:004 0:0329 0:0510 �0:031 0:0678 0:0131 0:0003

3
777777777775
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Kn3 =

2
666666666664

�0:001 0:0004 0:0010 �0:000 0:000 �0:000 �0:000 0:000

�0:003 �0:001 �0:000 0:002 0:000 0:000 �0:000 0:000

0:0084 0:0042 0:0035 �0:008 �0:000 �0:000 �0:000 �0:000

0:0134 0:0003 �0:004 �0:006 �0:000 0:000 0:000 �0:000

0:0159 0:0012 �0:003 �0:008 �0:000 0:000 0:000 �0:000

0:0046 0:0037 0:0041 �0:006 �0:000 �0:000 �0:000 �0:000

3
777777777775

Manipulate Large Object Mode

The manipulate large object mode has the following tolerances: xtol = 1, vtol = 2, Ftol = 35,

and bf = 1. The desired impedance values are

b1 =

2
666664
0:1340 � 10�3 0 0 0

0 0:1748 � 10�3 0 0

0 0 0:1340 � 10�3 0

0 0 0 0:1748 � 10�3

3
777775 (B.19)

b2 =

2
666664

0:0117 0 0 0

0 0:0122 0 0

0 0 0:0117 0

0 0 0 0:0112

3
777775 (B.20)

b3 =

2
666664

0:7551 0 0 0

0 0:8930 0 0

0 0 0:7551 0

0 0 0 0:8930

3
777775 (B.21)

b4 =

2
666664
18:935 0 0 0

0 19:189 0 0

0 0 18:935 0

0 0 0 19:189

3
777775 (B.22)

b5 =

2
666664

35 0 0 0

0 35 0 0

0 0 35 0

0 0 0 35

3
777775 (B.23)
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The redundant gain matrix is

Kn =
h
Kn1 Kn2 Kn3

i
(B.24)

Kn1 =

2
666666666664

1:3227 �0:018 0:0598 �0:051 �0:064 0:0501 1:4842 �0:008

�0:054 0:6890 �0:121 �0:046 �0:133 �0:042 �0:026 1:0488

4:6665 �2:912 0:7026 0:0180 0:3370 0:3416 5:0956 �4:366

�5:036 �2:041 0:1369 0:3396 0:6588 �0:068 �5:756 �3:185

�4:221 �2:788 0:3007 0:3592 0:7646 0:0052 �4:877 �4:310

5:3665 �2:186 0:6073 �0:060 0:1583 0:3255 5:9174 �3:251

3
777777777775

Kn2 =

2
666666666664

0:0187 �0:011 �0:020 0:0109 �0:009 �0:000 0:0012 �0:001

�0:046 �0:011 �0:052 �0:009 �0:001 �0:025 �0:003 �0:001

0:2515 0:0063 0:1448 0:0731 �0:029 0:1024 0:0169 0:0014

0:0668 0:0760 0:2388 �0:016 0:0372 0:0779 0:0049 0:0041

0:1262 0:0809 0:2822 �0:000 0:0326 0:1044 0:0089 0:0046

0:2134 �0:011 0:0780 0:0700 �0:034 0:0756 0:0142 0:0003

3
777777777775

Kn3 =

2
666666666664

�0:001 0:0005 0:0010 �0:000 0:000 �0:000 �0:000 0:000

�0:003 �0:001 �0:000 0:0020 �0:000 0:000 �0:000 0:000

0:0093 0:0044 0:0034 �0:008 0:000 �0:000 0:000 0:000

0:0148 0:0002 �0:004 �0:006 �0:000 0:000 0:000 �0:000

0:0175 0:0012 �0:003 �0:008 �0:000 0:000 0:000 �0:000

0:0052 0:0039 0:0040 �0:006 0:000 �0:000 �0:000 0:000

3
777777777775
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