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Abstract

Plant knowledge is essential to the development of feedback control laws for dynamic sys-
tems. In cases where the plant is difficult or expensive to model from first principles,
experimental data are often used to obtain plant knowledge. There are two major ap-
proaches for control design incorporating experimental data: model identification/model
based control design, and model free (direct) control design. This work addresses the direct
control design problem.

The general model free control design problem requires the engineer to collect experi-
mental data, choose a performance objective, and choose a noise and/or uncertainty model.
With these design choices, it is then possible to calculate a control law that optimizes ex-
pected future performance. Recently, there has been significant interest in developing a
direct control design methodology that explicitly accounts for the uncertainty present in
the experimental data, thereby producing a more reliable and automated control design
technique.

This research exploits subspace prediction methods in order to develop a novel direct
control design technique which explicitly allows the inclusion of plant uncertainty. The
control design technique is known as model free subspace based Hso control. The new control
law can be viewed as a method of “predictive control” similar to the Hs based “generalized
predictive control” (GPC), or the new control law can be viewed as an extension of model
free subspace based linear quadratic Gaussian (LQG) control. The ability to easily include
plant uncertainty differentiates the model free subspace based Hso technique.

A computationally efficient method of updating model free subspace based controllers is
derived, thereby enabling on-line adaptation. This implementation method is particularly
effective because the computational effort required to incorporate new data is invariant with
respect to the total amount of data collected.

The Hso design technique is demonstrated through a number of laboratory experiments

v



utilizing a flexible structure. High performance control is experimentally demonstrated for
a non-collocated control problem using a very short “identification” data set. In simula-
tion, the adaptive model free subspace based H, technique is found to rapidly develop an

excellent control law after just a few seconds of system operation.
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Chapter 1

Introduction

This dissertation presents a new method of control synthesis which combines the functions
of traditional system identification with that of control design, enabling synthesis of Hq,
optimal controllers in a single “model free” process. The method utilizes ideas from the
recently developed field of subspace identification in order to reduce vast amounts of exper-
imental data to a much smaller “subspace predictor”, which is then applied to develop a
control law. The technique is referred to as “model free” because at no time in the process
is an explicit model of the plant formulated. In addition, an efficient method of recursively
updating the subspace predictor is developed, thereby allowing on-line adaptation of the

controller as new experimental data are collected.

1.1 Motivation

In order to effectively control a dynamic system (plant), it is essential to have a good
understanding of the plant’s input-output behavior. This understanding may be explicitly
represented by a plant model, or might be implicitly contained in an experimental data set,
a control law that has been tuned based on experiment, or some other structure. Internal
stability issues may also require that the plant’s internal dynamics be well understood.
Typical methods of gaining this understanding include analytical modeling from first
principles (such as Newton’s laws of motion), direct measurement of various plant pa-
rameters (such as mass), model identification from input-output data, model tuning from

input-output data, and control law adaptation from input-output data during closed loop
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‘ H Plant Model ‘ No Plant Model ‘
Off-line || Model Based Design | Direct Control Design
On-line Indirect Adaptive Direct Adaptive

Table 1.1: Four techniques of using experimental data

operation. The process usually requires many iterations among one or more of these tech-
niques. In addition, techniques such as plant model verification, closed loop analysis, and
injection of engineering insight (or conjecture!) may be required to converge upon an ac-
ceptable control design.

There are many types of systems where experimental data are particularly valuable in
obtaining knowledge of plant behavior. Examples include cases where the plant is difficult
or expensive to model, where the plant is time-varying, or where the plant is well modeled
but certain parameters must be determined experimentally. Examples of difficult or ex-
pensive plants to model include arc furnaces [35, 42] and helicopter rotors [37]. Examples
of time-varying plants include engines which wear with time, and satellites which change
temperature in low earth orbit [23]. The torsional pendulum that is used in Chapter 6
is an example of a plant that has features that can be well modeled from first principles,
yet requires experimental data in order to obtain appropriate model parameters. Methods
of using experimental data can roughly be divided into four categories, as shown in Table
1.1. The techniques are distinguished by whether they operate “on-line” or “off-line”, and
whether a plant model is explicitly used to perform the control design.

Plant model identification is perhaps the most popular method of using experimental
data in the control design process. The engineer usually performs a number of experiments,
and then uses the experimental data in conjunction with various optimization techniques to
form a model of the plant. The plant model is then used with one of the well known model
based control design techniques to synthesize a control law. Typical identification techniques
include the classical prediction error (PE), auto regressive with exogenous input (ARX),
auto regressive moving average with exogenous input (ARMAX), output error (OE), and
Box Jenkins [25, 28] techniques. More recently, subspace techniques such as eigensystem
realization analysis (ERA) [20] and numerical algorithms for subspace state space system
identification (N4SID) [39] have gained popularity. The control design literature is vast, and

includes simple proportional integral derivative (PID) as well as more advanced modern and
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post modern techniques e.g. linear quadratic Gaussian (LQG) [15], and p-synthesis [44].

When model based design is used “on-line”, it is usually referred to as indirect adaptive
control [3]. The process typically begins by assuming a nominal plant model. As new
experimental data are collected, the outputs are compared to the outputs predicted by the
nominal plant model, producing a nominal error. The gradient of the error with respect to
the plant parameters is used to modify the plant parameters to improve the plant model.
Periodically, the control law is updated using the most recently developed plant model as
the basis for control synthesis. An example of this approach is model reference adaptive
control [3].

The “no plant model” column in Table 1.1 is somewhat of a misnomer: in some sense,
a data set can be considered an empirical plant model, thus any simplified representation
of the data set is also a plant model. The defining feature of model free techniques is that
a single integrated procedure derives the control law directly from experimental data and a
performance specification. If the technique has a sufficiently low computational burden, it is
generally straightforward to implement the “no plant model” design technique on-line. This
produces a “direct adaptive” control technique where the controller attempts to improves its
performance in response to newly available experimental data. Examples of direct control
techniques include model free subspace based LQG control [11, 12], adaptive inverse control
[41], LMS [40], and FXLMS and its alternatives [34]. The next two subsections describe
the features of model free control design and outline conditions under which it might be

advantageous to apply model free techniques.

1.1.1 Features Of Model Free Techniques

The most important feature of model free control design techniques is the close coupling of
the “plant identification” and the “control design” steps. In traditional model based control
design, the development of a plant model requires great simplifications of the experimental
data set in order to obtain a plant model. In the model free technique, much more of the
experimental information is retained throughout the control design process. If the controller
is then simplified, the simplifications that are made are with respect to the controller’s input-
output relationship, rather than with respect to the plant input-output relationship. The
simplifications of the controller are made with respect to what is important to the control
law, rather than what is important to the plant model [1, 2, 9].

Closer coupling of the identification and control design process should lead to increased
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automation of the control design process, however, this conjecture can only be confirmed by
the experiences of control engineers who are able to try both model based and model free
techniques in the field. The increased automation is expected to result from the removal
of the intermediate design steps, thereby requiring the engineer to make fewer arbitrary
choices of parameters during the design process. An additional advantage is realized in
the iterative process between designing “identification” experiments and performing closed
loop tests: the model free control design process naturally provides the engineer with an
immediate estimate of closed loop performance.

Due to the increased automation, model free techniques are easily implemented as part
of an adaptive framework. It is believed that model free techniques will be of great utility

when solving adaptive control problems.

1.1.2 When One Might Use Model Free Techniques

Control problems with certain attributes are likely to receive the most benefit from model

free techniques. These attributes include:

e Experimental data are plentiful, are representative of the important system dynamics,

and are inexpensive to obtain.
e [teration between design and closed loop experiment is possible.

e Some aspects of the system are difficult to quantify by analytic modeling, e.g. time-

varying nonlinearities.

e The plant has many inputs and many outputs, such that modeling each input-output

relationship might be prohibitively tedious.

The adaptive methodologies are of course applicable to cases where the plant is time-varying.
In many time-varying problems, the control law adapts to compensate for changing system
parameters, such as temperature and drag. However, if the plant structure is changing,
such as addition of new modes, a model free technique may be better suited than a model

based adaptive controller in which the model structure is determined a priori.

1.1.3 Model Free Robust Control

One of the difficult problems that remains in the adaptive control community is developing

control laws that achieve good closed loop performance when the plant is only partially or
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inaccurately represented by the experimental data. This problem has motivated much of
the recent work in model free and model based robust control techniques. Recent solutions
include direct controller unfalsification methods [32, 33] and uncertainty model unfalsifica-
tion methods [22]. The limited success and computational complexity of the unfalsification
methods motivated the development of the new model free robust control technique pre-

sented in this dissertation.

1.2 Problem Statement And Solution Methodology

A precise statement of the model free robust control problem is as follows: given plant input-
output data (u,y), a performance objective .J, and an admissible noise and/or uncertainty
model, the objective is to find a feedback control law that optimizes the J for future time.
Many design choices must be made in order to formulate a solution to this problem. They

include:

e Selecting a method of extrapolation of plant behavior into the future.
e Developing a noise and/or uncertainty model.

e Selecting an appropriate performance objective, taking into account the uncertainty

model.

e Ensuring that a computationally efficient method of updating the control law exists.
With these issues in mind, the following design choices were made for this thesis.

e Performance objective: A finite horizon H, objective was selected as it can easily
account for plant uncertainty in the design specification via the small gain theorem.
In the Hy output feedback formulation, the reference signal is considered to be a
disturbance thus the control law is designed for the worst case reference signal that
could possibly drive the system. The design technique also allows the engineer to

specify other “worst case” disturbances that the control law must be able to reject.

e Extrapolation method and noise model: The subspace predictor was selected
to extrapolate past input-output data in order to predict the future plant outputs.

This relatively recent technique has been very successful in producing good results on
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various model identification test cases [39]. The subspace predictor implicitly assumes
a stochastic noise model in predicting plant outputs from past input-output data. As
is shown in Chapter 4, the model free subspace based Ho, design technique retains
the Kalman filter like qualities of subspace based identification, yet provides the best
possible control in the case of “worst case” disturbances that are not considered by

the subspace predictor.

e Uncertainty model: Application of the robust design technique developed in this
thesis requires the engineer to select an uncertainty model when choosing the perfor-

mance objective.

These design choices result in what has been termed model free subspace based H, control.
In this form, model free subspace based H., control is a member of a class of controllers
known as predictive control [10, 16, 26]. Predictive control refers to any technique that

employs the following steps:

1. A predictor is used to determine the plant input that will optimize a specified cost

function over a future time horizon.

2. The first time step of the control is implemented. The plant output at this time step

is recorded.
3. The new input-output data are added to the predictor, and steps 1-3 are repeated.

These steps are collectively known as a “receding horizon” implementation. A popular
form of prediction control is the so-called “generalized prediction control” (GPC) which
employs a quadratic cost function and an “auto-regressive integrated moving average with
exogenous input” (ARIMAX) predictor [3, 7, 8, 10]. Predictive control has been applied
with Ho, optimal predictors and Hsy cost functions [19], Heo optimal predictors and Heo
control costs [43], and mixed Hy/Ho minimax predictors [38]. Subspace predictors have
previously been applied to the predictive control problem with quadratic costs [11], resulting
in model free subspace based LQG control. One major contribution of this thesis is that it

extends model free subspace based predictive control to include Ho, cost functions.

1.2.1 Prediction Control Issues

Several issues are often raised in the discussion of predictive control: how does one choose

the length of the prediction horizon, what stability guarantees exist, and why is only one
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time step of the control implemented before updating the predictor?

Unfortunately, good answers to the first two questions do not exist at this time. Intu-
itively, one would expect that the longer the prediction horizon, the greater the probability
that the closed loop system is stable. This conjecture is supported by the experiments and
the design example in Chapter 5. It is sometimes possible to derive sufficient conditions for
a model based receding horizon control law to be closed loop stable when the model is an
exact representation of the plant, e.g. the LQG laws in [3]. However, when real experimen-
tal data are used, it is very difficult to find conditions under which closed loop stability can
be guaranteed [3]. The choice of control horizon length is thus a design parameter which
must be selected by the engineer.

The issue of implementing only one time step of the control law before updating the
predictor can be understood by comparing this strategy to the strategy of implementing two
control time steps before updating the predictor. If two time steps are implemented before
the predictor is updated, then the control law is effectively ignoring input-output data that
are available after the first time step. In a system with stationary noises, a controller that
uses the newest data to estimate the present system state will outperform an “ignorant”

controller that relies exclusively on older data.

1.2.2 Comparison To Subspace Identification/H., Design

An obvious question that arises when evaluating the model free subspace based Ho, control
technique is how does the technique differ from using a subspace identification technique
(such as N4SID) to develop a linear time-invariant (LTI) plant model, then using the plant
model to perform a model based H, control design? Several difference are apparent.

A subspace identification technique such as N4SID has, as its first step, the development
of a subspace predictor identical to the one used in this thesis. The technique then extracts
an nfinite horizon plant model from the subspace predictor. The approximation being
made by the N4SID method is that the Markov parameters of the finite horizon subspace
predictor can be effectively used to extract an infinite horizon LTT plant model.

Furthermore, the N4SID method extracts a low order LTI model from the subspace
predictor. There are many more degrees of freedom in the subspace predictor than the
number of degrees of freedom in the LTI system that is used to approximate it. The N4SID
method permits the use of a Hankel singular value plot to aid the engineer in selecting

an appropriate model order for the LTI system. The typical difficulty with this reduction
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process is determining how many Hankel singular values should be retained: the choice
is often not obvious due to the blurring between plant dynamics and system noise. This
ad hoc process can lead to the elimination of large amount of information that might be
significant.

The model free subspace based technique retains all of the information in the subspace
predictor. It does not attempt to extrapolate plant input-output beyond the time horizon
that the subspace predictor is designed to predict plant input-output behavior. There is
no need to choose a model order for the extraction of an LTI model from the subspace
predictor.

The control design for the model free subspace based H, controller is based on a finite
horizon cost function: the model based control design typically uses an infinite horizon cost.
In the model free case, it is assumed that the prediction horizon is long enough to produce a
stable closed loop system. In the model based control design, it is assumed that the infinite
horizon plant model is a sufficiently accurate approximation of the subspace predictor and
that the prediction horizon is long enough to produce a stable closed loop system.

Thus the fundamental differences between these two control design techniques are the
types of approximations that are being made. In the model free technique, it is directly
assumed that the finite horizon predictor contains sufficient information to capture the
behavior of the system in the closed loop. In the model based approach, large amounts of
information in the subspace predictor are discarded in order to obtain a low order infinite
horizon model. The low order model is necessary in order to make the infinite horizon
Ho control design tractable. The close coupling between experimental data and control
design in the model free technique has the potential to significantly improve the end-to-end

performance of the “data to controller” design process.

1.3 Contributions
The following contributions to the control literature are presented in this dissertation.

1. A novel method of designing a mixed subspace/H o, control law directly from experi-
mental data is developed. Since a plant model is not explicitly formed, the technique
is known as model free subspace based Ho, control. This technique is also applicable

to model free subspace based robust H., control design.
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2. A computationally efficient algorithm for adaptively implementing the model free
subspace based H,, control design is developed. This algorithm is also applicable
to the adaptive implementation of the model free subspace based linear quadratic

Gaussian (LQG) control technique.

3. It is shown that the receding horizon implementation of the model free subspace based
Hso control law is equivalent to implementing a discrete time LTI dynamic feedback
controller. This observation greatly simplifies controller implementation, enables the
engineer to use the familiar tools of LTI analysis, and permits the engineer to use
familiar model order reduction tools to simplify the controller complexity. These
observations are also applicable to the model free subspace based LQG control law.
This observation is nearly identical to one that has been made for GPC controllers
[3].

4. Key properties of the model free subspace based Ho, control law are analyzed, demon-
strating that the control law has the limiting behavior that one would expect from

such a control law. Specifically:

(a) As the design parameter v — oo, the model free subspace based Hoo control law

converges to the model free subspace based LQG control law.

(b) As the past data length becomes very large, the model free subspace based Hoo
control law behaves like a Kalman filter coupled to a full information finite hori-

zon Hoo controller.

5. The model free subspace based H,, control design technique is demonstrated exper-
imentally on a torsional spring/mass system. The good performance of the model
free subspace based Hso control design technique on this challenging control problem
serves as a “proof of concept” for its future deployment in real world applications.
Furthermore, the adaptive technique is demonstrated in simulation using a noisy LTI
model of the same torsional spring/mass system. The control law begins with a very
poor knowledge of the spring/mass system, and uses the input-output information

obtained during closed loop operation in order to obtain a satisfactory control law.

6. Using the model unfalsification concept, a convex method of developing LTI uncer-

tainty models directly from the subspace predictor is derived. This result extends
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the ARX uncertainty model unfalsification technique [21]. Although the convex tech-
nique is not computationally feasible at this time, this work establishes a connection
between the ARX uncertainty model and the subspace uncertainty model. Should
an efficient method of computing the ARX uncertainty model be developed, then the

method would be immediately applicable to the subspace uncertainty model.

1.4 Thesis Outline

Chapter 2 reviews the ideas of subspace prediction developed in [39]. A computationally
efficient algorithm for determining the optimal subspace predictor is also developed in Chap-
ter 2. Chapter 3 derives the model free subspace based Hs optimal controller. Both the
strictly causal controller (where the reference signal is not known at the present time) and
the causal controller (where the reference signal is known at the present time) are derived.
Robust Hs control laws, which take into account multiplicative or additive uncertainties,
are also derived.

Chapter 4 analyzes the limiting cases of the model free subspace based Ho, controller,
which provides some insight as to the behavior of the new control design technique. Also
included is a short derivation of the model free subspace based LQG control law. Chapter
5 details both the batch and adaptive implementation of the control design technique. All
of the details in Chapter 5 are also applicable to the LQG control design technique. A
design example illustrates the use of the model free subspace based H technique, and
demonstrates the trades that the engineer must make when using this design tool.

Chapter 6 presents experimental results which demonstrate the model free subspace
based Hy control design technique on a physical system. Chapter 7 describes the use of
the model unfalsification concept in order to derive an LTI uncertainty model from the
experimental data. This uncertainty model can be used in conjunction with the model
free subspace based robust Ho, control design technique to produce a robust control design
directly from data. Unfortunately, this technique remains too computationally expensive
for practical application at this time. Chapter 8 summarizes the thesis, and provides sug-

gestions for future work.



Chapter 2
Subspace Prediction

The subspace system identification methods developed in [39] have recently gained much
popularity for identification of linear time-invariant (LTI) systems. The technique is em-
ployed in a two step process: first, the best least squares subspace predictor is derived from
available experimental data; second, the predictor is used to derive a state space model of
the dynamic system. Each of these steps significantly reduces the volume of information
used to represent the plant input-output behavior. The formation of the subspace predictor
serves two purposes: it simultaneously reduces the effects of noise in the measured data,
and it establishes a method of extrapolating future plant input-output behavior from past
input-output data. Since the subspace predictor can be shown to be equivalent to a very
high order LTT plant model, the derivation of the state space model from the predictor is
similar to a plant model order reduction.

The key idea established in [11, 12] is that LQG control design can be performed directly
from the subspace predictor, avoiding the “model formation” step. This thesis extends this
concept to include Ho, performance specifications. In both cases, all of the information that
remains after the development of the subspace predictor is used to derive a control law. This
chapter describes the subspace predictor, various methods of computing the predictor from
experimental data, and in the case of an LTI plant, the relationship between the predictor

and the true plant.

11
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2.1 Least Squares Subspace Predictor

This section presents a review of the subspace predictor concept [39]. The development of
the predictor begins with experimental input-output data. Consider input-output data of

length n from a plant with m inputs (u, € IR™) and [ outputs (y € IRY)

uo Yo
Uy Al
bl
Up—1 Yn—1

The engineer then chooses a prediction horizon, i. ¢ should be chosen to be larger than the
expected order of the plant (if the plant is LTI), and is usually chosen to be 2 or 3 times
larger than the expected plant order [39]. The data set is then broken into j prediction
problems, where 5 = n — 2¢ + 1. Usually there is a relatively large amount of data, so
that j > 4. The goal is to find a single predictor that simultaneously optimizes (in the
least squares sense) the j prediction problems. Figure 2.1 illustrates two of these prediction
problems, with ¢ = 4. In the first problem, the input data {ug,---,u2;—1} plus the output
data {yo,---,y;—1} are used to predict {y;,---,y2;—1}. The second prediction problem uses
{uy,---,u9} and {y1,---,y;} to predict {y;11,---,y2}. Sliding the prediction windows to
the right through the length n data set results in j =n — 2¢ + 1 prediction problems.

The 7 prediction problems can be formalized as follows. Define the block Hankel matrices

formed from the data

wy wp o uj_q

g, 2| " " Y cpim (2.1)
| Wi-1 Ui ot U2
[ Uj Ui+l = Ujpj—1

U, N Ui+l Uitz - Uity c Rim¥i (2.2)
| Y2i—1 U2t U452
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Y —— T T T 1
0 1—1 1 21—1
| \
U — I I
0 1—1 1 21—1
Y ———— T T 1
0 1 v 1+1 21
|
U —— T 1
0 1 v 1+1 21

Figure 2.1: Subspace predictor illustration, i = 4

Two of the j prediction problems are shown.
choosing Ly, and L, to simultaneously optimize the predictions indicated by the

arrows.

1>

1>

The subscripts “p” and “f”

Also define

Yo
Y1

Yi—1

Yi

Yi+1

| Y2i—1

The predictor is determined by

Yyr oo Yji-1

Ybao ier Y5 c RiV¥J

Yi - Yitj—2

Yivr - Yitj-—1

Yitv2 - Yit+j c il
Y2i 0 Y2452

13

(2.3)

(2.4)

can be thought of as representing “past” and “future” time.

so that W), represents all the “past” data.
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The problem of obtaining the best linear least squares predictor of Yy, given W), and Uy
can be written as a Frobenius norm minimization

2
WP

Us

Y= | Lo L] (2.5)

min

Ly, Ly

F

It is shown in [39] that the solution to this problem is given by the orthogonal projection,
(represented by the symbol /) of the row space of Y} into the row space spanned by W),
and Uy. It is this geometry that inspires the name “subspace predictor”. The orthogonal

projection solution to the problem (2.5) is given by

~ Wp
Yy = ¥
Uy
™\ T
A W, W, W, W,
= Yf
Uy Uy Us Uy
where 1 denotes the Moore-Penrose or pseudoinverse. Thus
W, ! W, W, 7'
(1 1. ]=v, | ™ R
Uy Uy Uy

where
L’u) c RilXi(l+m) Lu c ]RilXim

Consider k£ to be the present time index. Given past experimental data

Uk—1 Yr—1

and future inputs
Uk

Uk 4i—1
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L, and L, can be used to form an estimate of future outputs, namely

Uk —i
Uk up,
. Uk—1 .
=Ly + Ly, : (2'6)
R Yk—i
Yk+i—1 . Uk44—1
L Ye—1 |

Equation (2.6) will be used extensively throughout this thesis in order to extrapolate future

plant input-output behavior from past input-output data.

2.2 Calculating L, L,, QR Method

The QR decomposition forms the basis of a computationally efficient and numerically reli-

able method of finding L,, and L,. First calculate the QR decomposition

W, Ry 0 0
U | = R'Q"=| Ry Ry 0 |QF (2.7)
Yy R31 R3s Rs3
then ;
Ry1 0
L, L =| R R
[ w u ] [ 31 32 ] R21 R22

The pseudoinverse is usually calculated using the singular value decomposition (SVD).

Compute the SVD
Ed O]ZUm”
[ Ry1 Ry J

with U and V orthogonal, and the matrix of singular values
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with oy > 09 > --+ > 0jg49m) = 0. In order to compute the matrix inverse without
encountering singularities, the directions of U and V associated with o’s that are close to
zero are discarded. Thus choose ¢ < i(l 4+ 2m) such that o, > tol V1 < r < ¢, where tol is
some very small positive tolerance. Let U, and V; represent the matrices formed from the

first ¢ columns of the matrices U and V respectively. Then

ot 0 -0
t —1
R 0 0 o . 0
! v L A
Ry1 R :
0 0 O'q_l
and
o' 0 0
0 o5t 0
[Lw Lu]:[RSI R3y | Vg : UqT
0 0 o !

The QR decomposition has computational complexity O(i%5), while the SVD algorithm
has complexity O(i%), producing overall computational complexity O(i%j + i®) [17]. The
storage requirement for the QR/SVD algorithm is O(ij).

2.3 A Fast Method Of Calculating L., L,

The QR method of calculating L,, and L, is computationally inefficient for the typical case
where 7 > ¢. As an example of typical ¢ and j, the experiment in Section 6.2 uses ¢ = 64
and j = 2048. Much effort goes into computing the very large matrix Q7 € ]Rzi(““m)xj,
which is then not used in the calculation of [ L, L, ] A more efficient computational

method exists based on the Cholesky factorization. Let

1>

Wy
A Uf € IRZi(l+m)><j
Yy

then using (2.7)
AAT — RTQTQR — RTR € RQi(l-I—m)X?i(l-}-m)
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thus
R = chol(AAT)

where chol(AAT) is the Cholesky factorization of AA”. Since AAT is much smaller than A
when j > i, the Cholesky factorization of AA” can take significantly fewer computations
to perform that the QR decomposition of A. The Cholesky factorization is in fact O(i%)
[17], however, one must account for the computation of AA”.

The “brute force” method of computing AAT is O(i%§). Fortunately, the Hankel struc-

ture of A can be exploited to drastically reduce the computational effort. Let

Up
U, Y, U U
= ya|'r B2 || =
U, Y, Y, Y
Yy

Referring to (2.1) — (2.4), it is clear that both U € IR*™*J and Y € IR%/*J have Hankel
structure. By inspection, A is a permutation of B, and thus AA”T is a permutation of BBT:
computing

;| ouT UyT |

BB = [YUT YYTJ

is equivalent to computing AA”. Since BB” is symmetric, it is sufficient to compute only
the block upper triangle of UU” and YY 7', and to compute only UY 7.

To find UUT, first compute the first block row of UUT. This process is O(ij). The
block Hankel structure of U can be exploited in order to compute successive entries of the
upper triangle of UU” via the recursion

[UU s = [UUT 151 = [Ul—1[U) 1 1 + [U]e5[U1Y; (2.8)
V 2i>s>r>2

where [o], ; represents the block in the r*! block row and the s block column of e. The
intuitive interpretation of (2.8) is that each new entry of UUT can be written as a function
of the entry above and to the left of itself. Also note that many of the outer products on the
right-hand side of (2.8) have already been performed in the computation of entries in the

first block row of UUT, and that these outer products are themselves symmetric, further
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‘ H QR ‘ Cholesky ‘

Floating Point Operations || 3.2 x 108 | 3.4 x 10°
Memory (Bytes) 1.08 x 10° | 1.4 x 10*

Table 2.1: Example computation of R, QR vs. Cholesky method

simplifying the recursion.

The computation of the remaining #(2i — 1) unique block entries of UU? is thus O(i?),
and the overall computation of UU” is O(ij + i%). An identical procedure applies to the
computation of YYT. Similarly, UY7T is found by computing the first block row and the
first block column of UYT. This process is also O(ij). Exploiting the block Hankel structure

of U and Y7, successive entries can be computed via the recursion

[UYT]M = [UYT]rfLsfl - [U]rfl,l[Y]Z—l,l + [U]T,j[Y]Z:j (2.9)

YV 2i>r>2 V 2i>s52>2

which is identical to (2.8), except that the ranges of r and s have been expanded. Thus the
computation of BB is O(ij +i?), and it follows that the computation of AAT is O(ij +12).

Combining the above results, the Cholesky factorization/SVD method has an overall
computational complexity O(ij + i®), which is less that the QR/SVD algorithm, which is
O(i%j +4%). In the typical case where j > i, this difference is significant.

An additional advantage of the Cholesky method is the reduced storage requirements.
The recursive method of computing BB” does not require the complete formation of U
or Y. Since any block ¢ x j Hankel matrix can be represented by a block vector of length
i+j —1, the storage requirements of the Cholesky method is O(i? +j), which is significantly
less than the QR storage requirement, which is O(ij) [17].

Table 2.1 compares the resources required for a computation of R via the QR and
Cholesky methods, where ¢ = 20 and 57 = 1000. The computations are performed using
Matlab, thus the statistics should be regarded as Matlab specific. Clearly the Cholesky
method, which exploits the Hankel structure of the problem, reduces the resources required
to find R.
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2.3.1 Fast Updating And Downdating Of L,,, L,

The Cholesky method also allows the rapid addition of new experimental data and the rapid
removal of old experimental data. The computational details associated with performing
these updates and downdates are quite complicated: an excellent discussion can be found in
[17]. An important feature of updating and downdating the Cholesky factorization of AAT
is that the storage requirement is O(i%), which is independent of j. The independence is
especially powerful if j is increasing as new experimental data are collected.
Consider new input-output data (uy,y,). This new data will permit an additional
column to be appended to A forming A, = [ A anew ] Then
Rpew = chol(ApewAL

new
A

) = chol(AAT + tpewal

new)

cholupdate(R, apeqy )

where cholupdate is the rank-1 update of the Cholesky factorization. The rank-1 update
can be performed extremely quickly, and has computational complexity O(i?). The storage
requirement to store the “old” data points in order to form ay,ey is O(i), while the storage
requirement to retain R is O(i?).

It is also possible to remove “old” experimental data using a rank-1 Cholesky downdate

Ruew = chol(AAT—aoldagzd)
A

choldowndate(R, ayq)
This technique also has computational complexity O(i%) [17]. Combining the update and
downdate techniques enables “sliding window” adaptation, where at each time step, the
oldest experimental data are removed from R, and new data are added. The sliding window
procedure requires the storage of experimental data over the whole “sliding window” in order
to enable the removal of experimental data.

In both the strictly updating and the sliding window adaptive techniques, the matrix
R plays the role of maintaining a summary of all past information in order to update the
predictor as new experimental data becomes available. At each time step, new data are

used to update R, then L,, and L, are computed from R using the SVD.
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2.4 Relation To The Exact Plant Model

If the plant is linear time-invariant, the plant input is persistently exciting, the process noise
(x and sensor noise 7 are white, and the data length j — oo, it can be shown [11, 12, 39]

that the matrices L,, and L, become closely related to the exact plant model

Tp1 = Apzp+ Bpup + (g

ye = Cprp + Dyug + g

where (j and 7, are zero-mean, stationary, ergodic, white noise sequences with covariance

Gr | @ 5
E m][c? nz]]— o |"

where 6,5 is the discrete time impulse function. Note that 4, € R™*" B, € R"™*™,
C, € R»™ D, € R™™, ¢, € R™, and n, € IR!. Under these conditions, the matrix L,

converges to a Toeplitz matrix (H),) formed from the Markov parameters of the plant.

[ D, 0 0 0]
Cp,B, D, 0 - 0
jooo = L,—H,2| CAB, C,B, D, - 0 (2.10)
| CoAL?B, CpALB, CpAr'B, --- D, |
Consider the product L,,Wj where
[ Uk—3  Uk—i+1 " Uk—itj—1 W
Ug—it1 Uk—i+2 " Uk—itj
_ u PR u .
Wké Uk—1 k k+j—2 (2.11)
Yk—i  Yk—i+1 - Yk—itj—1
Ye—i+1 Yk—i+2 - Yk—itj
L Yr—1 Yk Tt Yktj-2 J
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Then under the same conditions, the product L,, W} converges to the product of the plant

extended observability matrix (I',) and a matrix of state estimates

Cp
, - CpA, L R
j—oo = L,W,—-T,X= ) [ Tp Thy1 0 Thijot ] (2.12)
CpALT!
The state estimates [ Z, Zyi1; --- Zpyj_1 | are equivalent to those produced by j inde-

pendent Kalman filters, each acting on a column of Wj. A more complete discussion can be
found in [39]. The underlying idea is that the subspace technique simultaneously recovers
the true plant model and Kalman estimates of the plant states. This result will be used in
Chapter 4 to relate the model free subspace based H, control law to the model based H o

control law.

2.5 Summary
The important results of this chapter are:

e A fast method of calculating the subspace predictor L,,, L, from experimental data;

e A fast method of updating L,,, L, when new experimental data are available, and/or

when old experimental data must be removed;
e An expression for the optimal subspace estimate of the vector y (2.6); and

e Expressions describing the convergence properties of the subspace predictor as the

amount of experimental data tends toward infinity (2.10), (2.12).



Chapter 3

Model Free Subspace Based H

Control

This chapter utilizes the subspace predictor of Chapter 2 to derive several novel H,-optimal
output feedback controllers. All control laws utilize finite horizon cost functions. The term
“model free” is somewhat of a misnomer in that L,, and L, can be considered to form a
high order plant model, however the terminology is retained to be consistent with previous
literature, for example [11, 12]. The important distinction is that traditional plant models
are not used.

Section 3.1 reviews the concept of mixed sensitivity H loop shaping design. Section 3.2
describes the main result of this thesis, the derivation of a strictly causal, model free, sub-
space based, level-y central H, controller. Section 3.3 derives a similar control law, where
the assumption of strict causality of the control law is relaxed, 7.e. the present reference
signal (ry) is known. Finally, Section 3.4 describes the control law when a multiplicative or

additive uncertainty is included in the performance specification.

3.1 Output Feedback Mixed Sensitivity Cost Function

Consider the discrete time output feedback structure shown in Figure 3.1. An H, mixed

sensitivity criteria is commonly used to specify the desired minimum control performance

22
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e(t)
7(1) K u(t) P y(t)

Figure 3.1: Output feedback block diagram

and desired maximum control usage. One such specification is

where S = (I + PK) ! = G, Q = K(I + PK) ! = G, and Wy and W3 are weighting

functions chosen by the engineer [27]. Small S up to a desired cutoff frequency corresponds

WS
WaQ

H <~ (3.1)

to y tracking r well at frequencies below the cutoff frequency. Limiting the magnitude of
Q, especially at high frequencies, limits the control effort used. The selection of Wy and
Wy specifies these desires: W is often chosen to be large at low frequency and small at
high frequency, while W5 is typically chosen to be small at low frequency, and large at high
frequency. In order for the problem to be well posed, W; and Wy must have finite gain
over all frequency. As a consequence, W; and Wy must have relative McMillan degree 0,
or equivalently, full-rank direct feedthrough terms, and must have at least as many output
channels as input channels: typically, W; and Wj are square. It is important to note that
for each gain bound +, there is a (possibly empty) set of control laws that satisfy (3.1).

An equivalent time domain discrete time expression for the specification (3.1) also exists.

Let
Al oz wy * e wy * (r —
2wy w2 * U w2 * U
where wi and we are the respective discrete impulse responses of the discrete time weighting
functions Wi and Wy. With (3.2), (3.1) can be written

sup Joo(v) <0
T
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where

A 00
= Z (Zt 2t — ’)/ Tt ’I"t)

=0
and the system is assumed to be at rest at ¢ = 0 [44]. It is important that the inequality
be satisfied when the system is at rest at ¢t = 0 so that the measured energy in z; is strictly
due to system excitation by the inputs 7;, and is not due to energy stored in the system

prior to ¢ = 0. The equivalent finite horizon problem is
supJ(y) <0 (3.3)
r

where -
A
J) 2 (A a =) (3.4)
t=0

and the system is again assumed to be at rest at £ = 0. Note that the length of the horizon
(1) can be chosen arbitrarily. In this thesis, the horizon (i) is identical to the prediction
horizon in Section 2.1 (i), so that (2.6) can be used to calculate J(v). Finally, the central (or

minimum entropy, or minimax) finite horizon H., controller is the controller that satisfies
min sup J(v) <0 (3.5)
r

whenever the system is at rest at ¢ = 0 [44].

3.2 Subspace Based Finite Horizon H,, Control

Figure 3.2 shows the generalized plant that results when the subspace predictor (2.6) is
coupled to the weighting functions W and Wy to represent the mixed sensitivity cost (3.1).
The block L,w, represents the response of the predictor due to past excitation, while the
L,, block represents response due to the inputs . The level-y Hoo control design problem is
to choose a control u such that the finite horizon Hy, gain from r to z is at most magnitude
~. This section derives the condition on 7 that ensures that the problem is feasible, and
computes the central solution for this H, control problem. The result is summarized in

the following theorem.

Theorem 3.1
If measurements of the plant input (u), plant output (y), and reference (r) are available for
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z
T w1
- W, +——
Zw2
Wy +——
" .
L, Y
Lyw,

Figure 3.2: Generalized plant for non-robust H, control design

times {k —i,---,k — 2,k — 1}, then the strictly causal, finite horizon, model free, subspace

based, level-y, central Hoo control for times {k,---,k+1i—1} is

—~ T
(LngLw) Wp
— a — T
Uopt = _(LZQILU + QZ) ! (—LZ(’Y_QQl + I)H?Fl) Ty (36)
T
(HQT FQ) Twy |,
-~ A _ _ _
N (U (3.7)
provided that
A T, _
3> min 2 X [(@1 + L@y D)) (3)
where
o woy 15 the vector of optimal future plant inputs at times {k, -, k+1i—1}
ug,
A .
Uopt = : (39)
Uk+i—1

e The discrete LTI weighting filters W1 and Wy have minimal state space representation

(xuu)kJrl = Ay, (xwl)k + By, (""k - yk)
w1

(2w )k = Cuy (Twy )k + Dy (Tk — Yi)
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(mw2)k+1 = sz(xwz)k_’_szuk

(Zw2)k = Cw2(mw2)k+Dw2uk

with Ay, € RM1 X1 D, € Rer*! A, € R X" and D, € Rlw2*m

e Hi and Hs are lower triangular Toeplitz matrices formed from the impulse responses

(Markov parameters) of the discrete weighting filters Wy and Wy

[ D, 0 0 0]
Cw, B, Dy, 0 0
A
H, = CUJ1AUJ1BUJ1 Cw1Bw1 Dw1 0 (3'10)
L Cw1 AZ}ZQBHH Cw1 AES Bw1 Cw1 A%)_14Bw1 T Dw1 J
[ Dy, 0 0 0 }
CwyBuw, Dy, 0 e 0
AN
Hy 2 | CoAdu,Buy,  CuwyBu, D, 0 (3.11)
| Cu, A’f.U_22'Bw2 Clu, Afu_zan Cw, A%)_24Bw2  Du, J

A A
e Q= H Hi, Q= HI H,

e ['y and 'y are the extended observability matrices formed from the impulse responses

of the weighting filters W1 and Wo

C’w1 C'LU2
Cw1 Aw1 AN sz Aw2

1>

Iy Iy = (3.12)

i—1 i1
Cuw Al Cuw, Ay,
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“Future” )
\ “Control Horizon”
“Pa,st” ’—‘
\ \
N B B B B Bt B By B By B By I

tqs Laf i teti—1

Present Time

Figure 3.3: Time line for Hso control design

o (wp)y is a vector made up of past plant inputs and outputs

Uk —3
AN Uk—1
(wp)r, = (3.13)
Yk—i
L Ye—1 |
O

Despite the apparent complexity of the control law (3.6), (3.7), close examination reveals
that the control law is simply a matrix operating on the data (wp), and states of the
weighting functions (zw, )k, (Tw,)r.- The achieveable performance (3.8) is a function of
experimental data through L,,, and a function of the weighting functions Wy and Wy through
@1 and Q9. Figure 3.3 clarifies the time line for Theorem 3.1. Data used to derive the
subspace predictor are collected from ¢4, (data start) to ¢4 (data finish), the present time
is t, and the control horizon is from tx to tgy; 1.

The following mathematical results will be used in the proof of Theorem 3.1 [36].
Lemma 3.1 .

A1 Ay

IfAl_l, Agl, and AT 4
2 3

erist, then
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(A] — A Az AT —(Ay — Ay A7 AT 1A, AT!
— (A3 — AT AT Ay)tAT AT (A5 — AT AT 4p)7t

A A
AT A,

Lemma 3.2
If AL, C7Y, and (A~ + BTC'B)~! eaist, then

A—ABT(BABT + 0)'BA = (A'4+BTCc'B)!
ABT(BABT + 0)7! = (A7'4+BTc'B)"!BTC!

Proof of Theorem 3.1
Let k be the present time, and define

(Zw1)k Tk Uk
A - A ; A
fwy = € IRlel r = c Rll u =
| (2wy)ktio1 | | ki1 | Uketi—1
(2ws )k Yk
A - A ) -
Zwy = € Rilw ¢ = : e R
L (2ws )k+i—1 i | Yk+i—1 |

then (3.5) can be written in vector form

min sup J(v) <0

r

where

T T 2..T
J(’Y) = Zyy Fun + RwoRwy — VT T

28

(3.14)

(3.17)

(3.18)

and the system is assumed to be at rest at time k. Let wi,, € R1 and Wanyr € R%2 be

the vectors of the natural responses of W; and Wy due to (2, )k and (xy, ), respectively.
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Then
2w i H, (T - y) + Wipy
Zwo Hou + wap,
Using the definitions of I'; and I’y (3.12), wiy, and wey,, are
Winr . Iy (wwl )k
Wonr Iy (xwz)k

[ Zun ] _ [ Hi(r = )+ T1(@a, )i ]

Hou + F2($w2)k

thus

Zws

29

(3.19)

Using (3.13), the strictly causal estimate of y (2.6) from Section 2.1 can also be written in

vector form

y = Ly(wp)k + Lyu

Substituting the estimate of y (3.20) into (3.19) results in

2w B H1 —HlLu —Hle Fl 0 "
0 H, 0 0 Iy

Zwse

where

1>

Substituting (3.21) into (3.17) and (3.18) produces the objective
Q1 -~ —Q1Ly —Q1Ly HT,

n%insgpa:T ~LTQ, LYo\ L, LLQ1L, —LLHIT,
rTH, -*mr, -rfmr, TIT

whenever the system is at rest at time k.

—LT@Qv LIOWL,+Q» LIQiL, —LTH{T, HIT,

0 T H, 0 0 riry |

<0

(3.20)

(3.21)

(3.22)
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The necessary condition for simultaneously maximizing with respect to r and minimizing
with respect to u (a stationary point) is found by differentiating the left-hand side of (3.22)

with respect to r and u, and setting the derivative to zero [6] i.e.
oJ
W _y (3.23)
o] 7]
]

or

r
2 T u
9 Ql -7 I _QlLu _Qle H1 Fl 0 ( ) 0
Wy )k =
~L'Q, L'QL,+Q, L'Q.L, —LTHIT, H]T, P
(wun)k
L (xw2)k |
which implies
2 T Wp
Q1 —I —@Q1Ly r| Q1Ly —Hi Ty 0
—LYQ1 LIQ1Ly+Q: u ~-L'Q.L, LTH]T, —-HIT, x“”
w2
k
(3.24)

The sufficient condition for the optimization requires that the Hessian of the left-hand side
of (3.22) satisfy the saddle condition for a maximum in 7 and minimum in w [6], i.e. im
of the eigenvalues of the Hessian must be positive and il of the eigenvalues of the Hessian

must be negative. The Hessian is

Q1 — 1 —@Q1Ly

Hh = s =
—I7Q, LTQiL, + Qs

Also let
Al Ay

= Hhess
AT Ay

Al Q=71 —Q1Ly
~LyQ1  LyQiLy+ @
Note that Q1 = Q and @y = Q¥ are guaranteed to be positive definite (as opposed to

positive semi-definite) since the relative degree condition on Wiy and Wy implies that Dy
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and Dy are full rank. The positivity of @1 and ()2 implies A3 > 0, which implies A3 ! exists.

Thus the Hessian can be written using the Schur decomposition

I AyA7!
0 I

Ay — A AFTAT 0

Hhess = 0 A3

I 0
) (3.25)
A'AL T

Let

Al 1 o] ] . ] -
Clatar e ] At 320

T

T
then second derivative of the cost in the [ rT T ] direction can be rewritten as

Ap — AyAgtAT 0

Hhess = dT 0 A3

d (3.27)

The condition of being at a saddle point can be viewed equally well in the d coordinates.
Thus the saddle condition required to simultaneously maximize over r and minimize over u

is that ¢m of the eigenvalues of

[ A Ap47047 0 |
[ . 8 N J (3.28)

must be positive, and the remaining il eigenvalues must be negative. Since A3 > 0, and
Ag € R As provides the required im positive eigenvalues. As a result, the saddle

condition reduces to
Ay — Ay AT AT <0 (3.29)

or

Q1 — QLy(LLQ1Ly + Q2) "LLQy < I (3.30)

Using (3.15), (3.30) is
Q'+ L,Qy'LI) ™ < %I

or finally

> \/X (@' + LuQy" L)~ = Ymin



CHAPTER 3. MODEL FREE SUBSPACE BASED Ho, CONTROL 32

The condition for the saddle (3.29) also establishes that the matrix on the left-hand side

of (3.24) is invertible. Thus the worst case r and the optimum w are given by

2 ! T Wp
Twe _ Ql - I _QlLu Qle _Hl 'y 0 .
Ugpt ~LiQ1  LyQiLy+ @ ~LyQiLy LyH{Ty —H]T, wwl
wy |
(3.31)
Left multiplying (3.14) in Lemma 3.1 by [ 0 I | produces the relation
A 4]
1 2 T +—1 —1 _
[0 1] o = (A5 — AT A A4y) [_Ag’All 1] (3.32)
2 3
Using (3.32), the second row of (3.31) can be written as
-1
o = (LIQiLu+ Qs = LTQ1(Q1 = +*D) ' QiLy) -
w
QL. -HT, o || 7
LiQu(Q—~*1) ! [ x
7 | | ~ztQiL, LEH{T, —HfT, || "
w2 |,
or
~1
ot = (L1 (Q1 = Q@i = D 7'Q1) Ly +Qs) -
7T
(~Z7 (@ = Qu(@1 = *1)7'Q1) Lu) w,
T
(LT (-Qi(Q1 = +*D) "L + 1) HITy) T, (3:33)
T
(—HET>) Twy |,
Using (3.15)
Q-QuQ 7D Q=@ -7 D =@ (3.34)

Using (3.16)
—QuQ1 - D)7 = QT - )T T =72y (3.35)
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Substituting (3.34) and (3.35) into the control law (3.33) produces

— T
(LZQle) Wp
Uopt = —(LEQ1Ly + Qo)™ | (=L7(v~2Q, + DNHIT ! T
opt uw W1l 2 LT+ DH{ T, w1
T
(HITs) Tw, |,

& o= @' -y

provided @ exists. In general (Q! — v~2I) could have both positive and negative eigen-
values, and for some values of v, (Q;! — 7 2I) could be singular. In this case, (3.31) must
be used to calculate wp;.

All that remains is to determine if the inequality on the right-hand side of (3.22) is
satisfied. Setting all system states at time k to zero, i.e. (wp)y = 0, (2y,)r = 0, and
(Twy)k = 0, (3.22) becomes

T
Twe Q1 — ’YQI —Q1Ly Twe <0 (3 36)
Uopt _Lng LngLu + QQ Uopt B
and (3.31) reduces to
[ Twe -| -0
| o |
thus (3.36) is satisfied. O

3.3 Model Free Subspace Based H,, Control With r, Known

In the previous section, it is assumed that ry is unknown when {ug,---,ugy; 1} are cal-
culated. In this section, the requirement of a strictly causal controller is removed: it is
assumed that r; is known, i.e. the desired trajectory at time k is available before time k.
The resulting control law (3.38) — (3.40), is only slightly different from the strictly causal
control law (3.6), (3.7). The advantage of (3.38) — (3.40) is that a slightly better perfor-
mance is achieved, as is shown in Theorem 3.3 at the end of this section. The cost to achieve
this slightly better performance is that the desired reference r; needs to be known prior
to implementing the control at time k: implementation issues usually govern whether the

strictly causal or the causal control law can be used.
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Referring to (3.10), let

1>

[ Hyy Hi ] H,y (3.37)
Hll € Rilwlxl

ng ]l:{ilwl X(i—l)l

m

that is, Hy; is the first block column of Hy, and Hjs contains the remaining columns of Hj.
For the purpose of this section, let r € ]R(i_l)l, and Q19 = HITQHH. Note that Q12 > 0.
Then (3.21) can be written

0 0 H2 0 0 FZ

Zwo

|:zw1] |:H11 Hy, _HlLu —Hle I'' 0

with z broken into six subvectors

These definitions and are used in Theorem 3.2 and its proof.

Theorem 3.2

If measurements of the plant input (u) and plant output (y) are available for times {k —
iy k — 2,k — 1}, and measurements of the reference (r) are available for times {k —
iy, k—1,k}, then the finite horizon, model free, subspace based, level-y central Hoo control

for times {k,--- k+1i— 1} is

_ T
(LZH{(I - H12Q12H1T2)H11) W -
. | (FLT@Q - BT HLQRELE)LL) || ()
Uopt = (Lyy Qr2Ly + Q2)” (3.38)

b “ T T AT\ )L

(Lqu (I - H12Q12H12)F1) (Tw, )k

T
_ (—HQTFQ) J (Tws )k
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Q1o = Q1 — Q12(Q12 — V1) Q12
Q2 2 (Qu—D7!

provided that

AN ES —
Y > Vming = \/)\ [HT(1 + HyL,Qy ' LY HT )~ Hys |

Outline of Proof of Theorem 3.2

35

The proof of Theorem 3.2 is nearly identical to the proof of Theorem 3.1. Only some key

equations will be written. The objective is given by

minsupz’ Mz < 0
u r

where
[ HLH,, —+* HIH; -HLH\L, -HLHL, HLT,
HL Hy, Q2 — V21 ~-HLH L, -HLHL, HLT,
a2 -L'H{Hy -LTH'H\, LTQL,+Q, LIQiL, -LITHT,
~Ly,HI'Hyy, —-LLHTHy LLo.L, Ltovr, —-LTHIT,
ITHy, r'TH, -7TmrL, -rTHL, r’ry
I 0 0 I'TH, 0 0

The necessary condition (3.23) implies

Q2 -1  —H[H\L,
| —LyH{Hi» LyQiLy + Q2

T j—

u

~-HLHy HLHL, —HLT, 0 (wp)
| LyH{Hu —LyQiLy, LUH{T:1 —HJTy

The sufficient condition, given by a saddle condition argument identical to that in the

proof of Theorem 3.1 is

Q2 — VI — HyH L (LY Q L, + Qo) ' LT HY Hyy < 0
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or

v > \X[Qu — BLH\Ly(LTQ1 Ly + Qo)=L HY Hy)
= JXIHL(I = HF\L(LLHT H\ L, + Qo) LT HT ) H)o) (3.42)

Using (3.15), (3.42) can be written

v > \/X [H1T2(I + HlLuQQILngT)*le] = Ymin,

The remainder of the proof follows the proof of Theorem 3.1. O

Theorem 3.3 compares the best achieveable performance of the strictly causal control
law to the best achieveable performance of the causal control law. As expected, the control

law that uses more information can achieve better performance.

Theorem 3.3
The best achieveable performance of the causal control law (3.41), is better than or equal to

the best achievable performance of the strictly causal control law (3.8), i.e.

Ymin 2 Yming

Proof of Theorem 3.3
The best achieveable performance of the strictly causal control law (3.8) can be expanded
using (3.15)

Ymin = \/X [(Qfl + LUQ;ILZ)il]
= V3@ - QLL(LTQi L, + Q5) ' LTQ)] (3.43)

Since Q1 = H{ Hy, (3.43) can be written

Ymin = /X [HT(I = HiLy(LVHT Hi Ly + Qo) LTHT ) H, ] (3.44)
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Using (3.15), (3.44) is

Yenin = \/X [HT (I + HyL,Q; ' LT HT) = Hy

and with (3.37)

— || HE
Ymin = A
\ ” Hiy

T

— T T Hll
= max U1 %) T
lofl=1 HE,

(I+ HL,Qy ' LTHT)-! [ Hyi Hipo ]]

_ U1
(I + HL,Q, " 'LTHT) ! [ Hy Hypp } [ ]
V9

——

N \fﬁﬁ:’ﬁ(vf}[ﬂ + ol HE)(I + HiL,Qy ' LTHY )Y (Hyyv1 + Hizvs)

T
where v = [ vl ol ] , and v1 and ve are appropriately sized vectors. Setting v1 =0
results in
Ymin = lmﬁ:}i(v?ﬂﬂ + ng%;)(I + HlLqu_lLZH?)_I(HHvl + le’l)z)

: ¢ e [ BT+ H01,Q; LEHT) o

= \/X [HT(1 + HyL,Q; ' LT HT) ™ Hys|

=  Ymin,
thus

Ymin = Ymine

3.4 Robust Subspace Based Finite Horizon H,, Control

The derivations of the subspace based Hso control laws in the presence of multiplicative
or additive uncertainties are nearly identical to the derivation of Theorem 3.1. To avoid

repetition, only the outlines of the proofs of each result will be presented.
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,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, A -
z
T w1
; - |
S S
Wy
Zw
Wy =
" .
L, y
Zw
Wy =2
Lyw,

Figure 3.4: Generalized plant for robust Ho, control design: multiplicative uncertainty

3.4.1 Multiplicative Uncertainty

Figure 3.4 shows the generalized plant of Figure 3.2 with the addition of a frequency
weighted multiplicative uncertainty A. The weighting functions W3 and Wy allow the
engineer to shape the uncertainty so as to capture the uncertainty’s frequency depen-
dence. A has l,, inputs and m,, outputs. The predictor now takes the form y =
(I +Wi(q)A(q)W3(q))(Lywp + Lyu), where g is the forward shift operator.

The robust level-y Ho, control design problem is to choose a control u such that the
finite horizon Hs gain from [ P }T to z is at most magnitude 7. Theorem 3.4 states

the central solution to this problem.

Theorem 3.4
If measurements of the plant input (u), plant output (y), and reference (r) are available for
times {k —i,---,k — 2,k — 1}, then the robust, strictly causal, finite horizon, model free,

subspace based, level-y central Hoo control for times {k,---, k +1i — 1} is given by

-1
Twe Q1 — '721 —Q1Hy —Q1 Ly

Swe = _HIQI HZQ1H4 - ’YQI HZQILU,
Uopt _Lng L£Q1H4 Lg(Ql + QS)Lu + QQ
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wy }

Q1L -HIT, 0 0 Q114 T,
~HIQ1L, HIHIT, 0 0 —~HI QT T, (3.45)

LY@y +Q3)L, LYHIT, -HIT, —-LTHIT; -LIQiTy T

L x’w4 Jk}
provided that
A — _

3> o 2\ X[+ Quower) Q1 + L@ + TTQs L) I (340

where

e The discrete LTI weighting filters W3 and W4 have minimal state space representation

(wwa)kJrl
(ng)k

(xw4)k+1

!
Sk

with Ay, € R™ws*"ws D, € Rws*! A, € R qnd D, € R>¥Mws

e Hj and Hy are lower triangular Toeplitz matrices formed from the impulse responses

(Markov parameters) of the discrete weighting filters W3 and Wy

H,

1>

1>

Dy,
Cus Buws
Cuws Aws Buws

| Cus AL Bu,
Dy,
Cw,Buw,
CwysAw,Bu,

| Cu, AL, Bu,

W4

0 0 0 }
Dy, 0 )
Cuvy Bus Du, 0
Clug Afu_e,a Bug  Cug A%)_34B wy 0 Duwy J
0 0 0 }
Dy, 0 )
Ciwy Bu, Do, 0
CurAiy By Cur Ay Buy -+ Do, |
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A AN
° Q3 = H:)TH?, > 0, Q4,outer = H4HZ1 >0

e ['s and 'y are the extended observability matrices formed from the impulse responses

of the weighting filters Wy and Wy

C’wg C'LU4
FS é Cw3:’4u)3 F4 é Cu)4.14UJ4
Cluy Al Cu ALY

a

Lemma 3.3, also known as the Schur complement, will be used in the proof of Theorem
3.4 [4].

Lemma 3.3

If
A B
= =xT >0
BT C
then
X>0 & A-BC7'BT >0 (3.47)
Simalarly, if A > 0 then
X>0 & C—-BT'A'B>0 (3.48)
O
Outline of Proof of Theorem 3.4
Using arguments identical to those used in the proof of Theorem 3.1, the performance
variables are
2w H1 —H1H4 —HlLu —Hle Fl 0 0 —H1F4
Zwse = 0 0 H2 0 0 FQ 0 0 T (3.49)

Zus 0 0 HsL, HiL, 0 0 T3 0
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where

The objective (3.5) is

min sup z’
u

where

[ Q1 — T
—H{ Q1
~Ly Q1
—Ly,Q

NN
0
0

~Ti e

_Qle
HZQILw

1>

My

1>

M, .
—TTH, L,

0
rTH;3L,
FngLw

LT(Q1 +Q3)L
LT(Q1 + Qs3)L

1>
£
=

r,s

—Q1Hy

HIQiHy —~°1

LTQ1Hy
LTQ1Hy

~TTH H,

0
0
I'TQ H,
HIT,
~HIHIT,
w —LIHTT,
w —LyH{T:
r’ry
0
0
~TTHIT,

when the system is at rest at time k.

[ M My | <0

_QlLu
HngLu

LT(Q1+Q3)Ly + Q2

LT(Q1+ Q3)Ly,
~-TTH\L,
I'TH,
I'TH3L,

TT Q1L

0 0
0 0
HITy LTHIT;
0 LIHIT,
0 0
rlr, 0
0 rir;
0 0

—@Q1ly W
HiQ:ily
Lror,
Ly,QiTy
~TTH T,

0
0

QT J

41

(3.50)

(3.51)

The necessary condition (3.23), i.e. taking the derivative and setting it equal to zero,
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results in the control law

- -1

Twe Ql - 721 _Q1H4 _QlLu
swe | = | —HfQ1 HiQiHy—~T HIQ:L,
| topt —Ly Q1 Ly@Hy  Li(Q1+Q3)Ly + Q2
_ wy |
Qle _H?FI 0 0 Q1F4 Ly
~HIQ1L, HIHIT, 0 0 —HI QT T,
| —Li(Qu+Q3)Lw LyH{T1 —H3Ty —LyH3T3 —LyQily L
L xw4 Jk}
The sufficient (saddle) condition is that
Q1 — 2 —Q1H, —Q1Ly
A
Hhess = —HZQl HZQ1H4 — ’}/2_[ HIQIL’U, (352)
—Ly Q1 Ly@iHy  Li(Q1+ Q3)Ly + Q2

must have im positive eigenvalues while the remaining (I + m,,) eigenvalues must be
negative. The im positive eigenvalues are associated with the minimization in (3.51), while
the i(I-+m,,, ) negative eigenvalues are associated with the supremum in (3.51). Recognizing
that L1 (Q1+Q3)L, + Q3 is positive, (3.52) can be broken up using the Schur decomposition
of Section 3.2 with

4 L | @ VI —Q1H,y
.
| —H{Q1 H{QiHi—~I
A _QlLu -|
4, 2 7
L H4 QlLu J

Ay £ LT(Qi+Qs)Lu+ Qs

Using the change of coordinates argument (3.25) — (3.28), and again noting that Az > 0
and Az € R the eigenvalue condition on (3.52) requires (3.29) or

—A; + AA31AT >0
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which can be written
VI - X XH,

>0 3.53
HIX ~*I-H!XH, (3.53)

where

1>

Q1 — QL (LT(Q1 + Q3)Ly, + Q) 'LLQ,
= Q1 - QL (LTQ L, + (Qa + LTQ3L,)) ' LT Qs (3.54)

Using (3.15), 4.e. Lemma 3.2, (3.54) is
X = (Q7" + Lu(Q2 + Ly QsLy) 'Ly~ (3.55)
By inspection, (3.55) implies X = X7 > 0. Referring to (3.53), it is clear that
N - HIXHy >0 (3.56)

is necessary for (3.53) to be satisfied. Thus it is possible to take the Schur complement
(3.47) of (3.53), resulting in

VI — X — XH (7?1 — Hf XHy) 'HI X > 0

or

-1
X = XHy (Hf XHy+ (—7*1)) H{X <41 (3.57)

Applying (3.15) to (3.57) results in
-1 _ -2 7' _ 2
(X' =y 2mH]) <A

or

241 -1
('7 X - Q4,outer) <I (3.58)

Since X > 0, the Schur complement (3.47) of (3.56) is

2[ HT
[ i 1lso (3.59)

H, X!
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Since v2I > 0, the Schur complement (3.48) of (3.59) is
Xt —~2HH] >0

or

’Yinl - Q4,outer >0 (360)
The inequality (3.60) implies (3.58) can be written as
I < ’YQX_I - Q4,oute7“

(I + Q4,outer)X < ’721
\/X [(I + Q4,outer)X] < v

or finally

vy > \/X |:(I + Q4,outer>(Q1_1 + Lu(Q? + LgQBLu)_ng)_l] = Yminm,

The remainder of the proof follows from the proof of Theorem 3.1. O

It is expected that the robust design should produce a lower performance control law
than the non-robust design, as the role of the uncertainty in Figure 3.4 is to trade the
maximum achieveable performance in return for robustness. Theorem 3.5 formalizes this

notion.

Theorem 3.5
If Ymin,, 1s defined as in (3.46), then

Ymin,, - VYmin
where Ymin 15 associated with the non-robust design (3.8). O

Proof of Theorem 3.5

Since

Q2+ LEQ3L, > Q2 >0
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then
Qy' > (Qu+LTQsL,)?
LuQ7'Ly > Lu(Qx+ Ly QsLy) 'Ly
Q1_1 + LuQQ_ILg > Ql_l + Lu(QQ + LgQSLu)_ng
(@' + Lu(@Q + LIQs L)' LD ™ > (@' + L@y 'LL)™
thus
Ymin,, — \/X |:(I + Q4,outer)(Q1_1 + LU(QZ + LgQBLu)_ng)_l]

> A0+ Qe (@7 + La@5 D))

> Al +ner ]

=  Ymin
that iS, Ymin,, > Ymin- H

Finally, Theorem 3.6 relates the robust control law (multiplicative uncertainty) to the

non-robust control law.

Theorem 3.6
If the weighting functions associated with the uncertainty block (W3 and Wy ) are set to zero,
then the robust Hoo control law (multiplicative uncertainty) reduces to the non-robust Hao

control law. O

Proof of Theorem 3.6
If W3 =0, then H3 =0 and I'3 = 0; if W4 = 0, then Hy = 0 and 'y = 0. Then the
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performance variables (3.49) are

2w

Zws

H 0 —HL,
0 0 H,

0 0 0
Hy —-H\L,

0 H,

0 0

—Hy Ly
0
0
-HL, T4
0 0
0 0

46
]
rr 0 0 O B
0 Ty 0 0 (wp )
0 0 oo Tk
(Tws )k
(Tws )k
_(xw4)kJ
0 U W
Ty (wp)k (3.61)
0 (Tws )k
| () |

Note that (3.61) is nearly identical to the expression for the performance variables in the

non-robust case (3.21). If

(]
1>

then the robust performance specification (3.51) is given by

[ Q1 — AT
A
~L3Q1
I'TH,

0

minsupz’

U s

—Q1 Ly
LTQ1L, + Q2
Liy@Qi Ly
~-I'TH\L,
I'TH,

—Q1Ly
LYQ1Ly,
LyQ1 Ly

~-I'TH| L,
0

HIT, 0
~LTHTT, HIT,
~LTHIT; 0

rfr, 0

0 T, J

(3.62)

when the system is at rest at time k. Taking the supremum over s, it is clear that the

optimum choice for s is s = 0: any other choice would result in a decrease of the left-hand

side of (3.62). With s = 0, (3.62) is identical to the non-robust control objective (3.22).
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Z
T w1
Wy
S S
Wy
Zw2
Wy +—
" N
L, Y
Zw3
o W3 2
Lyw,

Figure 3.5: Generalized plant for robust Ho, control design: additive uncertainty

Similarly when W5 = 0 and Wy = 0, (3.46) is

Ymin,, — \/X |:(I + Q4,outer)(Q;1 + LU(QZ + LgQBLu)ing)il]

= \/X (@' + LuQy ' L)1

=  “Ymin

It follows that the robust control law of Theorem 3.4 collapses to the non-robust control
law of Theorem 3.1 when W3 =0 and W4 = 0. O

3.4.2 Additive Uncertainty

Figure 3.5 shows the generalized plant of Figure 3.2, modified to include an additive uncer-
tainty A. In this case, the predictor takes the form § = Lyw, + Lyu + Wa(q)A(q)W3(q)u.
The robust level-y Hso control design problem is to choose a control u such that the finite
horizon Hso gain from [ rI g7 ]T to z is at most magnitude y. Theorem 3.7 states the

central solution to the problem.

Theorem 3.7
Assume the generalized plant of Figure 3.5. If measurements of the plant input (u), plant
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output (y), and reference (r) are available for times {k—i,---,k—2,k—1}, then the robust,
strictly causal, finite horizon, model free, subspace based, level-y, central Hso control for

times {k,---,k +1i— 1} is given by

- -1

Twe Ql - '721 _Q1H4 _QlLu
Swe = _HIQI HIQIHAL — '721 HngLu
| Uopt —LEoy LTQ1Hy LTQ1L, + Q2+ Q3
_ wy |
Qle _H?Fl 0 0 Q1F4 Ly
—H{ 1L, H{H[T, 0 0 —HTQ:Ty | | 2w, (3.63)
-Lro.L, LTHIT, -HIT, —-HIT3; -LIQiTy T
L xw4 Jk}
provided that
A -~ _
Y > Ymin, = \/)\ |:(I + Q4,oute'r)(Q1 ! + Lu(Q? + Q3)71L5)71j| (364)

|

Note that the state space system corresponding to the weighting function W5 must have
dimensions D,,, € Rlwaxm, Again, Ymin, > Ymin Where ymin is associated with the non-
robust design (3.8). Also, the robust control law with additive uncertainty reduces to the

non-robust control law when W3 =0 and Wy = 0.

Outline of Proof of Theorem 3.7
The proof of Theorem 3.7 is identical to the proof of Theorem 3.4, with the substitution

2w H1 —H1H4 —HlLu —Hle Fl 0 0 —H1F4
Zwy | =] 0 0 H, 0 0 Ty 0 0 T
Zws 0 0 H; 0 0 0 I 0

for the performance variables.
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In the additive case
A, _ _
X =(Q7"+Lu(Q+Q3)~'Ly)™!

Theorem 3.7 will be used in Chapter 7, as part of a proposed method of designing robust

controllers directly from experimental data.

3.5 Summary
The important results of this chapter are:

e The model free subspace based Ho, control law (3.6) — (3.8);
e The non-strictly causal model free subspace based H, control law (3.38) — (3.41);

e The robust model free subspace based Hoo, control law with multiplicative uncertainty
(3.45), (3.46); and

e The robust model free subspace based H,, control law with additive uncertainty

(3.63), (3.64).



Chapter 4
Limiting Cases

With any new control technique, it is important to test various limiting cases in order to
ensure that the technique produces answers that are consistent with existing theory. In this
chapter, the subspace based Ho, controller of Section 3.2 is evaluated in two limiting cases.
As the design parameter v — 00, the Hso controller is shown to recover the model free,
subspace based, linear quadratic Gaussian (LQG) control technique of [11]. Furthermore, as
the amount of experimental data becomes large (j — o0), the subspace predictor is shown
to recover the Kalman filter properties normally associated with subspace techniques [39]:
the subspace based Ho, controller behaves like a Kalman filter estimating the plant state,
with a model based full information Hs controller utilizing the plant state to produce the

control w.

4.1 Subspace Based H,, Controller As v — oo

As v — o0, the central finite horizon H, specification (3.5) converges to an LQ cost [44].

Consider the expression

1—1
lim minsupJ = lim minsup Z (thzt - ’ertTrt) (4.1)
oo ul g Yoo u

Informally, as v becomes very large, the term —~?r] r; begins to dominate the cost function.

Thus the optimum choice for the disturbance (7) in order to maximize the cost is to choose

50
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re=0Vte{0,---,i—1}. With this choice, (4.1) becomes

i—1 i—1
’yli_)rgo rrhinsgp(] = mgnngzt = muing [(wy % y)ell3 4 || (wg * u)e]|3
which is an LQ cost.

This informal argument suggests the following question: does the subspace Ho, con-
troller recover the subspace LQG controller as v — co? The answer is in fact, yes. Section
4.1.1 derives the subspace LQG result of [11], while section 4.1.2 compares the subspace
based Ho, control law to the subspace based LQG control law, demonstrating that the

subspace based LQG controller is a special case of the subspace based H, controller.

4.1.1 Subspace Based Finite Horizon LQG Regulator

The following theorem was first recognized in [11].

Theorem 4.1

If measurements of the plant input (u) and plant output (y) are available for times {k —
i,--+, k—2k — 1}, then the strictly causal, finite horizon, model free, subspace based LQG
control for times {k,---,k+1i— 1} is

Uopt = —(L QaiagLu + Raiag) ™ Ly Qaiag L (wp)k (4.2)
where
o --- 0 R O --- 0
Qdiagé " Q e IR Rdiagé 0 R 0 ¢ Rimxim
0 0 - Q 0 0 .. R

Q c Rlxl Re Rmxm

and Q=Q" >0, R=R" > 0. O
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Proof of Theorem 4.1
Consider the finite horizon LQ objective function where the present time is given by k& and
the future horizon is length ¢
k+i—1
rrtin,] = rrtin Z (ytTQyt + ufRut) (4.3)
t=Fk

Note that the system has m inputs (u; € IR™) and [ outputs (y; € IR!). In vector form,
(4.3) is

min J = min (yTQdiag?/ + UTRdmgU)

where u € R™, 3y € IR¥. Using the strictly causal estimate of y (2.6) from Section 2.1,
that is

the cost J is
J = (Lw(wp)k + Luu)TQdiag(Lw(wp)k + Luu) + UTRdiagu

The necessary and sufficient conditions for minimizing .J are [6]

0J

ou = 2(Ly (wp)k + Luu)TQdiagLu + 2UTRdiag =0 (4.4)
0]
W = 2L5QdiagLu + 2Rdiag >0 (45)

Since Qgiag and Rgiqq are positive, the sufficient condition (4.5) is always satisfied, thus a

global minimum exists. The necessary condition (4.4) can be rewritten
LIQLyu + Ryiagu = —LE Quiag L (wp )k
which can be solved for u, producing the control law
Uopt = —(LL QuiagLu + Raiag) *LL QaiagLu(wp )k (4.6)

Since LdemgLu + Ryiag > 0 the inverse in (4.6) always exists. O
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4.1.2 Subspace Based H,, Control Law As v — oo

The LQG objective (4.3) is a non-frequency weighted cost function. In order to compare
the subspace based Ho control law with the subspace based LQG control law, the Ho
weighting functions W; and Wy must be chosen to be frequency independent. This choice

is used to formulate Theorem 4.2.

Theorem 4.2
If the weighting functions Wy and Ws are chosen to be constants, then as v — oo, the
strictly causal, finite horizon, model free, subspace based, level-y central Hoo control law

converges to the finite horizon, model free, subspace based LQG control law. O

Proof of Theorem 4.2
Consider the subspace based H control law (3.6)

—~ T
(LngLw> Wp
— 3 — T
Uopt = —(LTQ1L, + Qo) (—Lg(f?Ql +I)H1TF1) T, (4.7)
T
(HQTFQ) Ly k
Q = @'—-v*D! (4.8)
If Wy and Wy are constants, then
A=0 Bi=0 C, =
Ay =0 By=0 Cy=
and thus
'Dy 0 - 0] ' DTD;, 0 - 0 }
0 D - 0 0o DI'D, - 0
I'n=0 H, = . . . . Ql = . . .
00 Dy | 0 0 DID, |
(' Dy 0 - 0] ' DID, 0 - 0 }
0 Dy -~ 0 0 DIDy --- 0
I'h=0 Hy = . . . . Q2 = . .
00 - Dy | 0 0 - DID, |
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With this selection of W and Wy, the Hs control law (4.7), (4.8) becomes

wopt = —(LTQ1Ly + Q2) 'L Q1 Loy (w,)k (4.9)

Qi = (@' =~v*D"! (4.10)

Referring to (4.10), as 7 — oo
Q1 — Q

thus the Hoo control law in (4.9) becomes
— T —17T
Uopt = _(Lu QlLu + Q?) Lu Qle(wp)k: (411)

which is identical to the LQG control law (4.2), with Q1 = Qgiag and Q2 = Rgiag or
equivalently DI Dy = Q and DI D, = R. O

Note that the Ho, control law (4.11) does not depend on measured values of 7. The lack
of dependence can be explained by the following argument. Since the controller is strictly
causal, the control law only has access to {ry_1,7t 2,---}. However, the performance

channel z,, is not dependent on {ry_1,7,_9, -} because

(zwy )k = D1(r% — yg)

and ry is independent of {ry_1,7t_9,---}. The information contained in {ry 1,75 9, --} is
not relevant to the controller’s efforts to minimize z,,, and thus measured values of r do

not couple into the control law.

4.2 Convergence To Model Based Finite Horizon H.,, Control

Recall from Section 2.4, that if the true plant is given by

Thy1 = Apmk + Bpuk + (g

ye = Cprp + Dyug + g



CHAPTER 4. LIMITING CASES 95

where (; and 7 are zero-mean, stationary, ergodic, white noise sequences with covariance

Cr | @ 5
o IC|  ba

and if the data length j — oo, then the matrices L,,Wj and L, approach the limits

E

rs

LyWp — T,X (4.12)
L, — H, (4.13)

Referring to (2.11) and (2.12), the first column of (4.12) can be written
Luy(wp)k — TpZ (4.14)

If these limiting results are applied to the subspace based Ho control law, a connection
between the model based finite horizon H, control law and the subspace based H, control

law can be derived. Theorem 4.3 summarizes this result.

Theorem 4.3
When the subspace predictor has the properties (4.13) and (4.14), the Heo control law (4.7),
(4.8) is identical to a strictly causal, finite horizon, model based, full information Heo control

law acting on a Kalman estimate of the generalize plant state. O

The model based control law [18] is stated in Section 4.2.1. The proof of Theorem 4.3

is given in Section 4.2.2.

4.2.1 Model Based H,, Control

The equations below describe the model based Ho, control law, and are algebraic simplifi-

cations of those derived in [18]. The generalized plant for the model based full information

Tk+1 |
2k

problem is

X
A B F

.
C D b

Uk
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where - r

4, 0 0 0 B

A A
A = —Bl(]p A 0 B = By _Ble

0 0 A J 0 By

0 0 C’2 0 D2
Also, let

2
R, 2 [ v 0 ] c R(H+m)x(+m) (4.15)

[ o o]

where I; is the [ x [ identity matrix. Define {X%y; 1, -+, Xy} through the backwards

recursion
A
Xiti-1 = 0 (4.16)
X,., £ ATx,A+CTC -
-1

(ATX,B + C" D) (BTXtB +D'D - Rv) (A"X,B +CTD)T (4.17)
Vie{k+i—1,-- k}

Then the worst case disturbances {ry, -+, rg+;—1} and the minimum cost controls {ug, - - -, ug+i—1}

can be found from the initial plant state z, and the forward recursion

-1
[ " ] = —(B"™X,B+D™D-R,)" (ATX,B +C"D) x, (4.18)
Ut
Tpp1 = Axt-i—B[rt] Vte{k, - k+i—1} (4.19)

o |
4.2.2 Proof Of Theorem 4.3

The proof of Theorem 4.3 utilizes Theorem 4.4, which was first established in [11]. Theorem
4.4 demonstrates a relation between the subspace based LQG controller, and the model

based, finite horizon LQG control law. For a proof of Theorem 4.4, see [11].
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Theorem 4.4
Consider the LQG control law (4.6) with the substitutions (4.13) and (4.14)

Uopt = _(Hdeiang + Rdiag)_ngQdiangxk (4'20)

Also consider the finite horizon, discrete time, model based, LQR control law, which is

calculated as follows. Define {Pgxy;i 1,---, Py} through the backwards recursion
A ~T
Prricn = C, Q0 (4.21)
AN
Py = ATPA,+CFQC, — (ATP,B, + CTQD,)-

1
(BYPiB,+ DyQDy +R) (A} PB, +Cy QD,)" (4.22)
Vie{k+i—1,--- k)

Then the minimum cost LQR control {ug, -+, ugs;—1} is calculated from the initial plant

state xy, and by the forward recursion

-1
o = = (BpT P,By + Dy QD) + R) (AT P,B, + Cf QD) z, (4.23)
Tyl = Apxt+Bput Vte{k,---,k—i—i—l} (4.24)

Under the conditions that allow the substitutions (4.13) and (4.14), the two control laws are

identical i.e.
U

Uk+1
Uopt = .
Uk+i—1
The control is equivalent to a finite horizon, model based, LQR control law acting on a

Kalman estimate of the plant state. O

Note that a key difference between the LQG Riccati equations (4.21), (4.22) and the
Hs Riccati equations (4.16), (4.17) is that in (4.22) R is positive, and in (4.17) the term
—R, is negative. In order to prove Theorem 4.3, the expression for the subspace based Hxo
control law will be manipulated into a form that is identical to the subspace based LQG

control law. Theorem 4.4 will then be invoked, thereby proving Theorem 4.3.
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Proof of Theorem 4.3
Recall the expression for the performance variable

Hy 0

| |0

[
l

Substituting I',Zy for L, (wp), and H, for L,, as

performance variables (4.25) become

of (4.26). Let

AN Tt yAN (Z’LU1 )t
Wy = Zt =
Ut (Zw2 t
and let
Wk
w 4 c Ri(+m)
Wk 44i—1
Ty,
A
L= (xw1)/€

ooy || Hi ~HiL, ~HiL, T1 0 |

98

in the subspace based design (3.21) is

(4.25)

J

0 Iy

per (4.14) and (4.13) respectively, the

_ . W
H H,H, HT, T 0 "
Zwy _ 1 —i1ily —A11lyp 1 /l'\k (426)
Zwo 0 H, 0 0 I'sy
(xw1)k
| ol |

Vte{k, - k+i—1}

2k

1>

€ Ri(lwl +lw2)

Rk+i—1

c Rnp +nw1 +nw2
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Let {o}

p:q,r:s

be the submatrix of e formed by the entries in rows {p,p+1,---,¢} and the

entries in columns {r,7 +1,---,s}. Define

1>

1>

where

Hyy Hy -+ Hy
Hyy Hyy -+ Hy
Hy Hp - Hy
{_lep}l:lwl,l:np {1—\1}1:lw1,1:nw1 0
0 0 {2} 100y im0,
{_lep}lwl+112lw171:np {Fl}lw1+1:2lw1,1:nw1 0
0 0 {FQ}ZwZJAQle,lznw2
{_lep}(z‘q)zml+1;izm1,1;np {Fl}(i—l)lwl+1:ilw1,1:nw1 0
0 0 T2} 1)ty 1y 100y |

AN - {Hl}l:lwl,lzl {_HIHP}I:lwl,I:m ]
i 0 {H2}1;1U,2,1:m
é [ {H1}1;lw1,l+1;21 {_HlHP}lzlwl,erlﬂm -|
L 0 {H2}1:lw2,m+1:2m
A _ {Hi} g, oo A-HHp g, 6 tmytiim ]
I 0 {H2} 10, (i-1)mettiim
é [ {Hl}lw1+1:2lw1,1:l {_Hal}lwl—l—l:Qlwl,l:m ]
i 0 {HQ}lw2+1:2lw2,1:m
AN - {Hl}lm1+1:2lw1,l+1:21 {_HlHP}lw1+1:2lm1,m+1:2m -I
L 0 {H2}zw2+1:21w2,m+1:2m J
o | Hihy, rr,, G- {_Hal}lw1+1:2lw1,(i—l)m+1:im]
I 0 {Ha}1,,, 1120, (i D)mt1:im
N _ {H1} Gy, i, 0 S b1y, i, 1m ]
I 0 {H2} (- 1)1, 151ty 1:m
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I?N[z'2 A {Hl}(ifl)lwl+1:ilw1,l+1:2l {_Hal}(iA)lle:ilwl,m+1:2m]
I 0 {Ha} (2 1)1, 41ty et 1:2m

i, 2 {HLY 1)1y, it G- A HUDY Gy, i, (=1)metiim
I 0 {H2} (i 1)1, Ly (i 1yt Liimn

Then the “interlaced” version of (4.26) is

ZZ[HF]{Z} (4.27)
Define
R, 0 0
R,2 ! R:”’ | € mitsmxiaem) (4.28)
0 0 R,

where R, is defined by (4.15). Using (4.27) and (4.28), equation (3.18) is

T
[HTH HTF] [w] .
—w' Rqw

r’H T1Tr z
With this J(7), the necessary condition for the minimax optimization is
w
| H"H ~ R,y HT | { ) ] —0
which implies that the control law and worst case disturbance (embedded in w) is
T - or
w = (H H— Rvd) H'Tx (4.29)

Equation (4.29) is identical to the subspace based LQG control law (4.20), with the

substitutions

uopt = w

Qdiag = 1T
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Rdiag = _R'yd
r, =T
T — X

Furthermore (4.16) — (4.19) are identical to (4.21) — (4.24) with the substitutions

Peyig = 0
A, = 4
B, = B
c, = C
D, = D
Q =1
R = -R,

P, = X, vV tef{k,-,k+i—1}
R
[ ]
Thus with these substitutions, it follows from Theorem 4.4 that (4.16) — (4.19) result in

identical w’ = [ rl ol ] as calculated by (4.29). Since (4.29) is a permutation of (4.7),
(4.8), then (4.16) — (4.19) result in identical 7 and u as that calculated in (4.7), (4.8). O

4.3 Summary

The important results of this chapter are:

e As v — oo, the model free subspace based H, control law converges to the model

free subspace based LQG control law; and

e Ifthe true plant is LTI, as j — oo the model free subspace based H«, controller behaves
like a Kalman filter estimating the plant state, with a model based full information

H~o controller utilizing the plant state to produce the control .



Chapter 5
Controller Implementation

This chapter considers the issues associated with the implementation of the subspace based
H controllers derived in Chapter 3. Both off-line (batch) and on-line (adaptive) implemen-
tations will be considered. Although the discussion will focus on the model free controller
of Section 3.2, the methods developed are applicable to the other H,, control laws derived
in Chapter 3, as well as to the subspace based LQG control law derived in Chapter 4.

A design example employing the model free H, controller of Section 3.2 is used to
provide some insight into the use of the various design parameters available to the engineer.
The variation of the control law with respect to the engineer’s selection of ¢, 7, v, Wy, Wy

are illustrated in this simple design example.

5.1 Receding Horizon Implementation

A finite horizon controller is most often implemented with a “receding horizon” procedure.
Consider a future horizon of length . At the present time k, the optimal control is calculated
for times {k,k+1,---,k + i —1}. The control at time k is implemented, and data y; and
71 are collected. The “horizon” is shifted one time step into the future, and the procedure
is repeated.

The following algorithm lists all the steps required to apply the receding horizon proce-

dure to the implementation of the model free subspace based H, control problem.

1. Collect experimental data: form Uy, Uy, Yy, Yy

2. Compute Ly, Ly,

62
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3. Select (possibly many) weighting functions Wy, Wy

4. Compute ymin for each set of weighting functions: finalize the choice of Wy, W5, and

choose v > Ymin
5. Initialize the weighting function states (zu, )k, (Tw, )k
6. Form (wp)

7. Calculate the optimal control u,p; for times {k,k +1,---,k +i—1}

Uopt = [ | Wi1,Wa, Ly, Ly, 7, LTy

Tws |y,
using (3.6), (3.7)
8. Implement the first time step of wuep (time k)
9. Take measurements r; and y
10. Update weighting filter states
Ty, = Au Ty, + By, (rk — yk)
Twy = AuwyTw, + Bu,ug

11. k:=k+1, go to step 6
A few comments on the steps of the implementation:

1. The design of the excitation signal requires some care. The signal must sufficiently
excite the plant so that all important aspects of the plant behavior appear in the
plant’s output. If the plant is indeed LTI, then one sufficient condition for the design
of the input signal is that the input be persistently exciting of order 2mi, that is

Up
Uy

Up
Us
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should be rank 2mi [39]. Further discussion of appropriate excitation signals can be
found in [25, 28].

2. The computation of L,, and L, can be performed in a batch process, or can be
performed recursively. The memory requirement for recursive calculation can be sig-

nificantly less than for a batch process.
3. It is essential that W; and W5 have relative McMillan degree zero.

4. Tt is usually good practice not to choose 7 very close to Ymin, as the effective controller
gains are very large: the formula for calculating w,,; is close to singular near ymi,. As

a rule of thumb, choose v > (1.1)Vmin-

5. The initial states of the weighting functions can be set to 0 if input, output, and ref-
erence data immediately prior to time k are not available. If the data are available, it
is possible to find the initial states of the weighting filters by initializing the weighting
filter states to 0, and then propagating the filters forward to the present time using
the available data.

6. If the input-output data immediately prior to time k are not known during the first

pass through this algorithm, the initial (wp), can be set to 0.

7. The majority of the matrix operations necessary to compute uqy; can be performed

prior to this step.

8. Steps 8 — 11 are straightforward.

Note that the control law is strictly causal: uy is not a function of 7, nor y,. The measure-
ments of 7, and y;, couple into future u,,; through the state of the performance weighting

function (z,,) in step 10.

5.2 Simplified Receding Horizon Implementation

The important observation made in this section is that steps 5 — 11 of the receding horizon
implementation in Section 5.1 can be expressed as a linear time-invariant (LTI) discrete

time system. Steps 1 — 4 remain, and contain the design steps necessary to develop the
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controller. Consider the expression for the non-robust H, control law (3.6), (3.7),

T

(LZQVIL“’)T Wp
Uopt = —(LLQ1Ly+ Q2)7" (—L5(7—2@+1)H1TFI)T o, (5.1)
(i)’ .
Q= @' -7D7" (5.2)

Let

[ ki ko } {—(LEQVILu"‘Qﬂ*lLEQVILw}L .
ks = {(LiQiLu+ Qo) LU(y Qi+ DH{ T}

ks = {—(LZ@Lu + QQ)_IHQTFQ}I

1:m,:

)

where {'}1;m,; means extract the first m rows of the matrix o, and ky € R™*"™, ky € R™*¥,

ks € R™*™w1 | ky € IR™* ™2, If available, initialize the vector

Up
Yp
Ty,

Ly 5

based on input, output, and reference data, otherwise initialize the vector to 0. Then steps

5 — 11 of the receding horizon implementation can be performed by the discrete time LTI

system
sa | [o] fo] o]
Up [/ﬁJ :k2: [k:’,J [MJ up
o = 0 o 0 0 Pl
Ty I 0 | Ty,
R 0 0 Ay, 0 Twy 1,
Buski  Bugky  Buyks  Auy + Buyk |
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0 0
0
0 T
I (5.3)
Y k
By, —Bu,
0 0
Up
wp = [k ke ks k|| (5.4)
Ly
fl]w2 k

0 I, O 0
S, = 0 0 In c RUE—Dmxim
: 0
(0 0 0 Iy,
[0 1, 0 0
S, = 00 L - 0 e RE-Dixil
. . . 0
00 0 i/

Note that the control law (5.3), (5.4) is an i(m + 1) + ny, + nw, order LTI controller.

Expressing the subspace based controller as an LTT system enables the use of well
known LTI analysis tools for evaluation of the control law. If an approximate plant model
is available, approximations of gain and phase margin may be obtained from Nyquist or
Bode plots. If the system is SISO and an approximate plant model is available, root loci
can be constructed. Expressing the controller as an LTI system also greatly simplifies any
coding required for implementing or simulating the overall closed loop system.

Section 5.4 uses the LTI form of the subspace based control law to examine the pole and
zero locations of several control laws, while Section 6.2 uses Bode plots to directly compare

two control laws. Approximate plant models are not used in these two sections.
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5.2.1 Summary Of Batch Design Procedure

The control design procedure can be viewed as a “black box” requiring the following steps

by the engineer:

1. Collect experimental data
2. Select 4, j. Select (possibly many) weighting functions Wy, Wy

3. Compute ypin for each set of weighting functions: finalize the choice of Wy, Ws, and

choose v > Ymin

4. Compute and implement the final i(m + 1) + 1y, + ny, order LTI control law (5.3),
(5.4)

The design example in Section 5.4 illustrates the effects of each of the engineer selected

parameters (Wi, Wy, i, j and 7) in the context of a simple control design problem.

5.3 Adaptive Implementation

The receding horizon implementation of Section 5.2 also simplifies the adaptive implemen-
tation of the subspace based Ho, control law. The block diagram in Figure 5.1 outlines the
information flow among the three major components: the plant P, the controller K, and
the adaptive algorithm Adapt. The K block is identical to the state space system (5.3),
(5.4) with the exception that the matrices kq,---, k4 are frequently updated by the Adapt
block. Because of this updating, K is a linear time-varying (LTV) system. K’s system
state is composed of past input-output data and internal states of the weighting filters,
thus the matrices ki, - -, k4 can be modified by the Adapt block without transforming the

controller’s state. The Adapt block in Figure 5.1 performs several simple operations:

1. The best estimates of L, L, are computed by the update procedure described in
Chapter 2

2. The latest estimate of L,,, L, is used to compute the new estimate of best achieveable

performance ypyin

3. ¥ > Ymin is selected
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Adapt [—

Ymin

Figure 5.1: Adaptive implementation block diagram

4. The new control gains kq,---, ks are calculated via (5.1), (5.2) and passed onto the

controller K

Since the K block and the Adapt block can operate independently, different computers
could be used for each task. The data link between the two computers need only be fast
enough to satisfy the minimum desired update latency.

The processes performed by the Adapt block leave several design choices available to
the engineer. The prediction horizon ¢, and the weighting filters Wy, Wy must of course
be selected. j, the size of the window used to compute L., L, must be selected if the
“sliding window” procedures described in Chapter 2 are used. Computation power may be
a key factor in determining the frequency at which a new controller will be computed. If
the computational resources do not permit adaptation at every time step, it is possible to
perform n Cholesky updates before computing L,,, L,, and the new control gains.

The policy used to select v requires some engineering judgment. Many policies are
possible, such as v = ypin + @ or v = (1 + @)ymin where a > 0. It is possible to have
other “outer loops” such as changing the design weighting filters Wy and W5 based on
the measured ypin. One approach to outer loop Wi, Wy design is to use the so-called
“wind surfer” adaptation policies [24]. The general idea is to begin by implementing a low
bandwidth controller. If the requested performance is achieved, the controller bandwidth is
progressively increased until the desired bandwidth is achieved. If at any step, the requested
bandwidth not achieved, the controller bandwidth is reduced, thereby allowing the plant
to remain under control, while potentially useful information is gathered. The adaptive

system continually advances toward, and retreats from the final control bandwidth goal.
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5.3.1 Summary Of Adaptive Design Procedure

The adaptive design procedure can be viewed as a “black box” requiring the following steps

by the engineer:

1. Select 7 (the prediction horizon), and possibly j (the sliding window size)
2. Select weighting functions Wy, Wy
3. Select a ~y policy, such as v = (1.1)Vmin

4. Implement the adaptive controller as in Figure 5.1

5.4 Design Example

The effects of the engineer’s selections of Wy, Wa, 4, j, and y are illustrated through a series

of simulations using the simple plant

A 1

P(s) s(s+1)

(5.5)
Plants similar to (5.5) are often used to approximate actuators deployed within a servo
control loop: the widespread use of such plant models motivates the study of (5.5). Since
the model free subspace based Ho design technique is a discrete time method, (5.5) is
discretized using a sample frequency of 10 Hz: well above the plant’s cutoff frequency near
0.3 Hz. The zero order hold discretization of (5.5) is

A 0.004837z + 0.004679
22 -1.905z + 0.9048

Py(z) (5.6)

In order to better illustrate the intuition behind selecting W; and Wj, these weighting
functions are designed in the continuous domain, and then discretized using the Tustin (or
bilinear) transform [15].

This section does not consider the effects of changes in the excitation signals used to
obtain the experimental data: the topic is well covered in standard texts on system iden-
tification, such as [25]. In order to eliminate variation of results due to changes in “exper-
imental” data, a single data set, obtained from a noisy simulation of (5.6) is used for all

control designs. The data set is generated by exciting (5.6) with a pseudo-random binary
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Figure 5.2: Output data used for design examples

sequence of unity power. Both white Gaussian process noise (¢ = 0.05) and white Gaussian
sensor noise (o = 0.05) are injected into this simulation. These noises can also be included
in the closed loop simulations without significantly changing the performance, however, in
order to better illustrate the true effects of the various selections made by the designer, the
closed loop simulations are performed without the addition of noise. Figure 5.2 shows the
output of the input-output data used throughout this section. The input data are omitted
because the input is simply a sequence of +1’s and —1’s.

The next four subsections consider the nominal control design

i=20  j=1000 v = (1.1)Ymin

Wi =100 (%) sj»JOr.%l Wy =0.05 (%) ssjrrolg

and investigate changes in the closed loop behavior that result from changes in each of the
five design parameters. In most cases, the rule v = (1.1)ymin is used to select . For the

nominal design, Ymin = 0.880.
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‘ H Wy ‘ Wy ‘ “Ymin ‘7:(1-1)'Vmin‘

Design 1 || W11 | Way | 0.880 0.968
Design 2 || Wig | Woy | 1.493 1.642
Design 3 || Wio | Wag | 1.347 1.482

Table 5.1: Weighting functions and ymin, v associated with various Wy, Wy designs

5.4.1 Effects Of W, W,

Performance specification by loop shaping is an established design methodology in the
control literature [5], thus this section will only provide a cursory illustration of the tradeoffs
possible with loop shaping functions in the context of model free subspace based H, control.
A secondary consideration when designing the dynamics of W; and W5 is that the controller
order (i(m+1)+ny, +ny,) is a function of the number of modes in the weighting functions.

Four weighting functions are used in this section

AN 0.01 +5 JAN 10 ) s+0.5
Wi = 100( 5 ) sio.m Wa1 =0.05 (ﬁ) ss+10
A 0.02) s+10 A 20\ s+1

Table 5.1 shows each design case studied in this subsection. Also included in Table 5.1
are the ymin and vy associated with each design. Design 1 is the nominal design, Design 2
increases the desired closed loop tracking bandwidth without changing the allowed control
usage, while Design 3 requests the same tracking bandwidth as Design 2 but increases the
allowed control usage. Figure 5.3 shows the inverses of these weighting functions after
conversion to discrete time.

As expected, ymin for Design 2 is significantly worse than 7y, for Design 1 because
greater tracking performance is requested without allowing greater control usage. The
controller is unable to meet the performance at the nominal performance level (Vpin =
0.880), which is reflected in the higher vyi,. The step response of Design 2 is faster yet
more poorly damped than the step response of Design 1, as shown in Figure 5.4.

Design 3 requests the same tracking performance as Design 2, however Design 3 permits
greater control usage than Design 1. The ~yni, associated with Design 3 is less than the

Ymin associated with Design 2, which is reflected in the faster step response of Design 3.
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‘ H Ymin ‘ Y= (1'1)7min ‘

¢ =300 || 0.919 1.011
1 =80 0.966 1.062
=125 0.941 1.035
1 =20 0.880 0.968
1 =13 0.832 0.915
1 =10 0.756 0.831
1=28 0.655 0.721

Table 5.2: Ymin, ¥ for various choices of ¢

5.4.2 Effect Of ¢

This subsection illustrates the changes in the controller and the closed loop performance
that result from changes in the design parameter ;. Compared to other design variables, this
design parameter also has the single greatest effect on controller order (i(m+1)+ny, +n4y,)-
The engineer’s ability to vary the number of plant outputs (/) or inputs (m), or vary the
number of states in either weighting function (n,,, or n.,) is usually quite limited, whereas i
can be varied over quite a wide range. Thus choice of ¢ is primarily a trade between control
performance and the controller order.

Table 5.2 shows the ymin associated with each of the seven values of i considered in this
subsection. Note that although j = 1000 for each of the test cases, n = 2i + j — 1, thus
each test case uses a slightly different amount of experimental data. This variation in the
data used might account for some small fluctuations in ynin, however the variations in data
volume are small compared to the overall data set size for all but the largest values of i.

The general trend is that ymin becomes smaller as ¢ is decreased. Figure 5.5 shows the
step responses for the i = 80 through i = 8 test cases, with 7/ymin constant. In addition,
Figure 5.6 shows the step responses with constant v = 1.1. In both cases, the : = 300 case
is omitted, as its performance is nearly identical to the ¢ = 80 case.

Shortening the prediction horizon, i.e. decreasing ¢, requires the control law to decrease
how far into the future it projects the cost of the present system state and the cost of all
possible control actions over that future horizon. Thus the more short sighted the controller
is, the more optimistic the controller can be about future performance. This explains the
decrease in 7ymin as ¢ decreases. Figure 5.5 and Figure 5.6 show that as the prediction
horizon is shortened, the closed loop performance degrades until the system eventually goes

unstable. Both figures are needed to argue this conclusion, because if only constant v/vmin
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Step Response, Closed-Loop System, y=1.1
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‘ H Ymin ‘ Y= (1'1)7min ‘

i =300 | N/A N/A
i=80 | 0.968 1.065
i=25 | 0.941 1.036
i=20 | 0.880 0.968
i=13 | 0.831 0.915
i=10 | 0.756 0.831
i=8 | 0.655 0.720

Table 5.3: Ymin, 7y for various choices of ¢, constant n

were used, one could argue that the performance degradation is a result of inappropriately
low values of v due to optimistically low estimates of ymin. The smallest ¢ that produces good
performance is approximately ¢ = 20, which corresponds to a prediction time of 2 seconds:
roughly the rise time of the closed loop system.

Table 5.3, Figure 5.7, and Figure 5.8 show the results when varying ¢ with n fixed at the
nominal design condition n = 1039. Of course j is then selected according to the relation
j =mn+1—2i. This example represents what might be considered the more typical use of
the batch design technique, where the engineer is given a fixed volume of experimental data
and asked to design a control law. In the ¢ = 300 case, the problem of finding a predictor
is underdetermined thus a design is not possible. The conclusions that can be drawn from
the constant n results are identical to the conclusions reached when j is constant.

Figure 5.9 shows the loci of poles and zeros for each of the seven design cases. Comparing
the loci, it is apparent that as ¢ is increased, two circular patterns of poles and zeros become
more defined, move closer to each other, and move closer to the unit circle. When the poles
and zeros become sufficiently close, it is possible to remove them using a model order
reduction technique at the price of a small change in controller performance [18].

The approach of computing a very high order controller then proceding with a model
order reduction may be difficult to use when the experimental data includes time delays,
nonlinearities, or noise. Figure 5.10 illustrates the loci for ¢ = 300 juxtaposed with the loci
for ¢ = 300 when the experimental data are taken from a noise free simulation. When noisy
experimental data are used, the poles and zeros are much further from each other than
when noise free experimental data are used. In some cases where real world experimental
data are used, it may be impractical to choose ¢ sufficiently large such that controller order

reduction may be performed without adversely effecting closed loop performance.
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Figure 5.9: Pole and zero locations for various choices of ¢
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No Noise, i=300

Figure 5.10: Effect of noise on the convergence of pole and zero location i = 300
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‘ H Ymin ‘ Y= (1'1)7min ‘

7 = 8000 || 0.869 0.956
7 = 1000 | 0.880 0.968
=100 | 0.905 0.995
j=175 | 0.882 0.970
j=60 | 1.026 1.129

Table 5.4: Yin, 7y for various choices of j

5.4.3 Effect Of j

The changes in the controller due to changes in the design parameter j are straightforward
to quantify. Since n = 27 + j — 1, changes to the amount of experimental data are directly
proportional to changes in j. As shown in Table 5.4, v does not appreciably change as j
changes. The step responses shown in Figure 5.11 show that as j decreases, the closed loop
performance degrades, as would be expected with a reduction in the volume of experimental
data available for control design. In many practical situations, the engineer will first select
or be given experimental data of length n. The selection of ¢ will determine 5 via the relation

j =mn—2i+ 1. The case of trading 7 and j with fixed n was studied in Subsection 5.4.2.
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Figure 5.11: Step responses for various choices of j
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| I v ]
Y/ YVmin = 100 8.80 x 107
Y/ Ymin = 2 1.760
¥/ Ymin = 1.5 1.320
Y/ Ymin = 1.1 0.968
Y/ Vmin = 1.0268 0.903

Table 5.5: 7 /Ymin, 7 used to study performance with respect to choice of y

5.4.4 Effect Of v

Table 5.5 shows various values of /ymin used to study the performance variations with
respect to choice of 7. Figure 5.12 shows the closed loop response associated with each

value of v/vmin. As v is decreased, the control becomes progressively more aggressive,

83

until about 3% above Ymin, at which point the closed loop response goes unstable. Smaller

values of v result in extremely violent instability. A general rule of thumb is to choose

v = (1.1)Ymin in order to preserve some margin in the control design. One may choose

v > (1.1)Ymin if an additional design margins are desired.



CHAPTER 5. CONTROLLER IMPLEMENTATION

Step Response, Closed-Loop System
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5.5 Summary
The important results of this chapter are:

e The simplified receding horizon implementation (5.3), (5.4);

e The algorithm for batch implementation of the model free subspace based H, control

law as summarized in Section 5.2.1;

e The algorithm for adaptive implementation of the model free subspace based Hso

control law as summarized in Section 5.3.1; and

e The choices of the design parameters Wy, W, i, j, and v have the following effects:

— The weighting functions Wj, Wy control the closed loop behavior in a fashion

common to model based loop shaping functions;

— The prediction horizon i is critical in the trade between controller order and

performance. Larger i generally produces better performance;

— The parameter j is set by ¢ and the amount of experimental data that are avail-
able.

— The parameter vy selects, to some extent, the aggressiveness of the control law.

Larger « generally produces more conservative control laws.



Chapter 6
Experiments

In this chapter, the model free subspace based Ho, control technique is applied to solve a
number of control problems. Several laboratory experiments have been conducted in order
to demonstrate the off-line technique on a real physical system. Due to computational
considerations, the on-line technique is demonstrated via simulation, using a plant model

that resembles the experimental system used for the off-line demonstrations.

6.1 Experimental Hardware

Figure 6.1 shows a schematic and photo of the experimental hardware, manufactured by
Educational Control Products [29]. It consists of three rotational inertias, linked by two
torsional springs. The position of each inertia is sensed with a shaft encoder (16000 divisions
per revolution), producing angles y1, y2, y3. A single actuator provides a torque u at inertia
y1. The torque command u (—10 volts to +10 volts) is converted to a motor drive current
by a “black box” controller. The commutation for the DC brushless motor is rather poorly
designed, thus several time-varying nonlinearities (deadband, stiction, backlash) are present.

Assuming that the input « is in fact a commanded torque, it is possible to derive transfer
functions from the input u to each of the three outputs [29]. Control of the structure
using only y; is referred to as the single input single output (SISO) collocated control
problem, because the sensing and actuation take place at the same mass element. Similarly,
controlling the structure using only a combination of yo and y3 is referred to as the non-
collocated control problem. Clearly, there are seven unique combinations of sensors that

can be used to control the structure.
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Figure 6.1: Schematic and photo of the three disk system

Models for each of the three SISO transfer functions are tabulated below. The numerical
values for the parameters were derived by many students who have studied this experimental
system as part of their curriculum at Stanford University. The sensor units are radians,

and the input units are volts. The transfer functions are

k(s2 + ZCZIwn”s + w%ZI )(32 + 2Cz2wnz2s + w,%m)

P —
y1u s(s + a)(s? + 2(p,wn,, s + wi, (8 + 2Cpywn,, s + w7 )
p k(w%z2 )(8% + 2C, wn, s + w%ﬂ)
Y2,u s(s+ 01)(32 + 2Cp1wnp1 s+ w%pl )(52 + 2szwnp2 s+ w%pz)
k(wh, )(wr.,)
Pysu = o

s(s+ a)(s? + 2(p, Wn,, 5 + w%pl )(s2 + 2(pywn,y, S + w%m)

with & = 24.26, o = 0.35, ¢, = 0.026, wy, = 10.65, ¢, = 0.011, wy,, = 42.00, ¢, = 0.024,
Wn,,, = 15.85, (p, = 0.010, wy,,, = 43.50. This flexible structure experiment is well studied
[29, 31]. Of the SISO problems, control using only y3 is a much more difficult problem than
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Two cycles of a 16 second pseudo random binary sequence drive the plant. The
first resonant mode of the plant is visible in the ys time data.

control using only y; [15].

6.2 Non-Collocated Off-Line Control Design

The following example demonstates the capability of the batch H o, control design technique.

Figure 6.2 shows two cycles of a 16 second pseudo-random binary sequence used to excite the

plant, and the resulting plant output y3. Data were collected for 32 seconds at a sampling

frequency of 64 Hz.

The weighting functions for the control design were selected in continuous time, and

discretized using the Tustin transformation. The discrete time Bode plots of the inverse of

the weighting functions are shown in Figure 6.3. The Bode plot of the best model of the
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Figure 6.3: Control specification

To satisfy this performance specification, ||S|| must be less than |W1| " over all
frequency.

plant is also displayed in Figure 6.3. The important feature of Figure 6.3 is that W specifies
a bandwidth of nearly 20 rad/s, which is past the first resonant mode of the nominal plant
(16 rad/s). It is also important to note that although the excitation signal in Figure 6.2 is
very rich, the data set is quite short (n = 2048).

With the data set of Figure 6.2, ¢ = 64, and the control specification of Figure 6.3,
Ymin = 1.7 was computed. Selecting v = 2.3 = (1.35)Vpin in order to provide a margin of
robustness beyond the usual v = (1.1)ymin, the model free subspace based Ho, controller
was implemented. The experimental step response is shown in Figure 6.4. Note a rise time
of 0.11 seconds, ringing at 3.5 Hz (22 rad/s), and a steady state error of 18%.

The observed rise time, ringing and steady state errors compare well to the values

expected if the plant is approximated by a second order LTI system [14]. Figure 6.3 indicates
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Figure 6.4: Experimental step response

The rise time of this step response is consistent with the design bandwidth. The
residual Tinging is expected based on the performance specification.

a design cutoff frequency of 3.2 Hz (20 rad/s): this implies tm-seE% = % = 0.09 seconds,
which is close to the observed 0.11 seconds. The ringing at approximately 3.5 Hz (22 rad/s)
is also consistent with the design cutoff frequency of 3.2 Hz (20 rad/s). The choice of v = 2.3
with a design of 26 dB of rejection at DC implies an open loop DC gain of %1026/20 = 8.7,
which in turn implies an expected steady state error of ﬁ = 10%. The observed steady
state error is 18%.

In order to better evaluate the step response of Figure 6.4, a discrete, infinite horizon
model based H controller was designed using the zero order hold discretization of the plant
model Py, ,, the weighting filters of Figure 6.3, and v = (1.35)Ymin = (1.35)(2.24) = 3.0.

Figure 6.5 shows the simulated step response (¥;geqar), generated from a noise free closed
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Step Response
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Figure 6.5: Comparison to ideal simulation

The similarity between the ideal step response and the experimental step response
indicate that the experiment produces similar response to the best that could be
expected with complete plant knowledge.

loop simulation of the plant with the model based H,, control law. The key point is
that 9;geq; is the best response that any controller can be expected to achieve with this
performance specification, because the control design and simulation are performed with
perfect plant knowledge. Comparing the experimental data y to the ideal response indicates
that the actual performance achieved by the finite horizon subspace based controller using
experimental data is similar to the best that could be expected.

The “ideal” design of Figure 6.5 suggests one more obvious experiment: how well would
the infinite horizon model based Ho control design perform on the real system? The answer

is: quite poorly. The unstable step response of this closed loop experiment appears in Figure
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Figure 6.6: Model based control experiment

The model based control design produces an unstable step response when tested
on the experimental system.

6.6, showing large oscillations at approximately 13 rad/s. Poor DC response is also evident
in the drastic undershoot of the initial step response.

Clearly the plant model used to design the infinite horizon control law is not an accurate
model of the real dynamics of the system. Although it is not possible to directly determine
what portion of the plant model is at fault, it is possible to directly compare the successful
model free control law with the unsuccessful model based control law. Figure 6.7 shows
these two control laws. The subspace based controller (K,;) has significantly greater low
frequency gain than the model based controller (K,,,4e;). The notches in the controllers
near 13 rad/s are in different locations, and are thus the likely source of the unstable closed

loop performance of the model based control law.
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Figure 6.7: Comparison of subspace based and model based controllers
The subspace based controller (Kgyup,) and the model based controller (Kpoder)

differ significantly in the location of the notch near 13 rad/s. This is the likely
source of the unstable closed loop performance of the model based control law.
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6.3 Adaptive Simulation

This section demonstates the on-line model free subspace based H, algorithm, especially
its ability to control a dynamic system with very little a prior: information. Unfortunately,
presently available computational power limits the evaluation of the adaptive algorithm
to simulated plants. Throughout this section, the collocated SISO plant of Figure 6.1 is
simulated with zero-mean white Gaussian sensor noise, o = 0.01.

Throughout this simulation, the weighting functions of Figure 6.8 are used. The policy
for selecting 7 is ¥ = Ymin + 0.6, which for most values of ymin is somewhat greater than the
minimum rule of thumb of v = (1.1)ypin. During simulation, the extra margin was found
to increase the robustness of the design, thereby causing the simulation to have smaller
excursions prior to controller convergence. The sample rate is 64 Hz, and 7 = 64. In order
to initialize R (as defined in Section 2.2), the plant is excited with 6 seconds (n = 384) of
zero-mean white Gaussian noise, 0 = 1. The resulting input-output data are then used to
form square U, (2.1), Uy (2.2), Y}, (2.3), Y (2.4) from which the initial R is calculated.

Every 50 time steps, Ly, Ly, are updated with 50 new (u,y1) pairs, and new ky, ks, k3, k4
are computed and introduced into the controller K. Figure 6.9 shows the adaptive simula-
tion starting at ¢ = 6 seconds, ¢.e. immediately after the initialization data. The reference
signal is a series of step commands. The adaptive system begins with very poor performance,
then quickly improves to achieve good tracking control.

As was done for the off-line design example, the signal y;4.q; is calculated and plotted
for the model based infinite horizon H, controller utilizing the weighting functions of
Figure 6.8. In addition, Figure 6.10 plots the difference between y (the model free adaptive
simulation) and ¥;geq;. As the adaptive system converges, its performance closely resembles
that achieveable with perfect plant knowledge.

Figure 6.11 shows ymin as a function of time for the simulation of Figure 6.9. As the
controller obtains more experimental data, the best attainable performance changes: note
that there is no reason to expect that it should vary monotonically. After ¢ = 15 seconds,
Ymin sSettles towards a steady state value, close to the ymin = 2.25 computed by the infinite
horizon model based design. Thus the vyi, determined by the adaptive algorithm is a

reasonable estimate of the true achievable closed loop performance.
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Figure 6.8: Design for adaptive simulation

To satisfy this performance specification, ||S|| must be less than |W1| " over all
frequency.
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Adaptive Controller, With 6 Seconds Of Initial Data (White)
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Figure 6.9: Adaptive simulation

The adaptive controller converges quickly, producing performance that closely
resembles that achieveable with perfect plant knowledge.
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Adaptive Controller, With 6 Seconds Of Initial Data (White)
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Figure 6.10: Adaptive simulation error

The difference between the adaptive system performance and the ideal system
performance quickly becomes small as the adaptive system converges. The ref-
erence signal has been scaled by 1/4.
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v_. As A Function Of Time
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Figure 6.11: ypi, during adaptive simulation

During adaptation, ymin fluctuates in a non-monotonic manner, eventually con-
verging to a steady state value close to that predicted by the infinite horizon
model based control design.
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6.4 Summary

The high performance non-collocated control of a lightly damped flexible structure is demon-
strated using the batch model free subspace based H, control technique. The observed
experimental performance is close to the best performance that can be obtained in simu-
lation, demonstrating the capabilities of the new control design technique. A simulation
in which a lightly damped collocated flexible structure is controlled using the adaptive
model free subspace based H, technique demonstrates the adaptive technique’s capability
to rapidly converge to an appropriate control law. Again, performance is close to the best

performance that can be obtained in simulation.



Chapter 7

Model Unfalsification

In order to use one of the model free subspace based robust control laws of Chapter 3, the
engineer must select an appropriate uncertainty model based on intuition, plant analysis,
or other such technique [18, 44]. If it were possible to efficiently obtain an appropriate
uncertainty model during the process of forming the subspace predictor, a more automated
robust design technique would be enabled.

In this chapter, the theory of model unfalsification [32] is applied to the problem of
deriving an uncertainty model for the model free subspace based robust control technique
employing an additive uncertainty. Unfortunately, this method of automatically obtaining
an uncertainty model is too computationally expensive to demonstrate in simulation. The
subspace uncertainty model unfalsification technique developed in this chapter is similar to
ARX uncertainty model unfalsification [21], which also suffers from computational complex-
ity issues. If the computation required to solve the ARX uncertainty model unfalsification
problem were greatly reduced, then the connection between ARX uncertainty model unfal-
sification and subspace uncertainty model unfalsification demonstrated in this chapter will
likely enable automated model free subspace based robust control.

Section 7.1 reviews the theory of unfalsification of LTI models. Section 7.2 reviews the
application of these ideas to the ARX problem. Section 7.3 applies the uncertainty model

unfalsification idea to the subspace prediction problem.

100
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7.1 LTI Uncertainty Model Unfalsification

Science operates on the principle of forming many hypotheses about the way the world
works, and then performing many experiments to test each hypothesis. If a single experi-
ment is performed to test a single hypothesis, and the experiment supports the hypothesis,
then all that can be said is that the experiment does not falsify the hypothesis. Humanity
never has conclusive proof that the hypothesis is true: we can only build up vast amounts
of evidence (through experiment) that the hypothesis has not been proven false [13]. Ex-
periments falsify or unfalsify scientific hypotheses. This idea can be summarized by the

following definition.

Definition [32]
A physical model is said to be unfalsified by an experiment if the model could have

produced the experimental data. O

The notion of unfalsification can be applied to the observation of plant input-output
data [30]. In this chapter, the hypothesis that is to be tested is “could the input-output
data have been produced by an LTI transfer function with H., induced gain less than y?7”.
Theorem 7.1 provides the exact condition for the existence of input-output data that could

have been produced by a level-y Ho, norm bounded LTI system [30].

Theorem 7.1
Consider SISO input-output data of length n

uo Yo
Uy Y1
bl
Up—1 Yn—1

Let % represent unknown future data. Then there exists an LTI operator A(q) such that
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1All, < v and _ o
Yo W ug
Y1 Uu1
= A(q)
Yn—1 Up—1
* *
if and only if
T(y) T (y) < 7T (w)"' T (u) (7.1)

where u, y, T(u) and T (y) are defined by

Uup W Yo

A u1 A Y1

U= : Y= :

Up—1 J Yn—1
w0 0 ] w0 0
A UL up 0 Al v Y 0
T(u) = T(y) =
Up—1 Up-2 -+ UO | Yn—-1 Yn-2 - Yo
and q 1s the forward shift operator. O

7.2 ARX Uncertainty Model

The application of Theorem 7.1 to the derivation of an uncertainty/noise model from ex-
perimental input-output data was first developed in [21, 22]. In this section, Theorem 7.1 is
applied to the ARX plant identification problem: the resulting formulation simultaneously
recovers a SISO LTI plant model and an LTI uncertainty model by performing a linear
matrix inequality (LMI) constrained optimization [21]. First, the classic ARX formulation

will be reviewed [25].
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7.2.1 Classical ARX

Consider the ARX plant structure

Alg)y = B(gu+e

1

Alg) = 14aq +--+apq ™

q) = big A by

where [u, y] are the input-output experimental data, g is the forward shift operator, and the
error signal e represents all the mismatch between the model and the actual experimental
data. In the ARX problem, it is assumed that the error is due to “noise”. In order to best
fit the polynomials A(q) and B(q) to the data, € is selected to minimize the noise energy,
that is

n—1
g = i 9)||? = ine(0)’e(d 2
argm{)lngllek( )l = arg mine(0)" e(0) (7.2)
where
e0) & d0+Y
Y1 o Yem, UL —Ug,
@ é yO N y_na+1 _UO N _u_nb+1
| Yn—2 " Yn-ng—-1 —Up-2 - —Up—pn,—1
_ . _
Yo
Y1
g 2 | %ne y & _
b1
Yn—1
L bnb a

Note that (7.2) is a least squares problem. Either the system is assumed to be at rest, i.e.
ye=0Vke{-1,---—ngtanduy =0V k€ {—1,---, —np}, or it is assumed that the data
prior to time 0 is known a priori. The solution to the ARX problem (7.2) is given by

0 =—(oTd) oy
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7.2.2 ARX Unfalsified Uncertainty Model

Within the ARX framework, it is possible to assume that the error (e) is not only due to

noise ¢, but also due to “plant uncertainty” [21] i.e.
A
Alq)y — Blgu = e =+ Aqu (7.3)

This formulation leaves the engineer with a trade: how much of the mismatch (e) should
be attributed to noise, and how much should be attributed to plant uncertainty? One such

method for making this trade is to choose a maximum permissable noise power

€]l pms < 0

and then use the experimental data to compute the minimum sized uncertainty that is
necessary to unfalsify the error model (7.3) with respect to the experimental data. By

invoking Theorem 7.1, the minimum 6,,; that satisfies
1Al < bung
and unfalsifies the experimental data is given by
dunf = min b (7.4)

subject to

T(e(0) = €)' T(e(0) =€) < 8T (w)" T (u)

Problem (7.4) can be written as a linear matrix inequality (LMI) optimization [4]. The
program is

Ounf = 1((5171912 0

subject to

8T ()T (u) T(e(9)—&)"

1 T
o<| ? vat
[ ] T(e(0) - €) 5T

- ﬁ{ ol

where £ € IR™. For even moderate data sets, this is a large problem, as there are n+n,+mnp+1

variables, and the constraints are size (n + 1) x (n 4+ 1) and size (2n) x (2n).
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7.3 Subspace Uncertainty Model Unfalsification

A similar LMI optimization can be formulated for the subspace prediction problem of Section

2.1. The error model for the subspace problem (2.5) is

where Yy, W), and Uy are as defined in Section 2.1, and E is a matrix of noises. If the error

model is modified to include plant uncertainty, then
W, —_
Yi—| Lo L | v | =E=Z2+A(q)Uy

where = is a matrix of noises, and A represents a set of j LTI operators that each operate
on one column of the matrix Uy.

If the engineer specifies o, the RMS noise power in =, that is

12 9
— ||= <
7 IElE <o

then the smallest plant uncertainty that can unfalsify the experimental data is given by

Sunf = ,LIuI,I,ILI}“E(S (7.5)
subject to
i 1 =AVA
) - o \/ﬂ—jvec(_)
B i \/lil—jvec(E) ol
[ ST(UD). ) T ) T(E(Luw, L) — Z). )"
o < [T TEGe b =20 ]
| T((E(Lw, Lu) = Z).k) oI
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where

1]

1]

vec(Z) =

Note that this problem is extremely large, with (il)(il+2im+7)+1 variables, one constraint
size (ilj + 1) x (ilj + 1), and j constraints size (¢ +l) x (7 + il).

7.4 Discussion

The method of developing an unfalsified model proposed in Section 7.3 is computationally
expensive. Consider the simple example of a SISO plant with ¢ = 100, j = 1000: the
problem has 130001 variables, and it would take 20.04 x 10° real numbers to write out the
constraints. This method of obtaining uncertainty models directly from data will not be
computationally realistic in the forseeable future.

However, if it were possible to solve (7.5) for moderately large problems, the following

steps might be used as the basis of a robust adaptive system.

1. Collect experimental data
2. Select Wy, Wy, o

3. Compute 6 by solving (7.5); compute Ly, Ly, Ymin, using Theorem 3.7 with W3 = %I,
Wy=1

4. Select v > Ymin,

5. Implement the robust controller using Theorem 3.7

It is hoped that future researchers may be able to more efficiently solve (7.5) or a similar
problem, so that appropriate uncertainty models may be derived directly from experimental

data.



Chapter 8

Conclusions

This chapter summarizes the work in this thesis, and provides suggestions for future re-

searchers.

8.1 Summary

This thesis presents a new control design technique that enables the synthesis of central
~v-optimal H controllers directly from experimental data. The process uses a subspace
predictor in order to extrapolate future plant outputs from past experimental data and
future plant inputs.

The new model free subspace based control design technique is able to solve many
MIMO Heo problems, including mixed sensitivity cost functions, mixed sensitivity cost
functions with multiplicative uncertainty, and mixed sensitivity cost functions with additive
uncertainty. In the limit as v — oo, the design technique recovers the model free subspace
based LQG control design technique. If the experimental data are collected from a truly
linear time-invariant (LTI) plant, and if the amount of experimental data becomes very
large, it is possible to show that the model free subspace based Ho, controller is equivalent
to a Kalman filter estimating the plant state, with a full information finite horizon Ho
controller operating on the estimated plant state.

A simplified method of implementing the receding horizon versions of model free sub-
space based controllers is developed. A fast method of updating the controllers upon the
collection of new experimental data is also developed, enabling adaptive model free sub-

space based control. It is possible to closely control the “windowing” of the experimental
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data, so that the controller may not only “learn” from new experimental data, but it may
also “forget” old experimental data. A trade study is performed on the design technique
using a simple control problem.

A non-collocated flexible structure laboratory experiment is used to demonstrate the
off-line H control design technique. In the example high performance control design, the
model free subspace based technique out performs the model based control design tech-
nique. A simulated collocated flexible structure is used to demonstrate the on-line adaptive
technique. It is shown that the adaptive technique quickly converges to an approximation
of the ideal performance that could be expected if perfect plant knowledge were available.

Finally, using plant unfalsification techniques, a method of determining appropriate ad-
ditive uncertainty models for robust model free subspace based H, controllers is proposed.

It is computationally expensive and is thus unlikely to be useful in the near future.

8.2 Future Work

This research provides several opportunities for possible future research and development.
The method of calculating the subspace predictors might be made more efficient by better
exploitation of the Hankel structure of the problem. It might also be possible to extend the
technique to other mixed Hs/Ho control problems. As is the case with model based robust
H design, the model free robust H o, solution is often conservative due to the off diagonal
terms in the unstructured uncertainty block A. Extending the formulation to a structured
uncertainty, enabling u-synthesis for model free subspace based control may help alleviate
this conservativeness. Developing a computationally feasible method of calculating the
uncertainty A from experimental data may greatly improve the ability to automate on-line

model free robust control design.
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