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AN AXIOMATIZATION OF THURSTONE' S SUCCESSIVE INTERVALS AIID

PAIRED COMPARISONS SCALING MODELS *

By

Ernest Adams and Samuel Messick

1 • INTRODUCTION

Thurstone's scaling models of successive intervals [7, 19] and paired

comparisons [15, 23] have been severely criticized because of their

dependence upon an apparently untestable assumption of normality. This

objection was recently summarized by Stevens [20], who insisted that the

procedure of using the variability of a psychological measure to equalize

scale units "smacks of a kind of magic-a rope trick for climbing the

hierarchy of scales. The rope in this case is the assumption that in

the sample of individuals tested the trait in question has a canonical

distribution, (e.g., 'normal'). Then it is a simple matter to adjust

the units of the scale so that the assumed distribution is recovered

when the individuals are measured. But this procedure is obviously no

better than the gratuitous postulate behind it, and we are reminded of

what Russell said about the larcenous aspects of postulation. There are

those who believe that the psychologists who make assumptions whose

validity is beyond test are hoist with their own petards." Luce [13] has

also viewed these models as part of an "extensive and unsightly literature

which has been largely ignored by outsiders, who have correctly condemned

the ad hoc nature of the assumptions."

Gulliksen [11], on the other hand, insists that these models are

testable, and empirical checks on the scaling theory seem to be implicit
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in several accounts of the methods [9, 14, 18, 19, 24]. Criteria of overall

goodness-of-fit have been suggested [8, 16], which, if met by the data,

would seem to indicate the acceptability of the scaling model, and even

Stevens [20] has admitted the usefulness of these methods for scaling

preferences, "if forced to live up to certain criteria of interval con

sistency. " However, an explicit test of the normality assumption has not

been formalized, although it is implicit in the models as presented [cf. 27].

Rozeboom and Jones [18] have recently indicated a lack of sensitivity of

successive intervals scale values to a normality requirement, so departures

from normality in the data are not too disruptive of the scale values with

respect to goodness-of-fit and deviation from "true" values, but direct

empirical consequences of the normality assumption were not specified as

such.

It is felt that a formal axiomatization of the scaling models of

successive intervals and paired comparisons will lead to a clearer view

of the structure of these measurement theories than has been previously

available. A precise statement of the assumptions of the models will permit

the specification of their exact requirements and the empirical consequences

which may be derived. From this formalization it will be seen that the

assumption of normality is directly testable and should not be characterized

as an ad hoc supposition. Other advantages of an axiomatic characterization

of these theories are (a) the ease of generalization that follows from a

precise knowledge of formal properties, and (b) an ease in making compari

sons between the properties of different models. Two generalizations

obtained by a modification of axioms will be presented for the successive
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intervals situation, and the paired comparisons model will be compared

with two other scaling procedures.

2. THURSTONE is SUCCESSIVE INTERVALS MODEL

2.l The Experimental Method

In the method of successive intervals a subject is presented with a

set of n stimuli and asked to sort them into k categories with respect

to some attribute. The categories are ordered from worst or lowest

(category No. l) to best or highest on the scale (category No. k). Either

a single subject is required to sort the stimuli a large member of times

or else many subjects do the sorting once each. The proportion of times,

f ., that a given stimulus s is placed in category i is determined
Sl

from the responses. If it is assumed that a category actually represents

a certain interval of stimulus values, then the relative frequency with

which a given stimulus is placed in a particular category should represent

the probability that the subject estimates the stimulus value to lie

within the interval corresponding to the category. This probability is

in turn simply the area under the distribution curve inside the interval.

So far the scale values of the endpoints of the intervals are unknown,

but if it is assumed that the observed probabilities for a given stimulus

actually represent areas under a normal curve, this assumption can be used

to obtain scale values for both the interval boundaries and the stimulus.

It should be noted that scale values for interval boundaries are determined

by this model and that interval widths are not assumed equal, as in the

method of equal-appearing intervals. Essentially equivalent procedures
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for obtaining successive intervals scale values have been presented by

Saffir [19J, Guilford [10], Mosier [14J, Bishop [2], Attneave [1],

Garner and Hake [9J, Edwards [7], Burros (3), and Rimoldi [17]. The

basic rationale of the method had been previously outlined by Thurstone

in his absolute scaling of educational tests [22, 25]. Gulliksen [12]

and Diederich, Messick, and Tucker [6] described least square solutions

for successive intervals, and Rozeboom and Jones [18] presented a deriva-

tion for scale values which utilizes weights to minimize sampling errors.

Implicit in most of these papers is the notion that the assumption of

normali ty can be checked by considering more than one stimulus. Interval

boundaries determined separately from two sets of relative frequencies,

corresponding to two stimuli, may be compared to see if they are linearly

related. Although one distribution of relative frequencies can always

be converted to a normal curve, it is by no means always possible to

normalize simultaneously all of the stimulus distributions, allowing

unequal means and variances, on the same base line. In this section we

shall spell out exactly the conditions under which this is possible.

2.2 The Formal Model

The set of stimuli will be denoted "S", with elements r, s, u, v, ...

There is no limitation upon the admissible number of stimuli, although for

the purpose of testing the model, S must have at least two members. For

each stimulus s in S, and each number i=1,2,o •. ,K, the relative

frequency f °
8,1

with which stimulus s is placed in category i is

given. Formally f is a function from' SX{1,2, ••• ,Kl to the real numbers.

More specifically, it will be the case that for every s in S, f will
s



-5-

be a probability distribution over the set t1,2, ... ,K S. For the sake of

an explicit statement of the assumptions of the model, the fact that f
s

is a probability distribution over {1,2, ... ,K} will be stated as an axiom,

though this axiom is satisfied by virtue of the method of determining the

values of f o's,J.

Axiom 1. f is a function mapping SX{l, ..• ,K) into the real numbers such---
that for all s in S, f is a probability distribution over {I, ... ,Kl;s

i.8 ~, for all s in S and i=l, •.. ,K,

o < f .:S 1,s,J.

and

The set S and the function f constitute the observables of the

model. Two more concepts which are not directly observed remain to be

The first of these is a set of numbers t l ,·· .,t(k_l)' which

are the endpoints of the intervals corresponding to the categories. It is

introduced.

assumed that these intervals are adjacent and that they cover the entire

real line, The number represents the upper endpoint of category

(i-I) and the lower endpoint of category i, and the number toJ.
represents

the upper endpoint of category i and the lower endpoint of category

(i+l). Since these intervals cover the real line, the lowest interval has

no lower boundary, and the highest interval (category K) has no upper

endpoint; hence there is no t
K

, Formally, it will simply be assumed that
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tl, .•• ,t(K_l) are an increasing series of real numbers.

Axiom 2. are real numbers, and for i=2, •.• ,(K-l),t(i_l) S t i ·

Finally, the distribution corresponding to each stimulus s in S is

represented by a normal distribution function N.s Formally, N is a function

mapping S into normal distribution functions.

Axiom 3. N is a function mapping S into normal distribution functions

over the real numbers.

Axioms 1-3 do not state fully the mathematical properties required for

the set S, the numbers tl, ••• ,t(k_l)' and the functions N.s In the

interests of completeness, these will be stated fully in the following

Axiom 0, which for formal purposes should be referred to instead of

Axioms 1-3.

Axiom 0. S is a non-empty set. K is a positive integer. f is a function

into the closed interval [0,1], such that for all

is a real number, and fori=l, •.. ,(K-l), t.
l

mapping Sx f..l, ••• , rq
K

in S, ~ f . =1. For
i=l S,l

i=1, •.. ,(K-2), t. < t i I'
l - + N is a function mapping S into the set of

s

normal distribution functions over the real numbers.

Axioms 2 and 3 state only the set-theoretical character ·of the elements

t i and Ns ' and have no intuitive empirical content. The central hypothesis

of the theory states the connection between the observed relative frequencies

f
s,i and the assumed underlying distributions N •

s
This hypothesis is

formulated in Axiom 4.
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Axiom 4. (Fundamental hypothesis). For all s in Sand i=l, ... ,K,

f .
S,l

N (0:)00.
s

(Note; if is set equal to -00, and if i=K, t. = 00.)
l

Axioms 1-4 state the formal assumptions of the theory, although, because

the fundamental hypothesis (Axiom 4) involves the unobservables Ns and t i ,

it is not directly testable. The question of testing the model will be

discussed in Section 2.3. It is to be noted that scale values for the

stimuli have not been introduced. These are defined equal to the means

of the distributions N, and hence are easily derived. The function v
s

will represent the scale values of the stimuli.

Definition 1. v is the function mapping S into the real numbers such

that for all s in S, V
s

is the mean of Ns ; i.e.,

2,3 Testing the Model

v =
s

0: N (0:)00.
s

The model will be said to fit exactly if all of the testable consequences

of Axioms 1-4 are verified. Testable consequences of these axioms will be

those consequences which are formulated solely in terms of the observable

concepts S and f, or of concepts which are definable in terms of S

and f. If no further assumptions are made about an independent determination
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and N, then the testable consequences are just thoseof t i ,· •• ,t(k_l)

which follow about f and S from the assumption that there exist numbers

and functions N which satisfy Axioms 1-4.
s

In this model,

it is possible to give an exhaustive description of the testable consequences;

hence} in a certain sense, one may say that this theory is axiomatizable,

since it is possible to formulate observable conditions which are necessary

and sufficient to insure the existence of the numbers t i and functions

N. The derivation of these conditions will proceed by stages.
s

Let P . be the cumulative distribution of the function f for stimulus
S,l

s and interval i; i.e.,

Definition 2. For all s in Sand i=l, ..• ,K

i
= Lf .

. 1 s} J
J=

It follows from this definition and Axiom 4 that for all s in Sand

(1)
t.

Ps,i = ~ 1 Ns(a)da.

-00

Now, using the table for the cumulative distribution of the normal

curve with zero mean and unit variance, we ·may determine the numbers z .
S,l

such that:

(2) 1

/2"-

~ZS'i e-l / 2 x
2

dx.

-00



(Note that for i=K, z .
S,l

-9-

will be infinite.) Next we use the fact that Ns

is a normal distribution function, and must have the form:

1
N (a) =--

s 0" j2i(
S

e

1 2- - (a-v)
20"2 s

s

where 2
0" is the variance of N about its mean v. Equations (1) - (3)
s s s

yield the conclusion that for all s in Sand i=l, ... ,K,

(4)

In equation (4) the numbers z . on the left are known transformations
S,l

of the observed proportions f ., while the numbers t
i

, V
sS,l

and are

unknown. Now, however, let us suppose that r is a fixed member of the

class S of stimuli; it turns out to be possible to solve equation (4)

for all the unknowns in terms of the z's (which are known), and v
r

and

cr , the mean and standard deviation of the fixed stimulus r. These solu
r

tions are:

z . + v
r, J. r

for i=l, "•. , (K-l);

(6) = 0" (Zr,i
O"s r z .

S,l

z ")r,J
z .
s,J

for sE:S, and
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[ ( Z" - Z") J;;:: 11 r,l r,J
r zr,i - Z • Z • Zs,i

8,1 S,J
+ V •

r

The necessary and sufficient condition that the system of equations (4)

have a solution, and hence that the t's, v's and a's be determinable via

equations (5), (6) and (7) is that all the z's be linear functions of each

other in the following sense: for all rand s in S, there exist real

numbers a and b such that for all i=l, ... ,K,
r,s r,S

(8)

The required numbers

and s, the ratio

a
r,s

z.:e.::a z.+b
8,1 r,s r,l r,s

and b exist if and only if for each r
r,s

Z • - z . 1
-=..rL, =l__=-rL, ,,-J = a =
z . - Z s,r a

8,1 s,j r,s

is independent of i !!.nd j .

If the constants a and b exist satisfying equation (8), then
r,s r,s

they are related to the scale values v and the standard deviations
r

a
r

in a simple way. For all r, s in S,

(10)

and

(11) b
r,s =

v - v
r s

as
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Clearly the arbitrary choice of the constants v and
r

(J in equations
r

(5), (6) and (7) represents the arbitrary choice of origin and unit in the

scale. Since scale values of the t's and v's are uniquely determined

once v and (J are chosen, the scale values are unique up to a linear
r r

transformation; i.e., an interval scale of measurement has been determined.

It should be noted that this model does not require equality of standard

deviations (or what Thurstone has called "discriminal dispersions" [24]) but

provides for their determination from the data by equation (6). This adds

powerful flexibility in its possible applications.

It remains only to make a remark about the necessary and sufficient

conditions which a set of observed relative frequencies f . must fulfill
S,l

in order to satisfy the model. This necessary and sufficient condition is

simply that the numbers z ., which are defined in terms of the observed
S,l

relative frequencies, have the required linearity property expressed in

equation (8). This can be determined by computing the ratios in equation

(9) and seeing if they are independent of i and j, or by evaluating the

linearity of the plot of z .
S,l

against the z . from each correspondingr,l

category. Hence for this model there is a very simple 'decision procedure'

for determining whether or not a given set of data fits.

In practice the set of points (z .,z .) for i=2, ... ,(k-i) will
r,J. S,l

not exactly fit the straight line of equation (8) but will fluctuate about

it. It remains to be decided whether this fluctation represents systematic

departure from the model or error variance. In the absence of a statistical

test for linearity, the decision is not precise, although the linearity of

the plots may still be evaluated, even if only by eye. One approach is to
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fit the obtained points to a straight line by the method of least squares

and then evaluate the size of the obtained minimum error. In any event,

the test of the model is exact in the errorless case, and the incorpora

tion of a suitable sampling theory would provide decision criteria for

direct experimental applications.

3. A GENERALIZATION OF THE SUCCESSIVE INTERVALS MODEL

The successive intervals model discussed in the previous sections can

be generalized in a number of ways. One generalization, which considers

each interval boundary t i to be the mean of a subjective distribution

with positive variance, was treated in detail by Torgerson [26]. Another

approach toward generalizing the model is to weaken the requirement of

normal distributions of stimulus scale values. Formally, this generaliza

tion amounts to enlarging the class of admissible distribution functions.

Instead of specifying exactly which distribution functions are allowed in

the generalization, let us assume an arbitrary set t of distributions

over the real line, to which it is required that the stimulus distributions

belong. In axiomatizing the model, then, 0/ is characterized simply as a

set of distribution functions over the real line. We may replace Axiom 3

by a new axiom specifying the nature of the class 0/ and stating that C

is a function mapping S into elements of 0/; i.eo y for each s in S, Cs

(interpreted as the distribution of the stimulus s) is a member of t·

One final assumption about the class t needs to be added: namely,

if t contains a distribution function C, then it must contain all

"linear transformations" of C. By a linear transformation of a distribution
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function C, we mean any other distribution function C' which can be

obtained from C by a shift of origin and scale transformation of the

horizontal axis. A stretch along the horizontal axis must be compensated

for by a contraction on the vertical axis in order that the transformed

function also be a probability density function. Algebraically, these

transformations have the following form: let D and D' be distribution

functions, then D' is a linear transformation of D if there exists a

positive real number a and a real number b such that for all x,

D'(x) = aD(ax + b).

This is not truly a linear transformation because of multiplication by

a on the ordinate, but for lack of a better term this phrase is used.

The reason for requiring that the class W of distribution functions be

closed under linear transformations is to insure that in any determination

of stimulus scale values it will be possible to convert them by a linear

transformation into another admissible set of scale values; i.e., we wish

the stimulus values obtained to form an interval scale. If the set W is

not closed under linear transformations, in general it will not be possible

to alter the scale by an arbitrary linear transformation.

Axiom 3'. W is a set of distribution functions over the real numbers,

and C is a function mapping S into •. For all D in W, if a is

a positive real number and b is a real number, then the function D'

such that for all x,

D'(x) = aD(ax + b)
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is a member of *.
It is to be observed that the set of normal distributions has the

required property of being closed under linear transformations. This

set is in fact a "minimal" class of this type, in the sense that all

normal distribution functions can be generated from a single normal

distribution function by linear transformations.

Finally, Axiom 4 is replaced by a new axiom which specifies the

connection between the observed f . 's, the distribution functions
s,J.

Cs ' and the interval endpoints t
i

. This axiom is an obvious generaliza-

tion of Axiom 4.

Axiom 4'. For all s in S and i=l, ••. ,K,

t.

f . = r J. Cs(x)dx.
S,l J

t. 1J.-

(Here again we set t =-co
o

and t K = co.) The stimulus values are

defined as before to be the means of the distribution functions c .
s

Definition 1'. v is the function mapping S into the real numbers

such that for all s in S, v is the mean of C; i.e.,
s s

co

V s = ~ xCs(x)dx.

-00

The problem nOw is: how shall the class of admissible distribution

functions * be specified? Each specification of this class amounts to
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a theory about the underlying stimulus distributions. The original model,

in specifying that 0/ is the class of normal distributions) is simply the

theory that the stimulus distributions are all normal. If the hypothesis

of normality is altered or weakened, with what assumptions can it be

replaced? One might try omitting any assumptions about the form of the

distribution functions. This would amount to letting 0/ be the set of

all distribution functions over real numbers. It is qUickly seen, however,

that if no assumption whatever is made about the forms of c , then the
s

theory is very weak; every set of data will fit the theory) and the scale

values of the t's are determined only on an ordinal scale. To see that

it is always possible to determine distribution functions Cs satisfying

Axiom 4' for arbitrarily specified t 's
i

it is only necessary to construct

them in accordance with the following definition:

c (x) =s

f .
s,~

t.-t. 1 '
~ ~-

o

i-l < x < i

otherwise

i=l) .•• )K

3.1 Non-Normal Distributions of Specified Form

It is clearly necessary to make some restrictions on 0/ if the scale

values are to be determined uniquely up to a linear transformation. It

will next be shown that any "minimal" class of distribution functions, in

the sense of a class all of whose members are generated from a single

member by linear transformations) has the desired property of generating

a linear scale of stimulus values. We shall for the present make the
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formal assumption that * is a minimal class of distribution functions.

Assumption 1. There exists a distribution function D such that for all

distribution functions D' in * there exists a positive real number a

and a real number b such that for all x,

D'(x) = aD(ax + b).

To show that if Assumption 1 is satisfied the scale values are

obtained on an interval scale, we proceed as follows. Axiom 3' and

Assumption 1 imply that for all s in S, there exists a positive real

number a and a real number b such that for all x,
s s

(12) c (x) = a D(a x + b ),
s s s s

where the function D on the right side of equation (12) is a fixed

function of some specified form linearly related to all the functions

D' in *. The existence of such a function D is guaranteed by

Assumption 1. According to Axiom 4', then, for all s in S, and

i=l, ... ,K,

(13)
t.

f . = r l a D(a x + b )dx.
s,~ J S S s

t. 1l-

If we let n be the cumulative distribution corresponding to D, and the

cumulative distributions are defined as before, then:
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\

t.
= ~ a D(a x + b )dx,

s s s
-00

= 1( at. + b ).
s ~ s

Assuming that the function 1( is one-one (i.e., it is strictly monotone

increasing), then, knowing the form of function D, it is possible to

determine uniquely the numbers

i:l, ..• ,K,

z .
s,~

such that for all s in Sand

Ps ' = 1( Z • ) •. ,J... S,l

Equations (14) and (15) imply immediately that

(16) Z • = ast, + bs8,.1 ...

for all s in Sand i=l, .•. ,K. It is clear from equation (15) why it

is necessary to assume that 1( is strictly monotone increasing. If it

were not, there would not in general be a unique

equation (15); hence the scale values based on the Z's

determined by

would not be

unique. It is also seen that equation (4) of Section 2.3, relating

the z's to t
i

, v and cr in the normal distribution model, is simply
s s

a particular case of equation (16) here. The connection between as' b
s

and (J and v is:s s

1
Os = a '

s

v =s

b
s

a
s
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In equation (15) as in the corresponding set of equations obtained from

the normality assumption, the numbers on the left are known, and the numbers

on the right are unknown. As before, if two numbers a and bare
r r

arbitrarily determined for a fixed stimulus

determined by the following equation:

r, then the t. 's
~

are uniquely

z - br,i r
a

r
,

The scale values for the stimuli, however, cannot be directly determined

from the coefficients z ., a and b without first specifying the
eJl r r

mean m of the basic distribution D. If m is the mean of D, then

v , which was defined as the mean of C, is determined by the equation:
s s

(18) v s

m - b
s

= ---=-a s

Both the a's and the b's in equation (17) can be determined in terms

of the z's, ar and br (equations (19) and (20)); hence v
s

is

immediately determinable in terms of just these quantities via equation (18).

a = a
s r

z .
s,~

z .
r,~

- z .S,J
- z .'

r,J

(20) (z . - b ).
r,l r

It is clear then that the scale values and vs
are determined up

to a linear transformation. Furthermore, necessary and sufficient conditions
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that a set of data fit the model are simply that the ratios of differences in

z's on the right in equation (19) be independent of i and j; i.e., that

the z's be linearly related.

3.2 The Forms of the pistributions Unspecified

A final generalization to be considered in this section is the one in

which Assumption 1 holds, but where the form of the generating function P

is not specified; i.e., it is assumed that the underlying distributions all

belong to one "minimal" class, but that the class can be generated by any

distribution function P. Interestingly enough, in this case it is still

possible to test the model and to obtain more than ordinal information

about the scale values. If it is assumed that the stimulus distributions

all belong to one ~nimal family generated by a function P, but P is

unknown, all of the deductions up through equation (14) go through, although

in this case the function rr is also unknown. Now, of course, it is

impossible to discover the numbers z . by solving equation (15), but if
S,l

it is ·postulated that the function rr is strictly monotone increasing, it

is still possible to obtain some information about the numbers (at. +b).
s l s

Since rr is a cumulative distribution it is monotone increasing; however,

it will only be strictly monotone increasing in case the distribution

function P is never zero. We shall make this assumption explicitly.

Assumption 2. For all x, p(x) > O.

Now, if rr is strictly monotone increasing, then it follows that

rr(x) > rr(y) if and only if x ~ y. If equation (14) holds, then it will
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be the case that for all r's in Sand i, j=l, ••. ,K,

(21) if and only if

at.+b >at.+b.
s~ s rJ r

Therefore from an ordering on the numbers Ps,i one can obtain a system of

inequalities involving the constants b
s

and t ..
~

If it is further

specified (as is required for the conditions of the problem) that a > 0s

for all S, then this set of inequalities will not in general have a

solution.

However, we are still in a position to state when a set of data fits

the model. The necessary and sufficient condition for this is that there

exist numbers and b (where
s

a > 0) satisfying the system of
s

inequalities (21). If this set of inequalities has a solution, then the

interval boundaries may be taken to be the t. IS
~

satisfying (21). To

determine the scale values of the stimuli it is first necessary to construct

a distribution function which can represent the data. This is done in the

following way. A differentiable monotone increasing function ll(x) is

constructed by connecting the discrete set of points

ll(a t
i

+ b ) =s s

by any smooth monotone increasing curve. Finally, the distribution function

D is defined by the equation

(22) .D(x) = ~ ll(x).
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Then, if the mean of the distribution D is m, the values vs of the stimuli

are determined by equation (18);

m - b
s

v =s a
s

As far as the determination of the v's is concerned, it can be seen

that they depend solely on the previously determined a's and b's, and on

the mean m. It would be nice if tt were possible to say something about m,

but it can be shown that--provided the maximum value of the p . 's
S,l

is less

than 1 and the minimum value is greater than O--m can be given any desired

value by judicious construction of the function rr. Hence m can be regarded

as an additional arbitrary constant in the determination of the v's.
s

The remaining pointeof discussion for this model is the determination

of the uniqueness of the sCale values. Since the inequalities (21) are

quadratic, determination of the set of all possible solutions presents, in

general, extreme difficulty. The only thing that can be simply determined

is the class of what might be called the 'universal transformations' of the

solutions of systems of inequalities of type (21). Bya 'universal transforma-

tion' we mean one which, applied to a solution of any set of inequalities

of type (21), yields another solution to the same set of inequalities. In

most measurement theories, where there are only a finite number of observa-

tions in a particular application, the class of possible assignments of

scale values will be larger than those which can be obtained from a single

assignment by universal transformations. It is the "special transformations"

of a particular application of a measurement theory which are usually difficult

to determine, and the same is true here.
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There is a close connection between the theory of the inequalities (21)

and a two-dimensional affine geometry with a distinguished set of horizontal

and vertical lines, in which all lines have positive slope. To be more exact,
,

each s in S corresponds to a straight line whose equation in cartesian

coordinates is

y=ax+b.
s s

Each endpoint t
i

corresponds to a vertical line

(24)

hence the vertical lines in this space are a distinguished set. Finally,

there is objective significance to saying that the point determined by the

intersection.of lines sand t
i

is higher than the point determined by

the intersection of lines

second if and only if

r and The first point is higher than the

at.+b >at.+b,
s~ s rJ r

saying that the point of intersection of

and inequality (25) holds if and only if Pi> P ..s, r, J

lines s and

the point of intersection of lines r and t j

Another way of

t
i

lies above

is to say that the line

connecting these points has negative slope. Thus, there is objective

significance to the assertion that lines connecting pairs of points have

positive, negative Or zero slopes, and therefore the set of horizontal

lines is distinguished.

The foregoing argument gives a heuristic basis for assuming that the
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class of universal transformations for this model will be a subset of the

affine transformations, and that this subset must have the property of

carrying horizontal lines into horizontal lines, vertical lines into

vertical lines, and lines with positive slope into lines with positive

slope. It should be added that the ordering of the points on the

horizontal axis must be preserved, since the values of t
i

must increase

with increasing i. The transformations which have the required properties

are simply those representing an arbitrary (positive) scale change on

either axis, and an arbitrary change of origin. The equations of the

point-transformations are as follows: there exist positive real numbers

a and ~, and real numbers 7 and ~ such that for any point p, if

its coordinates in the original system are (x,y) and its coordinates

in the new system are (x', y'), then

(26) x' = ax + 7

y' = ~y + '6 •

These point-transformation equations lead to the following equations of

transformation from one solution a , t
i

, b
s s

to another solution a , bi, b'.
s ,

s

(27) a' = f? a ,
s a s

to the inequalities (21)

(28) t' =i

(29) b' = ~ b - 7 a + 6 .s s s
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Thus, the universal transformations of the scale values t i are just

the linear ones, and of the slopes a are just multiplications by a
s

positive constant. The b 's also are determined up to a linear transfor
s

mation, and hence so are the scale values v (although the additional
s

arbitrary constant m also enters into their determination).

There is also an interesting special case in which, even though there

are only a finite number of observations, the scale values of the t's are

determined up to a linear transformation. This might be called the special

case of "equal intervals", in which differences in successive t's are all

the same. Suppose for each i=I, ... ,(K-3) there exist four stimuli x, y,

z and w with corresponding p's as follows:

and the piS on the higher -lines are actually greater than the p's on

lines lower down. These observed values of the piS lead to the equations

and inequalities:
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a t. 1 + b = a t. 2 + bx 1+ x Y 1+ Y

a t. 1 + b = a t. 2 + b = a t. 1 + bY 1+ Y Z 1+ Z w 1+ W

;:::; at. + b
w 1 W

The above equations and ine qualities lead to the conclusions:

and

a
x = ay

1
=a=-2 a .

Z w

Hence, in this case it is not only possible to determine that successive

intervals are equal, but also to determine (at least for some stimuli)

when a is twice a.sr·

The fact that scale values obtained in this model, at least under

certain circumstances, are unique up to a linear transformation has two

interesting consequences for the original successive-intervals model

based on the normality assumption (Section 2.2): (1) If the original

model fits, then no other successive-intervals model which assumes ~

different form for the distribution functions will fit. .The reason for

this is that the forms of the distribution functions (or the cumulative

distributions) are determined by the values of Ps i lying above the,
point t

i
• Hence, if the t IS

i
are determined up to linear transformation,
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so are the curves p .' (2) Where the normality assumption does not fit
S,l

the data it may be possible to use the present generalization to obtain a

scale. Then the deviation of the scale values from those obtained under a

normality requirement can be evaluated. This, at least in principle,

provides a second kind of 'goodness of fit' besides the usual least-squares

regression methods employed where the data do not exactly fit the Thurstone

model.

4. THURSTONE'S PAIRED-COMPARISONS MODEL (CONSIDERING MAINLY CASE III OF

TIlE LAW OF COMPARATIVE JUDGMENT).

4.1 The Method of Paired comparisons

The basic formal structure of the paired-comparisons model is even

simpler than that of the successive-intervals model previously discussed.

In the method of paired comparisons, each subject is presented the same

set S of stimuli, a pair at a time. He is then required to specify what

member of each pair which is greater "or preferred" with respect to some

attribute. Each pair of stimuli rand s is evaluated many times, and

is judged higher thanrwith which stimulusf
r,s

These frequencies constitute the observable data of the model.is noted.s

the relative frequency

The fundamental assumption is'as before: the subject evaluates the stimulus

with an error which is normally distributed with respect to the underlying

scale, and the probability that he judges stimulus r to be higher than

stimulus s is then determined as a function of the two stimulus distribu-

tions. The observed relative frequencies f r,s
are taken to represent the

basic probabilities, and this furnishes the operational check on the fundamental



-27-

assumptions .

4.2 The Formal ModEll

The initial axiom of this theory is similar to Axioms 1-3 of the

successive-intervals theory.

Axiom 1. S is a non-empty set; f is a function mapping S x S into the

interval [0,1] such that for all r, s in S, f + f ~ 1; and N isr,s s,r

a function mapping S into the set of normal distribution functions over

the real numbers.

Axiom 1 simply specifies the formal properties of S, f and N, and

does not contain a testable hypothesis. The only remaining axiom states the

connection between the observed relative frequencies f
r,s

and the unobserved

distribution functions N. Axiom 2 will specify that f is the probability
s r,s

that stimulus r is judged higher than s. Essentially, this is the probability

that the difference in the scale values of rand s is greater than 0. This

probability is determined by taking the distribution of differences in scale

values and computing the area under this difference curve to the right of the

origin (corresponding to a positive difference). If N
r

and N
s

are the

distributions correspOnding to rand s respectively, then the distribution

corresponding to the differences of these scale values will be another normal

curve N , having a mean equal to the difference in the means of Nandr;s r

N , and a standard deviation (assuming independence) equal to the square roots

of the sums of the squares of the standard deviations of N
r and N •s Axiom

2 is most simply stated in terms of the functions Nr,s' which are formally



-28-

defined below.

Definit:1-on 1. Let rand s be elements of S, let v
r

and v be the
s

deviations of N
r

and N
s

respectively. Then N
r,s

be the standardmean,s of N
r

and N
s

respectively, and let and o-s

is the normal distri-

bution over the real numbers with mean v = (v - v) and standard devia-
r,s r s

tion 0- = ji + 0-
2

r,s r s

Axiom 2. For all r, s in S,

00

f = ~ N (x)dx.r, s r, S

o

With the formal assumptions stated, it remains to determine the observa-

tional tests of the model and the uniqueness of the obtained scale values.

We may again make use of the tables for the cumulative normal distribution

to compute the numbers z
r,s

satisfying the equation: for all r, s in S:

(30 ) f =r,s
1

/'St

Axiom 2 and equation GO) imply that for rand s in S

zr,s
,

where v and 0- are the mean and standard deviation respectively ofr,s r,s

Nr,s Equation (31) and Definition 1 imply that
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v - v
r s

j (J~ + (J~

where v and (J are the mean and standard deviation respectively of N.r r r

Equation (32) corresponds to Case III of Thurstone's Law of Comparative

Judgment [23, 24]. If independence had not been assumed above for the distri-

butions and N, the standard deviation of the distribution of differences
s

N -l'Tould involve a covariance term, and the above procedure would haver,s

resulted in

v
r - v s

2
+(J -2fs r,s

(J (J
r s

which is Case I of the Law of Comparative Judgment. Case I assumes that one

person makes many repetitive judgments; Case II is of the same form, but with

many people making single judgments. Case III corresponds to equation (32).

Case IV assumes the standard deviations (or discriminal dispersions) are

approximately equal, so that one is no more than twice some other. Case V

assumes that the discriminal dispersions are all exactly equal:

v - v = Z (J )2(1- 0) .
r s r,s )

The scale unit for Case V may be chosen [15] so that

4.3 Testing the Model

Equation (32) gives a more direct connection between the scale values vr '
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the standard deviations err' and the observable z 's than is provided
r,s

in the above axioms. If it is possible to construct a set of numbers vr

and er for all r in S satisfying equation (32) , then the mOdel is
r

satisfied; otherwise not. For any finite set of observations, there is a

decision procedure for determining in a finite number of steps whether the

set of equations (32) has a solution, and, if it has, for constructing one.

Hence, in a sense, we know that there is a mechanical procedure for determin-

ingwhether a set of observed data fits the model, and for constructfug the

scale values if it does. As is probably very obvious however, this procedure

would be difficult to apply to a set of quadratic equations such as (32), and

furthermore would give no information about a crucial question: how unique

are any scale values obtained as solutions to the set of equations (32)7

In the most general case the problem of determining the set of all

exact solutions to equation (32) is unsolved, although the standard appro-

priate solution has been presented by Burros and Gibson [4]. One problem

which does have a fairly simple solution is that of determining the class

of 'universal transformations' for systems of equations of type (32). As

might be suspected, the only universal transformations of the scale values

are linear transformations, and the only universal transformations of the

standard deviations er are multiplications by a positive constant. Let
s

it be supposed that there exist four stimuli a, b, c and d which satisfy

the following conditions:

(a) Z = OJa,b



(35) (c) Z ~ zd ;c,a ,a

(d)
z
c,a
--~
Z
c,b

From eq'Jation (35a) we immediately conclude that:

v a

and, under the assumption that the scale values

arbitrary linear transformations, we can set:

v
s

can be varied under an

(37)

Now, using equations (32) , (35d) and (37), we obtain:

J.cr~
2

Jcr~
2

+ crb + crb
~ ,

Jcr~
2 Jcr~ +

2
+ cr cra a

which yields:

Again, using the fact that one value of the

we set:

cr 's can be arbitrarily fixed,
s

(39)

Now it is possible to use equations (38) and (39) to compute the value of



for all

(40)

s in S:

2
2z dc,

2
( z - z )

s-,d s,c

- 1

Finally, the values v
s

can be determined: for all s in S

(41) z
s,a

It is clear that in case there exist stimuli satisfying the conditions

(35a-d), the scale values are determined up to a linear transformation.

This concludes the discussion of the scale values from the observed

z Two important problems remain unsolved: (1) finding simple condi-
r,s

tions on the observed z 's which will insure that the model is satisfied
r,s

in case condition (35) holds; and (2) determining the error introduced into

the computation of the scale values by using a set of stimuli a, b, c and

d for which the corresponding z's only approximately satisfy condition

5. COMPARISON OF THURSTONE' S PAIRED COMPARISONS MODEL WITH OTHER SCArING

MODELS

There are two other models of importance for scaling stimuli along a

single dimension which also derive their scale values from paired comparison

data. One of these is based upon the hypothesis that the probability that
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a subject will judge stimulus s to lie higher on the scale than stimulus r

is some increasing function of the difference between their scale values.

Such a theory is discussed in Suppes [21] and also by Davidson and Marschak

[5]. For convenience we shall refer to this hypothesis as the 'monotone

model' . A second theory, due to Luce [13], makes certain assumptions about

relations between the probabilities f ,which, if they hold, allow one
s,r .

to derive a stimulus scale unique up to multiplication by a positive constant.

We shall refer to this model as the 'Luce model'. The Thurstone paired

comparisons model will first be compared with the monotone model and then

with the Luce model.

5.1 Aspects in the Comparison of Models

One consideration in comparing two models based upon the same data

involves the determination of whether or not there exist any possible data

which fit one and not the other, or which fit both simultaneously. To say

that a set of given observed relative frequencies f r,s
fits a model is

simply to say that there exists a solution to the equations relating the

scale values to that data. In the Thurstone paired-comparisons case, the

data fit the model (or, equivalently, the model fits the data) if there exist

numbers v and cr for each stimulus r satisfying equation (32) of
r r

part 4.2. For any given set of relative frequencies f derived from
r,s

paired-comparisons judgments, there are four possibilities, as follows:

Consider, for example, the comparison between the Thurstone and monotone

models.

(1) f satisfies both the Thurstone and the monotone models;



(2) f satisfies the Thurstone but not the monotone model;

(3) f does not satisfy the Thurstone model but does satisfy the

monotone model; and

(4) f satisfies neither the Thurstone nor monotone models.

'Such a comparison of models involves determining whether or not there

are possible sets of data in each of the above four categories. If it can
'\

be shown that there are no'relative frequencies f
r,s

in category 1, then

the two models are logically incompatible, since no data can fit both

simultaneously. The existence of data for either category 2 or 3, i.e.,

data fitting one model but not the other, suggests the possibility of an

experimental test to choose between the models. If there is no possible

set of f 's in ~ategories 2 and 3, then the models are in a sense
r,s

equivalent since all dat~,fitting one must fit the other. If it should

happen that no data could fall in category 2, then the Thurstone model

would be 'stronger' than the monotone one in the sense that all data fitting

the Thurstone model must fit the monotone model, though not necessarily vice

versa. In this context the theory which is "stronger" places more restric-

tions on the data than the one it is compared with, and hence gives more

information about the data. It will be shown that in comparing the

Thurstone and monotone models there are possible relative frequencies

in each of categories 1-4; thUS, for each model there may be situations

where it fits and the other does not, and there may also be situations in

which both fit.

For data classified in category 1 the models may still be further

compared in terms of the scale values each assigns to the stimuli. Since
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both of the models fit in this case, it is possible to solve the equations

relating relative frequencies to the underlying scale values. It does not

necessarily follow, however, that the values assigned by the two models

will be the same. If the scale values are the same, then the two models

are essentially equivalent. On the other hand, if the scale values differ,

then the models can be said to be different, even though both fit the same

data and cannot be distinguished on an empirical basis. In this case all

that can be said is that we have two different scales derived from the

same set of stimuli, much as height and weight are two different 'scales'

in the comparison of human beings. For all of the category I situations

investigated by the authors, the Thurstone and the monotone models yielded

the same stimulus scale values (or rather, the same classes of scale values).

Hence in the region of overlap the models are the same, although, as we

have already said, it is possible to find data which fits the Thurstone and

not the monotone model, and vice versa. We shall now consider the comparison

in detail.

5.2 Comparison of Thurstone and Monotone Models

The monotone model is defined by the following condition:

Condition (1) (Monotone model): For all p, q, l' and s in S,

f > fp,q- r,s
if and only if v-v>v-v.:p q- r s

This condition is equivalent to stating that L_is a monotone incl'eas ing
r,s

function of the difference (v -v). A given set of observed relative
l' s
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frequencies fits this model if and only if there exist numbers v for all
r

r in S which sati'sfy conditon (1). Suppes [21] and Davidson and Marschak

[5] have investigated sets of conditions imposed directly on the f 'sr,s

which are sufficient to insure the existence of these required v's satisfy-

ing condition (1), and therefore assure the fit of the model.

We shall first consider a case in which a set of data fits the Thurstone

model and not the monotone model. One consequence easily derived from Condi-

in S, iftion (1) is that for all p, q and r

other element s of S, f > f
p,s q,s

f > f , then for any
p,r q,r

Therefore, if we are able to exhibit

a set of f's which satisfy the Thurstone model but not the above consequence

of Condition (1), we shall have found the required case of category 2. Let

it be supposed that we are given the numbers

as follows:

1

z ,z,z andz
p,r q,r p,s q,s

2z
p,r

zp,s

=

1
=

zq,r

zq,s

=

=
2

Now, if the relative frequencies

according to the equation:

f
r,s

are defined in terms of the z's

f r,s
1

=
/2rr

we obtain a set of f' s for which f > f but
p,r q,r

consequence follows immediately from the fact that

f < f (this
p,s q,s

f is a monotone
r,s
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increasing function of z ). Hence the set of f's thus defined does
r,s

not fit the monotone model. On the other hand, it does fit the Thurstone

model, since if we define:

v = 1 cr = 1
P P

v = 2 cr = 3q q

v = 0 cr = 1r r

v = 0 cr = 3,s s

we find that these numbers satisfy equation (32) of Section 4.2. Hence the

given f's satisfy the Thurstone model.

The authors found considerable difficulty in constructing a counter-

example to prove that there are sets of data which satisfy the monotone

model but not the Thurstone. The actual example given here is in some ways

unsatisfactory, since it involves a continuum of stimuli for its realization.

Before describing the example in detail and outlining the rather difficult

proof, it may be useful to give a heuristic argument that such examples

ought to exist. In the Thurstone model the relative frequencies f
r,s

are completely determined by the scale values v and the discriminal
r

dispersions cr. This is so because the z 's satisfy equation (32) of
r r,s

Section 4.2 and are thereby determined by the v's and cr's, and the f 's
r,s

are functionally related to the z 's"r,s
This is not true in the case of

the monotone model, in which it is always possible to transform the f's by

any monotone increasing transformation of the interval [0,1] into itself,

which is symmetrical about 1/2, and still obtain the same scale values v
r



Therefore if we are given any set of f's which fit both the Thurstone and

monotone models (and we shall see that such sets exist), it will be possible

to transform these by any such monotonic transformation and have the monotone

model still fit. However, we do not have the same freedom to transform f 's

which fit the Thurstone model, because some of them are determined uni~uely

by others. Thus, it should be possible to transform a set of data fitting

both models into data which fit the monotone model but not the Thurstone.

Unfortunately the solution to the e~uations relating the z's to the v's

and a's in the Thurstone model is so difficult that actually constructing

a finite example along the lines suggested by the heuristic argument is not

practicable. Hence the argument given below, which depends upon certain

limiting considerations, is used instead.

Let the function rr be defined over the real numbers such that

(42) 1rr(x) ;
j2;c

00.

rr(x) is a strictly monotone increasing function of x, and so is its

inverse
-1

:IT (x); also rr carries the real line into the interval [0,1].

Now, let S be the set of real numbers, and suppose that for any two real

numbers rand s,

for

f
r,s

~ rr(/r-s)

;1rr(- Js-r) for

r>s

r < s ~/

Letting the set of stimuli 'be' the set of real numbers may seem illegiti
mate. Actually, all that is re~uired is that we have a set of stimuli
whose scale values range over the real numbers.
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Clearly the set of stimuli whose relative frequencies are given by

satisfy the monotone model, since we may define

f
r,s

(44)

to get:

U :: r,
r

f ; 1£( ';u -u) for r > s.
r,s r s

f is seen to be a monotone increasing function of (u - u ), and hence
r,s r s

U may be taken as the scale value of r satisfying Condition 1.
r

Now, however, we shall show that the given set of f 's do not
r,s '

satisfy the Thurstone model. It follows from equation (43) above and

the developments of Section 4 that for all r > s,

(46)

Hence, from equation (32),

z ; jUr - Us ; Ir - s .r,s

(47)
v -v

r s for all r> s.

Now, it will be shown that there can be no functions v and a

satisfying (47) for all r> s. First, we may assume that vO ; 0 and

a
O

; 1, since given any solution to equation (47) we can transform it

to one in which vo ; 0 and a
O

; 1. Now, setting s; 0 in equation

(47) we get: for all r> 0,
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(48)

or

(49)
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v
jr= r ,

ja; + 1

v2
2 r

a = - - 1
r r

r> O.

·Finally, for all r> s> 0, we have:

v -v
r s

Jv; + v~
r s - 2

Equation (50) can in turn be transformed to: for all r > s > 0,

(51)
v2

r-.- +
r

2
V

s
s

- 2 =

(v _ v )2
r s
r - s

Next, we make use of the fact that v
r

is a strictly monotone increas-

ing function of ro This follows from equation (47), which implies that

r> s if and only if V > V 0

r s
It follows from this that there is some

interval not including 0, say [a,b], and a fixed constant c > 0 such that

for all b > r > s :::. a,

(52)

2 2
v v

r s-+--2>cor s

Hence, from (51), for all b> r> s> a, we have:

(v _ v )2
_;o.r s_ > c,

r-s
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or

v - v > Jc(r-s)r s

Now, we divide the interval [a,b] into

[al ,a2],·· .,[ai,a(i+l)],·· .,[a(M_l),b],

i=l, •.. ,(M-l). Then we have:

M equal Elub-intervals:

b-a
where a(i+l) - ai = M for

~>Jc M .

Finally, equation (55) yields the conclusion:

Since M can be made arbitrarily large, it follows that (vb - va) would

have to be larger than any finite number, which is a contradiction; hence

the Thurstone model does not fit these data.

It has now been shown that situations can arise both where the

Thurstone model is satisfied and the monotone not and vice versa. The

situation remaining to be investigated is the one in which both models

simultaneously fit the data to see if under these conditions they both

yield the same scale values. We have not been able to determine whether

the two models always yield the same scale values when both fit the data,

but there is a large class of situations in which the scales are the same.

These are precisely the situations fitting Thurstone's Case V, in which
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the variancES are all equal (see equation 34).

for all r in S, and

v - v
r sz =r,s k

In this case

,

is constant

where k = j2 (J and (J is the discriminal dispersion for all the stimuli.

Here, provided there eXist v's satisfying the Thurstone model, they will

be linearly related to scale values obtained from the monotone model. This

follows from the fact that if u is the scale value from the monotone model,
r

we have:

f
r,s

v - v
= 11( r k s) > f

p,q

v - v
= 11( P q)

k

if and only if u-u>u-u.
r s p q

Hence, for all p, q, r and s in s:

v -' v > v - v if and only if u - u > u - u .
r s p q r s p q

It can be shown that, under the restriction of certain equal-interval

'structural' conditions [21], any two sets of numbers v and u related
r r

by condition (59) must be linear transformations of each other; therefore

the scale values v of the Thurstone model are related to those of the
r

monotone model by a linear transformation.

The relationship between the Thurstone and monotone models may be

summarized as follows: (1) they are not mutually exclusive, but there may

be situations in which either fits and the other does not; and (2) for at

least a large class of situations, corresponding to Thurstone's Case V,



both models fit the data and yield the same scale values. On the other

hand, the question remains open as to whether there could be any cases

in which both models fit the data but nevertheless yield different sets

of scale values.

5.3 Comparison of ~ Thurstone and Luce Models

We shall not here attempt to sketch the details of the general theory

from which Luce obtains scale values of sets of stimuli [13]. It is

sufficient to state that the theory is concerned with a set S (which

may be interpreted as stimuli), subsets T of S, and a probability

P(r;T) which is the conditional probability that a subject will select

stimulus r from the set T on the basis of some criterion. Luce's

theory may be applied to the paired-comparisons situation by interpreting

f as the probability that the subject will pick r as higher on the
r,s

scale if choosing only from the set tr,s3. The relative frequencies

obtained from paired comparisons are thus seen to be the special cases

of Luce's general situation in which stimuli are chosen from two-element

sets only.

The central assumption of the Luce model, as applied to the paired-

comparisons situation, can be formulated as follows: for all r, s in S,

(60) f r,s

v
= _-::.r__

V + vr s
,

where v and v are the scale values of the stimuli rand sr s

respectively. A set of data fits the Luce model if and only if there
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S which satisfy condition (60). It

can be shown that the necessary and sufficient condition that there exist

a solution to the set of equations (60) is that for all r, sand t

in S,

and

f
r,s

-f-
s,r

f
s,t

-f
t,s

f
= r,t

f t,r

(62) f +f =1.r,s s,r

It is probably already apparent that in general sets of data which fit the

Thurstone model will not fit the Luce model. Equations (61) and (62)

indicate that f
r,t

is determined by f ,and
r,s

f
s,t

in the Luce Model,

while, owing to the flexibility of unequal discriminal dispersions, no such

restriction follows in the Thurstone model. Thus we can specify data which

will fit the Thurstone model but not the Luce model.

It is of interest to investigate a general relationship between the

scale values v of the Luce model and the scale values of the monotone
r

model, which corresponds to Thurstone's Case V with certain further

restrictions. In the monotone model, the probabilities f are related
r,s

to the scale values u by a monotonic function ¢, such that
r

(63) f = ¢(u - u ).r,s r s

Equations (60) and (63) imply that for all r, s in S,

(64 )
V

_.::.r_ = ¢(u _ u ).
vr+vs r s



Equation (64) implies that v
r

Hence, we can write:
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is a monotone increasing function D of

v = D(u ).
r r

u:
r

(66) - u ).
s

Now, if u ranges over the set of all real numbers, we can replace u by
r r

a real variable· x and

(67)

u by another real variable y, and get:
s

T)(X) ¢()
() () = x-y.T) x + '1 Y

Replacing x by (x~y) and y by (y-y) in equation (67) yields

(68) ry(X-y) ¢( )
T](x y) + DCO) = x - y

Finally, clearing equation (68) of fractions and setting x=y+z,

(69)

It is well known that the only monotone increasing solutions to the

functional equation (69) are of the form:

(7°) kx
D(X) = '1(0) e ,where k> 0.

Therefore, for all r in S,

(71)
ku

rv = v erO ,
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is an arbitrarily fixed scale value associated with a stimulus o

such that Uo = O. Finally, it follows from (64) and (71) that:

1 +

(72 ) f = ¢(u - u ) = __..,.-r-l__",
r,s r s -k(u u)r se

Thus, it is seen that the only sets of data fitting the Luce model for which

the probabilities f r,s
depend on the differences in stimulus scale values

will be ones in which the dependence is of the particular form (72). Thus,

if the Luce and monotone models both fit the data, the monotone model must

have the form of equation (72). It is therefore obvious that the Luce

model does not fit the data if Thurstone' s model for Case V holds, in which

case:

f r,s
1

= --
j2ri \

(u -u )/ (J
r s

-co

However, if the Luce model fits the data, Thurstone's Case V does not hold,

but we have not discounted the possibility that Case III might.

We have now shown that there may be data falling into category 2,

i.e., data fitting the Thurstone and not the Luce model. The question

remains as to whether there may be data in category 1 (fitting both models)

or category 3 (fitting the Luce but not the Thurstone model). Luce [13]

has given a general proof that any set of data fitting his model will not

fit the Thurstone model, provided this model is generalized to permit the

subject to pick the highest stimulus from a set of three or more stimuli.
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This proof is not directly applicable to the Thurstone model being considered

here, since paired-comparison judgments amount to choosing the highest stimulus

from sets of just two stimuli. Furthermore, the elementary argument given by

Luee cannot be modified in any simple way to apply to the paired-comparisons

case. The authors have been as yet unable to determine whether or not there

may be sets of data fitting both models, nor have they been able to solve the

problem of determining whether there are any sets of data which fit the Luce

model but do not fit the Thurstone.

* This paper "as written while the authors were attending the 1957 Social
Science Research Council Summer Institute on Applications of Mathematics
in Social Science. The research was SUPPorted in paI't by Stanford
University under Con,tractIffi l7l-034 with Group PsycholOgy Branch, Office
of Naval Research, by ,.social Science Research Council, and by, Education&l
Testing Service. '
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