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CHAPTER I

1. 1 INTRODUCTION

The primary intent of this dissertation is to formulate a set-theoretical

model for the perceptual processing of geometric configurations. The initial

model is presented in Chapter II and is defined by imposing a specific

probabilistic structure upon a primitive set of elements. The imposed

probabilistic mechanism is intended to represent the actual visual and

response process, and the basic primitive set will correspond to the general

stimulus situation. The approach is first discussed in detail in terms of

only one perceptual task but will be extended in Chapter VI to include a wider

variety of experimental paradigms such as stimuli comparison, stimulus

labeling, and tasks requiring an assessment of figural goodness.

The results from an empirical test of the basic model are presented

in Chapter IV. The experiment discussed in that chapter consisted of

the tachistoscopic presentation of 64 different stimuli to a large

number of elementary school pupils. Since the subjects were required

to reproduce completely their perceptions of the stimuli, the totality

of their responses provide a data base which forms a 64 by 64 confusion

or error matrix (stimuluS by response). As will be explained in Chapter

II, this empirical confusion matrix is theoretically predictable by a

number of sub-models derived from variations qn the same basic set of

formal assumptions. The analysis of the data presented in Chapter IV

deals primarily with the estimation of parameters in these theoretical

confusion matrices and with performing comparisons among the corresponding
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sub~models in terms of goodness-of-fit. In addition to these statistical

considerations, the experimental results in Chapter IV are discussed in

relation to holistic and structuralistic theories of perception. The

structuralisti,c position maintains that perception is based on the

synthesis of independent and fundamental perceptual "units", whereas a

holistic theory assumes a complete as.silmilation of the stimulus as a

whole.

The discrepancies between the' empirical confusion matrix and the

various theoretical predictions are discussed in both Chapters IV and V.

A number of response biases or encoding habits that affect the adequacy

of the model are defined and, wherever possible, modifications in the

formal assumptions are made to obtain a better explanation of the experi

mental results. Finally, Chapter III is devoted to the inference proce

dures and statistical techniques actually used in the data analysis

itself.

The initial psychological justification for the basic model comes

from a wide variety of sources. Consequently, most of this first chapter

will be devoted to a brief topical survey of some relevant background

material. It i.8 'by no means an exhaustive search of the literature and

i.s intended only as a rather intuiti.ve justification for the more technie.

cal presentation later on.

1.2 STATISTICAL COIVJMUNICATIONS THEORY

The classic works of Claude Shannon and Norbert Wiener in the

late 1940's developed what is now recognized to be the mathematical

foundations for modern communications theory (Shannon and Weaver, 1949;
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Wiener, 1948). Though Shannon's formulation was primarily concerned

with data transmission in actual physical channels and not with psycho

logical phenomena, a number of psychologists immediately assumed that

his basic theory could also be used as a model for human information

processing (Miller and Fric~, 1949). According to these psychologists,

man was to be regarded as a communications network with the ability to

both encode and decode mepsages. Terms such as "chaQIlel capacity" and

"amount of information transmitted" became rather common in the litera

ture and, for awhile, information theory was incorrectlY believed to be

a panacea for all the theoretical problems encountered in the analysis

of sensory data.

The usefulness of communications theory for this thesis results

primarily from an engineering concept that is commonly used to model a

physical communications channel. A central problem in the theory of

data transmission is to devise optimal message encoding and decoding

procedures in order to conpistently obtain a correct message at the

receiver end of a channel. But before any such code can be devised or

even contemplated, some model of the channel itself must first be devel

oped. Even though such channel models have not been used extensively

in the psychological literature, this type of formalization will be the

intuitive basis for the approach taken in Chapter II.

In many engineering applications of information theory,. messages

can be specified by sequences of zeros and ones. The possibility of

encoding perceptual data as a similar seqUence will.be discussed later,

but for motivational purposes the idea of a binary channel should first

be defined (Peterson, 1962). Assume a message is to be encoded as a



sequence of zeros and ones and 'then transmitted through some physical

device. In the ideal situation no errors will occur, and the channel

will transmit the message perfectly. In reality, however, the message

actually 'received will bear only a probabilistic relationship to the

message sent, so some decoding or decision procedure must be devised

in order to extract the message in the presence of whatever noise has

been imposed. As an example, suppose the message 010 is to be trans-

mitted, and assume that all received messages are members of the set

(OOO,OOl,OlO,Oll,lOO,lOl,llO,lll). The purpose of the channel model is

to permit a derivation of the probability for receiving a certain

message conditional on which message was initially transmitted.

The intuitive ideas presented above may be formalized as follows:

:First, suppose the messages are limited to the set of all n-tuples of

zeros and ones, i.e., to a set of 2
n

possible messages Which may be

transmitted or received. Suppose further that X. = ° if the i
th

1

component of the message is a one, IS j, :s n. A similar set of random

variables (Yl , .•• ,Y
n

) is defined for the received message. The errOrs

in the various components of the message usually are assumed to be both

independent and either a change from a zero to a one or from a one to

a zero with a fixed probability. Now, under these assumptions and

using the representation for Y
i

given in (102.l), the conditional

probability for the reception of a certainn-tuple can 'be easily

calculated.
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Y. = x. + e. (mod 2), 1:S i :s nj where
J. J. J.

p( e. = 0 X. 0 ) l-q.
J. J. J.

p( e .. ;::: 1 X. = 0 ) = qi (1.2.1)
J. J.

p( e. = 0 X. = 1 ) = I-p.
J. J. J.

p( e. 1 X. = 1 ) = PiJ. J.

As one example of the technique for obtaining the probability

distribution over the possible messages, first assume that the n-tuple

to be transmitted is 010 and all errors are independent. Then, by

using the notation given in the previous paragraph, the probability

distribution in (1.2.2) is directly obtained and is defined over all

possible messages that may be received:

p( 111 received 010 transmitted ) = ql(1-P2)q3

p( 110 " " " ) = ql(1-P2)(1-q3)

p( 101 " " " ) = qlP2q3

p( 100 " " " ) = QlP2(1-Q3),

p( 011 " " Ii ) (1-Ql)(1-P2)Q3 (1.2.2)

p( 010 " " " \ (1-Ql)(1-P2)(1-Q3)! =

p( 001 " " " ) (1-Ql)P2Q3=

p( 000 " " " ) = (1-Ql)P2(1-Q3)

If the probability of a digit being transmitted correctly is greater

than the probability of an error occuring, Le., (l-p:),(l-Q » .5 for
J.

1 :s i :s n, then the correct message has the highest probability of

being received. For example, the probability associated with the event

( 010 received I 010 transmitted) would be the largest in (1.2.2).
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A basic problem that motivates a substantial portion of Chapter II

concerns the possibility of non-independence in errors. The simple

model presented above may be more than adequate in an engineering

application, but substantial evidence in psychology indicates the

necessity to deal with context-sensitive errors. Specifically, a

classic example of this problem was presented by Miller in 1956 through

the concept of "chunking" in the encoding process (Miller, 1956). As

Miller defines the term, "chunking" occurs when groups of zeros and ones

in the message are transmitted as complex units instead of digit by

digit. Consequently, an error in anyone component of a "chunk" would

also tend to disrupt the encoding of the entire pattern or unit. If

this phenomenon of "chunking" is operative in any experimental situation

or the assumption of independent errors is violated in some other manner,

a more general model must be devised to adequately represent the obtained

data.

A second difficulty to be dealt with in Chapter II involves a

restriction on the set of possible messages. Suppose, as before, that

messages are first fOrmed by n-tuples of zeros and ones. If the message

set is restricted, then even though there are theoretically 2n possible

messages, some n-tuples have a zero probability of ever being transmitted.

In general, the binary components of the n-tuples in this restricted

set will be correlated, and some extra-statistical way to interpret

error independence of the components has to be devised.
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1.3 DISTINCTIVE FEATURES

The representation of sensory stimuli in term of binary random

variables is not in itself a very new or original idea. Whatever

previous work exists in this area usually is referred to as a certain

type of distinctive feature analysis, a term that is becoming very

popular due to its importance in the study of discrimination processes

connected with initial reading. The growing literature in this field

has been concerned with a number of different categories of stimuli,

but the most comprehensive development of the distinctive feature

concept and still the model for all such studies is the classical

phoneme characterizations of Jakobson and Halle (Jakobson and Halle,

1956; Keyser and Halle, 1968; Miller and Nicely, 1956). In the phonetics

literature cited above, a set of binary characteristics or dichotomies

is postulated by which it is possible to represent each phoneme uniquely

as an n-tuple of pluses or minuses (zeros and ones). These dichotomies

such as tense/lax, grave/acute, etc., may be given a certain physical

interpretation in terms of sound production or sound pattern and are

assumed to account for the confusions among phonemes in a manner similar

to our error model presented in (1.201).

The mathematics developed in this thesis may be directly applied

to phonemes as well as to any other stimuli that have a characterization

in terms of formal distinctive features. In fact, a very tentative

exploration similar to the approach to be taken here for visual patterns

has been given recently for phonetic stimuli (Corcoran, ~. alo, 1968).

Even in phonetics, however, where a substantial body of pertinent
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literature is already available, the possibilities for applying formal

techniques have not been exploited to any great extent.

Another type of distinctive feature analysis has been developed by

Gibson and her associates at Cornell in connection with alphabetic

stimuli· (Gibson, 1969). Even though the work is similar in, some respects

to the research reported later in Chapter IV, her primary emphasis is

on generating feature lists from experimental data and on the wider

implications of her techniques for the general study of perceptual

learning. Since she makes no distinction between the components of the

stimulus and an overall organization of the stimulus, her concept of a

distinctive feature is in direct conflict with the formulation of our

basic model. A typical feature list for Gibson, for instance, could

include both the "presence or absence of a horizontal line" and the

"presence or absence of symmtery." If this distinction is not made, the

theory to be pursued here is very difficult to justify both psychologi

cally and mathematically, as should become more evident in Chapter II.

1.4 ANALYSIS OF PATTERNS AND PATTERN RECOGNITION

Without modification the distinctive features theory of Gibson

mentioned in the last section is not very well suited to the type of

quantification proposed in Chapter II. Instead, the theory to be used

in this dissertation can be best labeled as structuralistic, that is, a

geometric configuration is considered as being composed of more elemen

tary perceptual elements or units which organize to form a pattern. The

existence of such perceptual elements is primarily an empirical question

and will be discussed briefly in the next section.
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Once perceptual elements are hypothesized, the extensive analysis

of patterns developed by Grenander in terms of these primitive elements

may be applied immediately (Grenander, 1969). The model in Chapter II

carries out an approach in some ways very similar to that proposed by

Grenander, but the motivation for it comes from sources indicated in

the first sections of this chapter rather than from pattern recognition

programs developed for computer application. As a result of this

difference, Grenander's approach has a technological orientation rather

than the psychological orientation which this thesis hopes to maintain.

A vast literature exists in the field of pattern recognition, but,

again, most of it concerns technological rather than psychological

problems. As one example, the features of stimuli that have been used

in computer-oriented recognition algorithms are selected usually for

their ability to distinguish patterns rather than for any psychological

relevance. This statement is not meant to be an indictment but merely

to justify the peripheral use of the ideas and results generated by

practitioners in the pattern recognition field. There is one major

exception to this statement, however, that should be mentioned. The

recent work of Guzman on scene analysis through the use of contour

identif.ication and "local" cues can most probably serve as the basic

intuitive means for extension of the model in Chapter II to more

complex three-dimensional scenes (Minsky and Papert, 1969).

1.5 STABILIZED IMAGES AND RELATED STUDIES

The. most convincing empirical support for the existence of elemen

tary perceptual units comes from the work on stabilized retinal images
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(Pritchard, 1961; Pritchard, ~. al., 1960; Evans, 1968). The stabilized

image phenomenon may be produced by casting a stimulus on the back of

the retina through a contact lens apparatus attached to the cornea of

the eye. The contact lens mechanism is designed to compensate for the

tremors and movement of the eye and, in effect, casts the image on

exactly the same portion of the retina. Now, after the image has been

stabilized, parts of the figure will regularly disappear and reappear

in a manner most easily explained by postulating basic perceptual units

or elements. As an example of this phenomenon, if the stimulus in

figure (1.5a) were to be stabilized, then typical adaptation could

result in images such as those presented in figure (L5b).

Stabilized images have two particularly significant characteristics,

both of which are important as intuitive justification for the type of

model presented in Chapter II. First, whenever a configuration is

stabilized, only whole line segments are subject to periodic disappear

ance and reappearance. In other words, since whole lines are never sub

divided, they seem to act as basic perceptual elements. Secondly, there

is a pronounced tendency for lines to act together in groups and to

reappear and disappear as a complete unit. This second aspect of the

phenomenon is very similar to Miller's "chunking" method of encoding

discussed briefly in the first section of this chapter, and points to a

possible ~ priori organization of these perceptual units which could be

formalized.

In addition to the evidence collected through the procedure of

stabilized images, the existence of perceptual elements has been given

theoretical or empirical support from at least three other more minor

10



figure (1. 5a)

figure (1.5b)

. An Example of Stabilized Retinal Images
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sourceS. First, the research reported by Von Senden on surgical sight

restoration in the congenitally blind suggests that the ability to

distinguish contours and line segments precedes the ability to combine

these percepts into familiar objects (Von Senden, 1960). If a develop-

mental correlate can be assumed, the perception of a pattern as an entity

in itself is a learned rather than an innate ability. Secondly, strong

physiological evidence from a number of studies indicates the existence

of perceptual "units" that are operative in certain lower forms of life

(Maturana, et. al., 1960; Hubel and Wiesel, 1962). Again, if a correspon-

dence to a naive human eye can be assumed, the concept of a perceptual

element is supported. Finally, theoretical justification for the existence

of perceptual units comes from the classic 1949 work of Hebb and its

later extensions (Hebb, 1949). Hebb's formulation is considered by

most psychologists to be important in any complete understanding of

perception, and the perceptual unit is one major cornerstone of his

theory.

The basic approach to the perceptual processing of geometric

configurations can now be stated briefly. Each perceptual situation

will.be first analyzed in terms of n basic perceptual elements which, . in

turn, can be used to provide a representation for the perceptual situation

t 1 f d A . th .th t f ·has an n- up e 0 Zeros an ones. zero 1n e 1 componen 0 t e n-
th .

tuple will refer to the absence of the i perceptual element in the

stimulus, and a one in the i
th

component will refer to its presence.

After this representation is defined, coding theory may be applied to

the sequence of binary variables in order to predict the probability

distribution over all admissible responses. However, in order to both

.12



obtain an adequate distribution over errors and prevent stimulus infor-

mation from being sampled repeatedly by the subject, the experimental

procedure is limited to tachistoscopic presentations. This last restric-

tion will be made more precise at the end of Chapter V where tachistoscopic

presentation is discussed as an approximation to the sending of one

message over a communications channel.

1.6 GESTALTISM VERSUS ELEMENTISM

One purpose of this dissertation is to clarify the theoretical

distinction between Gestalt theory and the contemporary structuralists.

Gestalt psychologists consider each perceptual experience to be unique

and definable only in terms of the total stimulus. Consequently, since

each stimulus operates as a determinative form, the components of a

pattern are meaningful for a Gestaltist only in relationship to the total

configuration. Alternatively, a contemporary elementistic position such

as Hebb's maintains the existence of independent entities within the

configuration which produce the total pattern. The visual processing

of a geometric form would then proceed in some "step-wise" manner rather

than through an immediate and complete assimilation. Since empirical

support is available for both of these positions, a comprehensive treat

ment of perception must necessarily take each orientation into account.

The following quotation from Pritchard summarizes this last problem very

well (Pritchard, 1961, p. 172):

... evidence supports to some extent the "cell-assembly" idea that

experience is needed to develop the innate potential of perception: a

pattern is perceived through the combination in the brain of separate

13



neural impressions that have been established there and correspond to

various learned elements. But the evidence also sustains the Gestalt or

holistic theory, which holds that perception is innately determined: a

pattern is perceived directly as a whole and without synthesis of parts,

a product of unlearned capacity to perceive"form", "wholeness", and

"organization". It is becoming apparent that the complete explanation

of perception must be sought in a resolution of these opposing views.

The model presented in this thesis attempts such a partial recon-

ciliation of holistic and elementistic theories. Gestalt considerations

will be used to first define basic perceptual entities, such as complete

line segments, which organize in a hierarchical manner from "within" the

pattern to. produce the total configuration. A similar type of argument

has been stated by· Allport even though he provided no way to carry it

out (Allport, 1955, p. 147)'

What would have happened if, instead of the combining action of a

transcendent whole, the tendency of parts or elements, when adjacent,

to structure in relation to one another in characteristic ways had been

taken as the postulate? Instead of conceiving of structure as the

result of the organizing activity of whole, one might have tried to

think of whole and whole-character as a by-product of structure. In

that case, one would have sought for laws of dynamic structuring in

nature rathe):' than for laws of dynamic wholes.

Though it is mathematically convenient to assume that perceptual

units operate in an independent manner, realistically, the problem will

not be nearly this simple. A primary contribution of this dissertation

will be in presenting a formal method for relaxing the assumption of

independence by first identifying a possible hierarchy of stimulus

organization that is operative in the perceptual processing of simple

14



geometric configurations. As mentioned previously, the models presented

in this thesis will all start with the assumption of basic perceptual

units. But in the restriction of the general model to the experimental

situation, a hierarchy of possible organization of these basic elements

is then defined by a set of sub-models. Each such sub-model displays a

different degree of organization and represents a "point" along a partial

ordering defined between the two endpoints corresponding to the structur

alistic assumption of completely independent perceptual elements and the

holistic assumption of stimulus non-decomposability. In other words, an

optimal combination of two theoretical extremes will be sought instead

of attempting the usual experimental technique of discrediting one alter

native irrevocably in favor of another.

L 7 EDUCATIONAL AND PSYCHOLOGICAL RELEVANCE OF T"tlE STUDY

Several attempts'with fairly good success have been made in past

years to model certain tasks that occur in the elementary mathematics

curriculum (Suppes, ,Jerman, and Brian, 1968; Suppes and Ginsberg, 1962;

1963; Suppes and Groen, 1967; Suppes, 19(7). These efforts, however,

have dealt mainly with arithmetic and, as yet, no serious program of

any sort has been undertaken to formalize the equally important perceptual

performance tasks. The present dissertation is primarily motivated both

by an absence of any adequate formalization of visual processing in

general, and, more specifically, by the lack of any really adequate

understanding of the visual processing required by the simplest geometric

configurat ion.
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It is obvious to many parents of elementary school children that

geometry has increased substantially in importance during recent years,

At least part of the reason for this increase is easy to identify, The

mathematics educator in the last few years has tried to maintain the

philosophical position that all mathematics should be taught as one

continuous discipline, but has had to face the additional practical

problem of devising understandable examples of the abstract structures

considered basic to the modern mathematics curriculum, such as that of

a group. Ir~ormal geometry is important on both accounts in, first,

being part of the general mathematics literature and, secondly, capable

of providing such concrete realizations of other more abstract structures,

An extensi·ve program of basic research that attempts to study the

perceptual processing of geometric configurations is warranted both by

the inclusion ofnon"formal geometry into the elementary mathematics

curriculum and the present lack of pertinent investigations dealing with

the subject (St. Claire, 1968), This lack is especially apparent whenever

certain decisions are made to include neW material in the curriculum

only because it is assumed that a child has complete proficiency in

operating with geometric analogy, HopefUlly, the actual experimental

results to be reported in this dissertation will be important as part of

a literature that could either support Or not support such decisions, or·

at least lead to studies that could perform such a function,

Any serious attempt to understand how children perceive and make

jUdgments concerning geometrical form should first consider the basic

non-verbal perceptual process, but the few studies that are available

:in non-formal geometry primarily concentrate on verbal responses or

16



interpretations. The data to be reported in Chapter Dr is rather unique

since it was obtained non-verbally and from stifuuli that could be con

sidered meaningless. Consequently, the empirical results discussed in

Chapters Dr and V may have a number of very significant implications for

the further study of the basic perceptual mechanisms, in addition to

whatever implications the results have for the proposed model itself.

As mentioned previously, one main contribution of this thesis will

be the attempted reconciliation between aspects of hol.lstic and structur

alistic perceptual theories. Of secondary importance, however, is the

extension of some newer techniques of modeling developed in mathematical

learning theory to the field of perception, in particular, the current

set-theoretical and automata approaches. The emphasis in this thesis

will be primarily upon developing an abstract set-theoretical approach

to visual processing, but through the use of a more formal process of

definition, the models to be presented could also be classified as

examples of probabilistic automata (Suppes, 1968). Since it is rather

peripheral to the main concerns of this thesis, this automaton represen

tation will not be pursued to any extent. Nevertheless, it is still of

current theoretical interest to have a convenient perceptual example of

such a structure that is not directly connected with arithmetic.

In a more historical perspective, the statistical techniques to

be developed have immediate application to the theory of phoneme recog

nition as discussed by Jakobson, ~t. aI" and to alphabetic confusions

as discussed by Gibson. A few major modifications in both theories must

be made before the extensions are possible, but these changes are rather

small when compared with the complexities of the formal model itself.



Finally, since the stabilized image phenomenon discussed in section 105

has been obtained recently with tachistoscopic presentation, the data

collected for the analysis of the formal models may also be regarded as

part of the empirical evidence relating to stabilized images per ~

(Evans, 1968).
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CHAPl'ER II

2.1 BASIC MODEL: INTRODUCTION

Chapter II presents a basic model for the perceptual processing

of a certain class of geometric configurations. The first half of this

chapter deals both with a general characterization of the stimulus

situation and with a probabilistic mechanism corresponding to the visual

process. The second half of Chapter II is an application of this pre

liminary theoretical development to one specific experimental setting.

Throughout the presentation the attempt is made to define the various

concepts as broadly as possible, or at least to indicate how they could

be generalized. And, in fact, the simplifications that are imposed

regularly in the course of the exposition are primarily for ease of

discussion rather than a result of theoretical necessity.

One of the first requirements in the development of any formaliza

tion is a precise specification of the domain of objects to which the

model is supposed to apply. Since the formalization in this thesis deals

primarily with geometrical forms, this specification of a domain should

naturally involve a set of stimuli that corresponds to some set of

geometrical configurations. But for purposes of generality, it is

convenient to phrase the definitions in primitive terms and to postulate

only as much structure as is absolutely necessary. In this way, the

model may be interpreted in a variety of situations without requiring

any major modification of the basic structure itself.

19



As a summary o£ the section below, the stimulus set will be first

specified as a finite collection of objects, each of which may be charac-

terized by the basic perceptual elements it. contains. These perceptual

elements together with a certain superposition operation may then be

used to formally represent each stimulus by merely superimposing

perceptual elements until the. .complete figure is formed.

2.2 STIMULUS STRUCTURE

In order to avoid a constant reference to a particular example,

let S be an arbitrary finite set £sl, ... ,sn~ of n distinct stimulus

situations, where n > 2. This primitive set will ultimately be inter-

preted as all possible stimuli that may be presented to a subject in

some experimental task. The set S itself is defined to be the domain

of a binary operation 0 restricted only by the usual criterion of

closure, i.e., if s.,s. E S, then s.os. € S. This operation 0 will
1 J 1 J

later be interpreted as the superposition of two geometric forms.

As a first specification of structure, which will eventually lead

to a binary representation for elements of S, the ordered pair < S,O >

is now assumed to satisfy the axioms for a semi-lattice with universal

bounds (Birkhoff, 1961, p. 25):

i) There exist elements s , s E S such that s os = s,
e c e

s os = s for all s E S.
c c

ii) If si' Sj E S, then SiOSj = sjosi'

iii) If si' Sj' sk E S, then (siOSj)osk

20
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Axiom (i) merely postulates the existence of universal bounds for the

stimulus set S, The uniqueness of these bounds is proved in Theorem

so consequently, the symbol s may be used to denote the
c --

"complete" stimulus, and the symbol s may be used to denote the "empty"
e --

stimulus, Axioms (ii), (iii), and (iv) further .restrict the generality

of the structure < S,o > and represent the commutative, associative, and

idempotent properties, respectively,

In addition to the above semi-lattice postulates, the structure

< S,o > is also assumed to have a~ as specified in Definition (202.1),

A basis B will later be used as a means to represent any stimulus element

in terms of more fundamental objects or, intuitively, in terms of basic

perceptual units. More formally, if the definition below Were phrased

in traditional lattice-theory terminology, the set B could also be

interpreted as a collection of generators for the stimulus set S.

Definition (2.2.1) Let < S,o > be a semi-lattice with universal bound.s,

then a non-'empty set B is a basis for < 8,0 > if and only if

i) s e S
e

ii) BeS

iii) For any element s e 8, sis , there exist elements
e

bi' ' , ., bit € B such t.hat bi0 ,.. Obk, where k depends (2.2,7)

on s, 1 ~ k ~ m, and m is the number of elements in Bo

iv) Suppose: (a) b c B

(b) s c 8, s I se

(c) bos = s

(d) bi'" .,bk e B, bio ., 0 ob' = s
k

Then there exists an i, 1 < i ~ k, such that b

21

b!
l

(2,2.8)



The expression b~o ... obk is defined recursively in the usual manner,

Theorem (2.2.1) The representation given in (2.2.7) for an element

s € S is unique up to properties (2.2.1) through (2.2.4), and the

empty stimulus s is uniquely defined in terms of the empty set of
e

basis elements.

Proof of Theorem (2.2.1): Let s € S, sis .
e

Suppose there exists two

sets of basis elements (bi"'" bk) and (bi',·.·, bi, i) such that

b'o ... ob' = s = b' '0 • ·0 • ob" . Then, s = sos =. b'o ... obkos =1 k 1 h 1

b'o(b'o ob'ob"o ... ob;" ) . Now, since b' I b' for 2 SiS k,1 2 k 1 1 ~

there must exist some j, 1 SIS h, such that bi = bj" Consequently,

(bi"'" bk)C(bi' , ..• , bi,'1. Similarly, inclusion may also be shown in

the opposite direction.

(uniqueness of the definition for s) Suppose there exists a non-empty
e

set of basis elements (bi, •.• ,bk) such that bio ..• obk =

expression

s .
e

The

bio(bio ..• ObV = bio .•• obk = bi

is then obtained and implies se = bi € B, which is a contradiction.

Example (2.2.1) Consider the four vertices of a square and the set of

all geometrical configurations formed by connecting pairs of these four

points. Three such possible configurations from this stimulus set are

presented in figure (2.2a). The total number of definable forms is 64

and includes as a subset six figures that contain only one line. Now,

since each member of S is composed of elements from this subset, these

six figures may be used to define a basis for < S,o >, e.g., if 0
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figure (2.2a)

figure (2.2b)

An Example of the Operation 0 and of
the Elements from the Stimulus Set S
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signifies superposition, then figure (2.2b) gives one typical represen-

tat ion for a specific stimulus in terms of elements from B.

Even though we can characterize all elements in S by identifying

which elements of B each contains, at least notationally this represen-

tation may be simplified. If we merely denote an absence of a specific

basis element as a zero and its presence by a one, a unique ;m"'tuplebf

binary values is obtained for each s € S. The following section carries

out the necessary formal details of this idea.

2.3 STIMULUS REPRESENTATION

A simple binary representation for all stimulus elements may be

directly defined, since each element in S is formed by using members of

B and an operation o. To be more specific, suppose first that the m

basis elements are ordered as follows: b~, .. ,bm (see figure (2.3a)).

If the function X.(s) is defined as in (2.3.1) for 1 SiS m, then each
I

s € S may be denoted by the m-tuple (Xl(s), •.• ,Xm(s)). This representa-

tion is extremely important for the remainder of the dissertation,

because it provides an initial way to apply inforraation theory to the

perceptual encoding of a geometrical form.

o if the i th basis element b. is absent
I

X.(s) (2.3.1)
I

1 if the i th basis element is present

The following theorems are all trivial consequences of the discussion

thus far in this chapter. They are included at this point only for
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4---6

4

figure (2.3a)

Ordering of the Basis Elements
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theoretical completeness since their content will be subsumed in Theorem

(2.3.6). The proofs are omitted except for Theorem (2.3.5) and can be

easily supplied by the reader.

The universal elements sand s are unique, e.g., if
c e

Sf € S and satisfies the conditions for a "complete" stimulus, then
c

s' s
c c

s 1 se c

s
c

ob
m

If B has two or more elements, then b .ob. 1 b
J
. for i 1 j.

J J.

s ~ B if n:: 2;
c

{s}~Bifn
c

2

If n is the number of

elements in B, then n

elements
m

~ 2 .

in S, and m is the number

Proof of Theorem (2.3.5): Since there are m basis elements, there are

m2 subsets of B, including the empty set. The element formed by the

msuperposition of all elements in anyone subset belongs to S, so n > 2 .

Alternatively, each stimulus element by definition may be represented as

a specific subset of B, so 2m > n.

Theorem (2.3.5) may be rephrased as follows: each subset of B, say

{bk, ..• ,bk}, defines an element bio .. , obk € S, and each stimulus

element is representable by a unique subset of B. Alternatively, every

m-tuple of zeros and ones denotes some s € S and each s € S is denoted

by an m-tuple of zeros and ones. This last correspondence from m-tuples
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of zeros and ones to stimulus elements leads directly to Theorem (2.3.6),

the main representation theorem needed in the rest of the thesis that

includes the structure of the semi-lattice < 8,0 > °

Theorem (2.3.6) The ordered pair < 8,0 > is isomorphic to the ordered

pair < v,+ > , where V is the set of all m-tuples of zeros and ones,

and + is vector addition defined component by component as

+

°
1

o

°
1

1

1

1

Because the operation + is defined component by component, it is

commutative and associative in v. The idempotent property corresponds

to the definition 1 + 1= 1, (0'0,... ,0) corresponds to s , (1'.00,1). e . .

corresponds to s , and the basis element b. is represented by
c 2

(0, .. "0,1,0,,.0,'0) with the one located in the i th component of the

vector.

Even though it is notationally convenient, the representation of

each elemeno in 8 by a se~uence of binary variables adds very little

00 "the discussion in section 2.2. On the other hand, the definition

of a property given below is central to the whole approach taken in

this thesis. The main idea is merely one of formalizing the intuitive

notion of a binary characteristic of the stimuli in set 8, for example,

the presence or absence of a triangle. Specifically, an indicator

function defined on S is associated with each such binary characteristic

and takes on the value one when its argument has the desired property
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and a zero otherwise. A subset of all possible indicator functions will

later be assumed available to a subject in the completion of a perceptual

task.

2.4 PROPERTIES AND THEIR INDICATORS

Intuitively, any property x of the elements of the stimulus set

may be defined by merely enumerating all those elements in S that have

the desired characteristic. Under this definition, two subsets, P and
x

p~, are automatically determined for each such property x and could

be used to specify the concept more formally if desired:

i) P U pc S
x x

U) p ~ ( S EO S(s has property x )
x

pc
~ ( s € Sis does not have property x )

x
(2.4.2)

There are a total of 2
n

possible properties that theoretically

could be defined, since the stimulus set has n elements. Of particular

importance, however, are those properties that correspond to either the

presence or absence of the basis elements b
i

:

( s € SI s contains 'basis element b
i

in its unique

representation ), 1 < i < m

Other properties more general than P
b

will be important later on, but
i

for now only one example will be given to illustrate the notation:

P
symmetry
horizontal

~ ( s € Sis is symmetric about a vertica). line )
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The symbol P will be used to denote the indicator function of
x

the set P
x

on the domain S, or, equivalently, an indicator function for

the presence or absence of a particular property:

,....,
P (s)

x

1 if s € P
x

denote a basis indicator function

r-' ,-.-

As a more convenient notation for P
b
.' the symbol b

i
will be used to

l

associated with the basis element b.,
l

i.e., for 1 < iSm,

1 if b. is present in the unique basis representation for s
l

b.(s) -
l o otherwise

r-'

It should be noted that since each P may be characterized as a
x

m
Boolean function of the b.' s, there are 22 definable binary- properties---

l _

a fact that could also have been obtained directly from Theorem (2.3.5).

One possible Boolean expression correspondir~ to a specific general

property indicator function is given in Example (2 .. 4 .. 1).. The general

idea is all that is needed at present, since the concept will not be

formally exploited to any great extent.

Example (2.4.1) Consider the situation given in Example (2.2.1) with

the basis elements ordered as in figure (2.3a). Then,

-P
symmetry
horizontal

(s) ~

( (b
l

( s );\b
3
(s) )v(bi (s )i\b3C s )))1\( (b

5
(s hb6 (s) )V(b5(8 )t\b'J; (s) ) ) ,
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lif and,.. '"where the pr:ilne indicates the complementary value, bf\b j

,.., = r.t"b N tv _ ,.,
only if b

i
j = 1 andbflb

j
= 1 if and only if bi or b

j
- L

Because there is a natural distinction between basis indicators

and non-basis indicators, the term property indicator will be used as

a generic term referring to both, whereas the term general property

indicator will refer to non-basis indicators only. A discussion of

"properties" that would require...more than a binary dimension for their

definition is given in Chapter V, but as will be shown there, little

loss of generality results if the discussion below is phrased solely

in terms of two-valued property indicators.

This present section concludes a formalization of the stimulus set

S. In summary, the set S has been characterized by means of a semi-lattice

with a generating set B, which, in turn, provided a unique representation

for each stimulus in terms of a binary sequence of variables. Finally,

the concepts of a property and an indicator of a property were defined.

Now, the next major problem to be discussed is a specification of a

probabilistic encoding mechanism that will be imposed upon the structure

< S,o > .

2·5 SPECIFICATION OF THE INDICATOR FUNCTION SET It

The formalization of the stimulus structure < S,o > in the earlier

sections of this chapter is still rather useless without a detailed

specification of a probabilistic mechanism to represent the perceptual

encoding process. However, in order to develop such a mechanism, two

basic assumptions are necessary. First, it will be assumed that
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for all individuals there is a correspondence between each task t and

some one fixed subset of the set of all properties P. Secondly, it
x

is supposed tbat t.he set of indicator functions It corresponding to

elements in the set Dt is available to the subject for use in .completing

task t. If this discussion had been phrased in more traditional

perceptual theory terminology, the set It would be the collection of

perceptual strategies, i.e., a subset of all possible binary features

that could be defined for the stimuli in set S. (Unless otherwise

stated, phrases such as "application of indicator function" are always

assumed to refer to the usage of the indicator by a subject in some

specific task and on some specific stimulus.)

Whenever the set It is mentioned in relationship to an experimental

setting, usually the set will be considered sufficient for the task

assigned to the subject. Even though it is rather difficult ·to define

the concept of sufficiency irrespective of this experimental situation,

at least intuitively tbe idea is rather simple. If the set \ is

sufficient, the set of indicators must provide the subject with a

"unique ll response whenever a response is required. Or, in other words,

the subject never has to guess randomly among alternatives. The problems

of sufficiency and that of response "uniqueness" are thus almost

identical, but both are mucb more complex than they first appear. This

is especially apparent whenever the task itself restricts either the

possible members of S that may be presented as stimuli or the possible

response alternatives; so a set It that provides a "unique" response in

One task may not do so in another. This concept of sufficiency will

be discussed in greater detail in Chapter V and the problem of response
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set restriction in Chapter VI. The intuitive ideas are all that are

needed at present to follow the development below.

Suppose now that the task t has been specified and the sets D
t

and

It are defined. The problem still remains to formalize how the indicator

functions in It are to be applied to an element belonging to set Sand

how to include error. In the ideal situation there obviously will be no

errors if the set It is sufficient for the task. Consequently, as long

as an exhaustive application of the indicator functions is performed

consistently, the order of indicator application as well as the distinction

to be made later between concomitant processing ("all at once") versus

individual processing ("one at a time") can make no difference in the

probability of a correct response. However, if the application depends

upon some variable process which can provide only partial information to

the decision mechanism, then the order in application of individual

indicators may become very important. Furthermore, if indicator appli

cation is not exhaustive, then the idea of sufficiency itself becomes a

difficult concept to define in any consistent manner, i.e., a set It

that is sufficient in an exhaustive application model may not be

sufficient when all indicators are not used.

To avoid most of these problems initially, it will be assumed that

individual indicator function application from the set It is exhaustive.

By means of this restriction, any problem of order in indicator appli

cation has been bypassed, at least for the errorless situation. This

supposition of an exhaustive indicator function application will be

discussed again in Chapter VI.
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Even when indicator function application is assumed to be exhaustive,

if errors are possible, then a distinction between concomitant.and.indivi-

dual processing becomes necessary. The term "concomitant processing"

will be used synonymously with a certain type of error dependence,

loosely defined as the application of two non-empty subsets of indicator

functions in the set It in such a way that errors in application are

"correlated". Individual processing, on the other hand, occurs when the

error in the application of a non~empty subset of indicator functions

is independent of the errors that result from the use of all other

relevant subsets of It' The concepts of error dependence and error

independence will be generalized in Chapter V to include indicator

function sets It that contain general properties. But for now, the

restrictions imposed upon the model in section 2.7 will permit a

definition of error independence (individual processing) to be made in

terms of the more standard concept of mutual statistical independence.

2.6 TRANSITION MATRICES FOR. INDICATOR FUNCTIONS

The mere association of each task t with a specific set of indicator

functions It is still very far from actually using any of the ideas of

statistical communications theory. The easiest way to both introduce

the possibility of error and implement the concepts of section 1.2 is

by considering the application of some one single indicator function

,.. -Pi e It to a stimulus s e S. If Pi denotes the correct indicator for
-;;:;

all stimuli sand P. is an observed indicator function obtained in some
1.

way·from the subject's response, the probability of an error in the
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....
application of P. may be specified by the transition.matruor

~

transition table in (2.6.1).

Pi (s)

P.(s) = 0
~

= 0 1

,O<p.,q.<l- ~ ~-
(2.6.1)

The transition table above gives the outcome of the observed indicator

function P. (s) conditional upon the actual or true function 'P. (s), e.g.,
~ ~

-;; ,.,
p( P.(s) = 1 I P.(s) = 0 ) = P., (The prefix "sub" will be attached

~ ~ ~

to the word "transition" whenever it is necessary to clearly distinguish

this type of table from a complete confusion matrix.)

The matrix specified in (2 .6 .1) is still rather ambiguous without

some further qualification. First, if the transition matrix is assumed

to be a "marginal" matrix obtained by "summing" over all other members

of the set \' it usually cannot be interpreted without explicit refer

ence to these other indicator functions. In other words, the transition

matrix in (2.6.1) is confounded, since the effects of individual

indicators cannot be determined. Secondly, the table in (2.6.1) could

also be used to refer to a "true" or unconfounded marginal transition
....

matrix which is theoretically obtained if P. were the only indicator
~

function available in the set It' When this interpretation of (2.6.1)

is made, a subscript T will be attached to the matrix as in (2.6.2).

""p. (s)
~

P. (s) 0
~

1

= 0 1

, 0 < p. ,q. < 1- ~ ~-
(2.6.2)



-;;;;
The observed indicator function.P.(s), as we have defined it, is

J.

assumed to have two values, either a zero or a one. More realistically,

it is also possible to consider a similar function that may take on three

values: a zero, a one, or a "blank" ,with a "blank" naturally occuring

whenever the indicator function was not applied by the subject to obtain

whatever response he.gave in the task. This generalization would be one

possible way to relax the assumption of exhaustive indicator application,

but for now, the probability of a "blank" realization is considered to

be zero.

The rest of this chapter deals primarily with what can be called

the basic model, defined in terms ofa very simple task denoted by t .
o

A stimulus from the set S is presented to a subject who must merely

encode the information and give a certain "stimulus" as the response,

for example, by directly recopying the perceived stimulus .. Since it is

assumed that all elements of S may be presented as stimuli and all

such elements may be given as possible responses, the set S also serves

as the response set. Consequently, an observed set of indicator functions

It may be defined on the response set in exactly the same way that \
o 0

is defined on the stimulus set, or, more formally, the sets It and It
o 0

identical except for their domains of definition.

2 .7 EXPERIMENTAL SPECIFICATION OF THE MODEL

The present section is an attempt to explain how the basic model

may be applied to the data given later in Chapter IV and, more generally,

to continue a development of the model with a concrete frame of reference.

The stimuli that were tachistoscopically presented in the experimental
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task are identical to those discus~ed in Example (2.2.1), i.e., the 64

stimuli formed by the presence or absence of lines connecting the vertices

of a square. Since the subjects were required to reproduce their percep-

tions of the stimuli completely, the discussion in this section will be

concerned primarily with the application of the basic model to a complete

64 by 64 confusion matrix.

The primitive terms defined in the earlier portion of this chapter

all have an immediate interpretation within the experimental task. The

stimulus set S is the collection of the 64 geometric configurations

mentioned above, the operation 0 is interpreted as the superposition

of two members of S with the four vertices of the square in correspondence,

and the basis B consists of the six members of the set S that contain

only one line. Specifically, in the set Bthere are two diagonal, two

horizontal, and two vertical lines.

Since the set B forms a basis for < S,o > , each member of S may be

represented by an n-tuple of zeros and ones, where a one refers to the

presence of a basis element 'and a zero refers to its absence. To

illustrate, if the basis elements are ordered as in figure (2.3a), the

first configuration given in figure (2.2a) may be referred to as

26
(110011). There are a total of 2 definable properties for the stimulus

set, but for now, assume only that the task t specifies the set of
o

properties Dt = (bl ,·· .,b6,Pa'·· .j, where bl ,·· .,b6 are thebas;i.s
a

properties, i.e.,

1 if basis element b. is contained within
l

the basis representation for s

o otherwise



and the set (Pa,P
b

, ... ) is merely a finite collection of unspecified

general properties.

The first theoretical problem is to calculate the distribution of

responses for each of the 64 possible rows of the confusion matrix.

Suppose a subject bas been exposed to a tachistoscopic presentation of

stimulus i, where, for cDnvenience, stimulus i is the member of set S

whose binary representation has a decimal equivalent of i. The chain

of events after stimulus presentation may now be formalized as in

figure (2. 7a).., by using parameters subject to the constraints:

0:::; c,d,Pij < l for all i,j and L Pij ; l for all i.
j

If, in addition, it is assumed that responses to the different stimuli

are the result of independent trials between and across individuals and

that each subject provides information on the~ basic visual process,

then the structure depicted in figure (2.7a) may also be used to define

the general entry in the 64 by 64 confusion matrix obtained in the

experimental task:

for 0 < i,j :::; 63,

for j
; entry (i,j)

_ {C(l-d) + cd/64 + (l-C)Pij

cd/64 + (l-c)p.. for j f 0
lJ

o

o :::; j :::; 63) specifies the probabilitiesFor each fixed i,

for a multinomial

the set (d .. ,
lJ

distribution over the 64 possible responses. Conse-

quently, if n
ij

denotes the observed frequency for cell (i,j) and

ni ; l;: nij , the likelihood function L for the observed distribution of
J

responses may be written as fOllows:

37



The subject
sees nothing

c

l-c

The subject
has at least
partial infor
mation regarding
.the stimulus

figure (2.7a)

The subject guesses
randomly among
alternatives

The sUbject omits the
item and gives a
"blank" response

Response j will be
given to stimulus i
with probability p ..
when the indica- ~J
tors in set It are
applied to 0

the stimulus

Sequence of Events After Stimulus Presentation



L(d .. , 0 < i,j < 63) =
~J _. -

63 63 n ..
E n.! (1Td .. ~J/niJ·!)
1=0 ~ j=O ~J

For the present, suppose both that c = 0 and the p .. 's are a function
~J

of some usually smaller vector of parameters e. Rewr1ting (2.7.2) with,.,

these restrictions gives (2.7.3).

L(e),., n.! (
~

63 n ..
Tr p .. ~J
I I ~J

:1=0

that

and,

To simplify the likelihood function even further, assume for now

the set It contains only mutually independent basis indicators,
o

therefore, the vector e may be defined by the 12 parameters-
Pl"",P6,Ql""Q6 contained within the six sub-transition matricies,

i.e.,

1

P.]
1-:'~ T

0< p.,q. < 1; 1 < i < 6
- 1 1.-

Under these assumptions, the general entry p .. (e) in the confusion matrix
~J N

may be given as the product of six probabilities. For example, in the

row of the confusion matrix corresponding to the realization (000111)

and the column corresponding to (000110), the cell probability may be

One of the major reasons for restricting attention to an indicator

function set It containing only basis indicators is the ease with which
o
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This

parameter estimates may be made. Under this restriction, all realizations

of It are obtainable in some element in S, and the estimates for any
o

"true" sub-transition matrix defined by a subset of basis indicators

may be found by merely collapsing over all irrelevant rows and columns.

To illustrate, maximum-likelihood estimates for the probabilities

Pl, ... ,P6,Ql, ... ,q6 may be obtained by the use of the following procedure:

To find~. and a., first collapse the 64 by 64 table into a 2 by 2 table
1 1

by adding all those frequencies that pertain to entries that contain a

digit k in the i th position of the stimulus representation and a digit

k ' l'n the 'l,th POS1'tl'On of the t t· k k' 0 1response represen a lOn, , = , •

entry is placed into position (k,k') to obtain the frequency matrix

given in (2.7.4).

i th position of response

0 1

.th position of 0 .w,]1
[ "00stimulus (2.7.4)

1 milO mill

Using this matrix, the maximum-likelihood estimate for p, is
1

the estimate for qi is milol(milO + mill)' Since

the actual derivation of these estimates is very "messy", the type of

proof necessary is given in Example (2.7.1), but in a much simpler case.

If the assumption of mutual independence for the indicators

"" ..,b
l

, .,.,b
6

is relaxed, the same type of maximum-likelihood estimates may

be obtained when the dependence structure is specifically defined,

~ ""
Consider the situation where the indicator pair (b"b.) is processed

. l J
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... ....
.individually, but the indicators b

i
and b

j
are dependent upon one another .

.The estimates fOr the probabilities in the 4 by 4 trauRitj.0rl table are

obtained by collapsing the complete confusion.me,trix over all "nuisance"

rows and columns and dividing each entry in the resultant 4 by 4 table

by the corresponding. row sum. Analogous estimates for a triple,

quadruple, or a quintuple operating independently as e, cluster may also

be obtained.

Example (2.7.l) As the type of proof required for a rigorous justifi-

cation of these intuitive procedures, suppose that instead of a 64 by

64 table, we are given the following 4 by 4 frequency and theoretical

transition matrices.

'" -(B.,P.) = 00 n
OO1 . J

Ol nlO

1O n
20

II n
30

(l-p.)(l-p.)
1 J

(l-Pi)qj

Cli(l-Pj)

qiClj

(~i'P j)

(Pi,Fj) = 00

Ol

lO

II

= 00

Ol lO II
¥nij

nOl n02 n
03 nO

nn n
l2 n

l3
nl

n2l
n
22

n
23

n2

n
3l

n
32

n
33

n
3

Ol lO II

(l-Pi)Pj Pi(l-Pj) PiPj

(l-Pi)(l-Clj ) PiCl j Pi(J.cCl j )

qiPj (l-qi)(l-Pj ) (l-Cli)Pj

qi(l-qj) ( l-qi)qj (l-Cli)(l-Clj)
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The likelihood.function for any observed distribution of nij ,. 0 < i,j :5 63,

is

nOO+n02+n20+n22
x (l-P)

nlO+n12+n30+n32
x qj

By taking the log, differentiating with respect to Pi' qi' Pj , and qj'

and then solving the four equations set equal to zero, the following

estimates are obtained:

z::nO·+Lnl ,
j J j J

E~'+~>3'j J j J

Now, even though this example does not deal with the set It directly,
o

the actual estimation procedure generalizes very easily, The only real

difficulty is in writing down the extremely cumbersome equations for

42



estimating the parameters in a transition matrix defined by some subset

of \ .
o

The possibilities for clustering the indicators are summarized in

Table (2.7.1). To illustrate, in category #6 the models are defined by

~ -onetripl"" one pair, and one component which partition It = (b
l
,·· .,b6).

o
In this example, the clusters within the models are mutually independent

but do allow dependencies to exist in the triple and pair.

Table (2.7.1)

Possible Clusterings of the Basis Elements

Cluster Category Possibilities Maximum Degrees of

Parameters Freedom

#1 6 components 1 12 4020

#2 1 pair, 4 components 15 20 4012

#3 2 pair, 2· components 45 28 4004

#4 3 pair 15 36 3996

#5 1 triple, 3 components 20 62 3970

#6 1 triple, 1 pair, 1 component 60 70 3962

#7 2 triples 10 112 3920

#8 1 quadruple, 2 components 15 244 3788

#9 1 quadruple, 1 pair 15 252 3780

#10 1 five-tuple, 1 component 6 994 3038

#11 1 six-tuple 1 4032 0

The independent component model #1 is a base-line formalization,

since no a priori organization of perceptual units is assumed. Gestalt

notions do enter when each basis element is considered to be an individual



entity, but model #1 primarily hypothesizes a synthesis of completely

independent perceptual units.

Sources of empirical support have been given in Chapter I for the

assumption that the six lines that define the experimental stimuli act

as individual units. But it was also noted that components may operate

sometimes as clusters or groups. For instance, the two diagonals or

either pair of parallel sides may be grouped together and perceived as

a total unit. This phenomenon, if it does exist, is best exemplified

by the diagonal pair. If only the right diagonal were present in the

stimulus, then with a certain probability p it is perceived by the subject.

If both diagonals were present in the stimulus, it is intuitively reasonable

to expect some "summation effect" caused by this "good" configuration.

That is, the probability p is much smaller than the actual probability

of perceiving the right diagonal as present when the left diagonal is

also a part of the stimulus. In view of these cluster or "holistic"

possibilities, the series of models presented in Table (2.7.1) has been

formulated. Here, certain components may be perceived dependently or,

even if initially acted upon componentwise, some second-order encoding

process stimulates the group effect.

A common concept in statistics may help somewhat in understanding

the idea of clustering. If a coin is tossed n times, the assumption of

n independent trials is usually made, i.e., let Xl'" "Xn be a sequence

of independent Bernoulli trials where each X. can take on the value 0
~

with probability p (heads) and the value 1 with probability I-p (tails).

The stipulation of independent trials always implies mutual independence

of the random variables which may be defined as follows: Suppose
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(x. , ... ,X. ) and (X. , ... ,X. ) are, any two non-empty disjoint subsets
J l J r ~ lS 0 0 0

The random variables X , ... ,X are saidcl be mutually
1 n

independent if and only if

X" J,' ••.. ,X.
J l 0 J r

= x ... ,. ,..,,·,X.
II ,oolS

for all such disjoint sets. Now, in any specific model in Table (2.7.1),

the defined clusters are assumed to operate as "single" random variables

associated with independent trials, i.e., they are mutually independent.

(Pairwise independence, on the other hand, holds if and only if the

the factorization is obtained for each pair of distinct elements, i.e.,

P(Xi = xi) P(Xj ,= x j ) = p(Xi = xi' Xj = X
j

) for i of j, 1 S i, j S n.

Mutual independence implies pairwise independence but not vice versa.)



CHAPI'ER III

3.1 INFERENCE PROBLEMS: INTRODUCTION

The specification of a statistical inference procedure for the

formalization presented in the last chapter can become very complex

rather quickly. The main difficulty encountered is directly due to the

. numerous clustering possibilities listed in. Table (2.7.1) and the

difference in par~eter number across the various model categories. In

order to avoid any further complication for now, the initial discussion

. will involve only Table (2.7.1) and its relll-tionship to the 64 by 64

empirical frequency matrix generated in the experimental task. The

presence of general property indicator functions will be ignored until

Chapter V. The remainder of this introductory section defines the

structure underlying the models in Table (2.7.1). This structure will

be especially important in section 3.4, but it also supplies a useful

frame of reference for the other sections as well.

The hierarchical clustering summarized in Table (2.7.1) implicitly

defines a partial ordering on the set of all models~. To be more

specific, if a relation ~ is defined on M as in Definition (3.1.1),

properties (3.1.1) to (3.1.3) of a partial ordering will hold for the

structure < M, ~ >.

Definition (3·1.1) Let ml , m2 e M, then ml ~ m2 if and only if the

partition of the set of basis indicators (bl, ..• ,b6) for model ~ is a

refinement of the partition for model m2 .
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A "partition" refers to a decomposition of (bl"" ,b6) into subsets that

are mutually independent; the term "refinement" merely implies that each

member of the partition for model ml is either in the partition for

model m
2

or isa proper subset of some set that is an element of the

partition for model m
2

. In more practical terms, if ml ~ m2 , then any

set of experimental observations that can be predicted perfectly by

model m
l

can be predicted perfectly by model m
2

as well. Model m
2

is

more general than ml and includes model ml as a special case if the

parameters for model m
2

are choosen appropriately.

i) The relation < is reflexive, i.e. , m < m for all m .E M.-,
ii) The relation < is anti-symmetric, i.e 'J if ml ,m

2 El M,

then illl ~ m2
and m2 ~~

imply m
l = m2 ·

iii) The relation < is transitive, i.e., if ml ,m2 ,m
3

€ M, then

The partial ordering <M, ~ > is discussed more extensively in

section 3.4 by means of a graphical representation, but for purposes of

initial clarity, one simple example should be given now. Suppose we

consider the models in category # 3 defined by the error independence of

two pairs and two components, and the models in category # 8 defined by

the error independence of one quadruple and two components. Each

possible sub-model in category # 3 has a generalization in category # 8,

e.g., the model corresponding to the partition (1,2),(3,4),5,6) in

category # 3 is generalized by the partition «1,2,3,4),5,6) in c~tegory

# 8. Some categories, however, are not comparable along the structure

< M,. < >. For example,· no sub-model in category # 3 has a generalization

47



in category 1/5, since models in category II 5 are defined by the error

independence of one triple and 3 components and no refinement can.be

made to obtain a partition that includes. two. pairs.

The general inference problem for the set of models M may be

intuitively defined as the problem of stating some relationship of

"better than" between models, L e .,model ~ will be "better than"

model m
2

if and only if model ml explains the data more satisfactorily

than model m
2

. This relationship of "better than" must take into account

both the a priori logical relation':5 as specified in Definition (3.1.1)

and the difference between the number of parameters to be estimated

from the data. In other words, the general inference problem involves

a difference in goodness~of-fitwhich must somehow be specified quanti

tatively and relative to the number of parameters estimated.

In summary of this chapter, sections 3.2, 3·3, and 3.4 discuss pro

cedures that can be used to compare two complete models even though these

models may require a different number of parameters. The techniques

discussed in section 3.4 require one of the two models to be a special

case of the other, but the procedures in the first two sections are more

general and no restriction of this sort has to be imposed. Finally,

section 3.4 presents a number of statistics that are applicable in the

comparison of two models ,whenever the parameter number is the same.

3.2 HANNA'S TECHNIQUE

A recent conceptualization in the field of applied statistics

provides one possible approach to the inference problem mentioned in

the last section. The technique defines two measures of goodness~of-fit
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for each model m. The first measure, denoted by s , may be interpreted
m

as an index of the model's descriptive power after parameter estimation;

the second measure, denoted by r , may be interpreted as an index of the
. . m

model's predictive power before parameter estimation. The descriptive

measure corresponds to a goodness-of-fit statistic in the usual sense of

the term, whereas the predictive measure is an "expected" value of this

goodness-of-fit statistic obtained by means of a prior distribution.

The difference between the descriptive and predictive values obtained

for some one model may be interpreted as the amount of information

extracted from the data in the estimation of parameters. And in a sense

to be made more precise, one model should be "better" than another if

it has a "better" descriptive measure and extracts less information

from the data for parameter estimation.

Formally, s is defined to be the log_likelihood function of ·the
m

observed outcome with the arbitrary parameters of the likelihood function

replaced by their maximum-likelihood estimates. In its more formal

designation, it is defined to be an information-theoretic measure of

the model's ability to discriminate against a random instance model

(Hanna, 1968; 1969). (A random instance model is defined as any

formalization for which all possible outcomes of the confusion matrix

have an equal chance of occuring.) A symbolic statement of this index

s is given in Definition (3.2.1), and includes the constant one as a
m

normalizing factor.

number ofsm ~ 1 + 10gb L~(w*), where b is the

is the likelihood of 'outcome; w with parameterL (w)
i2:

possible outcomes,

Definition (3.2.1)
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.-
space ~, ~ the maximum-likelihood estimate of ~,and w* the. observed

outcome .

In order to obtain the measure r of the mod~lfs predictive power
m

before parameter estimation, an ~ priori distribution over that parameter

space must first be hypothesized. The parameters in the likelihood

function of the observed outcome w* are then "integrated out" with

respect to this distribution, leaving a parameter-free measure r which
m

is conditional upon the observed data. A symbolic definition of r is
m

given below which is analogous to Definition (3.2.1) for s .
m

Definition (3.2.2) r m ; 1 + 10gb L(w*), where L(~)

Jparameter
space··~

g(9,) L (w*)da, and
- a --

g(~) is the a priori distribution over the parameter space ~.

The difference d ; s -r is called the parameter effect. and willm m m

be interpreted as. the information that parameter estimation extracts

from the sample data. By using this difference measure, one possible

comparison between models m
l

and m
2

can be obtained that implicitly

takes into account any variation in the number of free parameters:

Definition (3.2.3) Model m
l

dominates model m2 if and only if

Definition (3.2.3) is equivalent to the statement: model ml

dominates model m2 if and only if the descriptive power of modelm
l

is

greater than or eqUal to the descriptive power of model m2 , and the
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difference between the predictive power of m
l

and m
2

is at least as

large as the difference in descriptive power, i.e., r - r
ml ~

Definition (3.2.3) deserves a little more verbal explanation. The

measure s is proportional to the maximum of the log-likelihood taken
. m

over all possible parameter estimates, whereas the measure r is propor
m

tional to the log of the expected value of the likelihood evaluated with

respect to a certain prior distribution. In an intuitive sense, then,

s is the "best" that can be done after the data has been obtained,
m

and r is what we would expect to do before the parameters are estimated.
m

The difference s -r is always positive and may be interpreted as a
m m

measure of how much information is extracted from the data~ our

intuition of where the parameters should lie. In other words, since

the number of free parameters in a model is not an adequate indication

of the unfalsifiability of the model whenever the parameters are internally

constrained, the parameter-effect statistic is an alternative to the

traditional concept of "degrees of freedom lost in parameter estimation" and

implicitly includes the internal parameter constraints imposed by the

formalization. (The term "unfalsifiability" implies that any set of

observations may be predicted perfectly by some appropriate selection

of parameter value s. )

In order to obtain a clearer understanding of Definitions (3.2.1),

(3.2.2) and (3.2.3), one very simple example will be presented below .

Example (3.2.1)
....

Suppose the single indicator function Pi has the

following transition table:
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7=T
P. ; 0 1
~

~

[ J
P. ; 0 l~p p
~

OS P,'1 S I
1 '1 1-'1

Further ~ssume that some experiment has been Performed and an empirical

...
has been obtained:fre'1uency matrix for Pi

N
P. ; 0 1
~-

nO' ]
P. ; 0 [~,~

1 n
lO nn

•

The likelihood of this observed outcome is a function of p and '1, ~nd

may be written as

The maximum of L(p,'1) over all possible values of p and '1 may be inter,

preted as a measure of fit, and is attained when p ; nOl/(nOO+nOl) and

'1 ~ nlO/(nlO+nll)'

Now, instead of actually using these optimal parameter estimates

to obtain the maximum of the likelihood, suppose there exists some ~

priori knowledge as to where the values of p and '1 should lie. And, for

convenience, assume that this knowledge may be represented by the

following two Beta densities on p and '1:
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g(p) 6(1-p)p

f(q) = 12(1_q)2q

In other Words, We expect p to be centered around 1/2 with variance

,1/20, and q to be centered around 1/3 with variance 1/25.

With these distributional constraints on p and q, it is now

possible to find out how far we are away from the maximum of the likeli-

hood on the average, i.e., the likelihood is evaluated for all possible

values of p and q and the average is taken with respect to the functions

g and f. In this instance, the necessary calculations are relatively

simple:

JIJI 72 L(p,q) (1"P}p{Fq)2q dp dq
o 0

Consequently, if we observe the frequency table

;:;;

Pi 0 1
~

[ },P. 0 1 0
l

1 1 1

A A 1 1
then since p = 0, q =2' the maximum of the likelihood function is 11.

Alternatively, the ~ priori knoWledge that is specified by the two Beta

densities gives an average value for the likelihood of 1/5. The difference
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is 1/20 and may be interpreted as the amount of inf()rmation that was

extracted from the data in using optimal estimates of p and q.

In the general definition of the descriptive, predictive, and

parameter-effect statistics, the normalizing constant one and the log of

the likelihood function are used, but, otherwise, this simple example

is still representative of the more general procedure.

The general formulas needed for the calculation of the three

measures r , s ., and d will now be presented for each model in Tablem m m

(2.7.1) by assuming that each such model defines a probabilistic process

that produces the 64 by 64 confusion matrix. If the reader so wishes,

he may forego the details of the following derivation and skip directly

to the top of page 62.

First, let ni be the i th row sum of the obtained frequencies and

nik the observed frequency for cell (i,k), 0 ~ i,k ~ 63. The number of

possible outcomes for the confusion matrix is then given by the quantity

b in equation (3.2.1).

b
63
TT(n. + 63)\ /
i=O l

63
((63! )64 TI n.! )

i=O l

Assume Pik(~)' 0 ~ i,k ~ 63, are the transition probabilities for

... "some specific model ml , and let Pik = Pik(,2) be the value for Pik(,2)

obtained by substituting the maximum-likelihood estimates for the under-

lying parameter set e. As before, the parameter set e is defined by- -
whatever error independence has been postulated for model m

l
. Using

these notational assumptions, equatioJls (3.2.2) and (3.2.3) below are

obtained directly from Pefinition (3.2.1)~·



(w*)
63

=11
i=O

(n. !
l

63/n n· k !
k=G l

) (

Equation (3.2.3) may now be simplified to the statement given in (3.2.4):

63 63 '"L E n·kln(p·k)
In(c) i=O k=O l l

(3.2.4)s = + + 1ml In(b) In(b)

63 63 63
where c = (IT n. ! /Tr TI , )nik ·

i=O l
i=O k=O

Two facts should be noted about equation (3.2.4). First, a comparison

of size between two descriptive measures depends entirely upon the term

63 63
E L n'kln(~'k)'

i=O k=O l l

Consequently, this is the only term that actually needs calculation

from the experimental data. In some instances it would be desirable to

carry out the normalization given in the complete equation (3.2.4), but

since the effective quantity is merely proportional to the log-likelihood

and later will be used by itself, this normalization will be ignored in

the actual data analysis. '"Secondly, whenever Pik = 0, the whole expression

nikln(Pik) must also be interpreted as zero, i.e., "since Pik = 0 implies

nik = 0, there is essentially one less category to take into considera-

tion in row i.

By using Definition (3.2.2), expressions that correspond to (3.2.2)

and (3.2.3) for s may be obtained for r as well:m
l

m
l
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L(w*)
63

~ f g(j;;) TT
a i~O
,."

63
/ TI n· k !
k~O 1

63
) (TT

k~O

da
~

where g(~) is the yet unspecified ~ priori probability distribution

over the parameter space a, and P'k > 0 for all i and k.
.... 1

63 63 n
ik

In(f g(~) IT IT Pik da)
In(c)

,..
a i~O k~O- f 1 (3.2.6)r +ml ---

In(b) In(b)

Again, the numerator of the last term would be the one quantity to

calculate experimentally for each model.

The a priori distribution over a must be specified in order to-- ,..
evaluate the integral in (3.2.6). Suppose first that g(;;) is merely

the product of density functions, i.e.,

g(a),..

Each individual density g .. (a), 1 < j < r., 1 < i < t, will correspond
lJ ~ - - l - -

to the ~ priori distribution over the parameters in the jth row of the

transition matrix for the i th independently processed cluster. Since

the t clusters and rows within the clusters operate independently, the

assumption that g(a) factors in the above manner is intuitively very,..

natural.

The Dirichlet density in Definition (3.2.4) is a useful distribution

to assume for each of the functions g .. (a) defined above. First, since
lJ ..

this distribution has an extraordinarily wide variety of possible shapes,
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the assumption is minimally restrictive. Secondly, since a Dirichlet

distribution is obtained when the Dirichlet is used as a prior distri-

bution for .the multinomial, the Dirichlet density is also the "natural"

distribution to assume. For these reasons, it will be supposed that

each function g .. (a), 1 < i < t, 1 < j < r. is a Dirichlet density
lJ ,.. - - - - 1,

over the relevant probabilities for row j within cluster i, but with

possibly different sets of parameters, (v~~), ... ,V~~ij)).

Definition (3.2.4) A Dirichlet distribution over the parameters

p , ... p 1- is defined by the density
1 n-

v -1
n-l

Pn-l

v -1
(l-p _ _p ) n

1 ... n-l

at any point in the simplex ( (Pl"",Pn-l)' Pi ~ 0, i = l, ... ,n-l;

n-l
l:P. < 1), and zero elsewhere. The parameters vl, ... ,v

n
are positive

i=l 1, -

integers greater than or equal to 1.

The assumption that g(a) factors immediately supplies a simplifica-,..

tion of the expression in (3.2.6):

63 63
J g(~) Tf 1T

a i=O k=O
".

t

El=l
ln (fgl'J'(,..Pl'J') P., dp,.),,"lJ ...lJ

The vector variable P.. in (3.2.7) is the vector of relevant parameters
_lJ

in the transition matrix containing row j within cluster i, and the

symbol P., denotes the product expression
...lJ
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where c~:), ... ,c~kjij) are the observed frequencies corresponding to the
lJl .

k .. cells in the transition matrix cqntaining row j within cluster i.
lJ

To illustrate, assume g .. (p~:), ... ,p~~ij) ) is the a priori distribution
lJ lJ lJ -

for the parameters P~:)".',P~~ij) in some row and cluster that is
lJ lJ .

operating as ~n individual unit (being processed error-independently

of the other subsets). The contribution of row j in cluster i to the

sum in (3.2.7) is then

r (1)) r (k .. ))(v. . .. . (v .. 1J
lJ1J

ln
r(v~:) +

lJ
+ V~~ij))

lJ

r( (1) + +. (k .. ) + + (1)vij ... VijlJ ... cij

If the v . .'s are all equal to one, then g(p~:), ... ,p~~ij)) reduces to
lJ lJ lJ

the uniform distribution. In this special case, the contribution of a

single row i in an u-tuple cluster is the quantity given in (3.2.9).

The variables f .. in the equation are merely the frequencies in the 2u
lJ

by 2u table obtained by collapsing over all "nuisance" rows and columns

in the complete 64 by 64 frequency table.

where 1 < u < 6.
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The expressions for rand s given in (3.2.9) and (3.2.4),
~ ml

respectively, .may also be used to provide a representation for the

parameter effect d :
m

d ~ s -r ~
m m m

In(b)

Again, the numerator in (3.2.10) is the relevant quantity to calculate

from the experimental data for comparisons of size.

E th h th 1 ti f t t ( (1) (k .. » fven oug e se ec on 0 parame er 5e s V'j"" ,v.. ~J or
~ . ~J

each g .. places precise limits upon the final form of the complete ~
~J

priori distribution function g(a), a little more generality can be-
obtained if two distinct types of such parameter sets are used in the

data analysis. The first specification is a selection of parameters

The second specification of

to obtain a uniform distribution, i.e.,

l~i~t, l<j <r ..
- - ···l·

~ v~~ij) ~ 1 for
~J

the parameter sets

requires a little more explanation since it incorporates some intuitive

assumptions regarding a reasonable form for the final empirical 64 by 64

frequency table. As a normative pattern, which is consistent with the

experimental results discussed in Chapter IV, it will be assumed that

thirty-seven percent of the responses in any row are correct and the

other sixty-three percent are distributed uniformly over the incorrect

responses. An empirical confusion matrix that conforms exactly to this
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pattern is easily constructed and the simplest way to obtain a set of

parameters for an appropriate Dirichlet distribution: Suppose there

are n observations for each possible stimulus, (37/100)n of these n

observations are correct responses, and each incorrect response has a

frequency of n/100. (For present purposes, these "frequencies" do not

have to be integer-valued.) The estimated transition matrices for all

v-tuples, 1 ~ v ~ 5, are obtained in the usual manner of collapsing

over the irrelevant rows and columns and are given in (3.2.11) to

Single component:

Response

0 1

Stimulus 0
[

68
I

WO "Iwo ] (3.2.U)

1 32/100 68/100

In other words, for each row the "correct" probability has

an estimate of 68/100 and the rest have estimates of 32/100.

(The estimates for the remainder of the clusters are given

in verbal terms only, since the transition matrices are

rather cumbersome to write out.)

Pair: For each row, the "correct" probability has an

estimate of 52/100 and the rest have estimates of

16/100.
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Triple: For each row, the "correct" probability has an

estimate of 44/l00 and the rest 8/l00.

Quadruple: For each row, the "correct" probability has

an estimate of 40/l00 and the rest 4/l00.

Quintuple: For each row, the "correct" probability has

an estimate of 38/l00 and the rest 2/l00.

If the estimates in (3.2.ll) to (3.2.l5) are assumed to be "means"

of the appropriate Dirichlet densities, sets of parameters

( (l) (k. j» 'l t t d F l th tv .. , ... ,v .. ~ are eas~ y cons rue e. or examp e, e parame er
~J . ~J

sets given in (3.2.l6) below provide one possible alternative that is

consistent with all the estimates in (3.2.l1) to (3.2.l5).

Component: (34, l6)

Pair: (26,8,8,8)

Triple: (22,4, ... ,4)

Quadruple: (20,2, ,2)

Quintuple: (l9,l, ,l)

The sets in (3.2.l6) are unordered and must be considered in

relation to a specific row and cluster. For example, in a 4 by 4

transition matrix defined by an indicator pair, the value 26 is assigned

to the diagonal cells, and the value 8 is assigned to the off-diagonal

cells.
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A procedure for obtaining the "best" prior distribution is almost

.impossible to define in any rigorous sense. In fact, the selection of

a uniform distribution over the parameters has merit primarily because

it avoids ambiguity by. merely formalizing a naive assumption of complete

ignorance of the parameter space. Obviously, procedures that incorporate

some deeper understanding of the parameters would be more satisfactory,

but, in general, a major problem exists in specifying what information

is pertinent as well as in quantifying this information by means of a

probability distribution. In order to bypass an elaborate argument, the

specification of a non-uniform Dirichlet prior in this section has been

based on two very simple assumptions: First, without any evidence to

the contrary, we expect the proportion of incorrect responses to be the

same for all stimuli. Secondly, the incorrect responses for anyone

stimulus should be distributed uniformly in the appropriate row. These

assumptions are rather crude, but they are still more meaningful than

the usual supposition of complete ignorance.

Hopefully, the technique presented in this section will divide the

set of all models M into two subsets, M
A

and MA. Each model in the

set MAwill be called inadmissible; each model in MA will be called

admissible. More formally, MA ; (m € M I there exists an m' € M such

that m' dominates m according to Definition (3.2.3) ), and the set MA

is the complement of MAwith respect to M.

3.3 COMPARISON OF SIGNIFICANCE LEVELS

A second alternative for defining what models are "best" involves

a preliminary calculation of either the likelihood-ratio:'or the chi-square
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goodness-of-fit statistic for each possible model.

the observed frequency in cell (i,j) of the

First, let n.. be
lJ

64 by 64 confusion matrix,

and let n. be the l·th row sum. S f th th t ~ .uppose ur er a ~ lS some
1 ,.

k-dimensional vector of parameters that defines the theoretical proba-

bilities in the 64 by 64 confusion matrix. Und.er these assumptions,

the chi-quare statistic given in (3.3.1) and the likelihood-ratio

statistic in (3.3.2) are both a sYTIrl?totica lly chi-square with 64·63-k

degrees of freedom.

63 63
" ) )21: 1: (nij-niPij(~

i=O i=O x2.....
(64,63-k) (3.3.1)

" )n.p .. (8
l J.J N

63 63
In(Pij(~ )))"'~(64'63-k)2 1: E n .. (In(n . . /n.) - (3.3.2)i=O j=O lJ lJ 1

A
If Pij(e) = 0, then for the same reason given in connection with

equation (3.2.4), the term corresponding to (i,j) in the summations

above will be correctly interpreted. only as zero. And likewise, if

the ''In'' term in (3.3.2) is undefined, it must also be considered as

zero. There is some problem of small expected frequencies in the

definition of the chi-square statistic in (3.3.1), but this will be

discussed later in Chapter IV along with a more detailed explanation

of how the chi-square measure may be made more appropriate by collapsing

Over cells with small expected frequencies.

Either a chi-square or a likelihood-ratio statistic could be

calculated from the experimental data for each model tn Table (2.7.1),



point for the

approximately

but depending upon the model categories, these statistics may have

different degrees of freedom. However, if the significance levels of

these statistics are compared rather than their actual numerical values,

this problem can be partially overcome. Since the degrees of freedom are

all very large, the significance level for the. calculated statistics may

thbe determined through a normal approximation, i.e., the p percentage

chi-square distribution with v degrees of freedom is
1

l( )2 2 thequal to ~ z + (2v-l ), where z is the p percentage
p p

point for the standard normal. Consequently, by solving for z in terms
p

of X2 , the explicit equation in (3.3.3) is obtained.

z.
p

1
2

- (2v-l)

The percentage value p is one minus the significance level of the ~

statistic and may be used directly in a comparison between models. It

should be noted, however, that we are not really performing a "significance"

test in the usual sense of the term. The transformation in (3.3.3) is

interpreted here only as a correction factor for the degrees of freedom

in either the chi-square or the likelihood-ratio statistics.

The two methods for evaluating model adequacy presented so far in

this chapter leave rather different questions unanswered. First, even

though Hanna's technique may be used to define a set of admissible

models, within this set the concept of dominance is inapplicable. The

comparison of significance levels, on the other hand, ideally provides

an ordering of all models along a continuum of adequacy, but there is

still a remaining problem in defining exactly what degree of difference
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in significance levels has to be obtained before it has any real

importance. Both of these procedures have the rather nice -property of

being applicable to models with different degrees of freedom without

requiring one of the models to be a special case of the other. The

techniques discussed in section 3.4 are not as general and may b!= used

only when one of the models is a specialization of the other.

3.4 INFERENCE PROCEDURES ON < M,<>

Up to now, no attempt h~s been made to use the partial ordering of

the models presented in Definition (3;1.1) in a test of model adequacy

itself. Three techniques will be discussed shortly for investigating

goodness-of-fit along such an ordering, but for purposes of clarity the

structure < M, S> specified in (3.1.1) to (3.1.3) is first given a

graphical representat.ionin figure (3:4a). Suppose model ml belongs to

category j and model m2belongs to category i. The relation < can

apply to these two models m
l

and m
2

if and only if category j can be

reached from category i through a descending path in the figure.

Obviously, the relation will hold only for specific pairs of models in

both categories even though a descending path between the two categories

does exist.

There are at least three different procedures or statistics for

investigating the adequacy of models along the structure presented in

figure (3·4a). Let models ~ and m2 have sand r parameters, respectively,

where r > s. If m
1

< m2, then it is possible to consider the parameters

used to generate the theoretical 64 by 64 matrix for model m
l

to lie in

a subspace of those parameters that are associated with model m
2

.
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"Graphical Representation of < M, ::: >
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ConselJ.uently, the test of whether model ID
2

provides a significantly

better fit thari moClel miis elJ.uivalent to the test of whether the

parametei's associated with mOdel m
2

lie in the subspace defined by

II "mod.el m
l

, In all three of; the alternatives below, the vectors eandQ
,. lit

denot,~,th~ 'Inaximinrr-1:i.kelihoodestimates for the parameters associated

with models m
2

and ml,respectively ,

Alternative 1: If L (w*) is specified as in Definition (3.2.2), then
a,.,

2(ln La (w*) - In L!(w*»,..
In words, the lJ.uantity on the left is asymptoticall."chi_slJ.uare with

r-s degrees of freedom,

A "If p'k(e ) and P'k (A) represent the estimated theoretical
l f'J l ~

1\
probabilities in the 64 by 64 confusion matrix obtained by using 6,.,

1\
andft, the expression (3.4.1) can be given a simpler form:

2
63

L
i=O

~
j=O

n, .
lJ

> ' '')1 (") "'·'2In(p, .(e P,. A ) .... x.( )
lJ N lJ Ie. r- s

Alternative 2: The statistic given in (3.4.3) is also asymptotically

chi-slJ.uare with r-s degrees of freedom and may be used in the same way

as the statistic given in (3.4.2),

63 63 II too '2ko n i ~O(Pij(~) - Pij(~»

Pij(!)
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Alternative 3: In the event that the chi-square goodness-of~fitstatis-

tics for models m
l

and m
2

are independent, an F statistic could be

formed which would correspond at least functi9nally to the measures

given in alternatives 1 and 2. More specifically, the justification

for the statistic in (3.4.4) assumes that.the denominator of (3.4.4)

is an estimate of "error", and the -numerator is non-central chi-square

divided by its degrees of freedom. The whole expression is then non-

central F with the non-centrality parameter depending upon how "different"

the least general model is from the more general.

F =

63
L:
i=O

/ s

63

L:
i=O

63

L: (n..
j=O lJ

" 2- n.p . .(6))
1 ,1J IV

"n.p .. ( e)
1 lJ ·IV

/ r

There are at least two major reasons why this third alternative

has to be used with extreme caution. First, since the sample size

was small, the chi-square values given in Chapter IV were obtained

from the same set of data, and, consequently, the independence assumption

is most probably violated. Secondly, and more importantly, without an

initial collapsing over cells with small expected frequencies, the chi-

square statistic is extremely "unstable" when calculated for the models
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in Table (2.7.1). However, if suitable restrictions are imposed upon

its interpretation, the quantity in (3.4.4) still maybe used as away

to specify 'the increase-of-fit per estimated parameter.

In all three alternative s , the parameter' structure for' the more

general'model m
2

isass1.lllled to be correct. Consequently, even though

tll?!magnitlideof'the statistics in (3;4.2), (3.4.3) and (3.4.4) can

give SOllle meaning to the' phrase "model m
2

isbeUer than model mt,
they still'only provide information as to whether or not the parameters

e for the mare general model may be considered to lie within the subspace...
of ~ designated byJi . Nothing is said about the abo solute merit of

either model. (Aga.in,if the argument of the function "In" is (3.4.2)

undefined or the denominator in (3,4.3) or (304.4) is zero ,for some i

andj, then tha.t whole term is taken to be zero.)

3.5 INFERENCE PROCEDURES WHEN PARAMETER NUMBER IS THE SAME

The various models within any one category of Table (2.7.1) have

the same number of parameters, consequently, any one of a number of

goodness-of-fit statistics could be used to compare model adequacy

within a single category. The procedures 'to be given below are by no

means the only ones available, but they are at least representative of

a variety of possible techniques.

If the actual values of the obtained probabilities in the 64 by 64

confusion matrix are "close" to the theoretical probabilities, the

correlation between these values should be close to one. Thus, the

index of linearity provided by the correlation coefficient may also be
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interpreted as a goodness-of-fit me"sure. Even though the .. set of

correl"tions does furnish "method for ordering the various models

within anyone category as to adequacy of fit, a larger correl"tion is

expected theoretically for a more general model .or for a model with more

parameters. Consequently, an extension of the correlational technique

across all modeJ,. categories is not strictly justified "nd should not be

attempted without imposing severe restrictions upon t.he interpretation.

The statistics to be defined in (3.5.2) "nd (3.5.3) are all similar

to the correlation coefficient when interpreted as goodness-of-fit

statistics and may be used in the same manner. The formulas (3.5.2)

and (:3.5.3) are expressed in terms of expected frequencies rather than

in terms of estimated probabilities, but convention dictates the use of

estimated probabilities for the calcuJ,.ll-tion of the correlation coefficient.

Correlation:

( (4096

rtheoretical, obtained =

( 4096 E
i

L. E~~j )
i j

r=t,o

(

The percentage of variance in the data accounted for by the theoretical

values is (rt )2; the percentage of variance unaccounted for by the
,0

2
theoretical values is merely l_(rt,o) •
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Sum of absolute deviations:

~
i=O

(3·5·2)

Sum of squared deviations:

In addition to the statistics defined in (3.5.1) to (3.5.3),

either Hanna's descriptive measure or a chi-sq~are goodness-of-fit

statistic could also be used when the parameter number is the same.
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CHAPTER IV

4.1 EXPERIMENTAL SITUATION

This section of the dissertation is intended to present the details

of the experimental task referred to periodically in the first three

chapters. First, to be more specific about the experimental population"

a total of 100 subjects were obtained from a p~edominantly black

elementary school in East Palo Alto, California, with a sex, grade, and

age distribution as follows:

47

53

Totals for sex:

6th5th4th

9 10 11 9 10 11 12 11 12

7 7 0 1 3 10 2 9 8

15 1 1 1 10 8 1 7 9

rade: 31 36 33

Grade:

Age:

Male:

Female:

Totals for g

Sex:

The selection of experimental subjects from a predominantly black

school was essentially a practical choice and not made on the basis of

any strong desire to investigate the perceptual problems that a so-called

"disadvantaged" child encounters. This particular elementary school was

already involved with a Computer-Assisted-Instruction program in con

junction with Stanford University and had both the necessary facilities

and interest for participating in such an experiment. The facilities

consisted primarily of a room available in the CAl lab which was carpeted,

fairly sound-proof, and otherwise ideal for setting up the necessary

equipment and carrying out the experiment itself.
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The tachistoscope u.sed in the data collection was a Sawyer's

550er slide 'prOjector specially fitted with an nex shutter. The

shutter was of a mechanical variety operated manually by a cable

relea'se, with an exposure duration continuously calibrated from 1

second to 1/150 second and illumination continuously calibrated from
1

full light 'to minimal light in powers of 2. The 2-inch square card-

board mounted slides actually used for projection were obtained from
1

a 2 transparency reduction of figures drawn bya commercial artist

specifically' for the experiment.

At the start of each session, two student s' were brought from their

classrooms to the experimental room and '. seated behind and to each side

'of a large desk. The projectors were placed on a table immediately

back of and between the subjects. They were then told that they would

be taking part in a test but not to worry in anyway about grades or

report cards--the test was only to find out how well people could draw

geometric pictures shown on the screen. After this initial explanation,

test booklets and pencils were handed out,and the subjects were instructed

to fill in their name, age, grade, and sex. The experimenter,who was

the author in all cases, attempted throughout the session to be as

inforffifLl as the situation allowed. A majoritymf children reacted with

some anxiety about doing "something wrong" when taken out of the class-

room, and the use of a set of instructions that were merely "recited"

at the beginning of the task appeared to make them even more uneasy.

After the biographical information was obtained, the subjects were

asked to open the booklet to page 2, which contained four dots forming

the vertices ofa two-inch square. The experimenter drew a similar set
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of dots on the blackboard and connected the vertices with four sides

and the two diagonals. Two figures were then formed by redrawing the

complete figure but with a deletion of certain lines. The subjects

were now told to look on the next page at the five two-inch figures

formed by different line deletions and then point out to the experimenter

which lines were deleted to make each of them. One of these five

figures always had all six lines missing so that only the original

four vertices of the square remained. The next page consisted of

four sets of four dots, identical to those on page 2, but label'id Ca)

through (d). The subjects were told that these sets of four points

would be for practice pictures and they could initially ask for help

whenever they had trouble answering. Mter.thefour sets of dots were

pointed out to the students, the experimenter drev what Mas to be

picture (a) on the blackboard. The subjects were shown how to connect

the four points to make picture (a), and warned simultaneously that

these four dots were only to help them make a response and would not

actually appear on the screen.

Besides the projector for showing the actual geometrical configura

tions,a second projector was used in the task to provide a continuous

light field of the same size as the field that would eventually contain

the geometric form. Such afield served two functions in the experiment.

First, since the Sawyer's tachistoscope consisted of only one channel,

a focal point would have had to have been either drawn or projected

upon the screen and remain visible even when the geometric form itself

was exposed. The blank field provided an alternative to this explicit

focal point, which otherwise would have probably proved to be an
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especially annoying requirement. In fact, the presence of such a point

m~de a number of adult subjects ina pilot study almost refuse to go on.

Secondly,. since a light. field tends to mask out the after-processing of

figures, a. desirable high error. rate was much more easily obtained .in

the task than without it.

At this point in the experimental sequence, the secona. projector

providing the reference field was turned on and. the subjects were warned

of the "catch" to the experiment, i.e., the pictures would be shown very

fast. In order not to miss a piqture, the subjects were instructed to

look at, the.middle of the blank field right after the experimenter said

the slide number and the wO:r:'d ":r:'eady". The first slide (a) ,previously

drawn on the blackbqard, was now shown at 1/150 second and maximum

illumination immediately after the letter "a" and the word "ready" were

repeated. After the subjects responded to.(a) ,the light was reduced to
1
2 and a second <figure presented in the same manner. At this point, the

experimenter drew four dots on the blackboard<enclosing a small circle
,

.and e;x:plained that if the picture. either ,was shown too fast to be seen

or if there were no picture or lines present, the subject should merely

put a similar circle in the middle of the four dots. The light was now
1

reduced to '4 and a blank picture projected. Finally, the light was

reduced to 3/32 and the last practice picture (d) was exposed. In the

experimental population used, this last illumination of about 3/32

apPeared to be "optimal" for obtaining about a 60 percent error rate in

responses.

The first four figures in the actual experimental task were initially

designed to provide a "warm-up" period for the subjeqt and, consequently,

75



were repeated at sollie later t:i.ille ill theseqtience ofslides. These'.first

four geoineti'ic forms were randolnly selected, from the total set of ,63'

non-empty st:i.illul:i' , but ilubjeet to the constraint of notYallowing,the

saine "warm-up" figures 'to 'appear in 'niOrethan'olle randoID se<J.uence' us'ed

for six subjects. (This procedure of selecting "varin"up",slides,was

re-initializedafter all 63 non-empty figtireshad"been used 'once. )

Because of this'redundaIlcy, the actual test' 'sequence consisted i6f1'68,

figures, not inCludirigthefour used for practice. As ibturned out,

'however, the errors that were madeoIl'these first' fOur -,"warm"up" figtires

followed almost exactly the same errOr distribution obtained.when pre~

sentedfurther along in the se<J.uence. " COllsequently/ all 68: responses

for anyone stibject are included in the confusioIllD.atrix pre'sentedin

section 4.2.

After this initial ex'planat:i.Ori,thesubjects were asked ·to turn to

page five, which was the' start of the actual experilliEiIltalresponse'

material. . From this page oil, six sets of four dots we:rEi presented.on

each page, L e ., re sponse s to picttire s 1 through 6 were to be giVen On

page 5,responses 7 tb.rough12onpage 6/ alld s6 fonh. The possibility

of making a lot of errors was emphasized to the su'bjectsalollgwith a

relliinder of not to worry about· what the; other person was' doing; The

subjects were encouraged. to do theirbestbllt not to hesitate in giving

an ansWer for fear of inaking amistake--errors were to be expected and

performance could never be perfect in the task.

The 68 slides were shown simultaneously to the two subjects Only

once,and after 'eachex'posure the subjeetswere individually re<J.uired



to draw the figure that they saw projected on the screen. The whole

session itself lasted about 25 minutes with one short rest break at

slide 26, at which time the experimenter discussed the apparatus and the

speed at which the slides were being exposed. After slides 7.and 43,

the students were told they were doing "fine" and at slide 60, they were

told that eight slides or pictures remained to be shown before the test

was completed. The actual order of presentation for the 64 slides was

randomized after six subjects had been tested using anyone specific

sequence.

The overhead lights in the experimental room remained on throughout

the test session and provided a diffuse illumination more than adequate

for the. subjects to see their response material. The screen was of a

radiant variety suitable for projection in such a lighted room and was

placed approximately 9 feet from the subjects. Both the continuous

reference field and the field in which the geometric form itself was

presented were 28-inch squares; the actual projected image was positioned

in the center of the second superimposed field and was formed by lines.

connecting the vertices of a II-inch square. The eye level of the

subjects was approximately at the .theoretical horizontal line which

passed through the center of the continuous light field, and the geometric

form itself subtended an arc of about 6 degrees.

The exposure duration of the figures was set at 1/150 second with

an illumination of 3/32. These settings appeared "optimal" for obtain

ing the high error rate necessary in the task but with a minimal number

of "blank" responses. A few students initially had a rather difficult

time with the briefness of the image but after some coaxing to "pay
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attention" and to guess as best they could, their performance was

comparable with the great majority of thecsubjects.

As mentioned in section 4- .1, the experimental population cOn,sisted

of 100 subjects, each of whom theoretically provided 68 respon,ses, for.

the complete confusion matrix. In actuality, however, the tbtalnumber

of responses was 6756, 44 less than possible. This small loss is due

primarily to an equipment breakdown during the experimental sessions

for subjects 99 and 100, and only secondarily to the unreadabilityof

a few subject ·responses. The variance in row sums across the 64 stimuli

results from the inclusion of the "warm~up" figures, the 44 responses

that were lost, and in about 10 instances; a failure of the slide

changer to properly engage. When the'slide changer failed, a double

response was obtained from a subject on that . specific slide and the

next slide in the sequence was omitted .

. The data itself. can be presented in the confusion matrix given in

Table (4.2.1) , where, for convenience,thest imuli and responses { rows

and columns) of the table have been assigned the decimal equivalents

listed in Appendix II. The actual entry for each stimulus-response

pair in Table (4.2.1) is a frequency count, which when normalized by

the row sum, could be interpreted as the estimation of a certain cell

probability in a multinomial distribution over the 64 possible responses.

The data given in Table (4.2.1) will be referred tofTom now on ,,"s

the complete data matrix. Alternatively,the term deleted data will

•
be used to:refer to the matrix of Table (4.2.1) modified as follows.':
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for stimuli i = 1, .... ,63 substitute for the entry in cell (stimulus i,

response 0) the quantity max (Or;(number of "blank" responses for stimulus

i) - 11). This deleted data matrix is an attempt to compensate for sub

ject inattention and is defined by subtracting up to a maximum of eleven

responses in the "blank" response column for each non-empty stimulus. Now,

even though the maximum number. of zero responses to subtract was intuitively

arrived at from an inspection of the complete datamatrix, it will be seen

later that the inferences that can be made on the deleted data are almost

identical to the inferences that can be made on the complete data.

Table (4.2.1) .here

The measures of fit for the deleted data matrix are substantially

better than for the complete data· and initially justify its inclusion

in the stati~tical analysis. More practically, it is also a lot easier

to perform this simple subtraction operation than to include the para

meters c and d and use a numerical parameter estimation technique as

requi~ed by equation (2.7.1). However, even though both procedures do

attempt to account for a similar proportion of "blank" responses attri

butable to inattention rather than misperception, the second procedure

that includes parameters d and c is obviously more elegant from a mathe

matically formal point'of view and, consequently, should be used in

further extensions of the research reported in this thesis.

In addition to the model-dependent results discussed in the next

section, the data matrix may also be used by itself to provide a sub

stantial number of interesting model-free observations. The discussion

to follow is by no means intended to be a complete ipterpretation of
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RESPONSE

16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31
STIMULUS

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
I 0 0 1 0 0 2 0 0 0 0 0 0 0 0 0 0
2 0 0 3 0 0 0 I 0 0 0 0 0 0 0 0 0
3 0 0 0 1 0 0 0 I 0 0 0 0 0 0 0 0

" 0 0 0 0 I 0 0 0 0 0 0 0 0 0 0 0
5 0 2 2 0 0 16 0 0 0 0 1 0 0 2 I I
6 0 '" Ii! 0 0 0 5 0 0 0 2 0 0 0 0 0., 0 0 0 2 0 I 0 ., 0 0 0 I 0 0 0 0
8 0 0 0 0 0 0 0 0 I 0 0 0 I 0 0 0
9 0 2 0 0 (I 0 0 0 2 7 2 I 0 0 0 I

10 0 1 1. 2 I) 0 0 0 0 0 .12 0 0 Ii 0 I
11 0 0 0 I 0 0 0 0 0 0 1 6 (I 2 2 '"12 0 0 0 0 0 0 0 0 I 0 0 0 I 0 0 0
13 0 0 0 0 0 0 0 0 0 0 7 0 0 0 0 0
14 ·0 I 0 0 0 2 0 0 0 I Ii! 0 0 1 3 0
15 0 0 0 I 0 0 0 0 0 2 0 I 0 I 2 9
16 31 0 0 0 0 I 0 0 4 I 0 0 I 0 0 1
17 038 2 0 0 16 2 I 3 5 0 0 I 0 0 0
18 I 130 0 0 I '" 0 0 I ., 0 0 0 0 0
19 0 0 047 0 0 0 , 0 0 0 I 0 I 0 0
20 3 0 I 124 I 0 0 Ii! 0 0 0 2 0 0 0
21 0 2 2 0 059 0 0 Ii! 0 0 0 0 4 I I
22. 0 3 I 2 ·0 1439 0 0 0 I 0 0 0 0 0
23 0 0 (I 6 0 0 032 (I 0 0 3 0 0 0 0
24 0 2 I 0 0 0 0 046 I 0 0 2 0 I 0
25 0 2 ! I 0 0 (I 0 o 44 1 I 0 6 0 0
26 0 0 I 0 0 0 10 0 0 047 I I I 2 I
27 0 0 0

'"
0 0 0 0 0 I 122 0 I')

'" 14
28 I 0 0 0 I 0 0 0 7 I 0 026 1 0 0
29 0 1 0 I 0 4 0 I o 10 . 3 5 029 . I I
30 0 0 0 I I 0 I 0 0 6 9 I 0 6 13 2
31 0 0 0 2 0 0 0 0 0 I o 10 0 3 3 19
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RESPONSE

32 33 34 35 36 37 38 39 AO 41 42 43 44 45 46 47
STIMULUS

0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 3 0 1 0 0 0 0 0 a 1 0 0 0 0 0
2 O· 0 0 1 0 0 I 0 0 0 0 0 0 0 0 O·
3 0 0 ·0 1 0 0 0 0 0 0 0 0 0 0 0 0
4 ·0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
5 0 3 0 0 2 2 0 1 0 1 0 0 0 0 0 0
6 0 1 1 0 0 1 6 0 0 0 1 0 0 0 0 0
7 0 0 0 1 0 3 1 1 0 0 1 1 0 0 0 5
8 0 1 0 0 1 0 0 0 0 0 0 0 0 1 0 0
9 0 1 2 0 0 2 0 0 0 2 0 0 0 0 0 0

10 0 3 0 0 3 0 1 1 0 1 7 0 0 1 0 0
11 0 0 0 1 0 1 0 0 0 0 0 1 0 2 0 0
12 2 0 I 0 10 0 1 0 0 O· 0 0 3 0 1 0
13 0 I 0 0 0 I 7 0 0 0 1 0 0 1 1 1
14 0 0 0 0 0 3 o· I 0 0 1 0 0 0 0 0
15 0 0 0 2 I 2 0 I 0 1 0 0 0 0 4 4
16 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
17 0 I 0 0 h 0 0 0 0 0 0 0 0 0 0 0
18 0 1 2 0 0 0 1 0 0 0 0 0 0 0 1 0
19 0 0 0 0 0 0 0 ·2 0 0 0 0 0 0 0 0
20 0 0 0 0 2 0 0 0 0 0 0 0 3 I 0 0
21 0 2 2 0 0 I 1 0 0 1 0 0 0 0 0 0
22 0 O. I 0 0 1 3 0 0 0 0 0 1 0 0 0
23 0 0 0 0 0 2 0 0 0 0 0 2 0 0 0 1
24 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
25 0 0 I 0 0 I 0 0 0 0 0 0 0 I I 0
26 0 0 0 0 0 I 1 0 0 1 2 0 I 0 1 0
27 0 1 ·0 0 0 0 0 0 0 0 0 I 0 0 I 1
28 3 0 0 0 3 0 0 0 0 0 0 0 2 ·0 I 0
29 2 0 0 0 0 0 2 1 0 0 0 0 0 2 0 0
30 0 0 0 0 0 I I 1 0 0 0 0 0 3 3 0
31 0 0 0 I 0 I 0 2 0 O· 0 O. 0 I 2 7
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RESPONSE

48 49 50 51 52 53 54 55 56 57 58 59 60 61 62 63
STIMULUS ROliSUM

0 0 0 0 0 0 0 0 0 0 0 0 0 10 0 0 0 100
1 0 1 1 0 0 0 0 0 0 1 0 0 1 1 0 0 104
2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 104
3 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 2 104
4 1 0 0 0 0 0 0 0 0 0 0 0 3 I 0 1 104
5 4 2 0 0 0 1 0 0 0 0 0 0 0 2 0 0 104
6 0 2 0 0 0 1 0 0 0 0 0 0 0 1 1 0 108
7 0 0 0 1 0 1 0 . 1 0 0 0 0 1 0 0 1 IQ6
8 1 0 1 0 0 0 0 0 0 0 0 0 8 1 0 0 106
9 0 1 0 0 0 1 0 0 0 0 0 0 0 1 0 1 IQ2

10 0 0 1 1 0 0 0 0 0 0 0 0 I I 0 0 106
11 0 1 0 0 0 0 0 0 0 0 0- 0 0 0 1 3 108
12 0 0 0 0 0 I 0 0 1 0 0 0 6 0 0 0 106
13 0 8 0 0 0 0 I 0 0 o· 0 0 1 0 0 2 104
14 ·0 0 1 0 0 0 0 0 0 0 0 0 0 4 2 0 106
15 0 0 0 0 0 0 1 . 0 0 0 1 1 0 0 0 6 106
16 1 0 0 0 1 0 0 0 0 0 0 0 5 0 I 0 104
17 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 104
18 2 0 5 1 b 0 0 0 0 0 0 0 1 1 0 0 106
19 0 0 0 1 0 0 0 0 0 0 1 1 0 0 I 4 102
20 1 0 0 1 2 0 o· 0 1 1 0 0 3 1 0 0 106
21 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 106
22 1 0 1 0 1 1 0 I 0 0 0 0 1 1 1 1 106
23 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 5 106
24 1 0 0 0 0 0 0 0 1 ·0 0 0 .. 2 0 2 104
25 0 0 0 0 0 0 0 0 0 0 0 0 0 3 0 0 104
26 1 3 0 0 0 0 0 0 .0 0 I 0 I 0 1 0 106
27 0 1 0 0 0 0 0 0 0 0 0 0 0 1 I 5 106
28 0 O· 0 0 1 0 0 0 2 0 0 0 11 1 0 1 104
29 0 1 0 0 0 0 2 0 0 1 0 0 0 4 ·0 0 108
30 0 I 1 0 0 0 0 1 0 0 2 0 0 " 6 3 106
31 0 0 0 1 0 0 0 2 0 1 1 1 1 ;; 1 13 102



RESPONSE

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
STIMULUS

32 40 1 0 I 1 0 0 0 1 0 I 0 1 0 0 1
33 7 2 1 3 0 1 0 0 0 I 8 0 0 3 3 0
34 8 2 3 0 0 0 0 0 0 I 1 1 I I I o·
35 4 0 0 10 0 0 0 I 0 0 1 0 0 0 0 0
36 9 0 0 0 1 0 2 0 0 0 0 0 1 1 0 0
37 7 1 I 1 I 3 0 0 0 0 1 0 0 2 2 0
38 5 0 0 0 0 0 1 0 0 2 0 0 0 4 2 0
39 7 0 0 2 0 1 0 9 0 0 0 0 0 0 0 0
40 17 1 0 0 0 0 0 0 4 0 0 0 I 0 0 0
41 10 3 ·0 0 0 I 0 0 0 2 2 3 0 3 1 0
42 I I 0 2 2 0 1 0 0 0 0 3 0 1 0 3 0
43 7 0 0 7 0 0 0 3 0 I 1 3 0 0 0 I
44 10 0 0 0 0 0 0 0 I 0 0 0 10 0 0 0
45 12 I 0 0 0 0 1 I 0 I . 0 2 0 9 2 3
46 8 0 1 0 0 0 0 0 0 0 0 0 0 1 10 3
47 7 I 0 2 0 0 0 6 0 1 0 3 0 0 0 4
48 24 I 0 0 0 0 0 0 0 1 0 0 1 0 0 1
49 8 0 0 0 0 2 I 0 0 I I 2 0 0 0 0
50 11 1 10 1 0 0 1 0 0 2 I 0 0 1 0 0
51 1 0 1 1 0 0 0 0 0 0 2 1 0 0 0 0
52 16 0 0 0 I 1 1 0 0 0 0 0 0 0 1 0
53 4 I 2 0 0 2 I 0 0 0 I I 0 I 0 0
54· 9 0 2 0 1 0 5 2 0 1 0 0 0 2 2 0
55 1 0 I 0 0 1 0 8 0 0 0 0 0 0 0 0
56 20 I 0 0 0 0 0 0 3 0 0 0 3 0 1 0
57 14 2 0 I 0 0 0 I 0 3 I 1 0 2 2 0
58 11 0 I 1 0 0 0 0 0 0 5 0 I 0 0 0

·59 6 0 0 2 0 0 1 0 0 0 0 10 0 0 0 1
60 12 O· 0 0 2 0 0 0 0 0 0 0 3 0 0 0
61 5 0 0 0 0 2 0 0 0 1 0 0 0 4 0 0
62 5 0 1 0 0 0 I 0 0 0 0 0 1 2 2 0
63 7 0 0 I 0 I 0 0 0 0 0 0 0 0 0 0
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RESPONSE

16 17 18 19 20 21 22.23 24 2526 27 2829 30 31
STIMULUS

032 o. 0 0 0 0 0 0 0 0 0 0 0 0 0 0
33 0 0 O. 0 0 0 0 1 0 3 0 0 0 0 0 0
34 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0
35 1 0 0 6 0 0 0 0 0 0 0 0 0 0 0 0
36 0 0 0 0 0 0 ()< 0 0 o. 0 o. 1 0 0 0
37 0 I 0 0 0 1 0 0 0 0 1 0 0 0 0 0
38 0 1 0 0 o. 0 0 0 0 0 6 0 0 0 0 0
39 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0
40 0 0, 0 0 0 0 0 0 1 0 0 0 1 0 0 0
41 0 0 0 0 0 1 0 0 0 2 0 0 0 0 0 0
42 0 1 0 1 0 1 1 0 0 0 0 0 0 0 1 0
43 0 0 0 0 0 0 0 7 0 0 1 1 0 0 1 1
44 0 1 0 0 0 0 0 0 2 0 ·.0 0 2 0 1 0
45 0 1 0 0 0 .2 0 1 0 0 1 0 0 4 0 1
46 0 0, 0 0 0 0 0 0 I 0 0 I) 0 0 1 3
47 I). 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1
48 0 f 1 0 J 0 0 0 3 0 0 0 0 0 0 0
49 0 0 1 0 0 1 0 0 0 0 5. 0 0 0 0 0
50 0 0 4 0 0 1 0 0 0 2 1 0 0 0 0 0
51 0 0 0 4, 0 0 0 0 0 0 0 2 0 0 0 2
52 0 1 0 0 I 0 0 0 0 0 0 0 1 0 0 1
53 0 I I 0 0 4 1 0 0 0 1 0 0 I 1 0
54 1 1 1 0 0 1 3 0 0 0 3 0 1 I 0 0
55 0 0 0 1 0 1 0 7 0 0 1 0 0 0 0 I)

56 I 0 0 0 0 0 0 0 6 o. 0 0 3 I 0 0
57 1 0 1 I 0 I 0 0 I 6. 0 I 0 1 0 0
58 0 0 0 0 0 1 0 1 0 2 7 I 0 3 1 I
59 0 0 ·0 4 0 0 0 1 Cl Cl 0 6 0 0 0 I
60 0 0 0 0 0 0 0 0 0 0 0 0 2 0 ·0 I)

61 0 0 0 0 0 2 0 0 0 3 1 . 1 0 3 0 0
62 0 0 0 0 0 0 0 0 0 0 0 0 0 1 2 2
63 0 0 0 1 0 0 0 0 1 I) 0 ~ 0 0 0 2
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RESPONSE

32 33 34 3536 37 38 39 40 41 42 4344 45 46 47
STIMULUS

32 46 0 0 0 3 0 0 0 0 0 0 0 0 0 0 0
33 o 37 0 2 3 9 0 0 0 1 2 0 0 1 0 0
34 0 6 47 2 1 2 17 0 0 0 3 0 0 0 0 0
35 o . 0 o 40 0 2 0 5 0 0 0 3 0 0 1 2·
36 2 0 0 o 73 0 0 0 0 0 0 0 2 0 0 0
37 1 1 0 0 o 54 0 2 0 0 0 0 0 2 1 0
38 0 3 3 2 0 2 56 1 0 0 0 1 0 1. 0 1
39 0 0 1 11 0 .. 2 23 0 0 0 1 0 2 0 3
40 0 1 1 0 1 0 0 038 0 0 0 13 0 0 0
41 0 4 . 1 1 0 4 1 0 o 31 23 0 ·0 5 0 1
42 0 0 6 1 0 3 0 0 0 4 48 1 0 0 2 0
43 0 0 0 2 0 1 0 3 0 1 139 0 1 0 8
44 0 1 0 0 3 1 0 0 0 0 0 o 46 0 0 0
..5 0 0 0 0 0 6 3 6 o .0· 1 0 022 4 2
..6 ·0 0 1 1 0 9 7 2 0 0 4 1 0 4 22 0
41 0 0 0 0 0 2 0 3 0 1 0 4 ~ 1 1 46
..8 13 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0
49 0 8 2 2 0 .. 3 0 0 2 0 0 1 2 0 0
50 0 0 7 1 0 0 6 0 0 0 0 0 0 0 0 0
51 0 0 o 14 1 0 1 3 0 0 0 0 0 1 1 2
52 0 0 0 o 17 1 1 . 0 0 0 0 0 1 1 0 0
53 0 1 0 2 o 11 3 2 0 1 0 0 0 2 1 0
54 0 0 0 1 1 2 23 0 0 0 0 0 1 1 1 0
55 0 1 0 8 0 0 1 7 0 0 0 0 0 1 2 2
56 1 0 0 0 2 0 0 o 12 0 0 0 3 0 1 0
57 0 0 0 1 0 2 1 2 0 1 4 0 0 0 1 0
58 o 2 1 0 1 1 1 0 0 4.16 1 0 1 2 0
59 o 0 0 2 0 0 0 2 0 0 0 8 0 1 0 6
60 0 o . 0 0 2 0 0 0 0 1 0 o 13 0 0 0
61 0 0 0 1 1 3 1 0 0 1 1 0 0 3 0 0
62 0 0 0 2 0 1 5 1 0 0 1 1 1 6 .. 0
63 0 0 0 1 0 0 0 1 0 0 0 0 0 o ·2 3
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RESPONSE

48 49 50 51 52 53 54 55 56 57 58 5~ 60 61 62 63
STIMULUS ROW SUM

32 3 0 0 0 0 0 0 0 I 0 0 0 8 0 0 0 108
33 t' 10 0 I 0 2 0 I 0 I 0 0 0 I I 0 . 106
34 0 2 2 0 0 I I 0 0 0 0 0 0 I 0 O' 106
35 0 I 0 10 0.2 I '8 0 0 2 0 I I 0 4 106
36 5 0 0 0 2 0 0 0 I 0 0 0 6 0 0 0 106
37 0 I 7 0 0 2 0 0 0 I 0 1 I 5 4 I 106
38 o 10 0 0 0 0 0 1 I 0 0 0 0 0 0 I 104
39 0 I 1 3 0 2 0 13 0 2 0 3 I I 1 10 106
40 I 0 0 0 0 0 0 0 5 0 0 0 18 I I I 106
41 0 I 0 I 0 I 0 0 0 I 0 0 0 2 I 0 106
42 0 0 0 I 0 I I 0 0 0 2 0 2 I 3 0 104
43 0 I 0 2 0 I 0 3 0 0 0 2 I 2 0 6 108
44 0 0 0 0 0 0 0 0 1 .0 0 o 27 0 0 0 106
45 0 1 0 0 0 3 0 0 0 0 I 1 0 13 3 2 110
46 0 I I 0 0 2 4 0 0 0 2 0 I 3 I I 0 104
47 0 0 0 I 0 0 I 0 0 0 0 I 2 I o 15 106
48 53 0 0 0 2 1 I 0 I 0 0 0 6 0 0 I 114
49 I 42 7 I I) 2 2 0 0 0 I 0 0 4 0 0 106
50 0 1 41 0 0 2 4 I 0 I 1 0 0 0 3 0 104
51 0 2 2 26 0 0 3· 9 0 I 1 6 1 I o 15 104
52 7 0 0 0 40. 0 0 0 0 0 0 o 15 I 0 0 108
53 I 7 2 3 o 19 6 0 0 0 3 0 I 14 2 2 10$
54 . 0 O. 9 2 I 7 16 0 0 0 2 0 0 2 0 I 106
55 I I 0 9 0 3 o 23 0 0 I 5 0 2 2 16 106
56 1 0 I 0 0 0 0 025 I I I 18 2 0 0 108
57 I 3 2 2 0 3 2 0 0 II. 5 0 0 8 10 I 106
58 0 4 7 3 0 0 3 0 0 2 9 I 0 3 5 I 104
59 0 0 .0 I 0 I 0 I 0 2 3 19 I 0 2 21 102
60 I 0 0 0 2 0 0 0 0 0 0 o 68 2 2 2 112
61 0 I 0 1 0 0 I I 0 0 I 0 I 47 18 2 106
62 0 0 2 0 0 I I I 0 I 1 0 1 14 45 0 106
63 0 0 0 1 0 0 0 0 O· 0 0 0 0 6 1 74 . 102



the data matrix and is designed only to illustrate a few general

characteristics of the subjects' responses.

A very elementary and preliminary analysis of the data is a

comparison among the proportions of correct responses for the set of

stimuli that contain only one line segment. The list below provides

the n~cessary proportions for each of the six possible one-line geo~et~i~,

forms that correspond to the components numbered]_ thr6ugh7 in figure

(4.2a). The actual stimuli corresponding to these single components

are listed in Appendix II.

Table (4.2.2)

Proportion of Correct Responses for One-line Geometric Forms

Stimulus

32

16

8

:4

2

1

Component

1

2

3

4

5

6

Proportions of correct

identifications

.426

.298

.528

·510

.692

.675

The ranking of these six stimulus elements on the above proportions is

similar to the ordering that will be obtained using the single component

sub-transition matrices of Table (4.3.1). There are two interchanges

of order but these are rather minor, i.e., elements 3 and 4, 5 and 6.

As to be expected, however, the proportion of correct responses is

increased for each component in its sub-transition matrix, reflecting
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both the greater saliency of a component when .embedded in a more complex

figure as well as the incorporation of responses that are incorrect but

still contain the original single component. More specifically, the

chart given above indicates the greater discriminability of the diagonals

and the lack of saliency in component 2, a result that may be easily

observed in the data by noticing which lines are most often deleted

from the original figure whenever the subject gives an incorrect response.

Since this lack of saliency in component 2 as well as the discriminabil

ity of the two diagonals affect the inference procedures on the models,

these saliency differences will be discussed in greater detail later on

in the chapter.

One further point should .. be made about the perception of single

components that is imp6rtantfor the design of the experiment itself.

There is only one subject response that confused either a stimulus 32

with a stimulus 8, or a stimulus 16 with a stimulus 4. In other words,

when a single component was projected on the screen and if the subject

could respond at all, it was completely obvious to him whether the

component was at the right or the left, or at the top or the bottom of

the projection field.

The set of 64 stimuli used in the experimental task contain at

least four configurations that have avery close resemblance to letters,

i.e., the set consisting of the stimuli corresponding to !Ix", uzu, "L",

and "n". Suppose configurations 21, 36, and 42 corresponding to the

letters liZ", liLli, and "nil are reflected about a vertical to produce the

configurations 22, 12, and 41, respectively. If meaningfulness is
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important in the perception of these 6 forms it. should be noticeable in

the number of responses that confuse a "meaningful" configuration with

its reflection about the vertical axis, and~ versa. The relevant

stimulus by response frequency matrices are given below, and even though

the row sum for stimulus 42 is two less than for the row sums of the

other five stimuli, it is obvious that "meaningfulness" is a factor

that affects the recognition process in some way.

Response Response Response

42 41 21 22 36 12

Stimulus 42[48

3J

Stimu"lus: t ,~ Stimulus: 36 [;3 6~41 23 22 14 12 10

"Meaningfulness" also seems to play an important role in the

completion of figures,"a term defined by the presence of extraneous

lines in a subject's response. There is a pronounced tendency to add

lines in the percept of the figure to make either a "z" or an "n",

especially if the appropriate diagonal and one of the necessary sides

is already present. In fact, completion to a figure that is "meaningful"

appears to be as valid a criterion as completion to a figure that is

traditionally considered to have a good "gestalt". To illustrate,

consider stimulus five which has 16 completions to a "z" and only 6

completions to a triangle. Stimulus six, produced by reflecting stimulus

five about the vertical axis, also has 6 completions to a triangle but

now only 5 completions to a "backwards!! liZ".

The phenomenon of completion or closure to another form, however,

is by no means limited to incorrect responses that exemplify some
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. "meaningful" '.figure. Completions or deletions to obtain figures that

. have abetter "gestalt" ,are rather numerous,with the most inter", st ing

examples involving closures to squares, triangles, the complete stimulus

and to figures symmetric about some axis. For example, if only one

diagonal and one side are present in the figure, the subject may compl",te

the stimulus by adding the third side to form a triangle Or the oppqsite

side to form a figure symmetric about the diagonal. Similarly, the

completion to a square tends to occur even in figures that contain an

extraneous diagonal as long as a majority of the four sides are already

present, whereas the completion to the total stimulus appears to occur

whenever the two diagonals are present and if the· number of additional

sides necessary to produce the complete figure is small. The completion

question, nevertheless,is not as clear-cut as it could seem from·this

discussion. For example, even though a better figure may be obtained

by the inclusion of an additional diagonal, a diagonal is rarely included

in a response if not already present in the original figure. Also, the

"!four-glass" figure number 23 is a most perplexing configuration. since

it. does not retain its apparently good "gestalt" as consistently as

could be expected. Even though there are completions to figure 23 as

well as to other symmetrically "good" geometrical forms, the lack of

saliency in the 2nd component and the saliency of the diagonals prevent

any real consistency from appearing.

In summary, the deletion or completion of a figure seems to depend

upon the number of lines that have to be added or subtracted from the

original stimulus. Other things being equal, an incorrect figure that

is given as a response is still "close" to the original configurat~on in
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terms of the number of line segments. In fact, there is a noticeable

tendency in certain instances to give an incorrect response that contains

the~ number of lines as the correct form, e.g., if the presented

figure is a triangle in which the second diagonal is also included,

there is a very strong response tendency to draw a triangle but with an

extraneous third side.

Even though the triangle appears to be a very salient figure and

a target of numerous stimulus completions, the actual orientation of the

triangle is a definite problem for some subjects. As should be evident

in the frequency matrix below, when triangles are presented as stimuli

there is a very high probability of obtaining a triangle as a response

but not necessarily in the same position as the original stimulus.

Response

13 26 38 49

13 64 7 7 8

26 8 47 1 3
Stimulus

38 4 6 56 10

49 0 5 3 42

Since similar problems of orientation exist in the perception of non

triangular stimuli, the frequency table above should be considered only

as a representative for all sets of stimuli invariant under some group

of rigid motions. (In the table itself, stimuli 13 and 38 have row

sums that are two less than the row sums for 26 and 49.)
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One very ,obvious" aspect of the data table is the great number of

"'l11ank"response.s attributable to either subject inattention or a

reluctance of the subject to respond. There is a similar response

bias in giving a "s<J.uare" (response number 60) that apparently performs

this same type of function for the subject whenever he is inattentive

or very unsure of an answer. Even though this second bias is most

obvious in the "blank" stimulus row where ten such "s<J.uare" responses

occur, it is present as well in other stimuli, for instance, in figures

formed by a single non-diagonal component. There is really very little

that can be done now about this last response tendency that would not

be extremely ad hoc. As it so happens, however, both of these response

tendencies toward a "s<J.uare" and a "blank" appear to increase only the

size of our goodness-of-fit measures rather than change the complete

character of the inference process.

Besides the biases toward a "s<J.uare" and a "blank" response, the

column sums given below for the complete data matrix point out tendencies

toward other configurations as well. For example, the bias towards

either a closure to triangles or "meaningful" figures is obvious when

the column sums for these stimuli are compared with their row sums, or,

more, specifically for the caSe of "meaningful" forms, wh,en the column

sums for stimuli 21 and 42 are compared with the corresponding column

sums for their reflections, 22 and 41. Some of the stimuli connected

with large column sums may merely reflect a good"gestalt", but it is

almost impossible to disentangle this explanation from a second explana

tion that, instead, assumes a large column sum merely indicates a

"handy" response whenever a subject has any difficulty in answering.
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~his idea of a "handy" response seems especially appropriate as an

explanation for the bias toward a "square" and the "complete" stimulus,

since both of these figures most likely serve as prototypes for the

whole class of possible geometric forms used in the experimental task.

~able (4.2.3) here

~he necessity to deal with "blank" responses in some way is made

very obvious by the large column sum of 765 connected with response O.

~he deleted data matrix, instead, would have had a sum of 276 for the

"blank" response column, and even though this number is still large, it

at least begins to approach a more reasonable magnitude.

~he actual number of non-empty response categories varies greatly

for each of the 64 possible stimuli. Figures that are in some way

"unambiguous" have a great number of empty cells, whereas stimuli that

are more complex tend to have responses spread over a larger number of

possible categories. Since this fact is interesting enough in itself

to warrant further investigation, the 64 experimental stimuli are listed

below along with the corresponding number of non-empty categories and

an information measure which specifies the degree of variability.

~he information measure is formally defined by the expression

I: (ni/ni ) ln (ni/ni )

nniiO
, where n

ij
is the frequency for

cell (i,j) and n
i

is the row sum corresponding to stimulus i. Generally,

the more lines the figure contains, the greater the variability of the
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Table (4.2.3)

Column Sums for the Complete Confusion Matrix

Response number Column sum Response number Column sum

0 765 32 7l

l l44 33 83

2 l57 34 80

3 19l 35 l05

4 87 36 l32

5 90 37 l48

6 85 38 l58

7 l43 39 74

8 8l 40 50

9 7l 4l 6l

1O l23 42 n8

n l26 43 65

l2 l32 44 9l

l3 l80 45 7l

l4 l48 46 62

l5 89 47 95

l6 40 48 89

l7 68 49 nl

l8 58 50 95

19 9l 5l 74

20 29 52 52

2l l35 53 62
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Table (4.2.3) (con:tinued)
Response number Column sum Response number Column sum

22 57 54 52

23 67 55 67

24 83 56 40

25 99 57 28

26 124 58 42

27 66 59 45

28 46 60 236

29 78 61 172

30 42 62 132

31 70 63 227
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response distribution. Figures that contain only one line, the "blank"

figure, the "complete" stimulus, the" square", the "crossed-diagonals",

and the "L" all exhibit the least response variability; figures that

would be the "complete" stimulus except for the deletion of one side,

two adjacent sides, or one diagonal and one side all have response

distributions of the greatest variability.

Table (4.2.4) here

4.3 PRELIMINARY STATISTICAL RESULTS

The possibility of incorporating a pre-processor or a decision

mechanism into the basic model will be initially avoided in these next

few sections, and instead, the normalized transition Table (4.2.1) will

be assumed a "true" transition matrix for the six-tuples of zeros and

ones that represent each of the 64 stimuli. Restricted in this manner,

the problem becomes one of obtaining a good reparameterization for the

complete transition matrix by some model listed in Table (2.7.1) and,

ultimately, to carrying out a few of the inference procedures discussed

in Chapter III.

The basic technique for theoretically reconstructing a complete

confusion matrix involves first obtaining the necessary sub-transition

tables required by the model. Some of the more important sub-transition

matrices obtainable from the complete 64 by 64 data matrix are listed

in Table (4.3.1) using a notation similar to that of Table (4.2.1), e.g.,



Table (4.2.4)

Variability of -Response for the Complet" Confusion Matrix

Stimulus Information Measure Number of Non-empty Cate~ories

0 0·5303 5

1 1.3960 16

2 1.3184 15

3 0,6731 9

4 1.2730 12

5 2.3556 24

6 2·3171 23

7 1.9364 23

8 1.4735 15

9 2.4015 24

10 2.1242 24

11 2.0692 22

12 1·5993 16

13 1·5832 17

14 1.8861 20

15 2·5775 24

16 1. 3226 12

17 2.0850 19

18 2.3687 23

19 1.8342 18

20 2.1820 23

21 1.8928 23
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Table (4.2.4) (continued)

Stimulus Information Measure Number of Non-empty Categories

22 2.4076 27

23 2;0612· 19

24 1.7557 16

25 2.0927 20

26 2.2314 28

27 2.5178 22

28 2.3467 23

29 2.5582 27

30 2.8703 31

31 2.7871 28

32 1.4701 13

33 2·5060 26

34 2.1160 23

35 2.3147 21

36 1. 2925 13

37 2.1496 27

38 1.9047 20

39 2.6764 25

40 1.9714 17

41 2.4355 25

42 2.2540 26

43 2.5538 28

44 1.6707 13
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Table (4.2.4) (continued)

Stimulus Information Measure Number of Non-empty Categories

45 2.8491 29

46 2.7394 25

47 2.1828 23

48 1.7934 19

49 2.4238 25

50 2.2927 23

51 2.5938 26

52 1.9569 18

53 3.0058 34

54 2.8202 31

55 2.6478 25

56 2·3771 22

57 3.1358 35

58 3.0706 33

59 2·5900 23

60 1.4766 13

61 2.1736 25

62 2.3148 27

63 1.2040 14
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consider the transition table for the quadruple (1,2,3,4) and the row

that reads: "(2,3) 38 ,0900", The term "(2,3)"· designates in

decimal notation the entry in the transition matrix from (0010) to

(0011), the number 38 refers to the number of responses that involved

this transition, and the quantity ,09 is obtained by normalizing the

frequency count 38 by the sum of frequency counts for the whole row

corresponding to (0010),

Table (4,3,1) here.

Table (4,3,2) lists the goodness-of-fit quantities for each of

the 202 models given in Table (2,7,1), The measures have been calculated

for four different sets of data:. Table (a) uses the complete data

matrix, Table (b) uses the deleted data matrix, Table (c) uses artificial

data generated by model #62 defined by the partition ((1,2),(3,4),(5,6»,

and Table (d) incorporates artificial data generated by model #182

defined by the partition ((1,2,3,4),5,6), Both of these last two data

generation procedures are based on the sub-transition matrices in

Table (4,3,1) and the row sums of the complete data matrix. They are

included here primarily as illustrations of the inference procedure: in

ideal situations and on data that would fit one model perfectly except

for the rounding of the generated values to integers.

It should also be pointed out that except for the correlation

measure, the goodness-of-fit values in Tables (a) and (b) are not

strictly comparable. Since both tables are based upon a different
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TABLE (4.3.1)

SINGLE COMPONENT TRANSITION MATRICES

COMPONENT VARIABLE I
(e 0) 2895 0.8621
(0 I) 463 0.1379
(I 0) 870 0.2560
(I 1) 2528 0.7440

COMPONENT VARIABLE 2
(0 0) 2740 0.8116
(0 I) 636 0.1884
(I 0) 1336 0.3953
(I I) 2044 0.6047

COMPONENT VARIABLE 3
(0 0) 2833.0.8392
(0 I) 543 0.1608
(1 0) 827 0.2447
(I 1) 2553 0.7553

COMPONENT VARIABLE 4
(0 0) 2628 0.7803
(0 I) 740. 0.2197
(1 0) 816 0.2409
(I 1) 2572 0.7591

COMPONENT VARIABLE 5
(0 0) 2974 0.8773
(0 I) 416 0.1227
( 1 0) 654 0.1943
(1 1) 2712 0.8057

COMPONENT VARIABLE 6
(0 0) 2952 0.8713
(0 I) 436 0.1287
(I 0) 608 0.1805
(1 I) 2760 0.8195
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PAl R CLUSTER TRANSITION MATRICES

.. PAIR CLUSTER I 2 PAIR CLUSTER I 3
( 0 0) 1305 0.7777 ( 0 0) 1366 0.8160
( 0 I) 144 0.0858 ( 0 I) 136 0.0812
( 0 2) 124 0.0739 ( 0 2) 90 0.0538
( 0 3) 105 0.0626 ( 0 3) 82 0.0490
( I 0) 647 0.3851 ( 1 0) 284 0.1686
( I I) 799 0.4756 ( 1 I) 1109 0.6586
( I 2) 86 0.0512 ( 1 2) 108 0.0641
( I 3) 148 0.0881 ( 1 3) 183 0.1087
( 2 0) 371 0.2185 ( 2 0) 311 0.1827
( 2 I) 71 0.0418 ( 2 I) 102 .0.0599
( 2 2) 940 0.5536 ( 2 2) 1066 0.6263
( 2 3) 316 0.1861 ( 2 3) 223 0.1310
( 3 0) 289· 0.1700 ( 3 0) 246 0.1450
( 3 I) 139 0.0818 ( 3 I) 211 0.1244
( 3 2) 314 0.18'll ( 3 2) 189 0.1114
( 3 3) 958 0.5635 ( 3 3) 1050 0.6191

PAIR CLUSTER 1 4 PAIR CLUSTER I 5
( 0 0) 1310 0.7844 ( 0 0) 1357 0.8126
( 0 1> 197 0.1180 ( 0 I) 101 0.0605
( 0 2) 66 0.0~95 ( 0 2) 170 0.1018
( 0 3) 97 0.0581 ( 0 3) 42 0.0251
( 1 0) 376 0.2227 ( 1 0) 228 0.1351
( 1 I) 1012 0.5995 . ( I .1> 1209 0.7162
( I 2) 75 0.0444 ( 1 2) 78 0.0462
( 1 3) 225 0.1333 ( 1 3) 173 0.1025
( 2 0) 408 0.2403 ( 2 0) 380 0.2209
( 2 1> 84 0.0495 ( 2 I) 82 0.0477
( 2 2) 844 0.4971 ( 2 2) 1067 0.6203
( 2 3) 362 0.2132 ( 2 3) 191 0.1110
( 3 0) 193 0.1135 ( 3 en 163 0.0971
( 3 I) 185 0.1088 ( 3 I) 245 0.1460
( 3 2) 172 0.1012 ( 3 2) 185 0.1103
( 3 3) 1150 0.6765 ( 3 3) 1085 0.6466

PAIR CLUSTER 1 6 PALR CLUSTER 2 3
( 0 0) 1311 0.7794 ( 0 0) 1273 0.7568
( 0 1) 132 0.0785 ( 0 I) 124 0.0737
(0 2) 172 0.1023 ( 0 2) 175 0.1040
( 0 3) 67 0.0398 ( 0 3) 110 0.0654
( I 0) 197 0.1175 ( 1 0) 379 0.2237
( I I) 1255 0.7488 ( 1 I) 964 0.5691
( I 2) 55 0.0328 ( I 2) 76 0.0449
( 1 3) 169 0.1008 ( 1 3) 275 0.• 1623
( 2 0) 381 0.2233 ( 2 0) 594 0.3506
( 2 I) 72 0.0422 ( 2 I) 96 0.0567
( 2 2) 1088 0.6377 ( 2 2) 791 0.4669
( 2 3) 165 0.0967 ( 2 3) 213 0.1257
( 3 0) 168 0.0993 ( 3 0) 267 0.1584
( 3 I) 249 0.1472 ( 3 I) 379 0.2248
( 3 2) 188 0.1111 ( 3 2) lOS 0.0623
( 3 3) 1087 0.6424 ( 3 3) 935 0.5546
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PAl R CLUSTER TRANSITION MATRICES

PAIR CLUSTER 2 4 PAIR CLUSTER 2 5
( 0 0) 1229 0.7298 ( 0 0) 1249 0.7417
( 0 J) 188 0.1116 ( 0 I) 133 0.0790
( 0 2) 122 0.0724 ( 0 2) 245 0.1455
( 0 3) 145 0.0861 ( 0 3) 57 0.0338
( 1 0) 283 0.1673. ( 1 0) 238 0.1407
( 1 J) 1040 0.6147 ( I 1) 1120 0.6619
( 1 2) 118 0.0697 ( 1 2) 82 0.0485
( 1 3) 251 0.1483 ( 1 3) 252 0.1489
( 2 0) 553 0.3284 ( 2 0) 589 0.3453
( 2 1). 139 0.0825 ( 2 J) 87 0.0510
( 2 2) 724 0.4299 ( 2 2) 891 0.5223
( 2 3) 268 0.1591 (2 3) 139 0.0815
( 3 0) 226 0.1333 ( 3 0) 181 0.1081
( 3 I> 418 0.2465 ( 3 I) 479 0.2861
( 3 2) 189 0.1114 ( 3 2) 153 0.0914
( 3 3) 863 0.5088 ( 3 3) 861 0.5143

PAIR CLUSTER 2 6 PAIR CLUSTER 3 4
( 0 0) 1294 0.7684 ( 0 0) 1279 0.7604
( 0 1) 123 0.0730 ( 0 1> 171 0.1017
( 0 2) 203 0.1205 ( 0 . 2) 110 0.0654
( 0 3) 64 0.0380 ( 0 3) 122 0.0725
( 1 0) 237 0.1401 ( 1 0) 379 0.2237
( 1 1> 1086 0.6418 ( 1 1) 1004 0.5927
( 1 2) 70 0.0414 ( 1 2) 83 0.0490
( 1 3) 299 0.1767 ( 1 3) 228 0.1346
( 2 ·0) 645 0.3785 ( 2 0) 366 0.2171
( 2 J) 90 0.0528 ( 2 1) 86 0.0510
( 2 2) 810 0.4754 ( 2 2) 873 0.5178
( 2 3) 159 0.0933 ( 2 3) 361 0.2141
( 3 0) 164 0.0979 (3 0) 198 0.1169
( 3 1> 437 0.2607 ( 3 J) 177 0.1045
( 3 2) 137 0.0817 ( 3 2) 156 0.0921
( 3 3) 938 0.5597 ( 3 3) 1163 0.6865

PAIR CLUSTER 3 5 PAIR CLUSTER 3 6
( 0 0) 1325 0.7831 ( 0 or 1320 0.7792
( 0 I> 109 0.0644 ( 0 1) 135 0.0797
( 0 2) 189 0.1117 ( 0 2) 181 0.1068
( 0 3) 69 0.0408 ( 0 3) 58 0.0342
( 1 0) 238 0.1413 ( 1 0) 197 0.1171
( 1 1) 1161 0.6894 ( 1 1) 1181 0.7021
( 1 2) 68 0.0404 ( 1 2) 84 0.0499
( 1 3) 217 0.1289 ( 1 3) 220 0.1308
( 2 0) 354 0.2085 ( 2 0) ·332 0.1960
( 2 J) 71 0.0418 ( 2 I) 92 0.0543
( 2 2) 1106 0.6514 ( 2 2) 1119 0.6606
( 2 3) 167 0.0984 ( 2 3) 151 0.0891
( 3 0) 189 0.1124 ( 3 0) 158 0.0937
( 3 1) 213 0.1266 ( 3 1) 245 0.1453
( 3 2) 159 0.0945 ( 3 2) 169 0.1002
( 3 3) 1121 0.6665 ( 3 3) 1114 0.6607
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PAIR CLUSTER TRANSITION MATRICES

PAIR CLUSTER 4 5 PAIR CLUSTER 4 6
( 0 0) 1207 0.7150 ( 0 0) 1282 0.7586
( 0 n 135 0.0800 ( 0 l) 108 0.0639
( 0 2) 284 0.1682 ( 0 2) 225 0.1331
( 0 3) 62 0.0367 ( 0 3) 75 0.0444
( 1 0) 199 0.1185 ( 1 0) 235 0.1400
( 1 1), ' 1087 0.6470 ( 1 n 1003 0.5977
( 1 2) 99 0.0589 ( 1 2) 75 0.0447
( 1 3) 295 0.1756 ( 1 ' 3) 365 0.2175

,- ( 2 0) 318 0.1868 ( 2 0) 333 0.1961
( 2 n 85 0.Q499 ( 2 n 71 0.0418
( 2 2) 1165 0.6845 ( 2 2) 1112 0.6549
( 2 3) 134 0.0187 ( 2 3) 182 0.1012
( 3 0) 160 0.0949 ( 3 ' 0) 166 0.0982
( 3 l) 253 ' 0.1501 ( 3 l) 246 0.1456.
( 3 2) 196 0.1163, ( 3 2) 132 0.0781
( 3 3) 1077 0.6388 ( 3 3) 1146 0.6781

PAIR CLUSTER 5 6
(0 0) '1590 0.9342
(0 1) 52 0.0306
(0 2) 40 0.0235
(0 3) 20 0.0118
(1 0) 161 0.0954
(1 1) 1171 0.6937
(1 2) 248 0.1469
(1 3) 108 0.0640
( .20) 172 0.1020
(2 1) 268 0.1590
(2 2) 1150 0.6821
(2 3) i 96 0.0569
(3 0) 104 0.0619
(3 1) 110 0.0655
(3 2) 95 0.0565
(3 3) 1371 0.8161

106



QUADRUPLE CLUSTER TRANSITION MATRICES

QUADRUPLE CLUSTER
(0 0) 357
(0·1> g
(0 2) 5
(0 3) 4
(0 4) 5
(0 5) 4
(0 6) 0
(0 7) 0
(0 g) 7
(0 9) 1
( 0 10) 1
( 0 11) 0
( 0 12) 2
( 0 13) 0
( 0 14). 1
( 0 15) 17
(1 0) 71
(1 1) 207
(1 2) 10
( 13) 27
( 14) 12
( 1 . 5) 30
(I 6) 4
(1 7) 4
(1 g) 6
(1 9) 17
( flO) 4
( 1 11) 5
( 1 12) 10
( 1 13) 4
(1 14) 0
( 1 15) 11
(2 0) 76
(2 I> 6
(2 2) 196
(2 3) 38
(:2 4) 7
(2 5) 0
(2 6) 32
(2 7) 11
(2 8) 8
(2 9) 9
( 2 10) 11
(211) ·4
( 2 12) 6
(213) 1
(2 14) 0
( 2 15) 17
(3 0) 40
(3 I) 17
(3 2) 17
(3 3) 226
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1 2 3 4
0.8665
0.0194
0.0121
0.0097
0.0121
0.0097
0.0000
0.0000
0.0170
0.0024
0.0024
0.0000
0.0049
0.0000
0.0024
0.0413
0.1682
0.4905
0.0237
0.0640
0.0284
0.0711
0.0095
0.0095
0.0142
0.040.3
0.0095
0.0118

·0.0237
0.0095
0.0000
0.0261
0.1801
0.0142
0.4645
0.0900
0.0166
0.0000
0.0758
0.0261
0.0190
0.0213
0.0261
0.0095
0.0142
0.0024
0.0000
0.0403
0.0948
0.0403
0.0403
0.5355



( 3 4) 2 0.0047
( 3 5) 2 0.0047
( 3 6) 14 0.0332
( 3 7) 17 0.0403
( 3 8) 6 0.()142
( 3 9) 27 0.0640
(3 10) 3 0.0071
( 3 11) 15 0.0355
( 3 12) 9 0.0213
( 3 13 ) 3 0.0071
( 3 14) 3 0.0071
( 3 15) 21 0.0498
( 4 0) 151 0.3630
( 4 I> 6 0.0144
( 4 2) 10 0.0240
( 4 3) 7

.
0.0168

(4 4) 150 0.3606
(4 5) 31 0.0745
( 4 6) 22 0.0529
( 4 7) 4 0.0096
( 4 8) 4 0.0096
( 4 9) 3 0.0072
( 4 10) 0 . 0.0000
( 4 11) 1 0.0024
( 4 12) 10 0.0240
( 4 13 ) 1 0.0024
( 4 14) 2 0.0048
( 4 15 ) 14 0.0337
( 5 0) 65 0.1533
( 5 I> 79 0.1863
( 5 2) 8 ().0189
( 5 3) 15 0.0354
(5 4) 21 0.0495
( 5 5) 169 '0.3986
( 5 6) 8 0.0189
( 5 7) 8 0.0189
(5 8) 5 0.011.8
(5 9) 10 0.0236
( 5 10) 3 0.0071
( 5 11) 6 0.0142
( 5 12) 4 0.0094
( 5 13 ) 6 0.0142
( 5 14) 4 .0.0094
( 5 15 ) 13 0.0307
( 6 0) 64 0.1524
( 6 I> 4 0.0095
( 6 2) 58 0.1381
( 6 3) 36 0.0857
( 6 4) 12 0.0286
( 6 5) 0 0.0000

. ( 6 6) 165 0.3929
( 6 7) 38 0.0905·
( 6 8) 2 0.0048
( 6 9) 3 0.0071
( 6 10) 4 . 0.0095
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( 6 II> 6 0.0143
( 6 12) 6 0.0143
( 6 13 ) 0 0.0000
( 6 14) 2 0.0048
( 6 15 ) 20 0.04.76
( 7 0) 31 0.0738
( 7 I ) 9 0.0214
( 7 2) 14 0.0333
( 7 3) 90 0.2143
( 7 4) 6 0.01.43
( 7 5) 8 0.0190
( 7 6) 53 0.1262
( 7 7) 104 0.2476
( '1 8) 6 0.0143
( 7 9) 12 0.0286
( 7 10) 0 0.0000
( 7 II> 21 0.0500
( 7 12) 4 0.0095
( 7 13 ) 6 0.0143
( 7 14) 8 0.0190
( 7 15 ) 48 0.1J43
( 8 0) 82 0.1925
( 8 1) 3 0.0070
( 8 .2) 15 0.0352
( 8 3) II 0.025.8
( 8 4) 8 0.0188
( 8 5) 2 0.0047
( 8 6) 3 0.0070
( 8 7> 0 0.0000
(8 8) 180 0.4225
( 8 9) 42 ·0.0986
( 8 10) 9 0.0211
(8 11> 4 0.0094
( 8 12) 30 0.0704
( 8 13) 16 0.0376
( 8 14) 4 0.0094
( 8 15 ) 17 0.0399
( 9 0) 33 0.0782
( 9 1) 18 0.0427.
( 9 2) 3 0.0071
( 9 3) 12 0.0284
( 9 4) 2 0.0047
( 9 5) 2 0.0047
(9 6) 8 0.0190
( 9 7) I 0.0024
( 9 8) 24 0.0569
( 9. 9) 217 0.5142
( 9 10) 2 0.0047
( 9 II) 12 0.0284
( 9 12) 28 0.0664
( 9 13 ) 20 0.0474
( 9 14) 9 0.0213
( 9 15 ) 31 0.0735
(10 0) 60 0.1415
(10 1) 5 0.0118
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00 2) 19 0.0448
00 3) 10 0.0236
<10 4) 2 0.0047
00 5) 10 0.0236
(10 6) . 5 0.0118
00 7) 4 0.(l094
<10 8) 17 0.(l401
00 9) 13 0.0307
(10 10) 186 0.4387
00 11) 30 0.07Q8
<10 12) 7 ·0.0165
00 13) 7 0.0165
<10 14) 10 0.0~36
00 15 ) 39 0.0920
(II 0) 42 0.0986
(II I) 8 0.0.188
<11 2) 8 0.0188
(II 3) 42 0.0986
(11 4) 3 0.0070
<II 5) 3 (l.0070
(11 6) 4 0.0094
(11 7) 14 0.0329
(11 8) 3 0.0070
(II ,9) 42 0.0986
<11 10) 11 0.0258(n 11) 148 0.3474
(11 12) 4 0.0094
(II 13 ) 10 0.0235
(11 14) 6 0.0141
(II 15 ) 78 0.1831
<12 0) 59 0.1379
(12 I) 4 0.0093
(12 2) II 0.0257
<12 3) 3 0.0070
<12 4) II 0.0257
02 5) 3 0.0070
(12 6) 13 0.0304
(12 1) 2 0.0047
<12 8) 47 0.1098·
02 9) 20 0.0467
(12 10) 2 0.0047
(12 11) 7 0.0164
<12 12) 176 0.4112
02 13) 27 0.0631
02 14) 12 0.0280
02 15 ) 31 0.0724
<13 0) 36 0.0845
<13 1) 23 0.0540
( 13 2) 3 0.0070
03 3) 6 0.0141
(13 4) 7 0.0164
03 5) 18 0.0423
<13 6) 5 0.0117
( 13 1) 6 0.0141
<13 8) 13 0.0305
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<13 9) 69 0.1620
<13 10) I 0.0023
(13 II) 13 0.0305
<13 12) 42 0.0986
<13 13 ) 115 0.2700
<13 14) 11 0.0258
<13 15> 58 0.1362
(14 0) 59 0.1405
(14 1) 2 0.0048
(14 2) 23 0.0548
(14 3) 10 0.0238
(14 4) 8 0.0190
(14 5) 4 0.0095
(14 6) 30 0.0714
(14 7) 11 0.0262
Cl4 8) 7 0.0167
(14 9) 12 0.0286
(14 10) 52 0.1238

. (14 11) 15 0.0357
(14 12) 25 0.0595
(14 13 ) 10 ·0.0238
Cl4 14) 80 0.1905
(14 15> 72 0.1714
(15 0) 31 0.0728
(15 .. 1) 6 0.0141
(15 2) 1 0.0023
(15 3) 12 0.0282
(15 4) I 0.0023
<15 5) 2 0.0047
(15 6) 6 0.0141
(15 7) 12 0.0282
<15 8) 4 ·0.0094
(15 9) 15 0.0352
(15 10) 5 0.0117
(15 11) 32 0.0751
<15 12) 6 0.0141
(15 13 ) 7 0.0164
(15 14) 3 0.0070
05 15) 283 0.6643
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.number of total responses, Table (b) should ~ priori have goodness-of-fit

measures that. .are. "better". There is.always some arbitrariness in the

selection of .goodness-.of-fit statistics, and the choice here was. made

to include the number of responses in each stimulus row instead of

using a normalized variant of both the expected and the empirical

frequency matrices; In any event, the drop in magnitude for the measures

in Table (b) .can by no means be explained entirely by the reduced number

of total responses, and actually does reflect to a large extent the

increase of fit obtained by using the deleted data matrix.

Table (4.3.2) here

The structure <M, S > discussed in;section 3.1 provides one

possible criterion of "reasonableness" for most of the goodness-of-fit

measures discussed in Chapter III. To be more specific, consider the

following seven measures: sum of squared deviations of obtained values

from predicted values, correlation of obtained and predicted, sum of

absolute deviations of obtained from predicted, chi-square, and, finally,

Hanna's descriptive and two predictive statistics. For convenience,

anyone of these measures can be denoted by a function f(m), where m

belongs to the set of all models M. Now, intuitively, if f is a

"reasonable" goodness-of-fit measure it should be consistent with the

structure < M, S > in the following Sense: If ~,m2 EM and ~ S m2 ,

then f(m
l

) should also be less than or equal to f(m2).
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Legend for Tables (4.3.2) (a) --(d)

All four tables are divided into the same two sections--the first

sections give the following quantities:

1st column----~-Model identification

2nd column---_--Sum of squared deviations of empirical from

theoretically expected frequencies

3rd column------Correlation of empirical and expected frequencies

normalized by row sums

4th column------Sum of absolute deviations of empirical from

theoretically expected frequencies

5th column------Chi-square goodness-of-fit statistic without

collapsing over cells

The second sections give the following quantities:

1st column---~--Model identification

2nd column-- -Log-likelihooduptoa constant (Hanna's

descriptive statistic "unnormalized")

3rd column------Hanna's predii2ti've measure" "unnormalizedi
:'

uniform prior distribution

4th column------Hanna's predictive measure "unnormalized":

general prior ~istribution

5th column------Parameter-effect: uniform distribution

6th column------Parameter-effect: general distribution
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TABLE (4.3 .2A)

GOODNESS-OF-FIT STATISTICS FOR THE COMPLETE DATA

MODEL SQUARED DEVIATIONS CORRELA TION ABSOLUTE .DEVIATIONS CHI-SQUARE

1 57722.5 0.8279 .6106.6 3926.1.0
2 54256.9 0.8376 5989.4 35253.5
3 53689.2 0.8387 5983.4 31999.6
4 54157.7 0.8380 6021.9 35629.9
5 55409.1 0.8342 6023.2 35229.4
6 55612.6· 0.8333 6045.9 34421.8
7 55138.2 0.8348 6017.5 37536.5
8 54676.6 0.8362 6046.2 35178.6
9 56562 .2 0.8312 6075.5 37889.7

10 56049.1 0.8331 6041.8 37731.4
11 53791 .5 0.8390 5958.8 35923.3
12 55065.3 0.8351 6014.1 34379.8
13 55112.6 0.8351 .6010.0 35113.9
14 ·55439.0 0.8343 6040.0 35893.1
15 55408.2 0.8339 6022.0 35911 .3
16 50166.9 0.8458 5579.2 25316.5
17 46094.4 0.8578 5411.5 20142.6
18 52694.9 c 0.8413 5924.3 31748.5
19 52778.3 0.8417 5946.9 32130.3
20 46913.1 0.8554 5480.4 22671.4
21 54213.3 0.8374 5988.5 35551.5
22 53726.6 () .839 7 5974.8 35261.7
23 47481.1 0.8534 5473 .1 21456.9
24 53918.3 0.8386 5981.7 33788.7
25 53327.9 0.8405 5949.0 32898.9
26 52785.6 0.8410 5920.4 34042.4
27 52024.8 0.8436 5953.8 30363.0
28 52041 .3 0.8445 5881.6 34842.2
29 52828.1 0.8413 5951.2 33976.7
30 51948.1 0.8438 5942.6 29935.4
31 52569.3 0.8426 5923.5 35097.3
32 46336.3 0.8574 5457.9 20550.8
33 53047.2 0.8405 5934."E 32180.0
34 53297 .6 0.8398 5.979.3 31467.2
35 45908.9 0.8580 5429.9 19241.6
,36 5273 6.2 0.8417 5929.2 33391.4
37 52899.3 0.8407 5950.9 31823.7
38 51329.9 0.8450 5899.5 28531.7
39 51492.6 0.8455 5945.5 32645.9
40 51627.0 0.8447 5893.7 31517.7
41 51342.7 0.8454 5913.1 28698.3
42 51436.5 0.8455 5935.6 32051.8
43 51430.8 0.8456 5881.0 32506.3
44 46414.0 0.8569 5424.4 20679.9
45 53659.0 0.8398 5958.7 33932.7
46 54429.5 0.8367 6015.9 33131.4
47 51852.4 0.8440 5900.6 32285.8
48 52384.8 0.8437 5957.8 33987.9
49 52512.8 0.8419. 5988.6 30340.2
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I'DDEL SQUARED DEVIATIONS CORRELAIION ABSOLUTE DEVIATIONS CHI-SQUARE

101 45165.4 0.863 6 5667.2 25339.1
102 39635.1 0.8775 5167.8 16148.9
103 45665.4 0.8629 5665.8 27548.1
104 47937.3 0.8547 5776.5 25637.8.
105 48218.0 0.8536 5785.4 25385.0
106 45.413.2 0.8638 5647.4 28607.8
107 47668.9 0.8555 5750.3 25779.8
108 48089.4 0.8545 5789.3 26791.3
109 45714.0 0.8619 5646.4 24817.9
110 45132.5 0.8640 5596.5 24810.9
111 38833.1 0.8794 5107.1 13714.0
112 46341.4 fl.8583 5748.4 23732.9
113 47889.2 0.8541 5744.1 25537.9
114 47314.5 0.8548 5743.8 23793.8
115 46535.9 0.8575 5765.7 23732.3
116 48681.6 0.8512 58114.3 25760.8
117 47522.4 0.8544 . 5780.4 24113.2
118 45958.0 0.8617 5683.0 27967.3
119 47606.8 0.8566 5.745.6 26508.5
120 46711.5 0.8584 5739.9 2.6114.9
121 48259.5 0.8538 5787.5 25554.9
122 45940.2 0.8614 5664.5 26538.3
123 46702.7 0.8579 5718.5 24232.7
124 44054.6 0.8622 5304.0 16437.0
125 43379.9 0.8646 5303.4 16452.4
126 42562 .2 0.8670 5240.4 15676.5
127 46069.9 0.8604 5676.2 27045.5
128 40466.7 0.8742 5198.5 16207.1
129 46262.8 0.•8595 5700.6 26390.6
130 46683.3 0.8596 5713.9 27887.0
131 49064.7 0.8507 5800.1 26118.0
132 48824.5 0.8514 5770.9 26668.0
133 46288.7 0.8614 5701.4 27163.6
134 48470.5 0.8534 5740.1 25779.4
135 48540.1 0.8533 5762.0 26242.5
136 47219.7 0.8569 5815.4 25355.5
137 49414.8 0.8502 5827 .8 26629.9
138 48906.1 0.8520 5866.3 26734.0
139 46647.3 0.8586 5729.0 24866.5
140 48555.5 0.8532 5787.5 26706.7

. 141 48209.0 0.8540 5765.9 25966.4
142 43574.1 0.8652 5306.8 17521.6
143 43972.2 0.8647 5330.3 18400.9
144 43718.8 0.8651 5312.6 17969.7
145 44393.9 0.8659 5579.0 24037.5
146 46723.9 0.8574 5687.6 23537.3
147 47124.7 0.8572 5663.3 24920.4
148 44441.1 0.8660 5587.4 26308.5
149 46556.2 0.8585 5678.2 25425.8
150 47722.4 0.8553 5725.0 26784.8
151 42582.0 0.8667 5239.9 15328.7
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MODEL SQUARED DEVIATIONS CORRELA TI ON ABSOLUTE DEVIATIONS CHI -SQUARE

152 42473 .9 0.8674 5275.7 15731.8
153 43043.2 0.8654 5292.3 16030.4
154 42874.7 0.8665 5239. I ,16865.9
155 42375.8 0.8677 ,5257.6 15792.6
156 43"167.2 0.8630 5302.5 17820.0
157 36280.3 0.8862 4939.4 11937.5
15~ 35745.1 0.8879 4960.4 11702.1
159 40674.6 0.8762 5452.7 21471.1
160 40371.6 0.8771 5402.6 20788.3
161 36335.7 0.8873 4947.6 12521.5
162 42508.6 0.8692 5563.3 19077.7
163 43403.2 0.8661 5681.0 19801.6
164 41456.7 0.8746 5464.1 21548.2
165 41855.1 0.8725 5486.0 21298.9
166 36986.4 0.8836 4992.9 12423.6
167 32307.5 0.9043 4935.8 19199.8
168 42375.3 0.8692 5477.7 18598.5
169 41984.5 0.8708 5427.0 18198.4
170 39869.8 0.8749 5074.4 12937.7
171 41719.0 0.8723 5458.7 19668.4
172 42223.1 0.8706 5501.2 19427.6
173 38679.2 0.8773 4916.7 11611.5
174 409,52.3 0.8720 5085.0 14630.6
175 41142.1 0.8706 5075.9 12572.6
176 42216.0 0.8706 5426.7 19203.8
177 42466.6 0.8694 5468.4 18938.1
178 38576.4 0.8786 4955. I 11927.3
179 38569.5 0.8773 4887.4 11095.7
180 39917.5 0.8769 5266.3 17243.1
181 40043.2 0.8763 5306.9 16851.5
182 23868.1 0.9267 4228.0 9412.8
183 39842.4 0.8765 5362.9 16329.2
184 39560.0 0.8779 5348.5 16384.3
185 34795.3 0.8912 4827.2 11250.0
186 38799.1 0.880R 5327.5 16794.2
187 39434.5 0.8787 5386.3 17150.4
188 33990.4 0.8923 4699.4 9849.5
189 36414.1 0.8857 4914.0 11663.5
190 36364.7 0.8863 4839.6 10932.7
191 39707.7 0.8780 5320.3 16843.2
192 40223.6 0.8757 5384.2 16820.5
193 35084.5 0.8897 4793.9 10555.9
194 35122.7 0.8882 4789.0 9491.5
195 38625.3 0.8809 5220.4 16448.7
196 38118.4 0.8827 5201.0 15887.2
197 29218.5 0,.9073 4125.1 5623.4
198 25012.9 0.9202 3746.7 4397.2
199 27879.7 0.9118 4140.0 5778.5
200 27832.4 0.9111 3975.7 4973.7
201 22395.2 ,0.9322 4089.0 8180.4
202 22973.2 0.9300 4130.6 8206.7'
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MODEL DESCRIPTI VE l'RED.: UNI F'. PRED.:GEN. EF'F' EC T: UN IF'. EF'F'ECT: GEN.

I -20005.,5 -20054.4 -20061 .9 49.0 56.4
2 -19762.7 -19836.3 -19845.3 73.6 82.6
3 -19757.6 -19831.4 ~19834.7 73.8 77 .0
4 -19737.2 -19811.0 -J9820.0 73.8 82.8
5 -19893.1 -19967.3 '-19973 .2 74~2 80.1
6 -19899.0 -19973.2 -19978.4 74.2 79.4
7 -19797.5 -19870.9 -19879.2 73.4 81.7
R -19845.5 -19918.4 ""19922.3 7,2.9 76.8
9 -19970.5 -20044.2 -20051.6 73.7 81.0

10 -19929.9 -20003.6 -20012.3 73 .8 82.4
I I -19733.8 -19807.4 "19813.9 73.6 80.1
12 -19859.7 -19933.8 -19938.7 74.1 79.0
13 -19890.6 -19964.7 :'1 9968. I 74.0 77 .5
14 -19921.9 -19995.7 -19999.0 73.8 77.1
15 -19863.3 .. 19937.3 -19943.2 74.0 79.9
16 -19044.1 -19120.3" -19144.1 76.2 100.1
17 -18772.4 -18873.3 -18896.2 100.9 123.8
18 -19717.5 .. 19816.6 -19820.0 99.1 ICl2.5
19 -19807.0 -19905.9 -19905.2 98.8 '98.2
20 -18884.0 -18984.2 -19004.6 100 ~2 120.5
21 -19828.4 .. 19927.1 -19932.9 98.7 104.5
22 -19846.3 -1994.4.9 ~19949.5 98.6 103.2
23 -18836.1 -18936.8 -18961.5 100.7 125.4
24 -19855.7 -19954.4 ~r9957.8 98.8 102.1
25 -19784.0 -19883.0 "19889.1 98.9 105.1
26 -19655.4 -19753.8 -19760.6 98.4 105.2
27 -19730.6 -19828.6 -19828.5 98.0 97.9
28 -19658.2 -19756.6 -19764.4 98.4 106.2
29 -19713.9 -19812.2 -19816.4 98.3 102.5
30 -19699.6 .. 19797.7 ..19799.1 98.1 99.5
31 -19698.9 -19797.2 .-19803.6 98.3 104.8
32 -18775.7 -18876.8 -18902.3 101 .1 126.5
33 -19751.0 -19850.2 -19854.5 99.2 103.6
34 -19815.4 -19914.5 -19915.5 99.0 100.1
35 -18796.2 -18897.3 -18916.9 101.1 120.1
36 -19118.2 -19817.5 .. 19879.4 99.3 101.2
37 -19153.2 -19852.6 -19855.2 99.4 102.0
38 -19615.5 -19114.3 -19716.0 98.8 100.5
39 -19622.3 -19121.2 -19126.2 98.9 103.$
40 -19621.3 -19126.2 -19730.4 98.9 103.1
41 -19614.1 -19172.1 .. 19171.8 98.6 97.8
42 -19591.3 -19690.3 -19696.8 99.0 105.5
43 -19621.4 -19120.3 -19125.2 98.9 103.8
44 -18801.3 -18902.1 -18921.6 100.8 126.3
45 -19811.5 -19916.5 -19923.6 99.0 106.2
46 -19864.0 -19963.0 -19968.1 98.9 104.0
41 -19620.6 -19119.2 -19726.1 98.6 106.1
48 -19661.6 -19760.2 -19110.5 98.6 108.9
49 -19739.0 -19831.1 -19838.8 98.2 99.8
50 -19679.1 -19717.5 -19782.5 98.4 103.3
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MODEL DESCRIPTIVE PRED.:UNIF. PRED. :GEN. EFFECT: UNIF. EFrECT: GEN.

51 -19702.2 -19800.7 -19809.7 98.5 107.5
52 -19733.1 -19831.2 d!l833.6 98.2 100.5
53 -19647.9 -19746.5. -19751.5 98.7 103.7
54 -19682.0 -19780.6 -19785.1 98.6 10.3.1
55 -19691.0 -19789.7 -19795.8 98.7 104.7
56 -19616.9 -19715.6 -19722.1 98.8 105.3
57 -19722.7 -19821.2 -19824.4 98.5 101 .7
58 -19685.1 -19783.8 -19790.6 98.7 105.4
59 -19491.1 . -19589.3 -19597.4 98.2 106.3
60 -19597.6 -19695.3 -19695.1 97.7 97.5
61 -19529.2 -19627.5 -19637.4 98.3 108.2

·62 -18529.6 -18655.1 -18679.7 125.5 150.0
63 -19474.8 -19598.5 -19603.5 123.7 128.8
64 -19564.3 -19687.8 -19688.7 123.5 124.4
65 -18636.2 -18761.2 -18777.4 125.0 141 .2
66 -19580.5 -19704.0 -19705.7 123.5 125.2
67 -19598.4 -19721.9 -19722.3 123.4 123.8
68 -18567.8 -18693.4 -18719.7 125.6 151.9
69 -19587.3 -19711.0 -19715.9 123.6 128.6
70 -19515.7 -19639.5 -19647.3 123.8 131.5
71 -19543.0 -19666.7 -19671.9 123.7 128.9
72 -19618.2 -197H.5 -19739.8 123.3 121.6
73 -19545.8 -19669.5 -19675.7 123.7 129.9
74 -19607.5 -19731.0 -19732.9 123.5 125.5
75 -19593.2 -19716.5 -19715.6 123.3 122.5
76 -19592.4 -19716.0 -19720.1 123.6 127,8
77 -19313.7 -19494.9 -19494.8 181.2 181.1
78 -19358.3 -19538.0 -19539.9 179.7 181.6
79 -19554.9 -19737.2 -19737.5 182.4 182.7
80 -19539.8 -19722.1 -19722.4 182.3 182.6
81 -19200.0 -19383.1 -19384.1 183.1 184.1
82 -19470.8 -19654.6 -19.641.5 183.7 170.7
83 -19495.6 . -19678.9 -19663.3 183.3 167.7
84 -19471.2 -19654.6 -19649.6 183.4 178.4
85 -19404.8 -19588.9 -19587.8 184.1 183.0
86 -18712.9 -18905.6 -18925.6 192.7 . 212.6
87 -19380.3· -19559.1 -19557.2 178.8 176.9
88 -19556.0 -19737.7 -19735.7 181 .6 179.6
89 -19524.3 -19706.6 -19708.0 182.3 183.7
90 -19679.7 -19859.3 -19852.9 179.6 17.3.2
91 -1960.1.5 -19781.6 -19778.3 180,1 176.8
92 -18856.3 ':19047.6 -19080.2 191 .3 223.8
93 -19415.8 -19598.4 -19588.8 182.6 173.0
94 -19434.3 -19616.8 -19606.8 182.6 172.6
95 -18682,9 -18875.5 -18895.4 192.7 212.6
96 -18740.4 -18931.7 -18952.5 191.4 21201
97 "19230.1 -19436.2 -19432.0 206.0 201.9
98 -19171.6 '"19377.8 -19376.2 206.2 204.6
99 -18352.3 "18560.8 -18577.1 208.5 224.8

100 -19212.5 -19417.4 -19416.7 204.9 204.2
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MODEL DESCRIPTIVE PRED.IUNIr. PRED. :GEN. ErrECT: UNlr. ErrECT: GEN.

101 -19243.5 -19448.3 . -19446.1 204.8 202.7
102 -18396.9 -18603.9 -18622.2 207.0 225.3
103 -19283.2 -19490.2 -19489.6 207.0 206.4
104 -19440.0 -19647.5 -19643.8 207.5 203.8
105 -19412.7 -19620.1 -19618.9 207.4 206.2
106 -19268.2 -19475.1 -19474.5 206.9 206.3
107 -19394.0 -19601.4 -19599.3 207.4 205.3
108 -19456.2 -19663.3 .. 19659.6 207.1 203.4
109 -19165.0 -19372.9 "'19373.8 207.8 208.7
I 10 -19124~4 -19332.3 -19334.5 207.9 210.1
111 -18238.6. -18448.9 -18466.3 210.4 227.8
I 12 -19310.8 -19518.5 -19502.0 207.7 191.2
113 -19395.2 -19603.8 -19592.0 208.5 196.8
114 -19328.7 -19537.4 .. 19522.9 208.7 194.2
115 -19335.6 -19542.8 -19523.7 207.2 188.2 .
116 -19460.6 -19668.6 -19653.0 208~0 192.4
117 -19412.0 -19620.1 -19600.5 208.1 188.4
118 -19263.2 -19411.1 .. 19467.0 207.9 203~8
119 -19395.6 -19603.8 -19600.1 208.2 204.5
120 -19356 •.5 -19564.8 -19555.8 208.5 199.5
121 -19369.9 -19578.7 -19577 .5 208.8 207.7

. 122 -19196.8 -19405.5 -19405.2 208.6 208.3
123 -19259.0 -19468.3 -19464.6 209 •.3 205~6

124 -18504.9 -18722.1 -18742.9 217 ~2 238.0
125 -18552.9 -18769.5 "'18786.0 216.6 233.1
126 -18441.2 -18658.6 -18617.6 217.3 236.4
127 -19267.9 -19472.0 -19468.5 204.1 200~6

128 -18418.9 -18625.0 -18639.5 206.1 220.6
129 -19273.8 -19477 .9 -19473.7 204.1 199.9
130 -19287.7 -19494.2 -19493.8 206.5 206.1
131 -19449.6 "'19656.4 . -19652.2 206.9 202.6
132 -19413.9 -19620.5 "19617.0 206.6 20.1. I
133 -19256.0 -19463.2 0019466.1 207.2 210 .• 1
134 -19411.9 -19619.5 .. 19619.3 207.6 ·207.4
135 -19440.8 -19647.9 -19645.2 207.1 204.4
136 -19431.8 -19636.3 -19625.7 204.4 193.9
137 -19573.2 -19778.1 -19769.4 204.8 196.2
138 -19564.8 -19769.5 -19759.1 204.7 194.3
139 -19353.7 -19558.6 -19551.1 204.9 197.5
140 -19489.1 -19694.5 -19689.6 205.4 200.5
141 -19455.7 -.\9661.0 .. 19655.2 205.3 199.5
142 -18608.5 -18824.6 -18853.0 216.1 244.5
143 -18588.0 -18804.2 ..\ 8838.3 21601 250.3
144 -18584.7 -18800.6 .. 18832.2 215.9 247.5
145 -19173.0 -19380.2 -19372.2 207.2 199.2
146 -19309.3 -19517.2 -19505.3 ·207.9 . 196.0
147 -19340.2 -19547.6 -19539.2 207.4 199.1
148 -19191.5 -19398.7 -19390.3 207.2 198.8
149 -19321.9 -19529.7 -19518.1 207.8 196.3
150 -19399.3 .. 19606.6 .. 19596.5 207.3 197.2
151 -18440.1 .. 18657.4. -18678.9 217.3 238.8
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MODEL DESCRIPTIVEPRED.:UNIF. PRED.: GEN. EFFECT: UNI F. EFFECT: GEN.

152 -18414.6 ~18632.1 ~.1 ~653.6 217.5 239.0
153 -18522.8 -18739.4 -18755.9 216.6 233.0
154 -18497.6 -18713.6 -1!l73§.0 216•0 238.4
155 -18492.5 -18708.7 -18725.3 216.2 232.• 8
156 -18532.4 -18748.2 -18769.9 215.9 237.5
157 -18048.6 -18.372.2 -18385.5 323.6 336.9
158 -18035.• 7 -18359.1 -18373.5 323.4 337.8
159 -18983.6 -19299.6 -I ~2~2.5 316.0 298.9
160 -18950.1 ~ 192.66. 0 -19249.4 315.9 299.3
161 -18050.8 -18376.3 -18402.4 325.4 351.5
162 -19066.9 ~ 19381 .7 -1935~.0 314.9 291.2
163 -19169.8 ~J9483.7 -19454.4 313.9 284.5
164 -18990.0 -19306.8 -19295.7 316.7 305.7
165 -18955.4 -19272.2 -1 ~26n6 316.8 306.2
166 -18087.7 ... 18410.3 -18420.9 322~6 333.2
167 -18343.5 ;'18908.1 -18876.1 564~6 532.6
168 -18821.3 -19380.7 -19313.4 559.4 492.1
169 -18778.5 ;'19340.3 -19217.5 561.8 499.0
170 -18129.7 -18731.7 -18699.7 602~0 570.0
171 -18839.0 -19393.0 -19337.7 554.1 498.7
172 -18892.4 -19449.1 -19~94.~ 556.7 501~9
173 -17913.9 -18520.4 -18466~3 606.5 552.4
174 -18240.5 ;'18830.4 -18797.7 589.9 557.2
175 -18092.6 -18697.6 -.18668.0 605~1 575.4
176 -18831.9 -19387.9 -19330.3 556~0 498.4
177 -18860.2 ~19414.3 -19353.7 554.1 493.5
178 -17952.4 -18558.5 -18508.4 606.1 5$6.0
179 -17875.9 -18485.1 -113422.9 609.2 547.0
180 -18597.2 -19168.5 -19·093~9 571~3 496.8
181 -18614.1 ;'19183.4 -19107.0 569.3 492.8
182 -17382.0 -17973.9 -17958.4 591.9 576.3
183 -18679.2 ;'19263.6 -19194.8 584.4 515.6
184 -18694.9 -19281.6 -19214.7 586.6 519.8
185 -17858.0 ~18484.7 -18451~8 626.7 593.7
186 -18693.2 -19272.4 -19214.5 579.2 521.3
187 -18777.6 ~ 19359.4 -19300.6 581.8 523.0
188 -17671.2 ';'18302.2 -18249.8 631 .1 .. 578.6
189 ~17992.6 -18607.4 -18570~5 614.8 577.9
190 -17824.3 -18454.2 -18426.1 629.9 601.8
191 -18719.5 -19300.8 -19241.7 581.3 522~ I
192 -18753.7 -19333.1 -19270.2 579.4 516.5
193 -17744.4 -}8375.0 -18325.8 630.6 581.4
194 -17715.9 -18349.1 -18?83•3 633.2 567.4
195 -18562.2 -19158.2 -19083.7 5516.0 52105
196 -18538.5 -19132.6 -19Q57.4 5514.1 518.9
197 -16858.• 4 -18759.4 -18341.9 1901.0 1483.5
198 -16478.8 -18424.9 -1793Q.3 1946.1 145105
199 -16913.7 -18808.7 -18396.9 1894.9 1483.2
200 -16725.9 -18656.2 -18211.7 1930.3 148$.8
201 -17242.0 -19058.3 -18694.3 1816.3 14$2.3
202 -17279.3 ';'19090.3 -18725.9 1811.0 1446.6
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TABLE (4.3 .2B)

liOODNESS-dr-F'IT sTI\TfsncSrOR THE DELETED DATA

!'DDELSQUARED PEVli\TIONS COilRELi\TIQN ABSdLUTE DEViATIONS CHI-SQUARE

1
.2

3
4
5
6
7
8
.~
10
11
12
13
PI
15
16
17
18
19
20
21
22
23
24
25
26
27

,28
29
30
31
32
33
34
35
36
37
38
39
40
41
<42
4.3
44
45
46
47
4~
49

48060.9
44742.1
44659.5
44993~6 .
46122.2
461 Od~3
45480.7
44723~6
46642.1
46276.1'
44714.3
46026~7

458 51 ~4

45937 ~8
. 45881 ~7

40959.(i·
37481,1
43810.1 .
43686.5
37466.9
44429~9
44116 ~2

38275,2
44401.5
44196~6
43276.1"
42458.8
42903.4
43337.5
4264.d:s
43272.3
37675.,
439d9.7
43934 ~4

3 7502 ~4
43882.4
44028.2
42459.1
42742.3
42741.8
42494~(i

42938.9
42750.1
37416.9
44292.6
44646.5
42521.4
431 72 ~9
42705.7

.
0.8527
0.8631
o ~8620
0.8628
0.8582

g:~~~
0.8626
0~857Q
0.8587 .
0~8~1
'0.8584
0.13.590
0.8589
0.8594
0.8697
o~88013
o~13652
o.8(i54
0,813°5
0.8639
0.8 (i50
0.8783
o~13 ~5
0.8646
0.8674
0.8692
0.86~.1

d ~13 6(i~
0.8685
0.8(i74
0~8809

0.8.651
0.13.64 IS
0~8797
0~13647
0.8641
0~8687

o~86~$
0.8686
() .8683
0.8686
0.8687
0.8812
0.8644
0.8~7
0.8699·
0.8689
0.8684
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5292.9
5189.9
5187.5
5214.3
5225.0
5240.5
5212.2
5203.1
5256.1
5240.4
5174.7
5223.1
5205.3
5214.3
5213.2
4710.9
4577.9
5139.2
5125.9

.4596.2
'J76.7
5157.5
4613.6
5165.5
5168.6
5133.0
5116.4
5120.4
5.1.33.2
5135.0
,137.9
4592.4
51.44.5
5157.4
4578.2
51.32.2
5164.5
5110.0
5129.5
?125.3
5i09.0
5144.9
5110.9
4569.8
5169.1
5203.9
5109.6
5162.4
5151.0

3936100
38186.0

.32723.3
38200.6
35107.3
34552.1
41376.5
34313.2
3 8095 ~ 1
38349.2
38932.5
35180.5
35324.1
3679(i.7
36404.1
20513.0
17448.9
31475~5

31998.7
17730.3
36530.5
37236.2
18627~4
33182.8
33140.8
37422.2
29274.5
38485.2
38381.0
29114~4

38173.9
17323.0
31704.2
31191.5
17317.6
33260.3
325()S.3
28481~(i

34298.7
33662.4
28920.2
34108.2
340$.7
174$8.2
33421.4
32895.1
35387.8
3 7007~3

. 29110.0



f'DDELSQUARED DEVIATIONS CORRELATION ABSOLUTE DEVIATIONS CHI-SQUARE

50, 42613.5 0.8693 5106.0 35622.2
51 43566.7 0.8671 5176.5 36699.2
52 42729.1 0.8684 5138.9 29526.7
53 42526.1 0.8694 5103.8 33318.7
54 42832.0 0.8681 5133.9 30465.1
55 43,529.3 0.8662 5159.6 35464.2
56 42699.9 0.8688 5122.9 ,33106.1
57 43205.9 0.8664 5148.3 30446.1
58 43556.1 0.8661 5145.7 35827.3
59 40782.7 0.8763 5042.7 39955.3
60 ' 41152.0 0.8727 5099.8 27898.9
61 41873.4 0.8733 5097.8 41746.8
62 33286.4 0.8949 4398.3 15390.1
63 40441.6 ' 0.8757 5038.6 29322.1
64 40355.6 0.8757 5019.6 29766.9
65 33846.2 '0.8912 4464.4 14427.4

, 66 40972.4 0.8733 ' 5070.5 27528.6
67 40628.4 ' 0.8746 5047.5 27925.5
68 34414.6 0.8919 4461.6 16109.5
69 41282.6 0.8737 5088.2 31590.1
70 41070.6 0.8748 5087.7 31601.6
71 41318.1 0.8730 5066.4 31338.6
72 40432.6 0.8751 5045.4 26656.7
73 40890.5 0.8749 '5051.3 32404.4
74 41343.2 0.8726 5078.8 31522.2
75 40583.5 0.8745 5075.2 26042.8
76 41262.7 0.8731 5083.4 '32172.4
77 39256.6 0.8783 4975.7 30445.2
78 38780.5 0.8814 4977.7 32353.1
79 41440.6 0.8716 5077.8 28915.8
80 41217.2 0.8729 5079.1 29290.6
81 38987.0 0.8794 4918.2 27960.0,
82 41615.2 0.8693 5054.2 28721.1
83 41250.2 0.8707 5047.0 27841.0
84 41077.4 0.8729 5034.6 27155.2
85 40868.4 0.8740 5049.7 27190.9
86 38168.2 0.8775 45i9.8 ' 16419.2
87 39460.1 0.8781 4983.5 34889.5
88 42219.5 0.8690 5110.0 29261.2
89 41752.5 0.871 1 5051.4 28816.1
90 41978.1 0.8699 5096.4 33101.2 '
91 41403.9 0.8724 50.47 .3 32755.5
92 38729.5 0.8766 4614.1 19179.1
93 40848.1 0.8729 5021.5 27044.1
94 40640.2 0.8740 4999.9 26514.1
95 ,38218.4 0.8769 4599.3 17189.7
96 37937.2 0.8784 4561.7 17883.1
97 37098.0 0.8845 4891.1 26544.6
98 37040.9 0.8850 4897.5 26041.0
99 31891.5 0.8972 4318.0 13525.6

100 36728.2 0.8871 4901.9 26697.9
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MODEL SQUAR ED DEVIA nONS CORRELATION AB~OLUJE 0 EVIA nONS CHI~SQ.UARE

101 36523.9 0.8878 4886.4 26869.9
102 31154.9 0.9012 4305.3 14285.8
103 37425.1 0.8849 4919.8 28988.2
104 39180.0 0.8782 4984.5 26260.5
105 39164.6 0.8786 5000.3 26709.2
106 37213.6 0.8861 4929.8 29278.6
107 39104.4 0.8790 5002.3 26490.8
108 39019.5 0.8794 4995.7 27286.0
109 37551.8 0.8837 4877.0 26247.5
110 37184.2 0.8853 4854.4 26292.0
I 11 31530.4 0.8987 4276.4 12473.3
112 38059.5 0.8803 4971.3 23038.7
113 39722.3 . 0.8758 4S95.4 25349.0
114 39371.3 0.8763 4985.6 23856.2
115 37676.7 0.8817 4958.4 22368.3
116 39749.8 0.8754 . 5008.9 24899.2
117 39023.7 0.8774 4968.3 23312.9
118 37937.0 0.8834 4914.0 28244.6
119 39187.5 0.8793 4968.3 26706.5
120 38759.3 0.8797 4948.2 25079.3
121 39378.2 0.8786 5008.6 26596.3
122 37696.6 0.8846 4926.8 28270.9
123 38747.2 0.8801 4978.2 24721.0
124 35583.5 0.8857 4500.5 14517.7
125 34659.7 0.8884 4489.8 13708.7
126 34702.3 0.8885 4463.1 13901.8
127 37531.3 0.8836 .4914.9 28698.1
128 32033.9 0.8973 4355.5 14084.6
129 37492.0 0.8837 4924.3 28577 .9
130 38579.2 0.8817 4972.8 28573.0
131 40213.6 0.8748 5049.7 26088.8
132 39955.9 0.8760 5023.8 26854.5
133 38069.4 0.8838 4942.5 28275.0
134' 39773.1 0.8768 4982.4 26049.0
135 39549.1 0.8776 4967.6 27152.3
136 38380.7 0.8801 4994.4 24715.4
137 39904.3 0.8759 504,.6.1 '26646.3,
138 39672.4 0.8767 5004.9 26676.8
139 37826.4 0.8825 4944.6 24531.7
140 39357.1 0.8784 4975.7 26923.4
141 39264.0 0.8786 4971.5 26183.2
142 35247.0 0.8867 4476.9 14940.6
143. ·35444.7 0.8877 4495.3 16334.9
144 35236. I 0.8877 4482.9 16404.1
145 36859.9 0.8862 . 4872.7 26152.0
146. 38808.5 0.8788 4964.2 24044.6
147 38971.7 0.8792 4955.2 26536.2
148 36680.5 0.8871 4864.1 26055.7
149 38621.3 . 0.8799 4933.7 24531.9
150 39143.4 0.8786 4962.3 26049.0
151 34724.5 0.8882 4452.6 14258.5
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MODEL SQUARED DEVI ATIONS CORRELA Tl ON ABSOLUTE DEVIATIONS CHI ~SQUARE

152 .34919.9 0.8881 4485.6 14198.5
153 34689.5 0.8879 4483.6 14080.3
154 34419.5 0.8897 4411.2 14815.0
155 34480.1 0.8885 4444.1 14100.9
156 35262.0 0.8869 4459.4 15864.3
157 28970.6 0.9056 4173.5 11399.1
158 28517.2 0.9082 4177.8 11129.4
159 33252.5 0.8963 4740.9 21179.6
160 33194.3 0.8966 4737.5 21087.0
161 29371.5 0.9053 4176.1 11367.0
162 34669.2 0.8906 4812.2 18594.1
163 34841.4 0.8896 4844.7 18196.9
164 34051.2 0.8945 4748.2 21131.2
165 34310.1 0.8936 4806.3 21148.2
166 29441.8 0.9045 4230.7 11074.1
167 25496.7 0.9229 4260.3 21205.5
168 34848.6 0.8890 4770.2 19265.6
169 34160.0 0.8920 4726.7 18797.7
170 32021.7 0.8962 4320.9 11591.5
171 33618.4 0.8952 4735.8 20858.8
172 34236.9 0.8925 4731.5 20219.4
173 32101.6 0.8946 4264.7 10474.3
174 32625.7 0.8943 4279.9 13029.6
175 33495.4 0.8909 4336.5 11372.8
176 34357.6 0.8921 4715.3 19473.2
177 34861.3 0.8898 4757.2 19769.2
178 31622.4 0.8974 -4267.8 10431.2
179 31761.8 0.8955 4190.2 9838.9
180 33083.8 0.8954 4605.7 17132.0
181 33736.8 0.8927 4660.3 17094.7
182 17826.5 0.9434 3537.2 8425.8
183 32574.5 0.8960 4685.0 16671.3
184 31921.3 0.8987 4627.5 16475.8
185 28030.5 0.9094 4134.6 10131.5
1M 31488.1 0.9014 4650.8 17368.3
187 31930.3 0.8993 4641.8 17112.7
188 28090.0 0.9080 401..4.3 9044.7
189 29083.1 0.9049 4158.7 9941.2
190 29744.7 0.9040 4171.8 9918.8
191 32356.6 0.8980 4634.8 16900.2
192 32807.6 0.8959 4697.7 16632.9
193 28524.1 0.9078 4126.6 9318.1
194 28158.7 0.9070 4077.9 8176.8
195 31574.8 0.9001 456301 16071.0
196 31862.8 0.8990 4586.9 15916.8
197 24007.5 0.9208 3615.3 5014.3
198 21261.5 0.9293 3362.9 3907.6
199 22375.2 0.9269 3603.5 5163.9
200 22535.5 0.9249 3463.0 4510.5
201 17689.6 0.9451 3619.2 8315.1
202 18637.7 0.9414 3659.9 8321.3
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MODEL DESCRIPTIVE PRED.:UNIF. PRED. :GEN. EFFECT: UNIF. EFFECT:GEN.

I -17594.9 -17643.8 -17657.3 48.9 62.4
2 -17442.4 -17515.6 -17528.0 73.2 85.6
3 -17411.9 -17485.6 -17494.2 73.7 82.4
4 -17435.4 -17509.0 -17522.7 73.6 87.3
5 -17507.3 -17581.6 -17594.6 74.3 87.4
6 -17515.6 -17589.9 -17601.9 74.2 86.3
7 -17473..3 -17546.4 -17558.1 73.1 84.8
8 -17454.3 - 17527.0 -17536.1 72.7 81.7
9 -17560.4 -17634.0 -17647.6 73.5 87.2

10 -17545.5 -17619.1 -17633.3 73 .6 87.9
11 -17435.5 -17509.0 -17519.9 73.4 84.3
12 -17517.7 -17591.8 -17602.4 74.1 84.6
13 -17496.9 -17571.1 -17582.7 74.2 .85.8
14 -17502.0 -17575.8 -17587.7 73 .9 85.8
15 -17514.2 -17588.1 -17599.7 73.9 85.5
16 -16488.3 -16565.7 -16609.3 77.3 121.0
17 -16329.0 -16430.8 -16471.9 10 I. 9 142.9
18 ·;'17437.1 -17536.1 -17544.8 99.0 107.7
19 -17404.0 -17503.2 -17513.2 99.2 109.2
20 -16347.8 -16448.9 -16488.1 101 .1 140.3
21 -17479.8 -17578.3 -17590.0 .98.5 110.2
22 -17452.5 -17551. I -17563.8 98.6 111.2
23 -16366.7 -16468.2 -16510.1 101.5 143.4
24 -17462.5 -17561.3 -17573.0 98.8 110.6
25 -17468.3 -17567.1 -17578.4 98.8 110.1
26 -17392.6 -17490.7 -17500.5 98.1 107.9
27 -17356.4 -17454.3 -1746.1.5 97.9 105.1
28 -17386.1 -17484.3 -17495.9 98.1 109.8
29 -17380.3 -17478.4 -17488.5 98.1 108.2
30 -17377 .2 -17475.0 -17481.1 97 .8 104.0
3) -17401.1 -17499.2 -17510.2 98.1 109.1
3.2 -16328.8 -16430.9 -16474.7 102.1 145.8
33 -17426.6 -17525.9 -17537.1 99.3 110.4
34 -17422.7 -17521.9 -17532.4 99.2 109.6
35 -16305.3 -16407.4 -16446.3 102.1 140.9
36 -17409.3 -17508.9 -17520.1 99.6 11 0.8
37 -17438.5 -17537.9 -17547.0 99.4 108.5
38 -17331.2 -17429.9 -17436.7 98.7 105.4
39 -17337.4 -17436.3 -17448.1 98.9 110.7
40 -17356.3 -17455.1 -17464.5 98.8 108.2
41 -17319.0 -17417.6 -17424.7 98.7 105.7
42 -17358.2 -17457.0 - 17 467.7 98.8 109.5
43 -173.47.9 -17446.7 -17457.2 98.8 109.3
44 -16335.8 -16437.4 -16480.0 101 .6 144.2
45 -17457.9 -17556.9 -17570.7 99.0 112.8
46 -17481.2 -17580.1 -17592.2 98.9 111.0
47 ';17361.7 -17459.9 -17470.4 98.2 108.7
48 -17386.0 -17484.3 -17498.7 98.3 112.7
49 -17375.1 -17473.1 -17480.7 98.0 105.6
50 -17349.4 -17447.6 -17458.4 98.2 109.0
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MODEL DESCR IPTI VE PRED.: UNI F. PRED. :GEN. EFFECT: UN!F. EFFECT: GEN.

51 -17400.9 -17499.2 -17513.0 98.3 112.0
52 -17366.7 -17464.8 -17473.4 98.0 106.7
53 -17344.4 -17442.9 -17453.4 98.5 109.1
54 -17362.5 -17460.9 -17470.3 98.4 107.8
55 -17394.0 -17492.4 -17502.7 98.4 108.7
56 -17365.2 -17463.6 -17473.1 98.4 107.9
57 -17377.4 -17475.8 -17484.5 98.3 107.1
58 -17385.6 -17484.1 .. 17495.4 98.5 109.8
59 . -17283.0 -17380.8 -17390.6 97.7 107.6
60 -17271 .3 .. 17368.8 -17373.0 97.4 101.7
61 -17313.8 -17411.6 -17423.4 97.8 109.7
62 -16176.5 -16302.6 .. 16342.6 126.2 166.1
63 -17284.6 -17407.9 -17415.5 123.3 130.9
64 -17251.5 -17374.9 -17383.9 123.5 132.4
65 -16164.8 -16290.7 -16325.0 125.9 160.3
66 -17296.8 -17420.1 -17427.0 123.3 130.2
67 -17269.5 -17392.9 -17400.7 123.4 131 .2
68 -16207.2 -16333.5 -16375.5 126.3 168.3.
69 ~17303.0 -17426.5 -17438.4 123.6 135.4
70. -17308.8 -17432.3 -17443.8 . 123.5 134.9
71 -17305.0 -17428.5 -17437.9 123.5 132.9
72 -17268.8 -17392.1 -17398.9 123.3 130.1
73 -17298.5 -17422.0 -17433.2 123.5 134.7
74 -17301.1 -17424.5 -17433.1 123.4 132.1
75 -17297.9 -17421.1 -17425.8 123.2 127.8
76 -17321.8 -17445.3 -17454.8 123.4 133.0
77 -17118.9 -17298.1 -17295.0 179.3 176.2
78 -17151.8 -17329.7 -17329.5 177.9 177.8
79 -17275.8 -17457.0 -17458.5 181.2 182.7
80 -17287.8 -17468.7 -17468.9 180.9 181.1
81 - 17055.1 -17237.0 -17236.7 181.8 181.6
82 -17224.4 . -17408.1 -17399.6 183.6 175.1
83 -17210.2. -17393.7 -17384.6 183.5 174.4
84 -17213.3 -17396.4 -17395.4 183.1 182.1
85 -17219.7 -17402.8 -17401.3 183.1 181.7
86 -16325.4 -16520.6 -16557.5 195.2 232.1
87 -17171.0 -17348.1 -17343.8 177.1 172.8
88 -17310.4 -17490.9 -17489.2 180.4 178.7
89 -17264.5 -17445.7 -17447.7 181.2 183.3
90 -17314.3 -17493.7 -17494.0 179.5 179.8
91 -17311.9 -17491.1 -17489.7 179.1 177 .8
92 -16400.9 -16594.6 -16644.2 193.7 243.3
93 -17217.5 -17399.7 -17392.5 182.2 174.9
94 -17216.1 -17398.4 -17391.6 182.3 175.5
95 -16315.9 -16511.3 -16548.1 195.4 232.2
96 -16321.6 -16516.6 -16558.4 195.0 236.7
97 . -17025.9 -17230.2 -17225.4 204.3 199.5
98 -17038.2 -17242.5 -17237.5 204.2 199.2

.99 -16012.3 ~16220.0 -16247.0 207.7 234.7
100 -17074.6 -17277.7 -17274.6 203.1 200.0

~'!¥I::~;'i
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MODEL DESCRIPTIVE PRED.:UNIF. PRED.:GEN. EFFEC T: UNIF. EFFECT: GEN.

101 '-17053.8 -17257.0 -17255.0 203.2 201.2
102 -16045.2 -16251.6 -16281.6 g06.4 236.3
103 -17116.5 -17322.2 -17321.0 205.8 204.6
104 -17177.8 -17384.4 -17383.9 206.5 206.1
105 -17195.2 -17401.4 -17400.9 206.2 205.7
106 -17128.5 -17333.9 -17331.4 205.5 203.0
107 -17210.• 7 -17416.8 -17413 .9 206.1 . 203.3
108 -17194.9 -17400.8 -17399.3 205.9 204.4
109 -17020.7 -17227.2 -17227.0 206.5 206.3
110 -17005.7 -17212.3 -17212.7 206.5 207.0
11 1 -15948.6 -16158.8 -16188.7 210.2 240.1
112 -170113.9 -17291.3 -17278.4 207.4 194.5
113 -17175.0 -17383.4 -17375.6 208.3 200.6
114 -17143.8 -17352.4 -17342.0 208.6 198.2·
115 -17069.6 .. 17276.9. -17263.4 207.3 l!~:s .8
116 -17175.7 -17383.9 -17374.9 208.2 199.2
117 -17117.3 -17325.8 -17315.0 208.5 197.8
118 '-17091.6 ;"17298.9 -17296.2 207.3 204.5
119 -17163.9 -17371.7 -17371.4 207.8 207.6
120 -17115.3 -17323.7 -17320.8 208.4 205.5
121 -17185.2 -17393.0 -17391.6 207.7 206.4
122 -17098.1 -17305.3 -17302.1 207.3 204.1
123 -17142.5 -17350.8 -17346.4 208.2 203.9
124 -16203.8 -16423.2 -16458.3 219.4 254.5
125 -16184.9 -16403.8 -16436~3 219.0 251.5
126 -16166.1 -16385.8 -16420.1 219.8 254.0
127 . -17083.4 -17285.8 -17281.1 202.5 197.8
128 -16064.4 -16269.9 -16295.8 205.5 231.4
129 -17091.7 -17294.1 -17288.4 202.4 196.7
130 -17150.9 -17356.1 -17354.5 205.2 203.6
131 -17231.2 -17436.9 -17433.8 205.7 202.6
132 -17229.8 -17435.2 -17431.6 205.4 201.8
133 -17105.0 -17310.9 -17313.1 206.0 208.1
134 -17176.9 -17383.5 -17385.1 206.6 208.2
135 -17171.5 -17377.7 -173 78.1 206.2 206.6
136 -17131.3 -17335.5 -17331.0 204.3 199.7
137 -17235.0 -17439.8 -17438.7 • 204.8 203.6
138 -17216.3 -17421.0 -17419.5 204.7 203.2
139 -17128.9 -17332.9 -17326.6 203.9 197.7
140 -17224.3 -17428.8 -17427.0 204.5 202.7
141 -17234.8 -17439.1 -17434.8 204.3 200.0
142 -16217.9 -16436.4 -16481.2 218.5 263.3
143 -16241.4 -16459.8 -16509.6 218.4 268.2
144 -16241.6 -16459.8 -16506.8 218.2 265.3
145 -17065.0 -17271.5 -17263.2 206.5 198.2
146 -17138.3 ... 17345.8 -17337.1 207.5 198.8
147 -17168.1 -17375.0 -17368.5 206.9 200.4
148 -17063.6 -17270.2 . -17262.3 206.6 198.8
149 -17128.5 ;"17336.2 -17329.0 207.7 200.5
150 -17181.7 -17388.6 -17381.9 206.9 200.3
151 -16163.4 -16383.1 -16418.9 219.7 255.4
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MODEL DESCRIPTIVE PRED.: UNIF. PRED.:GEN. EFFECT: UNI F. EFFECT: GEN.

152 -16156.4 -16376.6 -16413.5 220.1 257.1
153 -16175.4 -16394.5 -16426.9 219.2 251.5
154 -16169.1 -16388.4 -1642~.1 219.3 260.0
155 -16138.6 -16358.4 -16395.3 219.8 256.7
156 -16200.0 -16419.2 -16459.2 219.2 259.~

157 -15845.6 -16171.0 -16196.1 325.4 350.5
158 ,;, 15872.8 -16197.2 -16220.4 324.4 347.6
159 -16897.0 -17211.7 -17192.8 314.6 295.8
160 -16910.5 -17224.6 -17204.0 314.2 293.6
161 -15861.2 -16187.8 -16223.6 326.6 362.5
162 -16941.5 -17255.4 -17232.0 313.9 290.5
163 -16929.6 -17243.7 -17221.3 314.1 291.8
164 -16882.9 -17198.3 -17185.8 315.4 302.9
165 -16935.2 -17249.8 -17233.2 314.6 298.0.
166 -15901.5 -16224.9 -16244.0 323.4 342.5
167 -16381.0 -16935.4· -16886.0 554.4 505.0
168 -16746.1 -17299.0 -17220.3 552.~ 474.2
169 -16713.3 -17267.9 -17192.2 554.6 478.9
170 ';'15943.8 -16546.2 -16510.4 602.4 566.5
171 -16787.9 -17334.0 -17264.7 546.1 476.8
172 -16179.9 -1.7330.6 -17265.7 550.7 48.5.8
173 -15824.6 -16433.1 -16375.1 608.5 550.6
174 -15969.1 -16568.4 -16540.1 599.3 571.0
175 -15924.9 -16530.8 -16497.8 605.8 572.9
176 -16766.8 -17315.6 -17244.8 548.8 418.0
177 -16781.6 -17330.5 -17259.4 548.9 477.7
178 -15822.4 -16432.5 -16380.9 610.0 558~ 5
179 -15755.4 -16368.1 -16304.5 612.8 549.1
180 -16610.8 -17176.3 -17089.Q 565.4 478.2
181 -16617.4 -17181.8 -17094.3 564.4 476.9
182 -15274.5 -15857.3 -15838.0 582.8 563.5
183 -16665.4 -17243.3 -17162.7 577.9 497.3
184 -16620.3 -17200.0 -17122.6 579.6 502.3

·185 -15784.5 -16411.4 -16373.0 626.9 588.5
186 -16710.8 -17282.0 -17209.8 571.3 499.1
187 -16681.9 -17257.9 -17191.1 576.0 509.2
188 -15672.0 -16304.8 -16245.8 632.8 573.8
189 -15786.1 -16410.2 -16317.0 624.1 590.9
190 -15765.4 -16396.0 -16363.2 630.6 597.8
191 -16679.2 -17253.3 -1.7182.1 574.1 503.0
192 -16702.4 -17276.6 -17204.0 574.2 501.6
193 -15700.8 -16335.1 -16281.7 634.2 580.9
194 -15614.8 -16251.4 -16183.3 636.5 568.5
195 -16576.4 -17166.4 -17079.3 590.1 502.9
1~6 -16568.0 -17157.1 -17070.3 589.1 502.3
197 ~14975.0 -16857.2 -16405.4 1882.2 1430.4
198 ~14697.6 -16625.5 -16094.7 1927.9 1397.1
199 -14996.8 ,,:,16875.3 -16429.7 1878.4 1432.9
200 -14861.2 -.16769.1 -16290.6 1907.8 1429.4
201 -15487.3 -17263.6 -16866.0 1776.4 1378.7
202 -15493.5 -17270.9 -16873.6 1177.3 1380.0
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TABLE· (4.3.2C)

aOODNESS-OF-FIT STATISTICS FOR THE DATA GENERATED FROM ~DEL 62

MODEL SQUARED DEVIATIONS CORRELA TI ON ABSOLUTE DEVIATIONS CHI-SQUARE

1 10391.0 0.9396 3209.7 6737.6
2 7542.2 0.9561 2816.2 5727.1
3 10441.2 0.9395 3204.6 6720.0
4 10437.7 0.9394 3206.1 6720.8
5 10552.1 0.9389 3210.8 6986.2
6 10545.5 0.9389 3211.7, 69'U .2
7 10433.3 0.9395 3208.0 6725.4
8 10430.8 0.9394 3208.8 6734.7
9 10500.4 0.9391 3213.1 6866.2

10 10491.2. .0.9391 3213.5 6861.2
11 . 7403.2 0.9570 2755.2 5721.0
12 10562.5 0.9388 3211.5 6904.0
13 10562.4 0.9388 3210.9 6941.0
14 10553.4 0.9388 3210.6 6873.7
15 10544.1 0.9389 3211.0 6876.8
16 6374.4 0.9626 2307.0 1753.8
17 3443.0 0.9805 1729.5 1114.0
18 10716.1 ·0.9381 3213.0 7085.2
19 10725.2 0.9381 3211 .5 71 ~5.6
20 6398.1 0.9625 2303.9 1755.9
21 10654.3 0.938.4 3214.4 6998.9
22 10654.5 0.9384 3214.7 6991.0
23 6394.3 0.9625 2302.2 1757.7
24 10672.9 0.9383 3214.2 7050.3
25 10663.7 0.9384 3215.5 7011.8
26 10587.4 0.9388 3209.2 6861.8
27 10603.0 0.9387 3209.9 6934.9
28 7498.5 0.9565 2760.9 840.4
29 10596.7 0.9387 3208.4 6859.0
30 10603.1 0.9387 3210.7 6898.5
31 7508.4 0.9565 2761.1 5844.9
32 6396.9 0.9625 2305.4 1758.0
33 107(16.6 0.9382 3213.1 ,5104.4
34 10709.4 0.9382 321'5.5 7086.1
35 6393.8 0.9625 2304.6 1763.6
36 10725.4 0.9381 3212.7 7151.7
37 10718.8 0.9381 3214.6 7104.9
38 10595.4 0.9388 3206.0 6855.3
39 10610.3 0.9387 3207.4 6921.3
40 7548.4 0.9563 2763.7 5942.6
41 10604.8 0.9387 3205.7 6852.6
42 10610.3 0.9387 3208.1 6884.7
43 7555.3 0.9563 2762.4 5958.2
44 3549.0 0.9795 1837.1 1156.1
45 10652.7 0.9384 .3215.0 7167.5
46 10655.2 0.9384 3215.4 7159.1
47 7692.3 0.9553 2825.5 5855.2
48. 10538.6 0.9390 3210.1 6840.5
49 10586.1 0.9388 3210.7 6964.9
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I'DDEL SQUARED DEVIATIONS CORRELATION ABSOLUTE DEVIATIONS CHI -SQUARE

50 7701.6 0.9553 ' 2825.4 5852.8
51 10547.8 0.9389 3209.5 6845.5
52 10592.7 0.9388 3210.0 6979.7
53 7708.6 0.9553 2825.6 5924.6
54 10542.2 0.9390 3208.8 6840.9
55 10588.9 0.9388 3210.1 6955.4
56 7709.3 0.9553 2826.1 5888.8
57 10551 .4 0.9390 ' 3208.0 6845.7
58 10595.5 0.9388 3208.9 6970.2
59 4497.3 0.9738 2270.0 4793.2
60 10481 .4 0.9393 3203.9 6717.2
61 10480.4 0.9393 3204.3 6708~9

62 581.4 0.9977 926.1 567.3
63 7860.0 ' 0.9546 2836.6 6057.8
64 7868.5 0.9545 2835.4 6097 .1
65 6418.0 0.9624 2300.6 1765.7
66 10706.4 0.9383 3209.9 6974.9
67 10706.7 ' 0.9383 3210.4 6967.5
68 641 7.4 0.9623 , 2300.6 1762.0
69 10721.4 0.9382 3211 .0 . 7027.0
70 10712.2 0.9382 3212.5 6988.9
71 10751.0 0.9381 3211 .0 7086.0
72 10766.8 0.~380 3212.1 7142.4
73 7651 .1 0.9558 2768.5 6132.1
74 10753.7 0.9381 3211 .2 7068.2
75 10760 .1 0.9380 3213.8 7096.4
76 7654.0 0.9558 2770.5 6122.1
77 7587'.9 0.9561 2804.0 5707.3
78 7581.8 0.9560 2808.7 5703.9
79 7748.8 0.9552 2812.6 5956.4
80 7734.7 0.9553 2809.8 5933.9
81 7437.5 0.9570 2733.0 5664.8
82 10757.8 0.9381 3204.1 6930.1
83 10746.0 0.9382 3203.0 7002.1
84 10738.0 0.9381 3203.8 7050.6
85 10717.4 0.9382 3203.9 ,7074.8
86 6369.2 0.9626 22&4.8 1685.0
87 7447.3 0.9569 2743.3 5692.7
88 10684.7 0.9383 3206.4 7003.9
89 10685.4 0.9383 3206.4 7029.5
90 10687.4 0.9383 3211 .1 7116.1
91 10664.8 0.9384 3209.7 7126.6
92 6391.2 0.9625 2286.3 1730.4
93 7616.1 0.9561 2743.9 6030.7
94 7613.6 0.9562 2743.0 ,6044.1
95 6390.8 O.~ 625 2266.8 1756.0
96 641 1 .1 0.9624 2276.6 1753.3
97 7749.9 0.9553 2814.0 5828.7
98 7740.5 0.9554 2814.2 5830.8
99 3532.7 0.9795 1821 .5 1166.9

100 7751.0 0.9552 2819.3 5861.8
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MODEL SQUARED DEVIATIONS CORRELATION ABSOLUTE DEVIA II ONS CHI -SQUARE

101 7750.5 0.9553 2818.4 5896.9
102 3543.2 0.9794 1825.3 1158.5
103 4684.8 0.9729 2253.0 5013.8
104 7919.0 0.9545 2822.6 6102.9
105 7901.9 0.9545 2822.'9 6050.4
106 4669.6 0.9730 2252.6 4992.2
107 7905.3 0.9545 2820.5 6052.6
108 7897.0 0.9545 2819.6 6027.9
109 7544.6 0.9565 '2741.0 5785.0
110 7534.6 0.9566 2740.7 5780.6
111 3415.9 0.9805 1708.7 1096.2
112 10799.5 0~9380 3204.0 6922.6
113 10860.2 0.9317 3210.0 7078.7
114 10913.8, 0.9374 3207.5 7065.3,
115 10787.7 0.9380 3202.8 6994.2
116 10857.5 0.9377 3207.1 7151 .9
117 10911.4 0.9374 3205.8 7139.9

,118 10782.6 0.9380 3201.9 7034.3
119 10840.0 0.9377 3209.2 7200.8
120 10912.7 0.9374 ,3206.6 7237.1
121 10828.5 0.9377 3207.5 7231.2
122 10762.0 0.9381 3201.7 5058.4
123 10892.1 0.9375 3207.4 7220.2
124 6392.6 0.9625 2260.3 1688.7
125 6395.4 0.9625 2260.9 1687.1
126 3401 ~8 0.9805 1680.2 1051.7
127 7601.5 0.9562 2752.2 5922~6

128 ,3443.8 0.9804 1721 .7 1110.7
129 7594.5 0.9562 2753.1 5907.6
130 10733.4 0.9382 3203.4 6984.5
131 10842.1 0.9377 3209.8 7238.0
132 10840.0 0.9377 3208.6 7143.9
133 10734.2 0.9382 3203.5 7009.5

,134 10849.7 0.9377 3209.8 7269.9
135 10849.9 0.9376 3208.9 7176.4
136 10739.8 0.9382 3206.6 7095.0
137 10844.2 0.9376 3214.4 ,7363.9
138 10861.0 0.9375 321'5.5 7316.5
139 10717.2 0.9383 3205.4 7105.5
140 10828.4 0.9377 3212.9 7384.9
141 10838.4 0.9376 3213.5 7286.0

, 142 6413.2 0.9624 2283.4 1739.9
143 6415.8 0.9623 2284.5 1734.7
144 3439.6 0.9803 1706.1 1094.4
145 4697.1 0.9729 2250.1 5084.8
146 7765.2 0.9554 2754.3 6192 • .3
147 7713.7 0.9557 2752.0 6117.5
148 4694.2 0.9729 2248.6 5097.8
149 7769.9 0.9555 2751.5 6215.3
150 7721.2 ' 0.9556 2751.6 6133.7
151 3540.4 0.9793 1786.6 1159.3
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MODEL SQUARED DEVIATIONS CORRELATION ABSOLUTE DEVIATIONS CHI-SQUARE

152 6416.7 0.9623 2264.1 1760.4
153 6416.8 0.9623 2263.2 1758.0
154 3564.8 0.9792 1797.5 1156.8
155 6434.3 0.9622 2272.3 1762.9
156 5433.9 0.9522 2272.2 1755.7
157 3555.4 0.9792 1781.8 1167.2
158 3541.0 0.9793 1774.4 1152.2
159 4889.9 0.9721 2228.9 5235.7
150 4877 .2 0.9721 ·2230.2 5205.0
151 3417.9 0.9804 1585.7 1071.7
152 11038.1 0.9370 3208.0 7297.4
153 11048.9 0.9369 3207.9 7365.8
154 11039.4 0.9370 3204.3 7312.0
155 11017.8 0.9370 3203.8 73 05.2
156 3409.0 0.9804 1572.2 1049.0·
157 4458.7 0.9743 2199.2 4684.1
158 7927.3 0.9547 280 1.8 5780.3
159 7918.4 0.9547 2799.1 5814.3
170 3392.2 0.9801 1740.2 1004.3
171 7885.5 0.9548 .2805.5 5893.0
172 7920.3 0.9545 2805.6 $883.4
173 3272.5 0.98 II 1622.8 . 1014.5
174 6454.2 0.9621 2252.9 1675.1
175 6433.8 0.9523 2235.3 1658.4
175 7728.0 0.9557 2737.5 5830.3
171 7132.1 0.9557 2738.8 5817.2
178 5440.4 0.9623 2223.8 1595.9
179 6429.0 0.9623 2211.5 1587.5
180 7757.3 0.9557 2722.3 5658.1
18 I 7771.1 0.9557 2724.1 5549.4
182 425.1 0.9981 835.3 508.5
183 8082.9 0.9540 2812.4 5882.5
184 8083.4 0.9540 2809.0 5919.2
185 354.1 0.9983 771.7 427.5
185 8058.4 0.9540 2816.0 6013.0
187 8092.8 0.9539 2815.6 5038.8
188 355.1 0.9982 754.1 475.5
189 6480.1 0.9620 2249 .1 1685.9
190 6451.8 0.9621 2235.1 1662.6
191 7886.4 0.9551 2747.4 5024.8
192 7883.1 0.9550 2749.4 5003.8

. 193 ·6466.9 0.9621 2220.8 1599.7
194 6457.7 0.9622 2209.2 1589.7
195 7855.9 0.9552 2730.5 5778.7
195 7870.7 0.9552 2732.1 5753.2
197 3283.0 0.9810 1547.9 827.7
198 3243.9 0.9812 1498.8 742.0
199 3430.0 0.9799 1647.1 876.3
200 3417.3 0.9800 1528.1 858.2
201 4784.5 0.9730 2127.2 4328.8
202 480 1.9 0.9729 2127.5 4325.0
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MODEL DESCRIPTIVE PRED.:UNIF'. PRED. :GEN. EF'F'EC T: UNI F' • EF'F'ECT:GEN.

I -18345.3 -18394.4 -18410.3 49.1 65.0
2 -18095.5 -18169.5 -18189.8 74.0 94.3
3 -18342.2 -18416.8 -18439.8 74.6 97.6
4 -18343.2 -18417.3 -18437.4 74.2 94.3
5 -18335.9 -18411.5. -18441.4 75.6 105.5
6 -18336.3 -18411.9 -18441.7 75.6 105.4
7 -18343.6 -18417.3 -18437.3 73.7 93.7
8 -18344.4 -18417.6 -18435.0 73.3 90.6
9 -18340.9 -18415.4 -18440.5 74.5 99.5

10 -18341.1 -18415.7 -18440.7 74.6 99.6
I I -18067.4 -18141.5 -18159.4 74.0. 92.0
12 -18336.4 -18411.7 -18440.1 75.4 103.7
13 -18335.3 -18410.8 -18439.9 75.5 104.6
14 -18338.9 -18413.7 -18438.4 74.8 99.5
15 -18339.1 -18414.0 -18438.8 74.9 99.7
16 -17271.3 -17349.0' -17395.6 77.8 124.3
17 -16993.4 -17096.1 -I 7I 44.7 102.7 151 .3
18 ~18330.2 ~18431.3 -18468.5 101.1 138.3
19 -18328.9 -18430.1 -18468.0 101.2 139.1
20 -17270.4 -17372.3 '" 17420.3 HlI.9 149.9
21 -18334.7 -18435.0 -18468.9 100.3 134.2
22 -18334.7 -18434.9 -18468.8 100.2 134.1
23 -17269.6 -17371.9 -17422.5 102.4 153.0
24 -18331.0 -18431.9 -18470.1. 100.9 139.1
25 -18332.2 -18433.0 -18470.5 100.8 138.3
26 -18337.4 -18436.8 -184.65.7 99.5 128.3
27 -18334.4 -18434.1 -18464.6 99.6 130.2
28 -18063.3 -18162.7 -18189.8 99.5 126.5
29 -18337.1 -18436.6 -18465.3 99.4 128.2
30 -18335.5 -18435.0 -18464.7 99.5 129.3
31 -18063.1 -18162.5 -18189.6 99.4 126.5
32 -17269.1 -17371.9 -17422.7 102 .. 8 153.;5
33 -18329.7 . -18431.1 -18469.8 10 I. 4 140.1

. 34 -18329.9 -18431.2 -18469.8 101.3 139.9
35 -17268.2 -17371.4 -17425.1 103.3 156.9
36 -18326.0 -18427.9 -18471.0 102.0 145.0
37 -18327.4 -18429.3 -18471.5 101.9 144.1
38 -18336.0 -18436.4 -18468.2 100.4 132.3
39 -18333.2 -18433.7 -18467.0 100.5 133.8
40 -18058.5 -18159.0 -18190.8 100.6 132.4
41 -18335.7 -18436.1 -18467.9 100.3 132.1
42 -18334.2 -18434.7 -18467.2 100.4 132.9
43 -18058.1 -18158.6 -18190.5 100.5. 132.4
44 -17021.5 -17124.1 -17175.1 102.6 153 .. 6
45 -18331.7 -18432.8 -18471.8 101 •.0 140.0
46 -18331.9 -18433.0 -18471.9 101.0 139.9

.47 -18089.3 -18189.1 -18218.3 99.7 128.9
48 -18339.0 -18438.6 -18467.8 99.6 128.8
49 -18335.4 -18435.2 -18466.4 99.8 131.0
50 -18089.1 -18188.8 -18217.9 99.7 128.8
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MODEL DESCRIPTIVE PRED.: UNI F. PRED.:GEN. EFFECT: UNIF. EFFECT: GEN.

51 -18338.8 -18438.3 -18467.6 99.5 128.8
52 -18335.0 -18434.8 -18466.1 99.7 131 • 1
53 -18085.6 -18185.9 -18219.4 100.4 133.9
54 -18338.0 -18438.1 -18470.2 100.1 132.2
55 -18334.6 -18434.8 -18468.7 100.2 134.1
56 -18086.6 -18186.9 -18219.6 100 .3 133.0
57 -18337.8 -18437.8 -18469.9 100.0 132.1
58 -18334.2 -18434.4 -18468.3 100.2 134.1
59 -17817.7 -17916.6 -17938.9 98.9 121 .2
60 -18341.3 -18440.0 -18464.5 98.8 123.2
61 -18341.4 -18440.2 -18464.4 98.7 122.9
62 -16743.7 -16871.2 -16924.2 127.6 180.5
63 -18080.4 -18206.4 -18248.0 126.0 167.6
64 -18079.2 -18205.2 -18247.5 126.1 168.3
65 -17267.3 -17394.7- -17449.7 127.4 182.5
66 -18331.6 -18457.4 -18498.4 125.8 166.8
67 .,.18331.6 -18457.3 -18498.3 125.8 166.7
68 -17267.4 -17394.8 -17449.6 127.4 182.2
69 -18328.9 -18454.8 -18497.2 125.9 168.3
70 -18330.1 -18455.90 -18497.6 125.8 167.5
71 -18328.0 -18454.0 -18496.8 125.9 168 •.8
72 -18325.1 -18451.2 -18495.7 126.1 170.6
73 -18053.9 -18179.9 -18220.9 125.9 167.0
74 -18328.2 -18454.1 -18496.8 125.9 168.6
75 -18326.5 -18452.5 -18496.2 126.0 169.7
76 -18054.1 -18180.0 -18221.0 125.9 166.9
77 -18089.2 -18273.6 -18304.6 184.4 215.5
78 -18091.5 -18273.1 -18297.7 181 .7 206.3
79 -18077.2 -18267.7 -18314.2 190.6 237.1
80 -18077.0 -18267.8 -18314.4 190.8 237.4
81 -18052.2 -18240.3 -18270.1 188.1 217.9
82 -18312.3 -18511.2 -18564.8 198.9 252.5
83 -18311.0 -18510.3 -18564.8 199.3 253.8
84 -18318.3 -18512.9 -18559.5 194.6 241.2
85 -18318.3 -18513.1 -18559.8 194.8 241.6
86 -17227.8 -17442.4 -17533.4 214.6 305.6
rp -18062.3 -18242.9 -18265.4 180.6 203.1
81l: -18322.2 -18512.8 -18559.5 190.6 237.3
89 -18322.4 -18513.2 -18560.3 190.8 237.9
90 -18329.7 -18515.6 -18553.8 185.8 224.1
91 -18330.2 -18516.2 -18554.5 186.1 224.4
92 -17252.9 -17454.8 -17530.6 201.9 277.7
93 -18047.6 -18238.3 -18278.9 190.7 231.2
94 -18045.9 -18236.9 -18278.7 191 • .1 232.8
95 -17242.5 -17451.1 -17533.8 208.6 291.3
96 -17249.1 -17453.4 -17528.1 204.3 279.0
97 -18082.7 -18292.9 -18332.7 210.1 249.9
98 -18083.0 -18293.2 -18333.1 210.2 250.1
99 -17015.2 -17228.2 -17289.9 213.1 274.7

100 -18082.6 -18290.5 -18327.5 207.9 244.9
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MODEL DESCRIPTIVE PRED.:UNIF. PRED. :GEN. EFFECT: UNIF. EFFECT: GEN.

101 -18081.5 -18289.6 -18327.3 208.0 245.8
102 -17017.5 -17227.8 -17283.0 210.3 265.5
103 -17199.3 -18014.8 -18063.3 215.5 264.0
104 -18067.2 -18284.2 -18343.8 216.9 276.6
105 -18071.0 -18287.3 -18342.7 216.3 271.7
106 -17799.1 -18014.9 -18063.5 215.7 264.3
107 -18068.0 -18285.1 -18344.1 217.1 276.1
108 -18070.5 -18287.1 -18342.4 216.5 271.9
109 -18047.9 -18261.3 -18300.2 213.4 252.4
110 -18048.1 -18261.5 -18300.5 213.5 252.4
111 -16978.2 -17194.9 -17255.3 216.7 277 .1
112 -18311 .4 -18534.4 -18589.5 223.0 278.1
113 -18308.1 -18532.5 -18595.2 224.3 287.1
1 14 -18306.1 -18530.8 -18593.3 224.6 287.1
115 -18310.1 -18533.5 -18589.4 223.4 279.3
1 16 -18306.6 ";18531.3 -18594.9 224.7 288.3
117 -18304.6 -18529.6 -18592.8 225.0 288.3
118 -18316.6 ,.18535.7 -18586.4 219.2 269.9
119 -18314.1 -18534.1 -18589.9 220.0 275.8
120 -18308.4 -18529.3 -18589.1 220.9 . 280.7
121 -18313.9 -1.8534.2 -18590.0 220.2 276.1
122 -18316.6 -18536.0 -18586.8 219.4 270.2
123 -18309.4 -18530.5 -18589.6 221.1 280.2
124 -17226.1 -11465.3 -17560.3 239.2 334.2
125 -17226.9 -17465.6 -17558.1 238.7 331.2
126 -16950.0 -17189.5 -17282.5 239.5 332.5
127 -18053.0 -18260.1 -18296.5 207.1 243.5
128 -16988.3. -17197.6 -17250.7 2-09.2 262.3
129 -18053.4 -18260.5 -18296.8 207.1 243.4
130 -18320.1 -18535.7 -18586.6 215.6 266.5
131 -1831.5.2 -18530.3 -18590.9 217.1 277 .6
132 -18316.0 -18532.3 -18587.9 216.3 271.9
133 -18320.2 -18536.1 -18587.4 215.8 267.1
134 -18313.0 -18530.3 - 18591.3 217.3 278.4
135 -18315.9 -18532.5 -18588.4 216.5 272.4
136 -18326.6 -18538.0 -18583.3 211.4 256.7
137 -18320.7 . -18533.1 -18585.2 212.3 . 264.5
138 -18319.8 -18532.0 -18583.4 212.2 263.6
139 -18327.0 -18538.6 -18584.0 211.6 257.0
140 -18320.8 -18533.4 -18585.6 212.6 264.8

. 141 -18321.2 -18533.6 -18584.3 212.3 263.0
142 -17249.7 -17477.2 -17560.1 227.4 310.3
143 -17250.7 -17477.7 -17557.7 226.9 307.0
144 -16975.0 -17201.8 -17279.7 226.8 304.7
145 -17797.9 -18013.4 -18058.4 215.5 260.5
146 -18038.7 -18255.8 -18310.3 217.2 271.6
147 -18043.5 -18259.6 -18309.3 216.1 065.8
148 -17796.1 ,.18012.0 -18058.2 215.9 262.0
149 -18036.5 -18254.0 -18309.7 217.5 273.2
150 -18041.5 -18258.0 -18308.8 216.4 267.3
151 -16992.8 -17226.2 -17313.3 233.4 320.5
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MODEL DESCRIPTIVE PRED.: UNIF. PRED.: GEN. EFFECT:UNIF. EFFECT: GEN.

152 -17240.4 -17474.0 -17560.9 233.6 320.5
153 -17241.6 -17474.3 -17558.5 232.7 316.8
154 -16999.3 -17228.5 -17307.6 229.1 308.3
.155 -17246.0 -17475.8· -17557.6 229.8 311 .6
156 -17247.4 -17476.2 -17555.1 228.8 307.7
157 -16993.0 -17332.6 -17422.4 339.6 429.4
158 -169HH.7 -17329.8 - 17421.2 341 .1 432.5
159 -17777.8 -18110.3 -18182.6 33.2.5 404.8

. 160 -17779.3 -18111.7 -18182.9 332.4 403.6
161 -16959.8 .. 17300.6 -17390.3 340.8 430.6
162 -18297.2 .. 18633.0 -18709.0 335.8 411.8
163 -18295.4 -18631.4 -18708.• 2 336.0 412.8
164 -18295.4 - 1863 1.6 -18709.5 336.3 41 4.1
165 -18295.2 .-18631.5 -18709.0 336.3 413.8
166 -16944.9 -17290.9 -17388.5 346.1 443.6
167 -17775.5 -18347.1 . -18342.3 571.7 566.8
168 -18038.1 -18643.3 -18656.4 605.2 618.3
169 -18037.0 -18643.3 -18656.0 606.3 619.0
170 -16934.1 -17603.0 -17642.1 668.9 708.6
III -18049.0 -18640.0 -18647.5 591.0 598.5
172 -18049.3 -18639.3 -18647.8 590.0 598.5
173 -16912.0 -17578.6 -17602.0 666.7 690.0
174 -17215.4 -17848.7 -17882.1 633.3 666.8
175 -17204.8 -17853.0 -17889.7 648.2 684.9
176 -18018.6 -18606.1 -18614.2 587.5 595.6
177 -18019.1 -18605.5 -18613.8 586.4 594.8
178 -17180.3 -17851.1 -17880.4 670.8 700.1
179 -17170.5 -17853.8 -17885.4 683.3 714.9
180 -17992.1 -18611.7 -18613.4 619.6 621.3
181 -17993.4 .. 18611 .9 -18613.7 618.5 620.4
182 -16701.5 - 17301 .8 -17327.6 600.3 626.1
183 -18031.9 -18662.9 -18684.8 631.0 652.9
184 -18030.6 -18662.6 -18684.0 632.0 653.5
185 -16656.3 -17350.1 -17391.8 693.8 735.6
186 -18040.1 -18657.4 -18677.2 617 .2 637.1
187 -18039.3 -18655.7 -18677.4 616.4 638.1
188 -16662.2 -17353.8 - 17381.5 691.6 719.3
189 -17212.3 -17871 .1 -17911.6 658.8 699.4
190 -17202.7 -17875.9 -17916.8 673.2 714.1
191 -18009.2 -18623.2 -18645.3 614.0 636.1
192 -18010.1 -18623.0 -18645.2 612.9 635.2
193 -17178.6 -17874.0 -17907.3 695.4 728.7
194 -17169.6 -17877.1 -17910.1 707,.5 740.5
195 -17987.8 -18632.8 -18643.6 645.0 655.8
196 -17989.2 -18633.2 -18644.1 644.0 654.9
197 -16831.3 -18757.3 -18424.3 1926.0 1593.0
198 -16779.2 -18790.0 -18386.2 2010.9 1607.0
199 -16859.1 -18797.2 -18456.9 1938.2 1597.9
200 -16845.2 -18817.9 -18458.2 1972.7 1613.0
201 -17670.4 -19.465.5 -19185.3 1795.2 1514.9
202 -17671.2 -19463.4 -19187.3 1792.2 1516.1
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TABLE (4.3 .20)

GOOONESS·OF-FIT STATISTICS FOR THE DATA GENERATED FROM 110DEL 182

MODEL SQUARED DEVIATIONS CORRELATION ABSOLUTE DEVIATIONS CHI-SQUARE

1
2
3
4
5
6·
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
4<1

25712.2
23007.4
23271.2
23156.3
26090.8
26099.9
23683.4
23469.2
25999.6
26006 .• 3
22867.2
26139.6
26139.6
25995.4

. 25994.6
20481.0
.17742.7
26420.7
26421.4
18341.7
26280.5
26287.9
18510.2
26425.5
26432.4
23959.8
23893.9
23153.0
23960.8
23893.7
23145.8
18042.3
26372.2
26382.1
18200.0
26516.0
26525.3
23551.3
23562.4
23241.8
23551.3
23561.5
23232.6
17842.1.
26383.7 .
26386.0
23287.1
23443.6
23851.9

0.8883
0.8994
0.8975
0.8987
0.8870
0.8870
0.8964
0~8973
0.8872
0.8872
0.8999
0.8868
0.8868
0.8873
0.8873
0.9081
0.9200
0.8858
0.8858
0.9174
0.8862
0.8862
0.9165
0.8857
0.8858
0.8954
0.8958
0.8988
0.8953
0.8958
0.8988
0.9189
0.8860
0.8860
0.9177
0.8855
0.8855
0.8965
0.8973
0.8985
0.8965
0.8973
0.8986
0.9195
0.8859
0.8859
0.8984
0.8976
0.8959
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4168.4
4046.5
4078.0
4039.8
4181.5
4181.6
4093.1
4108.3

.4179.0
4181.2
4041.4
4178.5
4179.4
4176.1
4176.0

·3486.6
3353.4
4186. 1
4187.2
3413.9
4186.3
4188.4
3389.3
4190.0
4191.1
4101.5
4116.8

. 4051.0
4100.7
4115.6
4047.7
3356.3
4188.9
4189.2
3365.8
4192.3
4191.4
4085.3
4052.4
4050.6
4084.9
4049.5
4049.7
3334.7
4193.5
4191.5
4055.6
4053.4
4117.3

15462.0
11796.8
11556.9
11577.2
17716.8
17992.0
11968.8
12428.0
16444.1
16531.6
11832.1
18097.2
18036.4
16273.1
16181.4

6629.3
4724.2

19343.2
19459.3

5147.5
17382d
17611.2

4881.7
19774.7
19986.1
12393.4
13965.3
12444.4
12443.1
14007.5
12391.3

4658.5
18874.3
19395.4

4567.9
21918.4
22533.6
11953.7
12966.4
13248.8
12001.9
13002.7
13092.2

4673 .6
19490.6
19722.5
12213.3
12199.5
13937~3



MODEL SQUARED DEVIATIONS CORRELA TI ON ABSOLUTE DEVIATIONS CHI -SQUAR E

50 23288.0 0.8983 4055.1 12260.9
51 23437.6 0.8976 4048.9 12146.1
52 23843.0 0.8960 4116.8 13780.0
53 23420.9 0.8979 4062.4 13301.2
54 23562.2 0.8964 4090.4 12212.5
55 24060.1 0.8950 4106.3 13436.5
56 23422.1. 0.8979 4060.6 13345.4
57 23555.7 0.8964 . 4087.2 12158.6
58 24051.8 0.8951 4105.1 13278.2
59 19146.2 0.9165 3827.0 9934 •.8
60 20771.4 0.9082 4027.9 9673.7
61 20183.8 0.9120 3878.8 9640.9
62 14003.0 0.9370 . 3087.1 3640.6
63 23700.6 0.8969 4068.9 14047.8
64 23700.2 0.8969 4069.9 14097.2
65 15802.J 0.9287 3312.6 3598.3
66 23834.2 0.8953 4094.4 12684.2
67 23840.8 0.8953 4096.8 12814.1
68 15045.5 0.9325 3136.8 3691.4
69 23842.5 0.8962 4061.0 13942.2
70 23847.6 0.8962 4062.2 14065.0
71 24327.3 0.8940 4112.4 13943.7
72 24265.7 0.8944 4125.5 16231.8
73 23517.3 0.8975 4060.0 14070.1
74 24336.6 0.8940 4112.6 14235.8
75 24274.4 0.8944 4125.0 16583.4
76 23519.3 0.8975 4057.9 14197.0
77 18610.7 0.9175 3697.7 8033.6
78 18334.9 0.9192 3689.6 8397.0
79 23532.5 0.8976 4056.1 13027.2
80 23558 •.6 0.8976 4054.7 13306.2
81 18013.5 0.9203 3568.6 7701.3
82 23810.1 0.8959 4075.J 12970.7
83 23822.4 0.8959 4075.2 13169.4
84 23656.1 0.8971 4041.6 11897.8
85 23642 •.9 0.8972 4043.4 12136.8
86 20848.1 0.9071 345.7.9 6628.4
87 18681.7 0.9175 3716.1 8686.3
88 24241.3 0.8946 4093.6 13022 •.6
89 24234.4 0.8946 4095.1 13155.2
90 23873 .2 0.8961 4111 .9 12794.7
91 23882.8 0.8960 4114.5 12780.6
92 20786.8 0.9071 3468.6 6607.9
93 23371 .1 0.8983 4042.8 12830.1
94 23367.7 0.8983 4046.2 12165.4
95 20884.4 0.9069. 3453.6 6661.0
96 20773.8 0.9072 3470.2 6611.8
97 18884.0 0.9164 3707.7 8225.9
98 18883.2 0.9164 3707.4 8209. 1
99 13628.3 0.9382 2916.1 2600.1

100 18724.6 0.9177 3702.0 9077.0
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MODEL SQUAR ED DEVIATIONS CORRELATION ABSOLUTE DEVIATIONS CHI-SQUARE

101 18723.0 0.9177 3704.7 9053.0
102 13383.3 ' 0.9399 2897.2 2862.4
103 19652.5 0.9147 3830.0 10946.9
104 23944.2 0.8962 4070~7 15229.8
105 23810.7 0.8966 4064.2 13598.8
106 19691.3 0.9146 3832.0 ,11080.6
107 23971.8 0.8961 4068.0 15812.0
108 23837.6 0.8966 4062.1 14045.9
109 18282.6 0.9192' 3579.4 7954.8
110 18289.P 0.9192 3582.4 7981.8
1 11 13101.1 0.9411 2773.4 2436.2
112 21285.0 0.9066 4022.7 10658.0
113 24100.5 0.8948 4087.4 13970.6
1 14 24089.7 0.8949 4083.4 13551.9
115 21301.5 0.9066 4025.5 10754 ~ 7
116 24105.9 0.8948 4084.2 14181.4
117 24102.0 0.8949 4082.5 13923.9
1 18 20685.2 0.9103 3878.4 9793.5
119 23942.1 0.8960 4054.3 12683.8
120 24061.1 0.8957 4052.7 13567.2
121 23923.1 0.8961 4051.7 12942.3
122 20675.3 0.9104 3882~7 9921.0
123 24047.2 0.8958 4051.9 14096.6
124 18844.4 0.9154 3353.2 4871.7
125 18682.4 0.9163 3381.3 5167.3
126 18066.1 0.9190 3321.6 4729.2
127 19032.0 0.9162 3733.8 9303.2
128 13716.3 0.9382 2912.3 2999.8
129 19039.7 0.9161 3734.6 9317.7
130 20731.6 0.9102 3877.0 10326.6
131 24616.8 0.8933 4105.7 15150.1
132 24516.4 0.8936 4100.2 13615.3
'133 20729.4 0.9102 3881.9 10416.3
134 24601.7 0.8933 4106.2 15121:.3
135 24510.4 0.8936 4100.8 13860.1
136 21169.2 0.9069 40~.5 9928.4
137 24255.6 0.8947 4121.8 14495.0
138 24297.2 0.8945 4121.6 14527.5
139 21177.5 0.9068 4035.1 9930.7
140 24256.4 0.8947 4123.5 14281.0
141 24306.7 0.8945 4122.4 14554.8
142 18484.6 0.9166 3346.5 4576,.8
143 18321.8 0.9179 3342.3 4644.6
144 18019.4 0.9190 3340.3 4713.7
145 19654.0 0.9148 3829.1 10757.2
146 23745.1 0.8970 4052.9 14823.7
147 23655.9, 0.8972 4053.6 13684.0
148 19638.4 0.9149 3833.1 10654.3
149 23732.2 0.8970 4054.6 14560.5
150 23645.2 0.8972 4053.4 13557.9
151 18203.2 0.9184 3300.3 4693.4
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MODEL SQUARED DEVIA II ONS CORRELATION ABSOLUTE DEVIA II ONS CHI-SQUARE

152 18387.1 0.9178 3325.3 4666.3
153 18721.0 0.9162 3376.2 5185.8
154 18118.9 0.9185 3319.5 4662.6
155 18474.8 0.9167 3351.1 4562.0
156 18782.7 0 .• 9155 3372.8 4870.2
157 13869.4 0.9372 2906.3 2594~6
158 13/)61.7 0.9388 2870.6 2862.2
159 20.145.0 0.9132 3833.3 12063.1
160 20199.8 0.9130 ·3831.4 12327.1
161 13331.9 0.51,,00 2754.9 2443.8
162 21$94.3 0.9053 4029.0 10947.6
163 21702.1 0 •.9053 4027.8 11060.3
164 21230.9 0.9086 .3881.9 10724.0
165 21223.4 0.9086 3881. 5 10815.3
166 13980.8 0.9371 2887.0 2998.2
167 5383.4 0.9765 2135.9 4542.9
168 19193.9 0.9157 3677.5 8273.9
169 19216.0 0.9157 3679.3 8336.9
170 18276.1 0.9184 3257.0 4492.1
171 18856.5 0.9176 . 3684.3 8356.3
172 18fl55.5 0.9176 3.681.6 8294.2
l73 18079.9 0.9194 3275.4 4.537.2
174 186J6.5 0.916.9 3358.4 5001.5
175 18937.8 0.9155 .3299.1 4646.6
176 19207.9 0.9159 3709.0 8804.2
177 19211.7 0.9159 3706.3 8804.5
178 18401.3 0.9181 3286.7 4399.8
179 18507.7 0.9174 3268.2 4376.0
1.80 18533.6 0.9187 3547.1 7579.3
181 18557.3 0.• 91.86 3546.6 7569.5
182 491.0 0.9985 815.6 445.0
183 19466.8 0.9147 .. 3.687.2 8466.0
184 19489.5 0.•9146 .3688.1 8589.0
185 14387.3 0.9359 3003.3 3490.3
186 19247.6 0.9162 3694.4 9067.6
181 19244.4 0.9162 3695.0 8922.4
188 14308.2 0.9362 3003.4 3480.3
189 16036.9 0.9280 324'5.3 3491.0
190 15422.6 0.9315 3052.1 3470.7
191 1955!h7 0.9146 3725.6 9466.6
192 1.9571.4 0.9146 3722.9 9543.3
193 15387.4 0.9316 3059.8 3449.9
194 16043.3 0.9283 3200.0 3446.1
195 18803.1 0.9176 3557.0 7859.8
196 18833.2 0.9175 3559.3 78.56.2
197 13833.4 0.9383 2761.1 2590.5
1.98 13154.3 0.9413 2602.7 2054.1
199 13518.8 0.9398 2765.6 2477 .1
200 13782.2 0.9383 2742.9 2218.2
201 5871.1 0.9749 2044.9 4066.4
202 5889.9 0.9748 2046.4 4067.0
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MODEL DESCRIPTIVE PRED.:UNIF. PRED.: GEN. EFFECT: UNI F. EFFECT: GEN.

1 ~18352.7 -18401.9 d8417.9 49.1 65.1
2 -18092.8 -18166.7 -1818~.4 73~~ 93.7
3 -18110.2 - ,18184. 3 -18191.7 711.1 87.6
4 -18061.6 -18135.8 ..18156.0 74.2 94.3
5 -18340.8 -18416.6 "18447.8 75.7 107.0
6 .,.18339.6 -18415.4 ~18447.1 75.8 107.5
7 -18126.6 -18200.5 "18220.0 73.8 93.4
8 -18190.0 -18263.1 -1827/>.6 73.1 86 .6
9 -18347.1 -18421.8 -18448.0 74.6 100.8

10 -18346.4 "18421.1 -18447.3 74.6 100.9
11 -18071 .6 -18145.5 -18162.4 73.9 90.8
12 -18337.6 "18413.3 -18444.7 75.7 107.1
13 -18337.6 -18413.3 -18444.5 '. 75.7 106.8
14 -18347.7 -18422.6 -18447.2 .74.8 99.4
15 -18347.8 "18422.6 -18447.0 74.8 99.1
16 -17329.9 -17407.5 -1.1451.6 77.6 121 .7
17 -17048.8 -11151.2 -17196.1 102.4 147.3
18 .,.18332.7 "18434.1 -18473.•8 101.4 I'll .1
19 -18332.6 -18434.0 -18473.8 101 •.4 141. 1
20 -17167.2 "17268.8 "17310.3 10 1.6 143.1
21 -18342.2 -18442.6 -1.8477.1 100.3 134.8
22 -18341.4 -18441.8 -IS476.6 100.3 135.2
2.' -17103.8 - 17206.1 -17253.7 102.3 149.9
24 -18332.0 -18433.2 -18414.5 10 1•.2 142.5
25 -18331.3 -18432.5 -18474.1 101 .2 142.9
26 -18121.8 -18221.3 -18249.1 99.5 127.4
27 -18175.0 "18214.6 -18303.2 99.6 128.2
28 -18065.3 -18164.7 -18191.8 99.4 126.5
29 -18121.7 -18221.2 -18249.3 99.5 127.7
30 -18174.9 -18274.5 -18303.4 99.7 128.6
31 -18066.0 -18165.5 -18192.5 9904 126.5
32 -17038.8 -11141.5 -17189.7 102.7 150.9
33 -18335.9 -18437.4 -18476.9 101.4 141.0
'34 -18334.7 "'18436.1 -18476.4 101.5 141.8
35 -17087.4 "1719 O. 0 -17231.4 1'02.6 144.1
36 -18325.7 -18428.0 -18474.4 102.3 1,48.7
37 -18324.5 -18426.8 -18474.0 102.4 149.5
38 -18105.3 -18205.1 -18226.8 99.8 121.6
39 -18046.6 "'18147.3 -181S2.6 100.7 136.0
40 -18058.5 .,.1 81 59. 1 -18191.7 100.6 133.1
41 -18105.2 -18205.0 -18227.0 99.8 121.9
42 -18046.5 -18147.3 -i8182.8 100;8 136.3
43 -18059.7 -18160.3 -18192.4 100~5 132.6
44 -17070.0 -17172.4 -17220.1 102.4 150.2
45 -18334.5 -18435.8 -18477.3 10h3 142.8
46 -18334.1 -18435.3 -18477 .2 101 .3 143.2
47 -18087.9 -18187.5 -18215.5 99.6 127.7
48 -18055.3 -18155.0 -18185.4 99.7 130.1
49 -18177.0 .,..18276.7 -18305.9 99.8 128.9
50 -18087.8 -18187.4 -18215.7 99.6 128.0
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MODEL DESeR IPTI VE PRED.: UNI F. PRED. :GEN. EFFECT: UNIF. EFFECT: GEN.

51 -18056.1 -18155.8 -18186. I 99.7 130.0
52 -18178.2 -18277.9 -18306.6 99.7 128.4
53 -18077.7 -181 78. I -18213.0 100.5 135.3
54 -18103.8 -18203.5 -18227.2 99.7 123.3
55 -18113.6 -18214.1 -18249.3 100.5 135.7
56 -18077.6 -18178.1 -18213.3 100.5 135.6
57 -18104.6 -18204.2 -18227.8 99.7 123.2
58 -18114.8 -18215.2 -18250.0 100.5 135.2
59 -17811.7 -17910.4 -17931.0 98.7 119.3
60 -17947.5 -18045.6 -18056.5 98.1 109.0
61 -17835.6 -17934.5 -17958.1 98.9 122.6
62 -16788.9 -16915.0 -16964.7 127.2 175.8
63 -18072.7 -18198.9 ,..18242.4 126.2 169.6
64 -18072.7 -18198.8 -18242.3 126.2 169.6
65 -169:24.7 -17051.2 -17090.2 126.6 165.5
66 -18099.7 -18225.0. -18256.9 125.3 157.2
67 -18098.8 -18224.2 -18256.5 125.4 157.6
68 -16812.7 -16940.1 -16991.8 127.4 179. I
6<) -18041.0 :"18167.2 -18212.6 126.2 171.7
70 -18040.2 -18166.4 ,-18212.2 126.3 172.1
71 -1810<).9 -18236.0 -18279.1 126.1 169.2
.72 -18163 • 1 -18289.3 18333.2 126.2 170.• 1
73 -18053.4 -18179.5 -.18221.8 126.1 168.4
74 -18108.6 -18234.8 -.18278.6 126.2 170.0
75 -18161.8 -18288.1 -.18332.7 126.3 170.9
76 -18053.0 -18179.0 -18221.7 126.1 168.8
77 -17629.5 -17813.0 -17830.5 183.5 201.0
78 -17664.5 -17845.9 -17863.9 181 .5 199.4
79 -18070.5 -18261.3 -18310.2 190.8 239.7
80 -18069.0 -18259.9 -18309.3 191 .0 240.3
8 I -17513.1 -17699.5 -17719.1 186.4 206.0
82 -18078.7 -18272.3 -18313.8 193.6 235.1
sz3 -18078.3 -18272.0 -18313.5 193.6 235.2
84 -18027.1 -18224.9 ,..18277.1 197.8 250.0
85 -18027.5 -18225.3 ,-18277.3 197.8 249.8
86 -17294.5 -17504.3 -17589.3 209.8 294.9
87 -1770 I. 0 -17881.2 -17894.2 180.2 193.2
88 -18095.1 -18288.1 -18341.0 192.9 245.8
89 -18094.4 -18287.4 -18340.2 193.0 245.9
90 -18176.3 -18361.2 ,..18392.9 184.9 216.7
91 -18176.0 -18360.9 ,..18392.5 184.9 216.4
92 -17307.2 -17509.0 -17585.9 201.8 278.7
<)3 -18040.5 -18234.3 -18279.3 193.8 238.9
94 -1804.1.3 -18235.1 -18279.4 193.7 238.1
95 -17292.1 -17501.3 -17585.7 209.3 293.6
96 -17312.5 -17515.5 -17584.2 202.9 271.6
97 -17624.5 -17833.7 -17859.8 209.2 235.3
98 -1 7624.6 -17833.8 -17859.6 209.2 235.0
<)<) -16606.7 -16818.7 -16864.2 212.0 257.5

100 -17649.3 -17857.4 -17890.7 208.0 241.4
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MODEL DESCRIPTI VE PRED.:UNlr. P~ED. :GEN. ErrECT: UNlr. ErrECT:GEN.

101 -17649.4 -17857.4 -17890.5 208.0 241 .1
·102 .'-16641.7 -16851.6 -16897.6 209.9 255.9

103 -17789.4 -18005.0 -18054~7 215.6 265.3
104 -18055.4 -18272.7 -18336.8 217.4 281.4
105 -18065.6 -18282.1 -18339.3 216.5 273.7
106 -17787.8 -18003.6 -18053.8. 215.8 265.!l
107 -18053.8 -18271.3 '-18336.1 217.5 282.3
108 -18064.•0 -18280.6 -18338.6 216.7 274.6
109 -17507.5 -17719.4 -17749.2 2l'1.9 241.7
110 -17506.8 -17718.7 -17748.5 211.9 241.7
111 -16490.3 -16705.2 -16752.8 214.8 262.5
112 -17916.0 -18133.5 -18172 •.6 217.5 256.6
113 -18072.4 -18291.5 ,.18343~3 219.1 270.9
114 -18073.8 -18293.0 -18342.9 219.2 269.1
115 -17915.7 -18133.3 -18172.3 217.6 256.6
1 16 -18072.7 -18291.9 -18343.6 219.1 270.9
117 -18073.3 -18292.7 -18342.8 219.3 269.5
118 -17801.0 -18023.5 -18079.2 222.5 278.2
119 '-18020.7 -18244.1 -18306.5 223.3 28.5.8
120 -18012.0 -18236.3 '-18303.7 224.3 291.7
121 -IR021.9 -18245.2 -18307.4 223.3 285.5
122 -17801.4 -18023.9 -18079.4 222.5 278.0
123 -IROI2.3 -18236.7 -18304.1 224.4 291.8
124 -17068.4 -17302.9 -17391.5 234.5 323.1
125 -17131.8 -17365.6 -17448.1 233.8 316.3
126 ~17013.4 -17248.0 -17333~9 234.6 320.5
127 -176R9.1 -17R96.0 -17924.2 206.9 235.1
128 -16678.2 -16886.9 -16927.9 208.7 249.7
129 -17687.9 -17894.8 -17923.5 206.9 235.6
130 -17804.0 -18022.0 -18079.1 218.0 275.0
131 -18082.0 -18301.6 -18370.2 219.6 288.2
132 -18090.2 -18308.8 -18370.1 218.6 279.8
133 -17803.3 -18021.4 -18078.3 218.1 275.1
134 -18082.5 -18302.1 -18370.2 219.6 287.7
135 -18089.4 -18308.1 -18369.5 218.7 280.2
136 -17933.7 -18143.6 -18172.8 209.9 239.1
137 -18163.2 -18374.7 '-18422.2 211.5 259.0
138 -18161.2 -18372.6 -18419.5 211 .4 258.3
139 -17933.5 -18143.4 -18172.3 209.9 238.9
140 -18164.1 -18375.7 -18422.5 211.5 258.3
141 -18160.9 -18372.4 -18419.3 211.5 258.4
142 -17064.6 -17291.5 -17365.8 226.8 301.1
143 -17016.1 -17243.0 ;'17324.0 226.9 307.9
144 -17026.1 -17252.7 -17330.4 226.6 304.3
145 -17780.5 -17999.1 -18047.9 218.6 267.4
146 -18027.4 -18247.9 -18308.6 220.5 281.2
147 -18034.1 -18253.5 -18308.8 219.3 274.6
148 '-17781.4 -17999.9 -18048.0 218.5 266.6
149 -18029.5 -18249.8 -18309.4 220.3 279.9
150 -18035.8 -18255.0 -18309.5 219.2 273.8
151 -17032.1 -17266.2 -17354.2 234.1 322.1

144



"10DEL DESCRIPTIVE PRED.:UNIF'. PRED.:GEN. EF'F'ECT: UNI F' • EF'F' EC T: GE N•

152 .,..17001.0 -17235.3 -17323.8 234.3 322.8
153 -17129.4 -17362.6 -17444.4 233.2 315.0
154 -17052.6 -17280.3 -11352.7 227.8 300.1
155 -17070.0 -17297.9· -17364.0 228.0 294.0
156 -17086.5 -17314.1 -17386.3 227.7 299.8
157 ... 16589.3 -16926.7 -16996.8 337.3 407.5
158 -16603.8 -16945.4 -17031.7 341.6 427.8
159 -17759.1 -18094.5 -18171.7 335.4 412.6
160 -17756.7 -18092.4 -18170.7 335.7 414.1
161 -16467.6 -16806.7 -16887.1 339.1 419.5
162 -17902.0 -18231.3 -18288.4 329.4 386.4
163 -17901.9 -18231.3 -18288.6 329.4 386.7
164 -17768.7 -18110.4 ;'18199.4 341 .7 430.7
165 -17769.9 -18111.5 -18200.4 341.6 430.5·
166 -16642.7 -16983.7 -11065.7 341.0 422.9
167 -16577.1 -17173.5 -17171.1 596.4 ·594.1
168 -17568.9 -113179.1 -18177.2 610.2 608.3
169 -17567.4 -18178.0 -18175.8 610.6 608.3
i 70 -16991.0 -17652.3 -17688.7 661.3 697.7
171 -17610.1 -18209.1 -18209.9 599.0 599.8
172 -1761().0 -18208.8 -18210.4 598.8 600.4
173 -16969.8 -17630.8 -17649.9 661.0 680.1
174 -17114.0 -17740.1 -17760.5 626.1 646.6
175 -17017.8 -17680.1 -I 7719.2 662.3 701.4
176 -17645.1 -18239.0 -18236.7 594.0 591.6
177 -17645.0 -18238.9 -18237.3 593.8 592.2
178 -16956.9 -17623.3 -17646.1 666.4 689.2
179 -16998.8· -17671.5 -17683.1 672.7 684.3
180 -17439.3 -18067.2 -18060.7 628.0 621.5
181 -17438.6 -18066.4 -18060.7 627.8 622.1
182 -15554.2 -16179.1 -16204.8 624.9 650.6
183 -17564.0 -18199.8 -18206.3 635.8 642.3
184 -17562.4 -18198.7 -18205.1 636.3 642.6
185 -16709.9 -17395.9 -17433.2 686.1 723.3
186 -17595.0 -18220.5 -18236.7 625.6 641.8
187 -17594.9 -18220.2 -18237.0 625.3 642.0
188 -16709.8· -17395.6 - 17418.5 685.8 708.7
189 -16871.4 -17522.6 -17540.4 651.2 669.0
190 -16726.7 -17414.1 -17457.3 687.4 730.6
I'll -17633.2 -18253.7 -18266.6 620.6 633.5

. 192 -17632.0 -18252.4 -18266.5 620.5 634.6
193 -16730.8 -17421.9 -17448.2 691.1 717.5
194 -16836.1 -17532.8 -17541.9 696.7 705.8
195 -17433.7 -18087.1 -18090.8 653.5 657.1
196 -17432.2 -18085.6 -18090.1 653.3 657.9
197 -16513.6 -18453.0 -18083.1 1939.4 1569.5
198 -16308.7 -18323.0 -17879.1 2014.3 1570.4
199 -16485.0 -18426.2 -18054.0 1941.2 1569.0
200 -16434.0 -18421.9 -18015.0 1987.8 1580.9
201 -16458.0 -18339.8 -18001.2 1881.9 1543.2
202 -16459.3 -18339.9 -18003.5 1880.6 1544.2

145



As can be seen by the preceding tables, however, consistency is not

that easily obtained. Even in 'Cable (a) where consistency in general

appears to be the greatest, the chi-square statistic has a number of

cases of inconsistency, e.g., between model 4 defined by the one pair

(1,4) and model 61 defined by the two pairs (1,4) and (2,3). Moreover,

in Tables (c) and (d) all the measures except Hanna's descriptive

statistic have instances of inconsistency. This unhappy situation

could be partially resolved by using Tables (c) and (d) to specify

what degree of difference between two values of the same statistic has

to be obtained before the two values can be .considered "different",

but there is an alternative which is much easier. Specifically, since

Hanna's measure does exhibit consistency, this descriptive measure may

be used as an initial criterion by whiqh the information obtained from

the other goodness-of-fit statistics may be evaluated.

The inconsistency of the structure < M, S > with the goodness-of-fit

measures given in 'Cables (4.3.2) (a)--(d) is intuitively not that

difficult to explain. Once parameters are estimated in any model, the

values of the goodness-of-fit measures are automatically determined.

Furthermore, since maximum-likelihood was used to estimate the parameters

in the models, only a measure that depends completely upon the likeli

hood function, such as Hanna's descriptive statistic, has to be consistent

a priori with < M, S >.

One major point about the testing of stochastic theories should be

made before the analysis proceeds any further. In the use of a more

traditional statistical methodology, the experimentalist is constantly
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forced into a search for "significant" effects. The techniques that he

applies are designed with these considerations in mind and once he has

found one such effect, his worries are usually over. The situation is

changed, however, in the testing of stochastic theories. Significant

differences are not sought, they are expected as a matter of course.

If a significant difference between the theoretical and empirical values

is not obtained, the investigator usually considers his sample to be

insufficient for the questions he is attempting to answer. Stochastic

theories are developed as idealizations of the phenomenon under investi

gation and, as such, a sufficiently large sample of responses will of

necessity lead to rejection of the idealization. Consequently, the

emphasis should be on finding methods that will point out the inadequacies

in the model itself and in enough detail to permit later modification.

Now, with these considerations in mind, this dissertation has attempted

to formulate the questions first and then look for some appropriate

procedures or measures to guide the study. As was to be expected,

however, no nice global statistical theory materialized to answer the

questions posed. So instead, the data has to be analyzed with a number

of procedures, all giving some information but none providing a nicely

packaged result.

The use of the chi-square statistic in the data analysis requires

some initial clarification. It is rather obvious from the values given

in Table (4.3.2a) that some preliminary procedure fGr reducing the

II sparseness l1 of the confusion matrix is necessary before the chi- square

statistic is calculated. Otherwise, the measures obtained will be

seriously inconsistent both with tbe other goodness-of-fit measures and
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with the structure < M, ~ >. As one extreme example, the chi-square

value for model 61 in Table (4.3.2a) ranks 45th or last within its own

category, whereas the other measures give: an average rank of about 8.

In fact, this type of "instability" occurs frequently enough to make

sOmewhat inappropriate any extensive use of the chi-square statistic

before an initial collapsing of the data matrix.

The chi-square statistic as it is usually applied attempts to

approximate the "tail" probability of a multinomial distribution and,

as such, is open to criticism on the basis of its adequacy when

expected cell frequencies are small. But even the simpler use of the

chi-square statistic as a "distance" measure still leads to problems

of interpretation. There is an obvious connection between the two

possible inadequacies of the chi-square statistic as a "distance"

measure and as an approximation to the "tail" probability of a multi

nomial distribution, but it most likely involves the general number

theoretic problems encountered in ill- conditioned or "sparse" matrices

rather than the simpler criticism of inadequate asymptotic convergence

to a chi-square distribution.

The usual procedures for obtaining a more adequate chi-square

approximation require the collapsing over cells in the data matrix to

increase the expected frequencies. As the discussion below will show,

this same technique also increases the "stability" of the chi-square

statistic when interpreted merely as a simple "distance" function.

Table (4.3.3) was obtained by collapsing the cells of the complete data

matrix sequentially until an expected frequency of at least five was

obtained; cells in which the expected frequency was already at least
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five were retained intact. This procedure is somewhat arbitrary but'

does correspond to the usual "rule of thumb" given for the use of the

chi-square statistic.

Table (4.3.3) here

The chi-square values in Table (4.3.3) are much better conditioned

than those of Table (4.3.2a). There is still some inconsistency with

the rankings provided by the other goodness-of-fit measures, but, in

general, the extreme inconsistencies that are present in Table (4.3.2a)

have now been avoided.

One final point should be made about the magnitude of the measures

in Table (4.3.2)(a)--(d), e.g., the sum of absolute deviations or chi

square values. For a number of reasons, the size of the measures obtained

should not be of major ~priori concern. First of all, there are about

4000 degrees of freedom for each of the models tested, a fact which in

itself would warrant substantial magnitudes in the goodness-of-fit

statistics. Secondly, even in the most ideal situations where the data

is generated from a specific model without error, the very simple proce

dure of rounding the generated values to integers still produces fairly

large goodness-of-fit values when the measures are reapplied to the

generating model, e.g., in models 62 and 182 in Tables (4.3.2c) and (d),

respectively. Though these goodness-of-fit measures for the data genera

ting models are obviously not as large as those obtained with the actual
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TABLE (4.3.3>

CHI-SQUARE VALUES FOR THE COMPLETE DATA OBTAINED BY
COLLAPSING .OVER CELLS OF THE CONFUSION MATRIX

MODEL CHI -SQUARE DEGREES FREEDOM SIGNIFICANCE VALUE

1 5365.71 728 65.45
2 4724.78 703 59.73
3 4852.61 71 1 60.82
4 4908.51 718 61.20
5 5039.94 715 62.60
6 5229.69 707 64.68
7 4902.77 719 61 .12
8 5056.82 725 62.50
9 5306.17 724 64.98

10 5242.45 722 64.41
I I 4820.93 110 60.52
12 5159.44 71 1 63.89
13 5093.99 708 63.32
14 5305.99 722 65.03
15 5137.82 720 63.43
16 4660.59 673 59.87
17 4218.60 650 55.81
18 4840.77 700 60.99
19 4964.54 700 62.24
20 4313.98 663 56.49
21 4877.47 702 61 .31
22 4954.71 704 62.04
23 4238.59 658 55.81
24 5025.48 695 62.99
25 493 O. 54 702 61.85
26 4728.40 699 59.87
2:7 4927.36 706 61.71
28 4694.45 701 59.47

·29 4803.13 704 60.50
30 4685.49 709 59.16
3 I 4907.57 702 61 .61
32 4085.01 652 54.29
33 4841.13 699 ~1.02
34 4976.01 699 62.38
35 4078.79 652 54.22
36 4825.10 687 61.18
37 4919.99 695 61.93
38 4635.56 698 58.94
39 4665.71 704 59.09
40 4668.83 694 59.39
41 4750.74 703 59.99
42 4581.52 698 58.37
43 4632.59 701 58.83
44 4059.99 648 54.12
45 48fl9.53 704 61.38
46 5272.20 701 65.26
47 4541.90 684 58.34
48 4792.23 704 60.39
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MODEL CHI -SQUAR E DEGREES FREEDOM SI GNIF"lCANCE VALUE

49 4849.62 706 60.92
50 4623.89 691 59.00
51 4778.80 708 60.15
5Z 4899.59 710 61.32
53 4617.62 675 59.37
54 4824.23 701 60.80
55 4710.31 693 59.84
56 4469.22 682 57.62
57 4809.99 702 60.62
58 4741.85 706 59.82
59 4394.24 679 56.91
60 4590.19 703 58.33
61 4447.64 696 57.02
62 3508.35 623 48.48
63 4381.22 663 57.21
64 4374.56 661 57.19
65 3735.14 646 50.50
66 4547.46 681 58.48
67 4690.48 687 59.80
68 3612.63 625 49.66
6<l 4463.92 689 57.38
70 4367.",6 689 56.36
71 4406.69 682 56.96
72 4444.97 692 57.10
73 4533.76 682 58.30
74 4638.51 685 59.32
75 4590.87 690 58.69
76 4667.59 682 59.70
77 4143.28 645 55.13
78 4084.40 655 54.20
79 4450.92 660 58.03
80 4312.34 658 56.61
81 4178.56 645 55.51
82 4438.59 647 58.26
83 4493.74 650 58.76
84 4447.94 654 58.17

~

85 4420.51 655 57.85
86 4218.59 613 56.85
87 4347.51 655 57.07
88 4709.29 657 60.81
89 4550.81 650 59.36
90 4955.91 672 62.91
91 4713.09 660 60.77
92 4245.56 625 56.81
93 4650.60 647 60.48
<l4 4494.49 645 58.91
95 4382;87 605 58.85
96 4.359.72 610 58.46
97 4081.08 638 54.64
98 3886.69 631 52.66
99 3298.31 58R 46.94

100 3920.22 640 52.78

151



MODEL CHI-SQUARE DEGREES FREEDOM SlatH FI CA NC E VALUE

101 3889.07 635 52.57
102 3358.16 596 47.44
103 4136.81 639 55.22
104 4287.03 641 56.81
105 4370.52 641 57.70
106 4052.54 639 54.29
107 4041.68 637 54.23
108 4311.20 641 57.07
109 4080.79 632 54.80
110 4038.02 635 54.24
I I 1 3436.58 583 48.77
112 4229.86 639 56.24
113 4321.06 632 57.42
114 4237.35. 632 56.52
.115 4147.97 633 55.52
116 4420.21 635 58.40
117 4320.39 637 57.28
118 4166.03 631 55.77
119 4455.71 638 58.69
120 4087.33 634 54.82
121 4301.65 641 56.96
122 4014.89 628 54.18
123 4228.46 636 56.31
124 3635.86 588 51.00
125 3994.50 600 54.75
126 3805.99 591 52.88
127 4128.89 639 55.14
128 3540.77 595 49.67
129 4152.33 641 55.34
130 4044.04 638 54.23
131 4408.47 634 58.30
132 4473.53 641 58.80
133 4128.77 637 55.19
134 4202.07 632 56.14
135 4232.38 643 56.16
136 4439.86 656 58.02
137 4675.84 653 60.58
138 4493.36 650 ~8.76
139 4368.02 643 57.62
140 4255.58 634 56.66

. 141 4372.03 639 57.77
142 3988.94 607 54.49
143 4003.61 605 54.71
144 3880.26 605 53.32
145 4026.39 617 54.62 .
146 4477.44 627 59.23
147 4369.55 634 57.89
148 ·3775.29 609 52.01
149 4099.67 631 55.04
150 4345.71 633 57.66

l52



MODEL CHI -SQUAR E DEGREES FREEDOM SI GNI FICANCE VALUE

151 3650.40 565 51.84
152 3908.68 588 54.14
153 3976.41 595 54.70
154 3762.35 580 52.70
155 3842.68 594 53.21
156 3912.07 593 54.03
157 3027.12 526 45.39
158 3129.49 529 46.60
159 3638.59 575 51.41
160 3690.77 563 52.37
161 3146.20 533 46.69
162 4034.68 582 55.73
163 3983.89 591 54.90
164 3748.03 573 52.74
165 3661.06 574 51.70
166 3320.96 540 48.65
167 2895.26 425 46.96
168 3535.77 426 54.92
169 3448.44 428 53.81
170 3542.15 405 55.73
171 3611.88 440 55.34
172 3696.67 452 55.93
173 3432.47 377 55.41
174 3688.01 410 57.27
175 3361.70 396 53.87
176 3691.29 443 56.17
177 3699.95 443 56.27
178 3448.14 394 54.99
179 3342.45 385 54.03
180 3422.23 420 53.77
181 3409.11 423 53.50
182 2069.87 368 37.23
183 3333.88 420 52.69
184 3372.88 427 52.93
185 3064.28 386 50.52
186 3343.96 424 52.68
187 3422.41 440 53.09
1~8 2959.68 367 49.86
189 3277.90 391 53.02
190 3067.54 380 50.78
191 3466.05 428 54.02
192 3596.87 432 55.44
193 2993.96 370 50.20
194 3082.09 377 51.07
195 3211.18 406 51.66
196 3340.92 410 53.12
197 2418.48 -399
198 1818.63 -429
199 2193.85 -402
200 1992.79 -410
201 2051.48 -383
202 2062.09 -372
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data., they are still large enough to reduce initial concern over the

magnitude ofthegoodness-of-fit measures calculated experimentally.

The information provided in Table (4.3.2a) will now be analyzed in

terms of the ten model categories listed in Table (2.7.1). For purposes

of initial clarification, the term 1Vgoodness-of-fit1lwhenever used in

the discussion will always be interpreted as excluding the two parameter

effect colurrrcla of l'able (4.3.2a). Also, the term "chi-sguare" will refer

eicher to the values listed in Table (4.3.2a) or in Table (4.3.3). If

a distinction is necessary, it will be pointed out to the reader. l'he

T;hree remaining'I'ables (4.3 .2b), (c), and (d) 1,ill be discussed more

briefly later in,this chapter.

In slli~ary of the following data analysis, a. subset of the set of

aLL models !VI is identified that is "best"':im relationship to 'boeh a

variety of goodness-of-fit statistics and the number of parameters

eScimated in each TIDdel. The main techniques involve a preliminary

comparison of the goodness-of-fit measures within each category of

models having the same numbe~ of parameters. An extension of these

compa:cisons acY'oss model categories is then made through a concept of

"a..dmL3sibility". A nu.mber of varIations on the idea of "admissibility"

are actually carried oUe, but primarily' they all require rejection of

a model if there exists another model of fewer parameters that does

better,

All t;he models within the "good" subset involve some combination of

the pairs of indicators that define the parallel sides of the square,

the "corners" consisting of two line segments intersecting at right

angles, and the diagonal pair. All "good" models incorporate these



indicator clusters either by themselvEls, in goiljur\ction with each other,

or embedded in a larger cluster. The diagonal pair is obviously the

most salient pair, and in almost all "good" models that are more general

than a one-pair model, this diagonal cluster is incorporated in some

central way.

If the reader wishes, he may forego the details of making these

statements more precise and skip to the next chapter.

Category #1:

Model category #1 contains only the single "base-line" model in

which all six elements are assumed to act independently. Even though

every other alternative model does better than this first possibility

on all seven goodness-of-fit measures, the parameter estimation procedure

for model 1 extracts so little information from the data that it fails

to be dOminated according to Definition (3.2.3). Consequently, the

model is admissible by Hanna's criterion and cannot be rejected outright.

For use later on, the coefficient of constraint is given below for

each of the six possible component variables used in model 1. As

mentioned in section 5.'6, the coefficient of constraint for component i

is a correlational index and indicates the degree of association in

the sub-transition matrix for component i when the frequency matrix is

interpreted as a contingency table. The extremely low coefficient of

constraint for component 2 is readily justified by the data matrix,

since even in figures with a good "gestalt", its pre!3etlce was missed

surprisingly often by many subjects. A possible explanation for this
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specific characteristic of the data matrix will be presented later in

the chapter (see figure 4.2a).

Table (4.3.4)

Coefficients of Constraint for the Six Component Variables

Component

1

2

3

4

5

6

Coefficient of constraint

.293

.140

.277

.222

.374

.381

Even from this first coefficient of constraint table, one very probable

inference can be made regarding more general models. Other things being

equal, models whose clusters include components high up on the ordering

6 > 5 > 1 > 3 > 4 > 2 should prove better in terms of fit than models

with clusters containing components lower on this same ordering.

Category 1f2:

Models numbered 2 through 16 comprise category If2 and are defined

by the independence of one pair and the four remaining components. This

second category is really the start of the hierarchy to be investigated

since models that do well at this initial level will also be shown to

form the building blocks for "good" models that are still more general.

As to be expected from the structure < M, :5 >, each model in category If2

is consistently better than model 1 on all seven goodness-of-fit measures.
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Model 16, which includes the two diagonals (5,6), is clearly superior

within the category itself, and, in fact, the two predictive measures

for model 16 are better than the descriptive measures for all of the

remaining 14 models. Even though model 16 doe s rank number one on all

measures, it extracts so much information from the data that it fails to

dominate any other model in the category. This problem of information

extraction for model 16 is also reflected in the chi-square statistics

of Table (4.3,3). Here, the actual chi-square statistic for model 16

is smaller than that for model 2, but due to the difference in degrees

of freedom, the significance value for model 16 is larger. As will be

seen later on, however, the real utility of model 16 lies in its ability

to dominate a majority of models with more parameters.

Each of the models in the set (2,3,4,7,8,11,16) appears especially

worthy of further consideration, i.e., the models that include the single

pairs (1,2),(1,3),(1,4),(2,3),(2,4),(3,4),(5,6), respectively. If

Table (4.3.2b) for deleted data as well as Table (4.3.2a) for complete

data were included in the present data analysis, it would be seen that

each of these seven models is admissible under either the gener,al ·or:.the

uniform prior when used with the ,deleted or complete data; the other

eight models in category #2 are inadmissible with respect to this same

criterion. (The admissible set using only the complete data excludes

models 2 and 4.) It is interesting to note that no pair which consists

of just one diagonal and one side of the square is "admissible". In

other words, even at this very early stage, a set of "building blocks"

for a possible hierarchy is clearly identified--the diagonal pair, the
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two sets of parallel sides,and the four "corners" formed by two line

segments intersecting at right angles.

There is an alternative toTable (4.3.2a) for approaching the

problem of defining a "good" set of models for category #2 which also

support s the selection of the seven "be st" models given above. Since

each model in category #2 is a generalization of modell, the three

different procedures given in section 3.4 for investigating the increase

in fit obtained by going from a less general to a more general model are

now appropriate. For convenience, these three statistics will be refer-

red to below as "Rao chi-square", "likelihood-ratio" and "F". Since

the Rao chi-square measure gives results that are fairly consistent

with the likelihood-ratio, no initial collapsing over cells was used to

calculate the mea.sure. In this way, the Rao chi-square and the likelihood-

ratio statistics may be compared directly without having to first obtain

their significance values. The increased "stability" of this particular

type of chi-square statistic probably results from the use of two sets

of expected values and the absence of entries that are identically equal

to zero. The F statistic, however, depends upon the more usual chi-

square measures that reflect deviations of empirical values from one

set of expected values. Consequently, the F measures will be defined
j

in terms of the more "stable" chi':'square statistics given in Table (4.3.3)

and are of interest primarily when values are obtained that are equal

to or less than one.
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The ranking provided by all three measures are consistent with

our selection of seven "admissible" models, save for the interchange

of models 12 and 8 in the Rao chi-square comparison. This interchange,

however, is not very serious since the measures given in Table (4.3.2a)

already indicate that model 8 defined by the one pair (2,4) is a

marginal member of the seven "admissible" alternatives. The F statistics
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are somewhat misleading due to the differences in degrees of freedom,

but even taking this into consideration, the apparent superiority of

mOdel 2 is surprising. What has occured is most probably a result of

the procedure used to collapse the confusion matrix in obtaining the

chi-square values. More specifically, the process of collapsing over

cells in the data matrix, besides producing a more "stable" chi-square

measure, also causes a loss of precision in the statistics themselves.

This loss of precision is especially noticeable in the case of model

16, since the significance value given in Table (4.3.3) for model 2 is

better. By all other goodness-of-fit information, model 2 should rank

thonly about 4, in its category, and there should be no doubt as to the

superiority of model 16. In any event, caution should be taken in

interpreting the chi-square values given in either Table (4.3.2a) or

Table (4.3.3) as well as the F statistic in the comparison of models

across categories. In fact, since better information is usually

available from alternative statistics, the two types of chi-square

statistics and the F measure may either be given a minor supportive

function in the ensuing discussion or disregarded entirely.

A rather interesting difference between the Rao chi-square and

the likelihood-ratio statistic can be observed whenever a table involving

these two measures is presented. In general, the Rao chi-square gives

a value that is larger than the likelihood-ratio statistic, even though

both are asymptotically chi-square with the same number of degrees of

freedom. The difference between the two measures is not always in the

appropriate direction to unequivocably justify this statement, but it

does occur sufficiently often to consider the Rao chi-square to be less
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conservative than the likelihood-ratio statistic, at least for this

particular "sparse" data matrix. A similar result occurs in the use

of significance values obtained from both the chi-square statistics of

Table (4.3.3) and the likelihood-ratio statistics calculated by means

of equation (3.3.3).

If an ordering of the seven "best" models within category If2 is

desired, the safest seems to be as follows:

16 > (3,11,4) > 2 > (7,8)

(The brackets "(,)" whenever written within such a sequence will indi

cate "equality" or indistinguishability. The various orderings of

models to be given in this section are intuitively obtained by consider

ing both the information available in Table (4.3.2a) as well as the

measures specifying increase-of-fit over models of fewer parameters.)

Model 16 is defined by the diagonal pair (5,6); models 3,11,4 involve

the three possible pairings of the components 1,3,4; models 2,7,8 all

incorporate the second component through the pairs (1,2), (2,3) and

(2,4), respectively. Finally, additional support for the ordering

given above for the seven models is obtained from the coefficients of

constraint for the seven relevant pairs:

Table (4.3.6)

Coefficients of Constraint for Selected Component Pairs

Pair Coefficient of constraint

(5,6)

(1,3)

(1,4)

161

.480

·309

.273



Table (4.3.6) (continued)

Pair

(3,4)

(1,2)

(2,3)

(2,4)

Coefficient of constraint

.266

.232

.222

.194

The use of the concept of "admissibility" in this second category

is a little broader than was originally intended in Chapter III. Since

there are no really "good" models of fewer parameters that may be used

as a preliminary screening device for admissibility considerations, the

temporary extension of the admissibility concept to include both the

deleted and complete data is merely an attempt to pick out~ reasonable

models that should be considered at this first level. When such a

"good" model of fewer parameters does not exist, the models within a

category have .to be compared with each other for admissibility and

small differences in parameter-effect become very important. This is

a rather unsatisfactory state of affairs since a very small "chance"

occurance could reject a mOdel as being inadmissible when it still should

be a valid alternative and investigated further. The problem of

"borderline" inadmissibility is obvious in the second category, but

by extending the definition of admissibility to include deleted data

as well as both priors, it is temporarily solved.

In order to get the best of all possible approaches, three levels

of "admissibility" will be used in the remaining discussion. First, a

pre-admissible set is defined by the following criterion: every model
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in the pre~admissible set must have at least~ goodness-of-fitmeasure

that is better thsn all corresponding measures for models of fewer

parameters. This is a very lenient rule and will tend to reject only

those alternatives that are patently inferior. A second criterion

requires each model to be pre-admissible as well as admissible in the

formal sense of Definition (3.2.3) when compared with all models of

fewer parameters.. A member of this second class will be called weakly-

admissible. Finally, the third class of models, called admissible,

requires admissibility within the category itself and conforms exactly

to Definition (3.2.3). In the discussion to follow, an examination of

the models that are deleted from the weakly-admissible class to form

the admissible class will be instructive as to which inadmissible models

are "borderline" alternatives and should be investigated f'~rther.

In order to illustrate more clearly the three levels of admissibility,

consider the following goodness-of-fit values from Table (4.3.2a)

obtained for certain models within categories #2 and #3. For purposes

of this discussion, the rank of each goodness-of-fit quantity within

the model's own category is also presented.

Table (4.3.7)

Selected Goodness-of-fit Values from Table (4.3.2a)

Category Model Sum of Squared Deviations Rank Correlation Rank---

#2 16 50,166.9 1 .8458 1

#3 17 46,094.4 2 .8578 2

20 46,913.1 5 .8554 5

23 47,481,1 6 .8534 6
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Table (4,3,7) (continued)

Category Model Sum of Squared Deviations Rank Correlat ion Rank--

32 46,336.3 3 .8574 3

35 45,908.9 1 .8580 1

44 46,414.0 4 .8569 4

59 49,327 ·3 7 .8533 7

60 50,338.1 8 .8485 9

61 50,663.1 9 .8492 8

43 .8456 10

Category Model Sum of Absolute Deviations . Rank Chi-sguare Rank

#2 16 5,579·2 1 25,316.5 1

#3 17 5,411.5 1 20,142.6 2

20 5,480.4 6 22,671.4 6

23 5,473.1 5 21,456.9 5

32 5,457.9 4 20,550.8 3

35 5,429.9 3 19,241.6 1

44 5,424.4 2 20,679.9 4

59 5,798.0 7 35,665·6 34

60 5,908.2 16 28,892.5 9

61 5,891.1 10 37,211.3 45

38 28,531. 7 7
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Predictive: Predictive:
Category Model Uniform Distrib. Rank General Distrib. Rank

#2 16 -19,120.3 1 -19,144.1 1

#3 17 -18,873.3 1 -18,896.2 1

20 -18,984.2 6 -19,004.6 6

23 -18,936.8 5 -18,961. 5 5

32 -18,876.8 2 -18,902.3 2

35 -18,897.3 4 -18,916.9 3

44 -18,902.1 3 -18,927.6 4

59 -19,589.3 7 -19,597.4 7

60 -19,695.3 10 -19,695.1 9

61 -19,627.5 8 -19,637.4 8

Parameter-Effect: Parameter-Effect:
Category Model Descriptive Rank Uniform General

#2 16 -19,044.1 1 76.2 100.1

#3 17 -18,772.4 1 100.9 123.8

20 -18,884.0 6 100.2 120·5

23 -18,836.1 5 100·7 125.4

32 -18,775.7 2 101.1 126.5

35 -18,796.2 3 101.1 120.7

44 -18,801.3 4 100.8 126.3

59 -19,491.1 7 98.2 106.3

60 -19,597.6 10 97·7 97·5

61 -19,529·2 8 98.3 108.2
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Model 16 is consistently number one in its category and can be used

as the sole "screening" device for purposes of determining admissibility

in all three of its meanings. It will turn out that models 17, 20, 23,

32, 35, 44, 59, 60, and 61 form the pre-admissible set, and, consequently,

the goodness-of-fit values for these models are always listed in the

above tables. The scattered values for models 42 and 38 are included

only when it is necessary to show that the next ranking value of a

specific goodness-of-fit measure is actually worse than that obtained

with model 16.

Now, in order for a model to be pre-admissible it must have at least

one goodness-of-fit measure that is better than all such values obtained

for models of fewer parameters. Models 17, 20, 23, 32, 35, and 44 meet

this requirement very easily since they do better than model 16 on all

goodness-of-fit measures. (The reader should be reminded that the two

parameter-effect columns are never to be interpreted as goodness-of-fit

statistics in this discussion.) Furthermore, models 59, 60, and 61

meet the pre-admissibility criterion by being better than model 16 in

terms of the correlation measure.

The weakly-admissible set of models is a subset of the pre-admissible

set and requires admissibility with respect to all models of~ parame

terB. Models 17, 20, 23, 32, 35, and 44 obviously meet this requirement

since their descriptive measures are all better than the corresponding

value for model 16, and, consequently, for all models in category #1 and

#2. Models 59 and 61 are dominated by model 16 and, therefore, fail to

be weakly-admissible. Model 60, on the other hand, is weakly-admissible

since it has a smaller parameter-effect than model 16 under the general
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prior, and, except for model 16, it has a better descriptive measure

than any other mode1 in category #1 or #2.

Now, the admissibility restriction within the category itself

excludes model 32 since it is dominated by model 17. Surprisingly

enough, however, model 60 besides being weakly-admissible is actually

admissible due to the low parameter-effect the model has under the

general prior.

This same type of procedure may be repeated for each category of

models in sequence. In fact, model 16 is so good that even in categories

beyond #3 it still performs a valuable service as an initial "screening"

criterion for determining admissibility in its various senses.

The use of two priors to define admissibility also requires a

little more explanation. The choice of either the uniform prior or the

more general prior depends on whether one is willing to first assume

complete ignorance of the parameter space and then try to express this

ignorance in terms of a uniform prior, or secondly, if he is willing to

incorporate immediately some intuitive understanding of the parameter

space by the use of a more general prior. On the basis of the predictive

measures, however, a uniform prior appears to do best in model categories

that contain only pairs, while the more general prior we have selected

usually does better in categories containing triples, quadruples, and

quintuples. This is not very appealing since our intuition works against

us whenever the uniform prior gives a better predictive value than the

more general prior. A closer look at the results, however, shows that

this inconsistency is really not that serious. First, the ranking of

the models on the basis of the descriptive and the two predictive measures
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are identical except for a very few minor inversions in rank, and,

secondly, if a model is admissible under one prior but not the other,

the model is of a "borderline" inadmissibility under the second prior.

Consequently, the use of two priors to define admissibility does not

adversely affect the inference process, if anything, it only forces

"borderline" inadmissible models to be considered further.

Category #3:

The models in category #3 permit the presence of two pairs and

two components that act independently. In effect, then, each model in

category #3, numbered 17 through 61, is the union of two different

models in category #2.

In category #3, the pre-admissible set is (17,20,23,32,35,44,59,60,61),

and has one rather remarkable property: both pairs within each of these

two pair models are members of the "best" set of seven models given in

category #2, and all such possible combinations of "best" models from

category #2 are members of this pre-admissible set. Within the pre

admissible set itself, the alternatives that include the diagonal pair

(5,6) are obviously superior; models 59,60,61 rank second and are defined

by the partitions ((1,2),(3,4),(5,6)),((1,3),(2,4),(5,6)), and ((1,4),

(2,3),(5,6)), respectively.

The weakly-admissible models for category #3 form the set (17,20,23,

32,35,44,60)., and can be given the following intuitive ordering:

(17, 32, 35) > 4·4 > (20, 23) > 60

This sequence is very similar to the ordering to be expected by reviewing

the discussion of category #2, In particular, each weakly-admissible
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model except 60 incorporates the diagonal pair (5,6). And secondly,

the ordering induced upon the second pairs in the above models is consis-

tent with the ordering given in category #2, i.e., models 17, 32, 35,

44, 20, and 23 include the pairs (3,4),(1,4),(1,3),(1,2),(2,4) and (2,3),
•

respectively. The admissible class rejects model 32, but this loss is

somewhat "borderline" since the (1,4) pair incorporated in model 32 will

reappear in the pre-admissible set of models for category #4. The

possible usefulness of the inadmissible model 32 is also rather obvious

in the comparisons given below between the pre-admissible models in

category #3 and models with fewer parameters.

Table (4.3.8)

Selected Increase in Fit Statistics for Category #3

Specific model General model Rao chi~square Likelihood-ratio F

1 17 3885 2466 1.14

1 20 3575 2243 1.13

1 23 3701 2339 1.14

1 32 3854 2460 1.18

1 35 3887 2419 1.18

1 44 3820 2408 1.18

1 59 1066 1029 1.14

1 60 886 816 1.13

1 61 955 953 1.15

2 44 3103 1923 1.07

2 59 526 543 1.04

3 35 3103 1923 1.09
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Table (4.3.8) (continued)

Specific model General model Rao chi" square Likelihood-ratio F

3 60 324 320 1.05

4 32 3103 1923 1.09

4 61 410 416 1.07

7 23 3103 1923 1.06

7 61 515 537 1.07

8 20 3103 1923 1.07

8 60 537 496 1.07

11 17 3103 1923 1.05

11 59 492 486 1.05

16 17 536 543 1.07

16 20 324 320 1.06

16 23 410 416 1.08

16 32 .515 537 loll

16 35 537 496 loll

16 44 492 486 loll

A closer investigation of these comparisons reveal a number of very

interesting inferences that can be made. First, the consistency of this
,

general type of procedure is demonstrated by the equality of the Rao chi

square and the likelihood-ratio values across the comparisons 2/44,3/35,

4/32,7/23,8/20, and 11/17. These six comparisons all involve adding the

same diagonal pair (5,6) to the least general model, e. g., model 2

includes the pair (1,2) and model 44 is defined by the two pairs (1,2), and

(5,6). Secondly, by ranking the Rao chi-square and the likelihood-ratio
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statistics across the six comparisons involving modei 16, the ordering

of admissible models given in category #2 is reproduced. This last

type of analysis is carried out by ranking the pairs that are added to

the diagonal pair (5,6) to form the more general model instead of

ranking the more general models by themselves. This same type of

consistency with category #2 is implied as well in the other comparisons,

but this fact is not very dramatic, e.g., consider the three comparisons

involving model 2--the ranking of the pairs added to (1,2) to form the

more general model is also consistent with the ordering of category #2

"admis.sible" models.

Category #4:

Model category #4 consists of 15 models, numbered 62 through 76,

defined by three pairs that act error-independently. Even though only

three models from this category form both the pre-admissible and weakly

admissible set: (62,65,68), these three alternatives do exhaust all the

possibilities for using the diagonal pair, parallels, and "corners"

together in some combination. In particular, model 62 is defined by

the partition ((1,2),(3,4),(5,6)), model 65 by the partition ((1,3),(2,4),

(5,6)), and model 68 by the partition ((1,4),(2,3),(5,6)). Since model

62 dominates 68, the admissible set itself is (62,65), emphasizing again

the loss of model 32 from the weakly-admissible to the admissible set

in category #3, Le., model 32 is a special case of 68 and model 32 was

dominated by model 17, a special case of 62.

There is really very little evidence for trying to make a definitive

distinction between models 62,65, and 68, even though 68 is dominated by
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62. As reflected in the comparisons to models of fewer parameters

given below, model 62 appears to be "best" with 65 and 68 almost indis

tinguishable except for admissibility considerations. Again, these

comparisons are consistent with both the orderings given for. "admissible"

models in category #2 and for weakly-admissible models in category #3,

i. e ., when the increases in fit are ranked in the comparisons that

involve either a one or two pair increase Over the least general model.

Table (4.3.9)

Selected Increase in Fit Statistics for Category #4

Specific model General model Rao chi-square Likelihood-ratio F

1 62 4659 2952 1.31

1 65 4396 2739 1.28

1 68 4498 2875 1.28

1 62 3885 2466 1·31

3 65 3575 2243 1.18

4 68 3701 2339 1.18

7 68 3854 2460 1.18

8 65 3887 2419 1.21

11 62 3820 2408 1.21

16 62 1066 1029 1.23

16 65 886 816 1.20

16 68 955 953 1.20

17 62 492 486 1.15

20 65 537 496 1.13

23 68 515 537 1.11
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Table (4.3.9) ( continued)

Specific model General model Rao chi-square Likelihood-ratio F

32 68 410 416 L08

35 65 324 320 L08

44 62 971 898 Lll

59 62 3103 1923 L15

60 65 3103 1923 L13

61 68 3103 1923 Lll

Category #5:

The models in category #5, numbered 77 through 96, are defined by

one triple and three components that act error-independently. There is

really no ~ priori reason why we should expect any model within this

category to be a very "good" alternative. And, in fact, this intuition

is strongly supported by the data since both the weakly-admissible and

pre-admissible sets are empty. It is still of interest, however, to

notice that the "best" models within this category are st ill in accord

with the preceding discussion, Le., the "better" models either include

the diagonal pair (5,6) in the triple, or the triple consists of three

of the four possible sides.

Category #6:

There are 60 models in category #6, numbered 97 through 156, each

defined by one triple, one pair and one component that act error

independently. All models in the pre-admissible set (99,102,111,124,

125,126,128,151,152,153,154,155) either contain a triple that incorporates
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the diagonal pair, or the pair itself is the diagonal pair. The weakly

admissible set excludes model 125 from the pre-admissible set, primarily

because mode.l 125 includes the "weak" pair (2,4) in its partition ((1,5,6),

(2,4),3). The admissible set for category #6 is much smaller and consists

of only models 99, 102, Ill, and 128, or alternatively, all models in

which the one pair is (5,6) and the triple contains three of the four

possible sides. These admissibility. restrictions here, however, are not

at all "borderline" as they were in category #+.

An ordering of the four admissible models deduced from Table (4.3.2a)

and the comparisons given below with model 16 is as follows:

III > (99, 102) > 128

Model III excludes component 2 from the triple, model 99 and 102 exclude

components 4 and 3, respectively, and model 128 excludes component 1.

This ranking of component exclusion is consistent both with the ordering

given for the individual basis elements in category #1 as well as with

the coefficients of constraint for these four triples listed below.

Table (4.3.10)

Selected Increase in Fit Statistics for Category #6

Specific model General model Rao chi-sguare Likelihood-ratio F

16 99 1658 1384 1.24

16 102 1498 1294 1.23

16 III 1888 1611 1.18

16 128 1411 1250 1.16
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Table (4.3.11)

Coefficients of Constraint for Selected Component Triples

Triple Coefficient of constraint

(1,2,3) .273

(1,2,4) .247

(1,3,4) ·305

(2,3,4) .242

Category #7:

The ten models numbered 157 through 166 in category #7 are natural

extensions of the models in category #6. Instead of one pair and a

triple being defined as in category #6, the models in #7 now incorporate

the remaining single component into the pair and contain two triples

that operate error-independently. Again, the results are predictable.

The pre-admissible and weakly-admissible sets are identical and include

models 157, 158, 161, and 166, i.e., models that contain the triples

(4,5,6), (3,5,6), (2,5,6) and (1,5,6), respectively. The admissible

set itself excludes model 161 but only in a "borderline" fashion. This

result is similar to that obtained in category #6 where component 2 also

served as a weak link.

One point about models that include triples should be emphasized.

The triple by itself is not a viable alternative as dramatically

demonstrated in the emptiness of the pre-admissible set for category #5.

If, however, one triple in the model is defined by three of the four

possible sides of the square and the other cluster incorporates the

diagonal pair either in conjunction with the remaining component or by
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itself, then a defensible model is obtained~ What appears to be impor

tant is the retention of the diagonal pair (5,6) as a unit, either by

itself or in connection with a larger cluster. Furthermore, if the

diagonal pair is imbedded in a larger triple cluster, then in order to

obtain a "good" model, the other three remaining components must also

be' clustered, i. e., even though a model includes a unitary triple

containing the pair (5,6), this model is not adequate by itself unless

the other three remaining components are also ass,umed to act as a single

unit.

Category #8:

Category #8 consists of models numbered 167 to 181 that are defined

by the error independence of one quadruple cluster and the two remaining

components. As to be expected, the pre-admissible set of models is

(167,173,178,179) and includes the quadruples (1,2,3,4), (3,4,5,6) and

(1,3,5,6). But both the weakly-admissible and admissible sets reject

model 167, which is rather surprising since this model is the only

alternative in the category that outdoes category #7 on the sum of

squared deviations and correlation measures. However, the quadruple

(1,2,3,4) will be seen to form the quadruple cluster for the "best"

model in category #9, so we have only l! lost!i model 167 to the strength

of the diagonal pair (5,6) when used in conjunction with some pairing

of the three next most salient individual components.

Category #9:

Intuitively, category #9 should be the most general category that

produces "good" models, since it includes all the possible alternatives
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defined by one quadruple and one pair. Even though there are 15 possibil

ities within this category, there is really no doubt as to the superiority

of model 182, incorporating the quadruple (1,2,3,4) and the diagonal pair

(5,6). To be more complete, however, the pre-admissible and weakly

admissible set is fairly large and consists of models 182, 185, 188, 190,

193, and 194, all of which are some combination of the seven pairs

described as "admissible" in category #2. Every possibility for using

these seven pairs as the one sole pair in the models of category #9 is

included in this pre-admissible set, except for (1,4). This last exclusion

is most probably due to the weakness of the quadruple (2,4,5,6), as

reflected both in the data itself and in the inadmissibility of models

4,32, and168 in the previous categories. The admissible set consists

of just the two models 182 and 194, with model 194 defined by the partition

((1,3,5,6),(2,4)) and admissible under only one of the priors.

The comparisons below are instructive as to the fit of model 182,

and though not nearly exhaustive of all the possibilities for comparison,

they at least support the ordering for the less general models 62, 65,

and 68 given in category #4. It is particularly interesting to note the

F value of 1.00 for the comparison between models 62 and 182. In

effect, the loss of precision in the chi-square values obtained by

collapsing the data matrix has "washed out" the difference between these

two models at least in terms of the F statistic.
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Table (4.3.12)

Selected Increase in Fit Statistics for Category #9

Specific model General model Rao chi-square Likelihood-ratio F

62 182 2718 2295 1.00

65 182 2743 2508 1.03

68 182 2790 2372 1.03

167 182 3103 1923 1.21

Category #10:

Because each of the six models in category #10 incorporates one of

the six possible five-tuple clusters, this last category includes the

most general models that theoretically could be considered in the analysis.

Even though it is fairly difficult to reject the category outright since

both the admissible and pre-admissible sets include all six possible

alternatives, the measures in Table (4.3.2a) are so inconsistent that any

further consideration of this category will probably be of minimal value.

Also, because the number of parameters increases four-fold over the number

required in category #9, the models in category #10 are rather unacceptable

for parsimony sake alone. Even with this great increase in parameters,

however, the goodness-of-fit measures do not reflect any great gain.

For example, in the sum of squared deviations and correlation columns,

only models 201 and 202 are better than model 182, but on the chi-square

and the descriptive measures these two models are the poorest. In fact,

except for model 198 defined by excluding component 2 from the cluster,

all six models do worse than model 182 in both of the predictive measures.
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Model 182 thus appears to be the place to stop our search for the

best possible model, since it both incorporates the most salient clusters

identified. along the hierarchy and is obviously superior within its own

category. But it would be a mistake to now disregard the information

provided by the procedures leading to model 182. The fact that we have

been able to concentrate immediately on a very limited number of models

may be of extreme significance in explaining how perception procedes in

general.

It may be profitable to illustrate more clearly the significance

of assuming that model 182 is the "best". As will be mentioned again in

section 5.13, each model in Table (2.7.1) implies an independent assimi-

lation of the parts of a specific decomposition for each stimulus in

set S. In particular, model 182 provides a decomposition in terms of

the two diagonals and the four sides for each of the 64 geometric forms

used in the experimental task. The sides are assumed to be encoded

according to the transition matrix defined by the indicator cluster

(b
l
,b

2
,b

3
,b

4
) and the diagonals are assumed to be encoded by means of

~ ~

the matrix associated with the indicator cluster (b
5
,b

6
). To illustrate,

figure (4.3a) presents the decompositions for a few of the stimuli used

in the experimental task. The decompositions in i), ii), and iii) seem

intuitively reasonable but those in iv) and v) are contrary to the

traditional Gestaltist assumptions concerning a "good" figure. In fact,

these last two unreasonable decompositions suggest that we should probably

search further for a way to incorporate a number of these Gestaltist

concepts into the basic model. A brief discussion of the property of
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iii)

iV)

v)

figure (4.3a)

Examples of Stimulus Decomposition
Implied by Model 182

180



"triangleness" and how such a pre-processor could be defined is

presented in section 5.9.

There is one final set of statistics that can give some additional

support to the conclusions of the preceding analysis, namely a comparison

of significance percentage points z as discussed in section 3.3. (The
p

quantity z is a statistic that has a significance level of l-p under
p

asymptotic assumptions. For

to as the significance value

convenience, the quantity z will be referred
p

in the discussion to follow.) Even though

the majority of information provided in the list below has already been

incorporated in various ways into the analysis, a few supplemental points

can be made more easily by explicit reference to it. The chi-square

significance values are taken directly from Table (4.3.3) and are repeated

here for purposes of direct comparison.

Table (4.3.13)

Significance Values for Selected Models

Calculated from the Complete Confusion Matrix

Likelihood-ratio Chi-square
Category Model significance value significance value---

#1 1 60.79 65·45

#2 2 57.62 59·73

3 57·55 60.82

4 57·27 61.20

7 58.09 61.12

8 58.74 62·50

11 57·22 60.52
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Table (4.3.13) (cont inued)

Likelihood-ratio Chi-square
Category Model significance value significance value

16 47·51 59.87

#3 17 43·57 55.81

20 45·24 56.49

23 44·53 55.81

32 44.62 54.29

35 43·93 54.22

44 44.01 54.12

60 55·45 58.33

#4 62 39·96 48.48

65 41.60 50·50

68 40·55 49.66

#5 95 42.60 58,85

#6 111 35·76 48·77

#7 158 32·94 46.60

#8 179 31.78 54.03

#9 182 23·25 37·23

194 29·15 51.07

#10 197 22.29

198 14.41

199 23·39

200 19.61

201 29.68

202 30·37
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The discrepancies between the chi-square and the likelihood-ratio

significance values are rather obvious in the above list. The signifi_

cance value for the chi-square is consistently greater than that for

the likelihood-ratio, and as the models get more general this difference

gets larger. If the chi-square significance values had been calculated

without an initial collapsing over cells in the confusion matrix, the

difference between the chi-square and the likelihood-ratio would be

even more pronounced. In general, the likelihood-ratio statistic

partially avoids the problem of small expected frequencies by ignoring

any contribution of a cell with a zero empirical frequency, i.e., if

f\nij = 0, then nij ln Pij = 0, and the cell is neglected in the calcula-

tion of the goodness-of-fit statistic. The chi-square measure, on the

other hand, can ignore certain cells only when the expected frequency

is zero, and this doesn't occur with any regularity until the model

becomes very general.

By considering the likelihood-ratio significance values for the

most general category #10, it becomes clearer why they should be rejected

as viable alternatives. Except for model 198 and possibly model 200,

defined by excluding. components 2 and 4, the significance values either

represent an increase over model 182 or only a minimal decrease. With

the possible exclusion of model 198, an even stronger case for the

rejection of category #10 is made by a recalculation of the likelihood-

ratio significance values using deleted data.
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Table (4.3.14)

Significance Values for Selected Models

Calculated from the Deleted Confusion Matrix

Category Model Li~elihood-ratio significance value

#9 182 11.81

#10 197 14.55

198 8.34

199 15·02

200 12.05

201 25·03

202 25·15

Because the other goodness-of-fit measures in Table (4.3.2a) don't

consistently support model 198 over model 182, this low significance

level for model 198 is probably a result of the lac~ of saliency in

component 2 rather than an independence of component 2 from the remainder

of the cluster. It is rather difficult to make this distinction very

precise, ho-.wever.

Since component variable number 2 was omitted from a subject's

response such a large number of times, this one peculiar characteristic

of the data matrix deserves further comment. When the author found out

that he himself consistently omitted the top line in the recognition

of the projected forms, he made a major effort to "notice" the top line

if it was present. As it turned out, forced attendance was all that

was necessary to prevent the omission. The most natural explanation
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for this differentiation of .attention seems to involve the environment

in which the experiment took place. The room was filled with other

objects and the projection of the figure was at eye level, so consequently,

a tendency to first process the lower portion of the figure was most

likely forced upon the subjects. This sequence of processing probably

has survival value for human subjects who must constantly watch for

objects on the ground as they walk or move through their environment,

but would probably disappear if the naturalness of the experimental

room had been destroyed, for example, by using a tachistoscope with an

enclosed viewing hood.

One primary function of Tables (4.3.2c) and (d) is to exhibit

clearly the type of inference process on ideal data that was undertaken

on the actual data. In addition to showing a hierarchy of admissible

and inadmissible models similar to that which was empirically obtained,

the two "ideal" tables also justify the overlap in goodness-of-fit that

a more general and a less general model consistently have with each

other in the actual data. Even though the generation model is obviously

identified by considering the goodness-of-fit measures, a closer investi

gation shows how a model that either incorporates or is incorporated

by the data generating model also tends to rank very high within its

own category. A similar type of "ranking overlap" occurs in the actual

data, and, in fact, almost as dramatically as in the artificial data.

The close correspondence between the goodness-of-fit values for

the complete data (Table (4. 3.2a)) and the goodness-of-fit values for

the data generated by model 182 (Table (4.3.2d)) is rather striking.

The measures in Table (4·.3.2a) are much greater than those obtained in
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Table (d), but most of the same idiosyncrasies are present in both. A

few rankings do vary but not nearly as much as could be expected consi

dering the experimental population from which the data was obtained.

The same correspondence is also observed with Table (4.3.2c), but the

generating model there imposed a much more severe limitation on the

variability of the measures. not found in the actual data.

As mentioned briefly, the deleted data matrix attempts to compensate

for subject inattention by deleting a certain number of "blank" responses

from the original data matrix. Even though this deletion procedure is

obviously defined in somewhat of an arbitrary and non-rigorous fashion,

it does have some intuitive justification by considering those figures

that should be the most salient. The number of "blank" responses to

these configurations can most probably be explained by inattention or

reluctance to answer rather than by misperception, for example, stimuli

57 and 58 have 14 and 11 "blank" responses, respectively, when intuitively

they should have close to none.

The inferences based upon the deleted data Table (4.3.2b) would be

extremely close to the conclusions reached in the previous analysis of

Table (4.3.2a). A few of the rankings of models within categories may

have to be changed slightly, but in general if Table (4.3.2b) had been

substituted for Table (4.3.2a), the conclusions reached in the original

analysis would now be only more pronounced. For example, model 182

would be the only admissible model in category #9 instead of the two

obtained with the use of Table (4.3.2a). In fact, it is rather sur

prising that the fit of model 182 is even more noticeable in the deleted
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data, since it was already exceptionally well-defined in the complete

data.

To get a better idea of exactly how well we can do with the models

that have been discussed so far, Table (4.3.15) compares the theoretical

data matrix obtained for model .182 with the deleted data matrix. The

first entry in each stimulus-response pair is the empirical value from

the deleted data matrix; the second ehtry is the value predicted by

model 182. Even though the discrepancies in the table are fairly

obvious, the close correspondences that are observed suggest that we

may be on the correct path. It is apparent, however, that individual

discriminability of the stimuli must also be incorporated for a more

adequate model.

Table (4.3.15) here

There are at least three different models for the data matrix

itself that may be used in a "normative" manner to interpret the results

obtained for the more structured models analyzed in this chapter. The

goodness-of-fit measures given below were calculated from the deleted

data, but the same conclusions could have been made for the complete

data. (The chi-square values were obtained without an initial collapsing

of the data matrix.)

i) Assume that whenever a stimulus is presented to a subject, he gives

a response based upon a uniform distribution over the 64 possible
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EMPIRICAL AND THEORETICAL CONFUSION MATRICES-,.EXPEC TED VALUES

RESPONSE

5 6 7 8 9

STIMULUS
0 0.0 0.1 0.0 0.1 0.0 0.0 0.0 1.2 0.0 O~O

I 3.0 1.4 0.0 0.3 0.0 0.1 0.0 0.0 1.0 0.9
2 1.0 0.3 2.0 1.5 0.0 0.1 0.0 0.0 1.0 0.2
3 0.0 0.1 0.0 0.1 2.0 1.7 0.0 0.0 0.0 0.1
4 1.0 1.7 1.0 1.3 0.0 0.6 1.0 2.2 0.0 0.1
5 39.0 38.5 1.0 8.2 0.0 3.6 0.0 0.1 1.0 1.9
6 6.0 9.3. 45.0 39.8 2.0 3.3 -0.0. 0.1 1.0 0.4
7 0.0 3.6 1.0 3.1 58.0 45.0 0.0 0'.0 ' 0.0 ' 0.2
8 0.0 0.0 0.0 0.0 0.0 0.0 56.0 44.7 0.0 1.6
9 2.0 1.1 0.0 0.2 1.0 0.1 0.0 1.3 32.0 34.8

10 0.0 0.3 1.0 I • I 0.0 0.1 .0.0 1.4 0.0 8.3
II I 0 0.1 0.0 0.1 1.0 1.4 0.0 0.6 1.0 3.6, .
12 0.0 0.1 0.0 0.1 0.0 . 0.1 0.0 3.9 0.0 0.1
13 2.0 3.3 0.0 0.7 0.0 0.3 0.0 0.1 1.0 3.3
14 0.0 0.7 4.0 3.1 0.0 0.3 0.0 0.1 0.0 0.7
15 0.0 0.3 0.0 '0.2 7.0 3.6 0.0 0.0 0.0 0.3
16 . 0.0 0.0 0.0 0.0 0.0 0.0 0.0 2.3 0.0 0.1
17 1.0 1.1 1.0 0.2 2.0 0.1 0.0 0.1 1.0 1.9
18 0.0 0.3 0.0 I. I 0.0 0.1 0.0 0.1 0.0 0.4
19 0.0 0.1 I. a 0.1 1.0 1.3 0.0 0.0 0.0 0.2
20 0.0 0.6 0.0 0.5 0.0 0.2 0.0 1.8 0.0 0.1
21 12.0 14.9 1.0 3.2 0.0 1.4 0.0 0.1 0.0 1.5
22 0.0 3.4 11.0 14.8 0.0 1.2 0.0 0.1 0.0 0.3
23 1.0 1.4 0.0 1.2 33.0 17.2 0.0 0.0 1.0 0.1
24 1.0 . 0.0 0.0 0.0 0.0 0.0 14.0 12.9 0.0 0.5
25 1.0 0.7 0.0 0.2 0.0 0.1 0.0 0.4 12.0 10.8
26 1.0 0.2 0.0 0.7 0.0 0.1 0.0 0.4 0.0 2.4
27 0.0 0.1 0.0 0.1 0.0 0.9 0.0 0.2 0.0 1.1
28 0.0 0.1 0.0 0.1 1.0 0.0 1.0 3.1 0.0 0.1
29 1.0 1.7 0.0 0.4 0.0 0.2 0.0 0.1 0.0 2.7
30 0.0 0.4 1.0 1.7 1.0 0.1 0.0 "'0.1 1.0 0.6
31 1.0 0.2 0.0 0.1 3.0 2.0 0.0 0.0 0.0 0.2
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EMPIRICAL AND THEORETICAL CONFUSION PIA TR IC ES -- EXPECT ED VALUES

RESPONSE

10 II 12 13 14

STIMULUS
a 0.0 0.0 0.0 0.0 0.0 1.0 0.0 0.0 0.0 0.0
1 0.0 0.2 0.0 0.1 0.0 0.0 2.0 0.1 0.0 0.2
2 2.0 0.9 0.0 0.1 0.0 0.0 0.0 0.2 2.0 0.1
3 0.0 0.1 1.0 I. I 0.0 0.0 0.0 0.1 0.0 0.1
4 0.0 0.1 0.0 0.0 3.0 5.9 0.0 0.2 0.0 0.2
5 1.0 0.4 0.0 0.2 0.0 0.2 6.0 5.0 0.0 1.1
6 5.0 1.9 0.0 0.2 5.0 0.2 1.0 1.2 8.0 5.2
1 1.0 0.2 0.0 2.2 0.0 0.-1 0.0 0.5 0.0 0.4
8 1.0 1.3 0.0 0.6 2.0 8.1 0.0 0.3 0.0 0.2
9 5.0 1.4 1.0 3.2 1.0 0.3 19.0 6.1 0.0 1.4

10 48.0 35.6 0.0 3.0 0.0 0.3 1.0 1.6 1~0 6.9
II '0.0 3.1 52.0 45.4 0.0 0.1 0.0 0.1 2.0 0.6
12 1.0 0.1 0.0 0.1 63.0 52.3 0.0 1.9 1.0 1.5
13 0.0 0.1 0.0 0.3 1.0 1.1 64.•0 43.3 0.0 9.2
14 5.0 3.1 I~O 0.3 0.0 1.6 0.0 9.1 59.0 41.6
15 0.0 0.2 9.0 '3.6 0.0 0.6 0.0 3.8 6.0 3.3
16 1.0 0.1 0.0 0.0 0.0 1.6 0.0 0.1 0.0 0.0
11 0.0 0.4 0.0 0.2 0.0 0.1 1 .0 1.3 0.0 0.3
18 5.0 1.9 0.0 0.2 0.0 0.1 3.0 0.3 2.0 1.3
19 1.0 0.1 2.0 2.1 1.0 0.0 0.0 0.1 0.0 0.1
20 0.0 0.0 0.0 0.0 0.0 3.3 0.0 0.1 1.0 0.1
21 1.0 0.3' 0.0 0.1 2.0 0.1 1.0 2.8 0.0 0.6
22 5.0 1.5 0.0 0.1 1.0 0.1 1.0 0.1 4.0 2.8
23 0.0 O. i 1.0 1.1 1.0 0.0 0.0 0.3 0.0 0.2
24 0.0 0.4 0.0 0.2 1.0 8.0 0.0 0.3 0.0 0.2
25 0.0 2.3 0.0 1.0 0.0 0.3 11.0 6.1 1.0 1.4
26 11.0 10.5 1.0 0.9 1.0 0.2 8.0 1.5 1.0 6.5
21 0.0 0.9 20.0 13.1 0.0 0.1 2.0 0.1 2.0 0.6
28 0.0 0.1 0.0 0.0 25.0 19.6 2.0 0.1 1.0 0.5
29 0.0 0.6 2.0 0.2 0.0 0.1 22.0 11.3 0.0 3.1
30 1.0 2.6 0.0 0.2 1.0 0.6 0.0 ~3.9 24.0 16.9
31 0.0 0.2 9.0 3.0 0.0 0.3 0.0 1.6 1.0 1.4
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EMPIRICAL AND THEORETICAL CONFUSION MATRICES--EXPECTED VALUES

RESPONSE

15 16 17 18 19

STIMULUS
0 0.0 0.0 0.0 1.2 0.0 0.0 0.0 0.0 0.0 O~O

1 0.0 0.1 0.0 0.0 0.0 0.9 1.0 0.2 0.0 0.1
2 0.0 0.1 0.0 0.0 0.0 0.2 3.0 0.9 0.0 0.1
3 0.0 0.9 0.0 0.0 0.0 0.1 0.0 0.1 1.0 1.1
4 0.0 0.1 0.0 2.6 0.0 0.1 0.0 0.1 0.0 0.0
5 0.0 0.5 0.0 0.1 2.0 2.2 2.0 0.5 0.0 0.2
6 0.0 0.4 0.0 0.1 4.0 0.5 2.0

~:~.
0.0 0.2

7 4.0 5.~ 0.0 0.0 0.0 0.2 ·0.0 2.0 2.6
8 0.0 0.1 0.0 1.~ 0.0 0.1 0.0 0.0 0.0 0.0
9 1.0 0.6 0.0 0.0 2.0 1.2 0.0 0.3 0.0 0.1

10 1.0 0.6 0.0 0.0 1.0 0.3 1.0 1.3 2.0 0.1
11 10.0 B.B 0.0 0.0 0.0 0.1 0.0 0.1 1.0 1.6
12 0.0 0.7 0.0 0.5 0.0 .0.0 0.0 0.0 0.0 0.0
13 0.0 4.0 0.0 0.0 0.0 0.4 0.0 0.1 0.0 0.0
14 2.0 3.5 0.0 0.0 1.0 0.1 0.0 0.4 0.0 0.0
15 30.0 47.5 0.0 -D.O 0.0 0.0 0.0 0.0 1.0 0.4
16 0.0 0.0 31.0 33.B 0.0 1.2 0.0 0.9 0.0 0.5
17 0.0 0.1 0.0 1.1 38.0 2B.6 2.0 6.1 0.0 2.6
IB 0.0 0.1 1.0 1.1 1.0 6.6 30.0 2B.3 0.0 2.4
19 0.0 1.5 0.0 0.4 0.0 2.5 0.0 2.2 47.0 31.7
20 1.0 0.0 3.0 4~6 0.0 0.2 1.0 0.1 1.0 0.1
21 2.0 0~3 0.0 0.2 2.0 4.0 2.0 O.B 0.0 0.4
22 1.0 0.2 0.0 0.2 3.0 0.9 1.0 3.9 2.0 0.3
23 0.0 3.3 0.0 0.1 0.0 0.4 0.0 0.3 6.0 4.6
24 0.0 0.1 0.0 2.7 2.0 0.1 1.0 0.1 0.0 0.0
25 1.•0 0.6 0.0 0.1 2.0 2.2 i.o 0.5 1.0 0.2
.26 1.0 0.5 0.0 0.1 0.0 0.5 1.0 2.2 0.0 0.2
27 7.0 8.2 0.0 0.0 0.0 0.2 0.0 0.2 4.0 2.7
28 0.0 0.3 1.0 1.3 0.0 0.0 0.0 0.0 0.0 0.0
29 1.0 1.6 0.0 0.0 1.0 1.2 0.0 0.2 1.0 0.1
30 3.0 1.4 0.0 0.0 0.0 0.3 0.0 -1.1 1.0 0.1
31 10.0 19.5 0.0 0.0 0.0 0.1 0.0 0.1 2.0 1.3
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EMPIRICAL AND TM EORETI CAL CONFUSION l'IATRICES--EXPECTED VALUES

RESPONSE

20 21 22 23 24

STIMULUS
a 0.0 1.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
1 0.0 O~O 2.0 0.7 0.0 0.2 0.0 0.1 0.0 0.0
2 0.0 0.0 0.0 0.2 1.0 0.7 0.0 0.1 0.0 0.0
3 0.0 0.0 0.0 0.1 0.0 0.1 1.0 0.9 0.0 0.0
4 1.0 6.6 0.0 0.2 0.0 0.2 0.0 0.1 0.0 0.9
5 0.0 0.2 16.0 5.6 0.0 1.2 0.0 0.5 0.0 0.0
6 0.0 0.2 0.0 1.3 5.0 5.8 0.0 0.5 0.0 0.0
7 0.0 0.1 . 1.0 0.5 0.0 0.5 7.0 .6.' 0.0 0.0
8 0.0 0.0 0.0 0.0 0.0 0.0 0.0 '0.0 1.0 7.3
9 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 2.0 0.2

10 0.0 0.0 0.0 0.0 0.0 0.0 . 0.0 0.0 0.0 0.2
11 '0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.1
12 0.0 0.5 0.0 0.0 0.0 0.0 0.0 0.0 1.0 3.2
13 0.0 0.0 0.•0 0.4 0.0 0.1 0.0 0.0 0.0 0.1
14 0.0 0.0 2.0 0.1 0.0 0.4 0.0 0.0 0.0 0.1
15 0.0 0.0 0.0 '0.0 0 •.0 0.0 0.0 0.4 0.0 0.0
16 . 0.0 7.0 1.0 0.3 0.0 0.2 0.0 0.1 4.0 5.0
17 0.0 0.2 16.0 5.9 2.0 1.3 1.0 0.5 3.0 . 0.2
18 0.0 0.2 1.0 1.4 4.0 5.9 0.0 0.5 0.0 0.2
19 0.0 0.1 0.0 0.5 0.0 0.5 6.0 6.5 0.0 0.1
20 24.0 37.4 1.0 1.4 0.0 1.0 0.0 0.5 2.0 1.8
21 0.0 1.2 59.0 31.9 0.0 6.8. 0.0 2.9 2.0 0.1
22 0.0 1.2 14.0 7.4 39.0 31.7 0.0 2.6 0.0 0.1
23 0.0 0.5 0.0 3.0 0.0 2.6 32.0 36.9 0.0 0.0
24 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 46.0 36.8
25 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 1.2
26 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 1.1
27 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.5
28 1.0 1.7 0.0 0.1 0.0 0.0 0.0 0.0 7.0 11.6
29 0.0 0.1 4.0 105 0.0 0.3 1.0 0.1 0.0 0.4
30 1.0 0.1 0.0 0.4 1.0 1.5 0.0 ~Ool 0.0 0.4
31 0.0 0.0 0.0 0.1 0.0 0.1 0.0 1.7 0.0 0.2
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EMPIRlCAL AND THEORETICAL CONF'US 10N MATRICEs--EXPECTED VALUES

RESPONSE

40 41 42 43 44

STIMULUS
0 0.0 0.2 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
I 0.0 O~o O~O 0.2 1.0 0.0 0.0 0.0 0.0 0.0
2 0.0 0.0 0.0 0.0 0.0 0.2 0.0 0.0 0.0 0.0
3 0.0 0.0 0.0 0.0 . 0.0 ·0.0 0.0 0.2 0;0 0.0
4 0.0 0.9 0•.0 0.0 0.0 0.0 0.0 0.0 0.0 1.1
5 0.0 0.0 1.0 O.l 0.0 0.2 Q.O 9-c1. 0...0- d.0
6 0.0 0.0 .0.0 0.2. 1.0 0.8 0.0 0.1 0.0 0.0
1 0.0 0.0 0.0 0.1 1.0 0.1 1.0 0.9 0.0 0.0
8 0.0 2.5 O.p 0.1, 0.0 0.1 o.() 0.0 0.0 0.9
9 0.0 o.f' 2.() 2.() 0.0 0.4 0.0 0.2 0.0 0.0

10 0.0 0.1 1•.0 0.5 1.0 2.0 0.0 0.2 0.0 0.0
II '0.0 0.0 0.0 0.2 0.0 0.2 1.0 2.5 0.0 0.0
12 0.0 0.7 0.0 0.0 0.0 ·0.0 0.0 0.0 3.0 3.5
13 0.0 0.0 0,.0 0.6 1.0 0.1 0.0 0.1 0.0 0.1
14 0.0' 0.0 0.0 0.1 1.0 0.6 0.0 0.0 0.0 0.1 .
15 0.0 0.0 1.0 -0.1 0.0 0.0 0.0 0.6 0.0 0.0
16 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.2
17 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
18 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
19 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
20 0.0 0.7 0.0 0.0 0.0 0.0 0.0 0.0 3.0 1.3
21 0.0 0.0' 1.0 0.6 0.0 0.1 0.0 0.1 0.0 0.0
22 0.0 0.0 0.0 0.1 0.0 0.6 0.0 0.0 1.0 0.0
23 0.0 0.0 0.0 0.1 0.0 0.0 '2.0 0.1 0.0 0.0
24. 0.0 0.9 0.0 0.0 0.0 0.0 0.0 0.0 0.0 1.3
25 0.0 0.0 0.0 0.7 0.0 0.2 0.0 0.1 0 ..0 0.0
26 0.0 0.0 1.0 0.2 2.0 0.7. 0.0 0.1 1.0 0.0
27 0.0 0.0 0.0 0.1 0.0 0.1 1.0 0.9 0.0 0.0
28 0.0 0.0 0•.0 0.0 0.0 0.0 0.0 0.0 2.0 4.6
29 0.0 0.0 .0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.2
30 0.0 0.0 0.0 0.0 0.0 0.0 0.0 '0.0 0.0 0.2
31 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.1

,
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El'IPIRICAL AND THEORETICAL CONFUSION MATRICES--EXPECTED VALUES

RESPONSE

45 46 47 48 49

STIMULUS
0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.5 0.0 0.0
1 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 1.0 0.4
2 0.0 0.0 O~O 0.0 0.0 0.0 0.0 0.0 O~O 0.1
3 0.0 O~O 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
4 O.l) 0.0 0.0 0.0 0.0 0.0 1.0 2.2 0.0 0.1
5 O.l) D.!) 0.0 0.2 0.0 0.1 4.0 0.1 2.0 1.9
6 0.0 0.2. 0.0 1.0 0.0 0;1 0.0 0.1 2.0 0.4
7 O~O 0.1 0.0 0.1 5.0 1.1 0.0 0.0 0.0 0.2
8 1.0 0.0 0.0 0.0. O~O 0.0 1~O 1.4 O~O 0.0
9 0.0 0.7 0.0 0.2 0.0 0.1 0.0 O~O 1.0 I .1

10 1.0 0.2 O~O 0.7 0.0 0 •.1 0.0 0.0 0;0 0.3
11 . 2~0 0.1 0.0 0.1 0.0 0.9 0.0 0.0 1.0 0.1
12 0.0 0.1 I .0 0.1 0.0 0.0 0.0 2.1 0.0 0.1
13 1.0 2.9 1.0 0.6 i ~O 0.3 0.0 0.1 8~0 1.7
14 O~O 0.6 O~O 2.8 0.0 0.2 0.0 0.1 0.0 0.4
15 0.0 0.3 4.0 'C.2 4.0 3;2 0.0 0.0 0.0 0.2
16 0.0 0.0 0.0 0.0 0.0 0.0 1.0 2.3 0.• 0 0.1
17 0.0 0~2 0.0 0.0 0.0 0.0 0.0 0.1 0.0 1.9
18 0.0 O~O 1.0 0.2 0.0 O~O 2.0 0.1· 0.0 0.4
19 0.0 0.0 0.0 0.0 0.0 0.2 0.0 0.0 0;0 0.2
20 1.0 0.0 0.0 0.0 0.0 0.0 1.0 0.9 0.0 0.0
21 0.0 1.1 0.0 0.2 0.0 0.1 0.0 0.0 0.0 0.8
22 0.0 0.3 0.0 1•.1 0.0 0.1 1.0 0.0 0.0 0.2
23 0.0 0.1 0.0 0.1 1.0 1.3 0.0 0.0 O~O 0.1
24 0.0 0.0 0.0 0.0 0.0 0.0 r.o 1.3 0.0 0.0
25 1.0 1.1 . 1.0 0.2 0.0 0.1 0.0 0.0 0.0 1.1
2& o~o 0.3 1.0 1.1 0.0 0.1 1.0 0 •.0 3.0 0.3
27 0.;0 0.1 1.0 0.1 1.0 1.4 0.0 0.0 1.0 0.1
28 0.0 0.2 1.0 0.1 0.• 0 0.1 0.0 0.9 0.0 0.0
29 2.0 4.0 0.0 0.9 0.0 0.4 0.0 0 •.0 1.0 0.8
30 3.0 0.9 3.0 4.0 0.0 0.3 0.0 '0.0 1.0 0.2
31 1.0 0.4 2.0 0.3 7.0 4.6 0.0 0.0 0.0 0.1
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EJIIPIRICAL AND THEORETICAL CONFUSION MATRICES--EXPECTED VALUES

RESPONSE

50 51 52 53 54

STIMULUS
0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
I 1.0 0.1 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
2 0.0 0.4 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
3 0.0 0.0 0.0 0.4 0.0 0.0 0.0 0.0 0.0 0.0
4 0.0 O~I.· 0.0 0.0 0.0 0.9 0.0 0.0 0.0 0.0·
5 0.0 0.4 0.0 0~2 0.0 0.0 1.0 0.7 0.0 0.2
6 0.0 109 0.0 0.2 0.0 0.0 1.0 0.2 0.0 0.8
7 0.0 0.2 no 2.2 0.0 0.0 1.0 0.1 OHI 0.1
8 1.0 0.0 0.0 0.0.' 0.0 0.2 0:0 0:0 -0.0 0.0
9 0.0 0.2 0.0 0.1 0.0 0.0 1.0 0.2 0.0 0.0

10 1.0 1•.1 1.0 0.1 0.0 0.0 0.0 0.0 0.0 0.2
II 0.0 O~j 0.0 1.4 0.0 0.0 0.0 0.0 0:0 0.0
12 0.0 on 0.0 0 •.0 0.0 0.7 1.0 O~O 0.0 0.0
13 0.0 0.4 0.0 0.2 0.0 0.0 0.0 0.6 I~O 0.1
14 1.0· 1:7 0:0 0.1 0.0 0.0 0.0 0.1 0.0 0.6
15 0.0 0:1 0.0 '1.9 0.0 0.0 0.0 0.1 1.0 0.0
16 0.0 0.1 0.0 0.0 1.0 0.2 0.0 0.0 0.0 0.0
17 0.0 0.4 0.0 0.2 0.0 0.0 0.0 0:2 0.0 0.0
18 '.0 1.9 1.0 0.2 0.0 0.0 0.0 0.0 0.0 0.2
19 0.0 0.1 1.•0 2.1 0.0 0.0 0.•0 0.0 0.0 0.0
20 0.0 0.0 1.0 0.0 2.0 1.3 0.0 0.0 0.0 0.0
21 0.0 0.2 0.0 0.1 0.0 0.0 0.0 1.1 0.0 0.2
22 1.0 0:7 0.0 0.1 1.0 0.0 1.0 0.3 0.0 1.1
23 0.0 0.1 0.0 0.9 0.0 0.0 0.0 0.1 1.0 0.1
24 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.•0 0.0
25 0.0 0~2 0.0 0.1 0.0 0.0 0.0 0.0 0:0 0.0
26 0.0 1.1 0.0 0.1 0.0 0.0 0.0 0.0 0.0 0.0
27 0.0 0.1 0.0 1.4 0.0 0.0 0.0 0.0 0.0 0.0
28 0.0 0.0 0.0 0.0 1.0 1.3 0.0 0.0 0.0 0.0
29 0.0 0.2 0.0 0.1 0.0 0.0 0.0 1.2 2.0 0.2
30 1.0 0.8 0.0 0.1 0.0 0.0 0.0 '·0.3 0.0 1.1
31 0.0 0.1 1.0 0.9 0.0 0.0 0.0 0.1 0.0 0.1
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EMPIRICAL AND THEORETICAL CONFUSION MATRICE$-~EXPECTED VALUES

RESPONSE

5' 56 57 58 59

STIMULUS
0 0.0 0.0 0.0 0.2 0.0 0.0 0.0 0.0 0.0 0.0
1 0.0 0.0 0.0 0.0 1.0 0.2 0.0 0.0 0.0 0.0
2 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.2 0.0 0.0
3 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.2
4 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
5 0.0 0.1 0.0 0.0 0.0 0.0 0.0 0.0 0.0 .0.0
6 0.0. 0.1 0.0 0.0 0.0 0.0 0.0 0.0 .. 0.0 0.0
7 1.0 0.9 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
8 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 '.0.0
9 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

10 0.0 0.0 0.0 0.0 0.0 0.0 0.0 '0.0 0.0 <0.0
II 0.0 0.2 0.0 0.0 0.0 0.0 0.0' 0.0 0.0 0.0
12 0.0 0.0 1.0 0.7 0.0 0.0 0.0 0.0 0.0 0.0
13 0.0 0.1 0.0 0.0 0.0 0.6 0.0 0.1 0.0 0.1
14 0.0 0.0 0.0 0.0 0.0. 0.1 0.0 0.6 0.0 ·0.0
15 0.0 0.6 0.0 '0.0 0.0 0.1 1.0 0.0 1.0 0.6
16 0.0 0.0 0.0 0.5 0.0 0.0 0 ..0 0.0 0.0 .0.0
17 0.0 0.0 0.0 0.0 0 .. 0 0.4 0.0 0.1 0.0 0.0
18 0.0 0.0 0.0 0.0 0.0 0.1 0.0 0.4 0.0 0.0
19 0.0 0.2 0.0· 0.0 0.0 0.0 1.0 0.0 1.0 0.• 4
20 0.0 0.0 1.0 0.9 1.0 0.0 0.0 0.0 0.0 0.0
21 0.0 0.1 0.0 .0.0 0.0 0.8. 0.0 0.2 1.0 0.1
22 1.0 0.1 0.0 0.0 0.0 0.2 0.0 0.7 0.0 0.1
23 0.0 1.3 0.0 0.0 0.0 0.1 0.0 0.1 1.0 0.9
24 0.0 0.0 1.0 0.4 0.0 0.0 0.0 0.0 0.0 0.0
25 0.0 0.0 0.0 0.0 0.0 0.4 0.0 0.1 0.0 ,0.• 0
26 0.0 0.0 0.0 0.0 0.0 0.1 1.0 0.4 0.0 0.0
27 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0 .. 5
28 0.0 0.0 2.0 1.7 0.0 0.1 0.0 0.0 0.0 0.0
29 0.0 0.1 . 0.0 0.1 1.0 1.5 0.0 ~0.3 0.0 0~1
30 1.0 0.1 0.0 0.1 0.0 0.4 2.0 1.5 .0.0 0.1
31 2.0 1.3 0.0 0.0 1.0 0.1 1.0 0.1 1.0 T.7
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EMPIRICAL AND THEORETICAL .CONFUSION PIA TRICES --EXPECTED VALUES

RESPONSE

60 61 62 63

STlIIIULU!'j
0 10.Q 4.0 0.0 001 0.0 0.1 0.0 0.1
I 1.0 0.1 1.0 3.1 0.0 0.6 0.0 0.3
2 0.0 0.1 0.0 0.7 1.0 3.2 1.0 0.3
3 1.0 0.0 0.0 0.3 0.0 0.3 2.0 3.7
4 3.0 2.4 1.0 0.1 0.0 . 0.1 1.0 0.0
5 0.0 '0.1 2.0 2.0 0.0 0.4 0.0 0.2

'6 0.0 .0.1 1.0 0.5 1.0 2.1 0.0 0.2
7 1.0 '0.0· 0.0 0.2 0.0 0.2 1.0 2.4

'8 8.0 3.9 1.0 0.1. 0.0 0.1 0.0 0.1.
9 0.0 O.r I.Q 3.0 0.0 0.6 1.0 0.3

10 1.0 .. 0.1 1.0 0.7 0.0 3.1 0.0 0.3
II 0.0 0.1 0.0 0.3 1.0 0.3 3.0 3.9
12 6.0 4.9 0.0 0.2 0.0 0.1 0.0 0.1
·13 1.0 0.2 0.0 4.0 0.0 0.9 2.0 0.4
1'4 0.0· 0.1 4.0 0.9 2.0 3.9 0.0 0.3

H 0.0 ·0.1 0.0 CO.4 0.0 0.3 6.0 4.4
16 5.0 3.2 0.0 0.1 1.0 0.1 0.0 0.0
17 0.0 0.1 1.0 2.7 0.0 0.6 0.0 0.2
18 1.0 0.1 1.0 0.6 0.0 2.6 0.0 0.2
19 0.0 0.0 0.0 0.2 1.0 0.2 4.0 3.0
20 3.0 2.9 1.0 0.1· 0.0 0.1 0.0 0.0
21 0.0 0.1 0.0 2.5 0.0 0.5. 0.0 0.2

~~
1.0 0.1 1.0 0.6 1.0 2.4 1.0 0.2
0.0 0.0 0.0 0.2 0.0 0.2 5.0 2.8

24 4.0 4.5 2.0 ·0.2 0.0 0.1 2.0 0.1
25 0.0 0.1. 3.0 3.7 0.0 0.8 0.0 0.3
26 1.0 0.1 0.0 0.8 1.0 3.6 0.0 0.3
27 0.0 0.1 1.0 0.4 1.0 0.3 5.0 4.5
08 11.0 10.5 1.0 0.4 0.0 0.3 1.0 0.1
29 0.0 0.4 4.0 9.2 0.0 1.9 0.0 0.8
30 0.0 0.3 4.0 2.1 6.0 9.0 3.0 -0.8
31 1.0 0.1 3.0 0.8 1.0 0.7 13.0 10.4
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EftIPI RICAL AND THEORETI CAL CONFUS ION MATRICES--EXPECTED VALUES

RESPONSE

0 I 2 3 4

STIMULUS
32 29.0 11.8 1.0 0.4 0.0 0.3 1.0 0.2 1.0 0.7
33 0.0 0.4 2.0 9.7 1.0 2.1 3.0 0.9 0.0 0.0
34 0.0 0.4 2.0 2.2 3.0 9.5 0.0 0.8 0.0 0.0
35 0.0 0.2 0.0 0.9 0.0 0.8 10.0 11.5 0.0 0.0
36 0.0 1.1 0.0 0.0 0.0 0.0 0.0 0.0 1.0 4.1
37 0.0 0.0 1.0 0.9 1.0 0.2 1.0 0.1 1.0 0.1
38 0.0 0.0 0.0 0.2 0.0 0.9 0.0 0.1 0.0 0.1
39 0.0 0.0 0.0 0.1 0.0 0.1 2.0 1.1 0.0 0.1
40 6.0 4.8 1.0 0.2 0.0 0.1 0.0 0.1 0.0 1.1
41 0.0 0.1 3.0 3.9 0.0 0.8 0.0 0.4 0.0 0.0
42 0.0 0.1 0.0 0.9 2.0 3.7 ·2.0 0.3 0.0 0.0
43 . 0.0 0.1 0.0 0.4 0.0 0.3 7.0 4.7 0.0 0.0
44 0.0 1.4 0.0 0.0 0.0 0.0 0.0 0.0 0.0 1.8
45 1.0 0.0 1.0 1.1 0.0 0.2 0.0 0.1 0.0 0.1
46 0.0 0.0 0.0 0.3 1.0 1.1 0.0 0.1 0.0 0.1·
47 0.0 0.0 1.0 '0.1 0.0 0.1 2.0 1.3 0.0 0.0
48 13.0 6.7 1.0 0.2 0.0 0.2 0.0 0.1 0.0 1.0.
49 0.0 0.2 0.0 5.1 0.0 1 .1 0.0 0.5 0.0 0.0
50 0.0 0.2 1.0 1.1 10.0 4.8 1.0 0.4 0.0 0.0
51 0·.0 0.1 0.0 0.5 1.0 0.4 1.0 6.2 0.0 0.0
52 5.0 2.5 0.0 0.1 0.0 0.1 0.0 0.0 1.0 5.2
53 0.0 0.1 1.0 2.1 2.0 0.4 0.0 0.2 0.0 0.2
54 0.0 0.1 0.0 0.5 ·2.0 2.0· 0.0 0.2 1.0 0.2
'5 0.0 0.0 0.0 0.2 1.0 0.2 0.0 2.5 0.0 0.1
56 9.0 4.7 1.0 0.2 0.0 0.1 0.0 0.1 0.0 0.5
57 3.0 0.1 . 2.0 3.7 0.0 0.8 1.0 0.3 0.0 0.0
58 0.0 0.1 0.0 0.8 1.0 3.6 1.0 0.3 0.0 0.0
59 0.0 0.1 0.0 0.3 0.0 0.3 2.0 4.3 0.0 0.0
60 1.0 0.7 0.0 0.0 0.0 0.0 0.0 0.0 2.0 1.4
61 0.0 0.0 0.0 0.6 0.0 0.1 0.0 0.1 0.0 O~O

62 0.0 0.0 0.0 0.1 1.0 0.6 0.0 0.0 0.0 0.0
63 0.0 0.0 0.0 0.0 0.0 0.0 1.0 0.6 0.0 0.0
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EMPIRICAL AND THEORETICAL CONFUSION MATRICES--EXPECTED VALUES

RESPONSE

6 7 8 9

STIMULUS
32 0.0 0.0 0.0 0.0 0.0 0.0 1.0 3.4 0.0 0.1
33 1-.0 0.6 0.0 0.1 0.0 0.1 0.0 0.1 1.0 2.8
34 0.0 0.1 0.0 0.5 0.0 0.0 0.0 0.1 1.0 0.6
35 0.0 0.1 0.0 0.0 1.0 0.7 0.0 0.0 0.0 0.3
36 0.0 0.1 2.0 0.1 0.0 0.1 0.0 0.7 0.0 0.0
37 3.0 3.4 0.0 0.7 0.0 0.3 0.0 0.0 0.0 0.6
38 0.0 0.8 1.0 3.3 0.0 0.3 0.0 0.0 .2.0 0.1
39 1.0 0.3 0.0 0.3_ 9.0 3.9 0.0 0.0 0.0 0.1
40 0.0 0.0 0.0 0.0 0.0 0.0 4.0 4.3 0.0 0.2
41 1.0 0.9 0.0 0.2 0.0 0.1 0.0 0.1 2.0 3.5
42 -1.0 0.2 0.0 0.9 0.0 0.1 0.0 0.1 0.0 0.8
43 0.0 0.1 0.0 0.1 3.0 1.1 0.0 0.1 1.0 0.3
44 0.0 0.1 0.0 0.1 0.0 0.0 1.0 1.8 0.0 0.1
45 0.0 1.5 I~O 0.3 1.0 0.1 0.0 0.1 1.0 1.5 .
46 - 0.0 0.3 0.0 '1.5 0.0 0.1 0.0 0.1 0.0 0.3
47 0.0 0.1 0.0 0.1 6.0 1.7 0.0 0.0 1.0 0.1
48 0.0 0.0 0.0 0.0 0.0 0.0 0.0 2.6 1.0 0.1
49 2.0 0.7 1.0 0.2 0.0 0.1 0.0 0.1 1.0 0.0
50 0.0 0.2. 1.0 0.7 0.0 0.1 0.0 0.1 2.0 0.4
51 0.0 0.1 0.0 0.1 0.0 0.9 0.0 0.0 0.0 0.2
52 1.0 0.2 1.0 0.1 0.0 0.1 0.0 0 •.7 0.0 0.0
53 2.0 4.4 1.0 0.9 0.0 0.4 0.0 0.0 0.0 0.6
54 0.0 1.0 5.0 4.1 2.0 0.3 0.0 0.0 1.0 0.1
55 1.0 0.4 0.0 0.4 - 8.0 5.2 0.0 0.0 0.0 0.1
56 0.0 0.0 0.0 0.0 0.0 0.0 3.0 5.4 0.0 0.2
57 0.0 0.4 0.0 0.1 1.0 0.0 0.0 0.2 3.0 4.3
58 0.0 0.1 0.0 0.4 0.0 0.0 0.0 0.2 0.0 1.0.
59 0.0 0.0 1.0 0.0 0.0 0.4 0.0 0.1 0.0 0.4
40 0.0 0.1 0.0 0.0 0.0 0.0 0.0 0.2 0.0 0.0
61 2.0 1.1 0.0 0.2 0.0 0.1 0.0 -0.0 1.0 0.2
62 0.0 0.3 1.0 1.1 0.0 0.1 0.0 0.0 0.0 0.0
63 1.0 0.1 0.0 0.1 0.0 1.2 0.0 0.0 0.0 0.0
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EMPIRICA~ AND THEORETICAL CONFUSION MA TRICES--EXPECTED VALUES

RESPONSE

10 II 12 13 14

STIMULUS
32 1.0 0.1 0.0 0.0 1.0 2.5 0.0 0.1 0.0 0.1
33 8.0 0.6 0.0 0.3 0.0 0.1 3.0 2.0 3.0 0.4
34 1.0 2.7 1.0 0.2 1.0 0.1 1.0 0.5 1.0 2.0
35 1.0 0.2 0.0 3.3 0.0 0.0 0.0 0.2 0.0 0.2
36 0.0 0.0 0.0 0.0 1.0 2.7 1.0 0.1 0.0 0.1
37 1.0 0.1 0.0 0.1 0.0 0.1 2.0 2.2 2.0 0.5
38 0.0 0.6 0.0 0.0 0.0 0.1 4.0 0.5 2.0 2.2
39 0.0 0.0 0.0 0.6 0.0 0.0 0.0 0.2 0.0 0.2
40 0.0 0.1 0.0 0.1. 1.0. 2.3 0.0 0.1 0.0 0.1
41 2.0 0.7 3.0 0.3 0.0 0.1 3.0 1.9 1.0 0.4
42 3.0 3.4 0.0 - 0.3 1.0 0.1 0.0 0.4 3.0 1.8
43 1.0 0.3 3.0 4.3 0.0 0.0 0.0 0.2 0.0 0.2
44 0.0 0.1 0.0 0.0 10.0 ·9.6 0.0 0.3 0.0 0.3
45 0.0 0.3 2.0 0.1 0.0 0.3 9.0 7.9 2.0 I .7
46 0.0 1.5 0.0 0.1 0.0 0.3 1.0 1.8 10.0 7.6
47 0.0 0.1 3.0 '1.7 0.0 0.1 0.0 0.7 0.0 0.6
48 0.0 0.1 0.0 0.0 1.0 0.7 0.0 0.0 0.0 0.0
49 1.0 0.4 2.0 0.2 0.0 0.0 0.0 0.6 0.0 0.1
50 1.0 1.9 0.0 0.2 0.0 0.0 1.0 0.1 0.0 0.5
51 2.0 0.2 1.0 2.5 0.0 0.0 0.0 0.1 0.0 0.0
52 0.0 . 0.0 0.0 0.0 0.0 1.3 0.0 0.0 1.0 0.0
53 1.0 0.1 1.0 0.1 0.0 0.0. 1.0 1.1 0.0 0.2
54 0.0 0.5 0.0 0.0 0.0· 0.0 2.0 0.2 2.0 I .1

" 0.0 0.0 0.0 0.7 0.0 0.0 0.0 0.1 0.0 0.1 .
56 0.0 0.2 0.0 0.1 3.0 2.4 0.0 0.1 1.0 0.1
57 1.0 0.9. 1.0 0.4 0.0 0.1 2.0 1.9 2.0 0.4
58 5.0 4.1 0.0 0.3 1.0 0.1 0.0 0.4 0.0 1.8
59 0.0 0.3 10.0 5.0 0.0 0.0 0.0 0.2 0.0 0.2
60 0.0 0.0 0.0 0.0 3.0 2.8 0.0 0.1 0.0 0.1
61 0.0 0.0 0.0 0.0 0.0 0.1 4.0 2.3 0.0 0.5
62 0.0 0.2 0.0 0.0 1.0 0.1 2.0 ~0.5 2.0 2.2
63 0.0 0.0 0.0 0.2 0.0 0.0 0.0 0.2 0.0 0.2

203



El'IPIRICAL AND THEORETICAL CONFUSION MATRICES--EXPECTED VALUES

RESPONSE

15 16 11 18 19

STIMULUS
32 1.0 0.0 0.0 1.8 0.0 0.1 0.0 0.1 0.0 O~O

33 0.0 0.2 0.0 0.1 0.0 1.5 0.0 0.3 0.0 0.1
34 0.0 0.2 0.0 0.1 0.0 0.3 1.0 1.5 0.0 0.1
35 0.0 2.4 1.0 0.0 0.0 0.1 0.0 0.1 6.0 1.8
36 0.0 0.0 0.0 0.5 0.0 0.0 0.0 0.0 0.0 0.0
31 0.0 0.2 0.0 0.0 1.0 0.4 .0.0 0.1 0.0 0.0
38 0.0 0.2 0.0 0.0 1.0 0.1 0.0 0.4 0.0 0.0
39 0.0 2.6 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.4
40 0.0 0.0 0.0 0.5- 0.0 0.0 0.0 0.0 0.0 0.0
41 0.0 0.2 0.0 0.0 0.0 0.4 0.0 0.1 0.0 0.0
42 0.0 0.1 0.0 0.0 1.0 0.1 0.0 0.4 1.0 0.0
43 ·1.0 2.3 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.5
44 0.0 0.1 0.0 0.1 1.0 0.0 0.0 0.0 0.0 0.0
45 3.0 0.1 0.0 0.0· ·1.0 0.6 0.0 0.1 0.0 0.1
46 3.0 0.6 O~O 0.0 0.0 0.1 O~O 0.5 0.0 0.0.
41 4.0 9.2 0.0 il.O 0.0 0.1 0.0 0.0 1.0 0.1
48 1.0 0.0 0.0 2.6 1.0 0.1 1.0 0.1 0.0 0.0
49 0.0 0.1 0.0 0.1 0.0 2.0 1.0 0.4 0.0 0.2
50 0.0 0.0 0.0 0.1 0.0 0.4 4.0 1.9 0.0 0.2
51 0.0 0.1 0.0 0.0 0.0 0.2 0.0 0.2 4.0 2.5
52 0.0 0.0 0.0 1.6 1.0 0.1 0.0 0.0 0.0 0.0
53 0.0 0.1 0.0 0.1 1.0 1.3. 1.0 0.3 0.0 0.1
54 0.0 0.1 1.0 0.0 . 1.0 0.3 1.0 1.2 0.0 0.1
55 0.0 1.4 0.0 0.0 0.0 0.1 0.0 0.1 1.0 1.6
56 0.0 0.0 1.0 1.9 0.0 0.1 0.0 0.1 0.0 0.0
51 0.0 0.2 1.0 0.1 0.0 1.5 1.0 . 0.3 1.0 0.1
58 0.0 0.2 0.0 0.1 0.0 0.3 0.0 1.4 0.0 0.1
59 1.0 2.2 0.0 0.0 0.0 0.1 0.0 0.1 4.0 1.1
60 0.0 0.0 0.0 0.2 0.0 0.0 0.0 0.0 0.0 0.0
61 0.0 0.2 0.0 0.0 0.0 0.2 0.0 0.0 0.0 0.0
62 0.0 0.2 0.0 0.0 0.0 0.0 0.0 -0.2 0.0 0.0
63 0.0 2.5 0.0 0.0 0.0 0.0 0.0 0.0 1.0 0.2
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EMPIRICAL AID THEORETICAL COIFUSIOI MTRICa--EXPECT!D' VALUES'

RESPONSE

20 II II 25 '24

STI"ILUB
12 0.0 0.' 0.0 0.0 0.0 0.0 0.0 0.0 . 0.0 0.7
15 0.0 0.0 0.0 0.4 0.0 0.1 1.0 0.0 0.0 0..0
14 0.0 0.0 1.0 0.1 0.0' 0.4 0.0 0.0 0.0 O~O
15 0.0 0.0. 0.0 0.0 0.0 0.0 0.0 0.4 0.0 0.0
56 0.0 0.' 0.0 0.0 0.0 0.0 0.0 0.0 0.0 1.8n 0.0 0.0 1.0 0.4 0.0 0.1 0.0 0.0 0.0 0.1
58 0.0 0.0 0.0 0.1 0.0 0.4 0.0 0.0 0.0 0.1
It 0.0 0.0 0.0 0.0 0.0 0.0 1.0 0.4 0.0 0.0
40 0.0 a.1 0.0 0.1. 0.0 0.1 0.0 0.0 1.0 1.1
41 0.0 0.1 1.0 l.t 0.0 0.4 0.0 o.a 0.0 ' 0.0
41 8:8 o·A 1.0 0.4 1.0 A·8 0.0 0.1 0.0 0.0
43 o. 0.0 o.a 0.0 .2 7.0 2.1 0.0 0.0
44 0.0 0.7 0.0 0.0 0.0 0.0 0.0 0.0 e.o 0.' .
45 0.0 0.0 a.o 0.6 0.0 0.1 1.0 0.1 o~o 0.0.. 0.0 0.0 0.0 '0.1 0.0 0.' 0.0 0.0 1.0 0.0
47 0.0 0.0 0.0 '0.1 0.•0 0.0 0.0 0.7 0.0 0.0
48 1.0 0.7 0.0 0.0 0.0 0.0 0.0 0.0 5.0 5.1
4' 0.0 0.0 1.0 0.6 0.0 0.1 0.0 0.1 0.0 0.1
50 0.'0 0.0 1.0 0.1 0.0 0.' 0.0 0.0 0.0 0.1
'I 0.0 0.0 0.0 0.1 0.0 0.0 0.0 0.7 0.0 0.0
,a 1.0 4.0 0.0 0.1 0.0 0.1 0.0 0.1 ,0.0 1.1
'5 0.0 0.1 4.0 3.4 1.0 0.7, 0.0 0.5 0.0 0.0
'4 0.0 0.1 1.0 0.7 '1.0 ' I.a 0.0 0.3 0.0 0.0

" 0.0 0.1 1.0 0.1 0.0 0.1 7.0 4.1 0.0 0.0

" 0.0 0.' 0.0 0.0 0.0 0.0 ' 0.0 0.0 6.0 7.1
57 0.0 0.0 1.0 0.7 0.0 0.2 0.0 0.1 1.0 o.a
58 0.0 0.0 1.0 o.a 0.0 0.7 1.0 0.1 0.0 o.a

" 0.0 0.0 0.0 0.1 0.0 0.1 1.0 0.9 0.0 0.1
60 0.0 0.' 0.0 0.0 0.0 0.0 0.0 0.0 0.0 1.4
61 0.0 0.0 2.0 0.4 0.0 0.1 0.0 0.0 0.0 0.0
62 0.0 0.0 0.0 0.1 0.0 0.4 0.0 0.0 0.0 0.0
63 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.4 1.0 0 ..0
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EMPIRICAL AND THEORETICAL CONFUSION MATRICES--EXPECTED VALUES

RESPONSE

30 31 32 33 34

ST! MULUS
32 0.0 0.0 0.0 0.0 46.0 40.9 0.0 1.5 0.0 1.1
33 0.0 0.0 0.0 0.0 0.0 1.3 37.0 33.5 0.0 7.1
34 0.0 0.0 0.0 0.0 0.0 1.3 6.0 7.7 47.0 32.9
35 0.0 0.0 0.0 0.0 0.0 0.5 0.0 3.2 0.0 2.8
36 0.0 0.0 0.0 0.0 2.0 5.5 0.0 0.2 0.0 0.2
37 0.0 0.0 0.0 0.0 1.0 0.2 1.0 4.5 0.0 1.0
38 0.0 0.2 0.0 0.0 0.0 0.2 3.0' 1'.0 3.0 4.5
39 0.0 0.0 ' 0.0 0.2 0.0 0.1 0.0 0.4 1.0 0.4
40 0.0 0.0 0.0 0.0, 0.0 3.9 1.0 0.1 1.0 0.1
41 0.0 0.2 0.0 O.! 0.0 0.1 4.0 3.2 1.0 0.7
42 1.0 0.7 0.0 0.1 0.0 0.1 0.0 0.7 6.0 3.0
43 ,1.0 0.1 1.0 0.9 0.0 0.1 0.0 0.3 0.0 0.3
44 1.0 0.1 0.0 0.0 0.0 0.7 1.0 0.0 0.0 0.0
45 0.0 0.6 1.0 0.2 0.0 0.0 0.0 0.6 0.0 0.1
46 1.0 2.5 3~0 0.2 0.0 0.0 0.0 0.1 1.0 0.5
47 1.0 0.2 1.0 3.1 0.0 ' 0.0 0.0 0.1 0.0 0.0
48 0.0 0.0 0.0 0.0 13.0 11.3 0.0 0.4 0.0 0.3
49 0.0 0.1 0.0 0.0 0.0 0.3 8.0 8.6 2.0 1.8
50 0.0 0.3 0.0 0.0 0.0 0.3 0.0 1.9 7.0 8.1
51 0.0 0.0 2.0 0.4 0.0 0.1 0.0 0.8 0.0 0.7
52 0.0 0.0 1.0 0.0 0.0 2.9 0.0 0.1 0.0 0.1
53 1.0 0.2 0.0 0.1 0.0 0.1 1.0 2.5 0.0 0.5
54 0.0 1.1 0.0 0.1 ,0.0 0.1 0.0 0.5 0.0 2.3
55 0.0 0.1 0.0 1.4 0.0 0.0 1.0 0.2 0.0 0.2
56 0.0 0.1 0.0 0.0 1.0 1.7 ' 0.0 0.1 0.0 0.0
57 0.0 0.4 0.0 0.2 0.0 0.0 0.0 1.3 0.0 0.3
58 1.0 2.0 1.0 0.2 0.0 0.0 2.0 0.3 1.0 1.3
59 0.0 0.2 1.0 2.4 0.0 0.0 0.0 0.1 0.0 0.1
60 0.0 0.1 0.0 0.0 0.0 0.9 0.0 0.0 0.0 0.0
61 0.0 0.5 0.0 0.2 0.0 0.0 0.0 0.8 0.0 0.,2
62 2.0 2.2 2.0 0.2 0.0 0.0 0.0 >{).2 0.0 0.7
63 0.0 0.2 2.0 2.5 0.0 0.0 0.0 0.1 0.0 0.1
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EMPIRICAL AND THEORETICAL CONFUSION ~iRICES~-EXPECTED VALUES

RESPONSE

35 36 37 38 39

STIMULUS
32 0.0 0.6 3.0 9.5 0.0 0.3 0.0 0.3 0.0 0.1
33 2.0 3.1 3.0 0.3 9.0 7.8 0.0 1.7 0.0 0.7
34 2.0 2.7 1.0 0.3 2.0 1.8 17.0 7.7 0.0 0.6
35 40.0 39.9 0.0 0.1 2.0 0.7 0.0 0.6 5.0 9.3
36 0.0 0.1 73.0 49.5 0.0 1.8 0.0 1.4 0.0 0.7
37 0.0 0.4 0.0 1.6 54.0 40.6 0.0 8.6 2.0 3.7
38 2.0 0.4 0.0 1.5 2.0 9.4 56.0 '40.g 1.0 3.4
39 11.0 5.2 0.0 0.6 4.0 3.8 2.0 3.2 23.0 46.9
40 0.0 0.1 1.0 3.0. 0.0 0.1 0.0 0.1 0.0 0.0
41 1.0 0.3 0.0 0.1 4.0 2.4 1.0 0.5 0.0 0.2
42 1.0 0.3 0.0 0.1 3.0 0.5 0.0 2.3 0.0 0.2
43 2.0 3.8 0.0 0.0 1.0 0.2 0.0 0.2 3.0 2.9
44 0.0 0.0 3.0 9.6 1.0 0.3 0.0 0.3 0.0 0.1
45 0.0 0.1 0.0 0.3 is.O 7.9 3.0 1.7 is.O 0.7
46 1.0 0.0 O~O 0.3 9.0 1.8 7.0 7.6 2.0 O.iS
47 0.0 0.7 0.0 0.1 2.0 0.7 0.0 0.6 3.0 9.2
48 0.0 0.2 1.0 4.8 1.0 0.2 0.0 0.1 0.0 0.1
49 2.0 0.8 0.0 0.1 4.0 3.7 3.0 0.8 0.0 0.3
50 1.0 0.7 0.0 0.1 0.0 0 .. 8 6.0 3.5 0.0 0.3
51 14.0 10.5 1.0 0.1 0.0 0.4 1.0 0.3 3.0 4.5
52 0.0 0.0 17.0 15.5 1.0 0.6 1.0 0.4 0.0 0.2
53 2.0 0.2 0.0 0.5 11.0 13.1 3.0 2.8 2.0 1.2
54 1.0 0.2 1.0 0.5 2.0 2.9 23.0 12.3 0.0 1.0
55 8.0 2.9 0.0 0.2 0.0 1.2 1.0 1.1 7.0 15.5
56 0.0 0.0 2.0 2.8 0.0 0.1 0.0 0.1 0.0 0.0
57 1.0 0.1 0.0 0.1 2.0 2.2 1.0 0.5 2.0 0.2
58 0.0 0.1 1.0 0.1 .1.0 0.5. 1.0 2.2 0.0 0.2
59 2.0 1.5 0.0 0.0 0.0 0.2 0.0 0.2 2.0 2.6
60 0.0 0.0 2.0 3.5 0.0 0.1 0.0 0.1 0.0 0.0
61 1.0 0.1 1.0 0.1 3.0 2.8 1.0 0.6 0.0 0.3
62 2.0 0.1 0.0 0.1 1.0 0.7 5.0 ""2.8 1.0 0.2
63 1.0 0.8 0.0 0.0 0.0 0.2 0.0 0.2 1.0 3.1
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EMPIRICAL AND THEORETlCAL CONFUSION MATRICES--EXPECTED VALUES

RESPONSE

40 41 42 43 44

STIMULUS
32 0.0 2.0 0.0 0.1 0.0 0.1 0.0 0.0 0.0 0.9
33 0.0 0.1 1.0 1.7 2.0 0.4 0.0 0.2 0.0 0.0
34 0.0 0.1 0.0 0.4 3.0 1.6 0.0 0.1 0.0 0.0
35 0.0 0.0 0.0 0.2 0.0 0.1 3.0 2.0 0.0 0.0
36 0.0 0.5 0.0 0.0 0.0 0.0 0.0 0.0 2.0 0.1
37 0.0 0.0 0.0 0.4 0.0 0.1 0.0 0.0 0.0 0.1
38 0.0 0.0 0.0 0.1 0.0 0.4 1.0 0.0 0.0 0.1
39 0.0 . 0.0 0.0 0.0 0.0 0.0 1.0 0.4 .0.0 0.0
40 38.0 42.6 0.0 1.5. 0.0 1.2 0.0 0.6 13.0 6.9
41 0.0 1.3 31.0 34.5 23.0 1.3 0.0 3.2 0.0 0.2
42 0.0 1.3 4.0 7.7 48.0 33.2 1.0 2.8 0.0 0.2
43 ·0.0 0.6 1.0 3.4 1.0 2.9 39.0 42.0 0.0 0.1
44 0.0 2.5 0.0 0.1 0.0 0.1 0.0 0.0 46.0 33.8
45 0.0 0.1 0.0 2.1 1.0 0.4 0.0 0.2 0.0 1.1
46 0.0' 0.1 O~O 0.5 4.0 2.0 1.0 0.2 0.0 1.0
47 0.0 0.0 1.0 0.2 0.0 0.2 4.0 2.4 0.0 0.4
48 0.0 0.5 0.0 0.0 0.0 0.0 0.0 0.0 0.0 1.1
49 0.0 0.0 2.0 0.4 0.0 0.1 0.0 0.0 1.0 0.0
50 0.0 0.0 0.0 0.1 0.0 0.3 0.0 0.0 0.0 0.0
51 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.4 0.0 0.0
52 0.0 .0.2 0.0 0.0 0.0 0.0 0.0 0.0 1.0 2.9
53 0.0 0.0' 1.0 0.2 0.0 0.0 0.0 0.0 0.0 0.1
54 0.0 0.0 0.0 0.0 0.0 . 0.2 0.0 0.0 1.0 0.1
55 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.2 0.0 0.0
56 12.0 12.3 0.0 0.4 0.0 0.3 0.0 0.2 3.0 3.5
51 0.0 0.4 . 1.0 9.7 4.0 2.0 0.0 0.9 0.0 0.1
58 0.0 0.4 4.0 2.2 16.0 9.4 1.0 0.8 0.0 0.1
59 0.0 0.1 0.0 0.9 0.0 0.8 8.0 II .3 0.0 0.0
60 0.0 1.2 1.0 0.0 0.0 0.0 0.0 0.0 13.0 7.5
61 0.0 0.0 1.0 0.9 1.0 0.2 0.0 0.1 0.0 0 ..2
62 0.0 0.0 0.0 0.2 1.0 0.9 1.0 4).1 1.0 0.2
63 0.0 0.0 0.0 0.1 0.0 0.1 0.0 1.0 0.0 0.1
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EMPIRICAL AND THEORETICAL CONFUSION MATRICES--EXPECTED VALUES

RESPONSE

45 46 47 48 49

STIMULUS
32 0.0 0.0 0.0 0.0 0.0 0.0 3.0 6.8 0.0 0~2
33 1.0 0.7 0.0 0.2 0.0 0.1 1.0 0.2 10.0 5.6
34 0.0 0.2 0.0 0.1 0.0 0.1 0.0 0.2 2.0 1.3
35 0.0 0.1 1.0 0.1 2.0 0.9 0.0 0.1 1.0 0.5
36 0.0 0.1 . 0.0 0.1 0.0 0.0 5.0 6.4 0.0 0.2
37 2.0 2.2 1.0 0.5 0.0 0.2 0.0 0.2 1.0 5.2
38 1.0 0.5 0.0 2.2 1.0 0.2 0.0 0.2 10.0 1.2
39 2.0 0.2 0.0 0.2 3.0 2.6 0.0 0.1 1.0 0.5
40 0.0 0.2 0.0 0.2· 0.0 0.1 1.0 1.6 0.0 0.1
41 5.0 5.6 0.0 1.2 1.0 0.5 0.0 0.0 1.0 1.3
42 0.0 1.2 2.0 5.3 0.0 0.4 0.0 0.0 0.0 0.3
43 . 1.0 0.5 0.0 0.5 8.0 6.8 0.0 0.0 1.0 0.1
44 0.0 1.2 0.0 0.9 O~O 0.5 0.0 0.9 0.0 0.0
45 22.0 28.0 4.0 5.9 2.0 2.6 0 00 0.0 1.0 0.8
46 4.0 6.3 22.0 26.9 0.0. 2.2 0.0 0.0 1.0 0.2
47 1.0 2.6 1.0 '2.2 46.0 32.3 0.0 0.0 0.0 0.1
48 0.0 0.1 0.0 0.0 0.0 0.0 .53.0 42.3 0.0 1.5
49 2.0 1.3 0.0 0.3 0.0 0.1 1.0 1.2 42.0 32.4
50 0.0 0.3 0.0 1.2 0.0 0.1 0.0 1.2 1.0 7.1
51 1.0 0.1 1.0 0.1 2.0 I ~6 0.0 0.5 2.0 3.2
52 1.0 0.1. 0.0 0.1 0.0 0.0 1.0 9.4 0.0 0.3
53 2.0 2.5 1.0 0.5 0.0 0.2· 1.0 0.3 7.0 8.0
54 1.0 0.5 1.0 2.3 . 0.0 0.2 0.0 0.3 0.0 1.1
55 1.0 0.2 2.0 0.2 2.0 2.9 1.0 0.1. 1.0 0.8
56 0.0 0.1 1.0 0.1 0.0 0.0 1.0 5.9 0.0 0.2
51 0.0 2.8· 1.0 0.6 0.0 0.3 1.0 0.2 3.0 4.6
58 1.0 0.6 2.0 2.1 0.0 0.2 0.0 0.2 4.0 1.0
59 1.0 0.3 0.0 0.2 6.0 3.3 0.0 0.1 0.0 0.4
60 0.0 0.3 0.0' 0.2 0.0 0.1 1.0 1.4 0.0 0.1
61 3.0 6.0 0.0 1.3 0.0 0.6 0.0 ~000 1.0 1.1
62 6.0 1.4 4.0 6.0 0.0 0.5 0.0 0.0 0.0 0.3
63 0.0 0.5 2.0 0.5 3.0 6.6 0.0 0.0 0.0 0.1
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EMPIRICAL AND THEORETICAL CONFUSION MATRICES--EXPECTED VALUES

RESPONSE

50 51 52 53 54

STIMULUS
32 0.0 0.2 0.0 0.1 0.0 3.6 0.0 0.1 0.0 0.1
33 0.0 1~2 1.0 0.5 0.0 0.1 2.0 3.0 0.0 0.6
34 2.0 5.5 0.0 0.5 0.0 0.1 1.0 0.7 1.0 2.9
35 0.0 0.5 10.0 6.6 0.0 0.0 2.0 0.3 1.0 0.2
36 0.0 0.2 0.0 0.1 2.0 4.6 0.0 0.2 0.0 0.1
37 7.0 1.1 0.0 0.5 0.0 0.1 0.0 3.7 0.0 'D.S
38 0.0 5.2 0.0 0.4 0.0 0.1 0.0 0.9 0.0 3.7
39 1.0 0.4 3.0 6.1 0.0 0.1 2.0 0.3 ·0.0 0.3
40 0.0 0.0 0.0 0.0 0.0 1.6 0.0 0.1 0.0 0.0
41 0.0 0.3 1.0 0.1 0.0 0.0 1.0 1.3 0.0 0.3
42 0.0 1.2 1.0 0.1 0.0 0.0 .1.0 0.3 1.0 1.2
43 0.0 0.1 2.0 1.6 0.0 0.0 1.0 0.1 0,,0 0.1
44 0.0 0.0 0.0 0.0 0.0 2.3 0.0 0.1 0,,0 0.1
45 0.0 0.2 0.0 0.1 0.0 0.1 3.0 1.9 0,,0 0.4
46 1.0 0.7 O~O 0.1 0.0 0.1 2.0 0.4 4,,0 1.8.
47 0.0 0.1 1.0 1).9 0.0 0.0 0.0 0.2 1,,0 0.2
48 0.0 1.2 0.0 0.6 2.0 6.5 1.0 0.2 1.0 0.2
49 7.0 6.9 1.0 3.0 0.0 0.2 2.0 5.0 2.0 1.1
50 41.0 30.4 0.0 2.5 0.0 0.2 2.0 1.1 4.0 4.7
51 2.0 2.7 26.0 39.3 0.0 0.1 0.0 0.5 3.0 0.4
52 0.0 0.3 0.0 0.1 40.0 25.8 0.0 0.9 0.0 0.7
53 2.0 1.7 3.0 0.7 0.0 0.8. 19.0 21.8 6.0 4.6
54 9.0 7.5 2.0 0.6 1.0 0.8 7.0 4.8 16.0 20.5
55 0.0 0.7 9.0 9.5 0.0 0.3 3.0 2.1 0.0 1.8
56 1.0 0.2 0.0 0.1 . 0.0 2.4 0.0 0.1 0.0 0.1
57 2.0 1.0 2.0 0.4 0.0 0.1 3.0 1.9 2~0 0.4
58 7.0 4.5 3.0 0.4 0.0 0.1 0.0 0.4 3~0 1.8
59 0.0 0.4 1.0 5.4 0.0 0.0 1.0 0.2 0.0 0.2
60 0.0 0.0 0.0 0.0 2.0 1.6 0.0 0.1 0.0 0.0
61 0.0 0.2 1.0 0.1 0.0 0.1 0.0 1.3 1,,0 0.3
62 2.0 1.1 0.0 0.1 0.0 0.1 1.0 "0.3 1.0 1.3
63 0.0 0.1 1.0 1.2 0.0 0.0 0.0 0.1 0.0 0.1
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EMPIRICAl. AND THEORETICAl. CONFUSION MA TRICFS-:-EXPECTED VALUES

RESPONSE

55 56 57 58 59

STIMULUS
32 0.0 0.1 I.a 0.9 0.0 0.0 0.0 0.0 0.0 0.0
33 1.0 0.3 0.0 0.0 1.0 0.7 0.0 0.2 0.0 0.1
34 0.0 0.2 0.0 0.0 0.0 0.2 0.0 0.7 0.0 0.1
35 8.0 3.5 0.0 0.0 0.0 0.1 2.0 0.1 0.0 0.9
36 0.0 0.1 1.0 2.1 0.0 0.1 0.0 0.1 0.0 0.0
37 0.0 0.3 0.0 0.1 1.• 0 . 1.7 0.0 0.4 1.0 0.2
38 1.0 0.3 1.0 0.1 0.0 0.4 0.0 . 1.7 0.0 0.1
39 13.0 . 4.3 0.0 0.0 2.0 0.2 0.0 0.1 -3.0 1.9
40 0.0 0.0 5.0 2.3 0.0 0.1 0.0 0.1 0.0 0.0
41 0.0 0.1 0.0 0.1 1.0 1.9 0.0 0.4 0.0 0.2
42 0.0 0.1 0.0 0.1 0.0 0.4 2.0 1.8 0.0 0.1
43 .3.0 1.6 0.0 0.0 0.0 0.2 0.0 0.2 2.0 2.3
44 0.0 0.0 1.0 1.4 0.0 0.0 0.0 0.0 0.0 0.0
45 0.0 0.2 0.0 0.0 0.0 I .1 1.0 0.2 1.0 0.1
46 0.0 0.2 0.0 0.0 0.0 0.3 2.0 1.1 0.0 0.1
47 0.0 2.2 0.0 0.0 0.0 0.1 0.0 0.1 1.0 1.3
48 0.0 0.1 1.0 2.9 0.0 0.1 0.0 0.1 0.0 0.0
49 0.0 0.5 0.0 0.1 0.0 2.2 1.0 0.5 0.0 0.2
50 1.0 0.4 0.0 0.1 1.0 0.5 1.0 2.1 0.0 0.2
51 9.0 6.0 0.0 0.0 I. a 0.2 1.0 0.2 6.0 2.7
52 0.0 0.4 0.0 2.5 0.0 0.1 0.0 0.1 0.0 0.0
53 0.0 2.0 0.0 0.1 0.0 2.1 3.0 0.4 0.0 0.2
54 0.0 1.7 . 0.0 0.1 0.0 0.5 . 2.0 2.0 0.0 0.2
55 23.0 25.9 0.0 0.0 0.0 0.2 1.0 0.2 5.0 2.5
56 0.0 0.0 25.0 18.9 1.0 0.7 1.0 0.5 1.0 0.3
57 0.0 0.2 0.0 0.6 II.a 14.9 5.0 3.1 0.0 1.4
58 0.0 0.2 . 0.0 0.6 2.0 3.4 9.0 14.4 1.0 1.2
59 I. a 2.2 0.0 0.2 2.0 1.4 3.0 1.2 19.0 17 .3
60 0.0 0.0 0.0 0.7 0.0 0.0 0.0 0.0 0.0 0.0
61 1.0 0.1 0.0 0.0 0.0 0.6 1.0 0.1 0.0 a0, I
62 1.0 0.1 0.0 0.0 1.0 0.1 1.0 .-.0.6 0.0 0.0
63 0.0 1.4 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.6
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EMPIRICAL AND THEORETICAL CONFUSION MATRICES--EXPECTED VALUES

RESPONSE

60 61 62

STIMULUS
32 8.0 3.9 0.0 0.1 0.0 0.1 0.0 0.1
33 0.0 0.1 1.0 3.2 1.0 0.7 0.0 0.3
34 0.0 0.1 1.0 0.7 0.0 3.1 0.0 0.3
35 1.0 0.0 1.0 0.3 0.0 0.3 4.0 3.8
36 6.0 7.1 0.0 0.3 0.0 0.2 0.0 0.1
37 1.0 0.2 5.0 5.8 4.•0 1.2 1.0 0.5
38 0.0 0.2 0.0 1.3 0.0 5.7 1.0 0.5
39 1.0 0.1 1.0 0.5 1.0 0.5· 10.0 6.7
40 18.0 8.9 1.0 0.3 1.0 0.2 1.0 0.1 .
41 0.0 0.3 2.0 7.2 1.0 1.5 0.0 0.7
42 2.0 0.3 1.0 1.6 3.0 7.0 0.0 0.6
43 .1.0 0.1 2.0 0.7 0.0 0.6 6.0 8.8
44 27.0 17.8 0.0 0.6 0.0 0.5 0.0 0.2
45 0.0 0.6 13.0 14.7' 3.0 3.1 2.0 1.4
46 1.0 . 0.5 3.0 3.3 11.0 14.2 0.0 1.2
47 2.0 0.2 1.0 1.4 0.0 1.2 15.0 17.0
48 6.0 7.5 0.0 0.3 0.0 0.2 1.0 0.1
49 0.0 0.2 4.0 5.7 0.0 1.2 0.0 0.5
50 0.0 0.2 0.0 1.2 3.0 5.4 0.0 0.4
51 1.0 0.1 1.0 0.6 0.0 0.5 15.0 6.9
52 15.0 13.0 1.0 0.5 0.0 0.4 0.0 0.2
53 1.0 0.4' 14.0 11.0 2.0 2.3 2.0 1.0
54 0.0 0.4 2.0 2.4 0.0 10.4 . 1.0 0.9
55 0.0 0.2 2.0 1.0 2.0 0.9 16.0 13.1
56 18.0 17.0 2.0 0.6 0.0 0.5 0.0 0.2
57 0.0 0.5 8.0 13.4 10.0 2.8 1.0 1.2
58 0.0 0.5 3.0 3.0 5.0 13.0 1.0 1.1
59 1.0 0.2 0.0 1.3 2.0 1.1 21.0 15.6
60 68.0 66.6 2.0 2.4 2.0 1.9 2.0 0.9
61 1.0 2.1 47.0 53.5 18.0 11.3 2.0 4.9
62 1.0 2.0 . 14.0 12.4 45.0 53.0 0.0 "4.4
63 0.0 0.8 6.0 4.7 1.0 4.0 74.0 58.1
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alternatives. This turns out to be a very naive possibility as indicated

by the goodness-of-fitmeasures presented below:

Chi-square Sum of squared deviations Correlation Sum of absolute
deviations

100,318.2 153,216.1 .0000 9165.2

ii) Assume that whenever a stimulus is presented to a subject, he gives

the correct response with probability p and a specific incorrect response

with probability (1-p)/63, i.e., uniform over the incorrect responses.

The sum of squared deviations and the chi-square values below are not

too bad, but since the.model tends to fit the diagonals well, this is

to be expected. The sum of absolute deviations measure is probably the

most reliable .indicator for a comparison to more structured models and

its value is poor even when compared with model #1.

Chi-square Sum of squared deviations Correlation Sum of absolute
deviations

30,079.2 46,914.0 .8329 5404.0

iii) Assume that whenever stimulus i is presented to a subject, he

gives the correct response with probability Pi and a specific incorrect

response with probability (1-p.)/63. Defined in this way, the diagonal
1

values of the frequency table are noVi' predicted perfectly. The models

that correspond to this "diagonal" model most closely in terms of

parameter number are those defined by one triple, one pair, and one

component act ing error- independently. However, the "best" structured

models of category #4 involving only 36 parameters do better than the

sum of absolute deviations statistic given below for this third alternative.
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Chi-square Sum of sguared deviations Correlation Sum of absolute
deviations

27,835.8 25,824.8 .9114 4828.6

In a minor way the partial inadequacy of this last conception of

the data matrix in terms of absolute deviations justifies a search for a

more structured model similar to those already discussed in this chapter.

In other words, it is not sufficient to consider one stimulus as com-

pletely unique and all other stimuli equal in their dissimilarity to

the reference geometric configuration. Alternatively, however, the

magnitudes 0:1: the other three measures of fit for this third possibility

also justify a preliminary search for a model that does incorporate

stimulus individuality in a more basic way. This search will be one of

the major subjects of the next chapter.
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CHAPTER V

5.1 INTRODUCTTON

The sections in this chapter are primarily digressions dealing

both with the basic data analysis of Chapter IV and with the theoretical

discussion in Chapters II and III. Since the topics are rather hetero-

geneous, a brief preliminary identification of each section may be

useful as a guide to the reader. Section 5.2 presents a possible

generalization of the concept of error independence to include indicator

function sets that may contain general property indicators, section 5.3

discusses an alternative extension of the idea of error independence,

and section 5.4 defines in very general terms a few decision mechanisms

that may be useful in obtaining a more adequate experimental fit.

Sections 5.5 through 5.8 all involve the actual incorporation of general

properties into the basic model. Section 5.5 is a short discussion of

"gestalt" properties, section 5.6 presents a number of statistics

pertinent to general property indicators, and section 5.8 applies a

few of these techniques to identify a number of salient general proper-

ties. A short section 5.7 is also included to generalize the concept

of a "property" to incorporate more than a "binary dimension. The

remainder of the chapter consists of a collection of even more separate

topics which deal wi-th a number of other peripheral issues. Section

5.9 is a discussion of how the property of "triangleness" may be added
,

to the basic model, and section 5.10 shows how the parameter number

required by the models in Table (2.7.1) may be reduced without seriolls1y
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affecting the adequacy of fit. The later sections are more the0retically

oriented, Section 5,11 is aninterpretati0n 0f tachistoscopic presenta-

tion, section 5,12 places distributions.upon the transition parameters

corresponding to a partition of a set of indicator functions It ' and
o

section 5,13 introduces a possible alternative approach for formalizing

the perceptual processing of geometric configurations, Sections 5,14

and 5,15 are. rather short and indicate OIl~y briefly a possible extension

of the stimulus set S and one possible interpretation of indicator

function application that may have further psychological significance,

5,2 ERROR INDEPENDENCE AND STIMULUS ADMISSIBILITY

l'he two concepts of error independence and stimulus admissibility

are central to an extension of the model. In summary, a realization of

It (It) is stimulus admissible if and only if some element of the
o 0

stimulus set S (response set S) produces that realization; the term

Herror independence 111 J on the other hand, specifies a certain num'ber of

allowable parameterizations of the transition matrix between these

stimulus admissible realizations of It and It' In other words, some
o 0

way must now be devised to reparameterize the theoretical confusion

matrix in such a way that 11 independence" between the indicators is

possible. In general, however, a strict definition of mutual statistical

independence of the observed indicators can not be used since there may

exist unrealizable sequences of It if this indicator set contains
o

general properties, Instead, the concept of mutual statistical

independence of the indicators in It is first used to define a
o
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parameterization of the "confusion" matrix between.~ realizations of

It and It' The probabilities in. this extended "confusion" ,matrix are
o 0

then truncat.ed to conform to stimulus admissible realizations .alone.

A very .simple numerical example may be the easiest way to motivate

the more technical definitions given later in this section. Suppose

that we have obtained the following estimates of the "true" transition

~ -matrices for the indicators Pi and P
j

:

;::;;
P. ; 0 1
~- [6 4]P. ; 0

~

1 .2 .8
T

;;
P

j
0 1

,..
p. 0 [9 .,]J

1 ·3 ·7
T

N ,..

Now, if all the realizations of (P.,P.) are stimulus admissible, and
~ J

,.. .rob f".':P IV

if Pi and P
j

operate error-independently in the pair (Pi,P
j
), then

the following 4 by 4 transition matrix may be obtained:

;; ...
(Pi,P

j
) ; 00 01 10 11

~ ,.,
(.6)( .1);.06 (.4)(.9);.36(Pi,P

j
) ; 00 (.6)( .9);.54 (.4)( .1);.04

01 (.6)(.3),=.18 (.6)(.7);.42 (.4)( .3);.12 (.4)(.7);.28

10 (.2) (.9);.18 (.2)( .1);.02 (.8)(.9);.72 (.8)(.1);.08

11 ( .2)(.3);.06 ( .2)(.7);·14 (.8)( .3);.24 (.8)( .7);.56
T
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Each row of probabilities in the above matrix represents. a probability

distribution .over the four observed realizations of the indicator .pair,

since all row sums equal 1.0.
... ...

However, in the event that some realizations of (P.,P.) are stimulus
l J

inadmissible, some way must be devised to redistribute the probabilities

associated with these realizations among the remaining entries. To

illustrate, suppose (0,1) is the only stimulus inadmissible realization,

and that the transition probabilities in each row are truncated to

conform to the three other possible entries. The following 3 by 3 matrix

is then obtained:

;:;:; N
(P.,P.) = 00 10 11

l J

(1\,'P
j

) = 00 .54/.94 = ·57 .36/.94 = .38 .04/.94 = .04

10 .18/.98 = .18 .72/.98 = ·73 .08/.98 = .08

11 .06/·76 = .. 08 .14/.76 .18 ·56/.76 = ·75
T

This same example is discussed at the end of the section but in a more

general form rather than in terms of specific probability values.

In order to obtain a formal definition for error dependence

(concomitant processing) a few terms must be introduced. First, let

the set It
o

,.. ,..
be denoted as (pl' ... ,Pk), and 'suppose

AI ,.,

(P. , ... ,P. )
II lr

and

are two arbitrary non-empty disjoint subsets of It that
a

empty subset of

together form a set J. A stimulus admissible realization of any nbn-
,.. ,..

I , say the subset (P. , ... , P. ), is a realization
t II la r

that is obtainable in some element of S. For instance, a stimulus
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lEadmissible realization in Example (2.2.1) would be ( ... ,0,1,0, ... )

where the first 1 specifies the presence of the left diagonal, a °for

the absence of the right diagonal, and a 1 for the .presence of symmetry

about avertic.al line. A similar definition of stimulus admissibility

exists for It .
o

The probabilistic relationship between
~ -(P. , ... ,P. ) and

J.
l

J.
r

- -- -(P. , ... ,P. )
J. l lr

will form a "true" marginal transition matrix over the subset 's stimuluB

admissible realizations; a similar matrix is defined for the probabilistic
_ "'" 'iV N

relationship between (P. , ... ,P. ) and (P. , ... ,P.). If there are t
lJ l J s J l J s... -stimulus admissible realizations for (P. , ... ,P. ), t

2
stimulus admissible

J. l lr.... ....
realizations for (P. , ... ,P. ), and the realizations are ordered in some

J l J s
fashion, these "true" trarlsition matric,!s may be written as in (5.2.1)

and (5.2.2). :For convenience, the realizations are now labeled arbi-

trarily by using a decimal rather than a binary designation.

;;; ...
)(P. , ... ,P. 1 2 t

lII lr
N .....

)(P. , .. _,Po 1
J.l lr

2

Pij

1 :: i, j :: t l

T
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1 2

2
,

Pij

1<i,j:5: t
2

T

where 1 for all i.

that together define u
2

'

Assume ui and ui' denote the realizations

Definition (5.2.1) Suppose u is the number of stimulus admissible
N N IV _

realizations for J = (P. , ... ,p. , p. , ... ,P. ), where u <: t
l
·t

2
(to

~l ~r J l J s -

avoid triviality, u > 0), and let qu 'u ' 1:5: u l ,u2 :5: u, be an arbitrary
1 2_ ~ ~ ~

entry in the transition matrix between (P. , ... _,Po ,Po , .. _,Po ) and
~l ~r J l J s

;:;; ;::; r;; -;:;;
(P. , ... ,P. 'Po , ... ,P. ).

~l ~r Jl J s
f;I PItI """ rWI

for (P. , ... ,P. ) and (P. , ... ,P. ) that together define ul' and,
~l ~r J l J s

;;:;. N
similarly, u

2
' and u2' denote the realizations of (P. , ... ,P. ) and

. ~l ~r- ~The subsets (P. , ... ,P. ) and
~l ~r

are then defined to be error independent in J if and only

if

u

PUI I. Uff

1 ' 2

L
(x,y) 1
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The symbol "
u
E " designates a summation over all stimulus admissible

(x,y)=l

entries in the row corresponding to u
l

'

(Whenever the context prevents ambiguity, the phrase "transition matrix
_ _ N _ _ _ N N

from (p, , ... , P, ,p. '0'" P, ) to (P. > ... , P. , p. , ... , p. )" will now
II lr J 1 J s II lr J 1 J s- - - -be shortened to read: "transition matrix for (P. , ... ,Po ,P, , ... ,P. )".)

. II lr J l J s

Example (5.2.1) Suppose that somehow we have ,obtained the following

two Htrue" transition matrices ~

°<Pdq. < 1- 1 l-

O<p"q.<l
- J J-

The following 3 by 3 transition matrix may then be obtained by
~ ~

using (5,2.3) if both the realization (0,1) for the pair (P.(s),P.(s))
l J- ...,

is stimulus inadmissible, and P. and Po operate error-independently in
l J

N ;v
(Pi,P.) = 00

(Pi,Fj ) = 00 (l~P)(l-Pj)/dl

01 (1-Pi)qj/d2

11 qiq/d3

01

(l-PilP/dl

(l-Pi ) (l-qj) /d2

qi(1-qj)/d
3
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PiP/dl

Pi(1-qj)/d2

(1-qi)(1-qj)/d
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where = (l-p~)(l-pJ + (l-p.)p. + Pl.PJ'
1 J 1 J

(l-p.)q, + (l-p.)(l-q.) + p.(l-q.)
1 J 1 J 1 J

ql,qJ' + q.(l-q.) + (l-q.)(l-q.)
1 J 1 J

This example illustrates the difference between the statistical

definition of independence and the general meaning that error independence

has in this thesis. The two do not coincide in general except when all

realizations of the subset J are stimulus admissible.

A deeper understanding of the concept of error independence may be

obtained by discussing a few elementary properties implied by Definition

denotes a normalization

J k be non-empty disjointof notion, let J.,J., and
1 J

symbol [JiJ

For purposes(5.2.1) .

subsets of It ' and suppose that the
o

of the transition matrix for the set of indicators J. to conform to all
1

stimulus admissible realizations of J .• In other words, each probability
1

in the transition matrix for the set J. is divided by the sum of probabil
1

ities in the appropriate row that are associated with stimulus admissible

entries. Similarly, the symbol [Ji,JjJ will denote a normalization of

the transition matrix for the set of indicators (J.,J.), where the
1 J

entries in the unnormalized matrix are obtained by multiplying the

appropriace entries in the lower order transition matrices for J. and
1

T A symbol such as [J., [J.J] will designate a normalization of thec j . 1 J

transition matrix between all realizations of (J'.,J.) except between
1 J

those realizations that contain an unrealizable sequence for J.. Now,
J

using this type of notation, the following representative properties

may be derived easily:
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,
(a) [[J.JJ = [Ji]

l

(b) [Ji,Jj ] = [Jj,Ji ]

(c) [Ji,Jj ] [[J
i
], [J

j
] ]

( d) [Ji,Jj ] [J
i

, [J "1. J J
J

(e) [Ji,J-j ,Jk ] = [Ji' [Jj,JkJJ = [[J.], [Jj,JkJJ [[ J i], [J .J, [J
k

]]
l J

[Ji,Jj,Jk ] [Jj' [Ji,Jk]] = [ [Jj ], [Ji,J-
k

] ]

Property (a) implies that Once a normalizacion is performed, a second

normalization is unnecessary. The relation in (b) is some sort of

"commutative"property, whereas (c), (d), and (e) are all simple variants

on a single characteristic, namely, the order of normalization has no

effect upon the final transition matrix.

Whenever stimulus inadmissible realizations are possible, the

theoretical "true" transition matrices are unobtainable by merely

collapsing over all'the irrelevant rows and columns. The problem

becomes one of reparameterization rather than of factoring a joint

distribution by means of its marginal distributions. Given the "true"

transition matrix corresponding to the indicators in a set J and an

assumption of error independence within some partition, the problem

is to find the "true" transition matrices of lower order so that a

condition similar to (5.2.3) is satisfied. The extension of this error

independence idea to three or more subsets is direct. To illustrate, if

three subsets form the partition for J, then three "true" transition ma-

trices are defined, and the entries in the transition matrix corresponding

to the whole set J would be a product of three probabilities normalized in

a manner identical to (5.2.3). Whenever equation (5.2.3) is mentioned in
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the remainder of thi~ thesis, this more general interpretation of the

defini.tionis automatically assumed.

In summary,concomitant processing of non-empty subsets of indica-

tor functions that partition JC:I
t

will be defined to occur whenever
o

the subsets are not error independent with respect to J. Alternatively,

individual processing Occurs whenev~r the non-empty subsets in the

partition~ error independent.

The whole basic approach taken in this thesis may be restated.

First, the theoretical transition matrix for the set It is reparameter
o

ized according to some model of error independence and dependence. The

empirical transition matrix for It is then assumed to be an estimate
o

of the "true" transition table from which all the parameters in the

lower order transition matrices may be estimated. In other words, a

specification of individual and concomitant processing is first defined

and then a representation for the transition matrix that corresponds to

It is obtained which has a reduced set of parameters.
o

5.3 MINIMUM DISTANCE TECHNIQUES.

Even though it is mathematically convenient to suppose that indica-

tors are reapplied whenever a realization occurs that is inconsistent,

this statement may be considered by some theorists to be psychologically

unrealistic. A different "renorming" procedure similar to (5.2.3) which

is not open to this criticism may be obtained from an approach to be

developed further in Chapter VI. The basic idea is now merely indicated

in terms of Example (5.3.1).
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Example (5.3.1) In Example (5.2.1) the following two "true" transition

matrices for - -Pi and P
j

were given:
I

-P.
l °<p.,C[.<1

- 1 ·1- .

7<>

P. = ° 1

- 1"p. = ° ,]J

l-C[~ °<.p.,C[. < 1
1 C[j

- J J

','T'

- -The transition matrix for (P.,P.) was then obtained by using (5.2.3) and
l J

assuming that (0,1) ~as a stimulusin~dffiissible realization. A somewhat

different matrix will now be derived in a way that does not imply a
_.N _.;'.')'>

reapplication of (P.,P.) whenever the realization (0,1) occurs.
l J .

For purposes of illustration, a very simple distance function C on
;_ AJ'.

pairs of realizations for (P., P .) will be defined by the number of
l J

inconsistencies in components, e.g.,

C( (0,0),.(0,0) ) °
C( (0,1), (1,0) ) = 2

C( (0,1),(0,0) ) -. 1

Suppose that when a stimulus is presented, a member of the set of A!l

possible realizations, inadmissible or not, is obtained. The final

response is then selected from the admissible set of realizations by
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minimizing the distance to the obtained realization. As an example of

the necessary calculations, consider the first row of the transition

'" -matrix for(P .,P.):
1 J

p( 00 response 00 stimulus) (l-p.)(l-p.)
1 J

p( 01 response 00 stimulus: ) (l-Pi)Pj

p( 10 response 00 stimulus ) Pi(l-Pj)

p( 11 response 00 stimulus ) ~ PiPj

If( 0,1) was the theoretically required response, there are two possible

stimulus admissible realizations that are a distance of one away from

(0,1), i.e., the realizations (0,0) and (1,1). Let the responses be

divided equally between (0,0) and (1,1) whenever (0,1) occurs, then

1
p( 00 response 00 stimulus) (l-p.)(l-p.) + 2(1-p.)p.

1 J 1 J

p( 10 response 00 stimulus) ~ p.(l-p.)
1 J l

p( 11 response 00 stimulus) ~ PiPj + 2(1-Pi)Pj

Now, <because the transition matrix obtained by using this technique

differs from the results in Example (5.2.1), an empirical question could

be formulated as to the adequacy of either assumption. This comparison

will not be discussed in any great detail in this thesis, however, since

such an investigation is a major undertaking by itself.

It should be noticed that the renorming procedure (5.2.3) has one

nice property that is lacking in the minimum distance technique. Assume

It is decomposable into three subsets J
l

, J
2

, and J
3

. Whenever stimulus
o

inadmissible realizations are possible and the truncation equation

(5.2.3) is applied, the order in which the sub-transition matrices are
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actually obtained makes no difference in the probabilities: for the final

transition matrix. In other words, the matrix for (3
1
,3

2
) may be

obtained first and then the final matrix for ("(3
1
,3

2
),J

3
), or similarly,

the matrix for (3
2

,3
3

) may be obtained first and then the final matrix

for (3
1

, (J
2

,3
3
». Since the order of operation does make a difference

if the minimum distance technique is used, the only realistic way to

proceed in this case is to calculate the transition matrix for all

stimulus admissible and inadmissible realizations of It and then apply
o

the minimum distance methodtC> reduce the transition matrix to stimulus

admissible entries.

ThE' two methods for dealing with inadmissible sequences exemplified

in Examples (5.2 .1) and (5.3.1) are rather different procedures attempting

to define perceptual.independence for cQ,related dimensions (indicator

functions in It)' Even though this problem has also been stated in
o

the literature, the solutions and explanations so far appear to be

rather ad hoc (Garner, 1962; Miller and Nicely, 1956),

5.4 DECISION MECFA1'HSMS

The actual specification ofa final decision mechanism in an

experimental model is obviously dependent upon the assigned task. But

at this point it usually wHlbe sufficient to assume that thismechanism

is merely a deterministic function f
t

" on the outcomes of the indicators

in the set I , Where the range of f. is the set of all possible response
t t

alternatives. It would be possible to define a distribution over all

such possible deterministic funetionswhich itself dependedl1pon
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That is,

parameters distributed according to individual differences, but this

added complexity is initially unwarranted.

The model presented above for the task t and the assumption of a
o

deterministic decision function f
t

incorporates most of the visual
o

processing problems into mechanisms that "precede" the final decision

stage. For instance, the manner in which inadmissible sequences are

handled in the renorming equat ion (5.203)., implie s the rather strong

statement that a subject may hold wrong information regarding a stimulus

but never inconsistent information, i.e., when an inconsistency develops

in a sequence of realizations" a resample of the indicator functions is

taken until a consistent result occurs. The assumption of a determinis-

tic function f
t

in the final decision stage also tacitily assumed that
o

the set It is sufficient for the task,i.e., any stimulus admissible
o

realization of It corresponds to only one possible response. If this
o

is not the case, then even ih,the i~errorlessl~ situation some random

mechanism must be incorporated into the final decision stage that chooses

among all the possible response alternatives that are consistent with

the observed realization of It .
o

The problem of It being inadequate for the task is fairly easy to
o

handle by a simple modification of the function ft' Suppose S is the
o

set of all stimulus situations and SE ~ Cal"" ,se) is the set of all

equivalence classes of S defined by the set of indicator functions It
,0

s.,s. C S are members of the same equivalence class if and
1 J

only if they are indistinguishable in terms of the set It' Since the
o
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previous deterministic function f t can now select only.a~ of possible
o

responses ,the most natural additional assumption is for a random member

of the selected equivalence class to be given as the final response.

This refinement of f
t

may be disregarded for the present, however,
o

since the experimental task t discussed in this thesis is supposed to
o

have an associated indicator function set It that is already sufficient
o

for the task.

It has been implicitly assumed up to now that the Perceptual process

itself provides a potential response that is translated immediately by

the subjected into an actual response. The assumption of a deterministic

decision function f
t

is thus very natural in the formulation of the
o

model. Nevertheless, a much more comprehensive probabilistic modifica-

tion of the function f t could be made which incorporates both the
o

deterministic function f
t

and the simple random selection modification
o

discussed in the last paragraph.

Suppose the potential responses form the column elements of a

confusion matrix D, but corresponding to each potential response, there

exists another probability distribution over the elements in the actual

response set that governs the final response. This second or final set

of distributions may be defined by a "confusion" matrix F similar to D,

where the rows of F correspond to potential responses and the columns

of F correspond to actual responses. A deterministic function f
t

in
o

this general framework would be defined by a matrix F containing only

ones and zeros, the ones usually assumed to be along the main diagonal.
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Likewise, the matrix F in the case where It is inadequate for the task
o

has rows of F corresponding to equivalence classes in SE·and 'columns of

F corresponding to all elements in the actual response set. The row in

F associated with s. would then define a uniform distribution over theJ .

elements in the actual response set that now correspond to elements in

the equivalence class s ..
J

The final confusion matrix for the task t in both of these cases
o

discussed above, as well as for a general matrix F, is given by the

matrix product DF. This type of decision structure could be of general

importance in the analysis of experimental data whenever problems of

orientation occur in the final response.

5.5 GESTALT PROPERTIES

The approach to the visual processing of geometrical configurations

presented in this chapter has assumed the possible existence of some

set of general property indicators that a subject may use in the comple-

tion of a perceptual task. As mentioned later in this section, these

general property indicators may be interpreted as first providing a

scan of the stimulus for salient features, or, alternatively, defining

a consistent set of stimuli for the subject, each of which could be

given as a possible "response" if processing were to terminate at this

initial scanning stage. In most instances, however,. this consistent

set must be processed in more detail by the basis indicator functions

before a final response is actually made.

There are essentially two types of Gestalt properties considered

operative: global properties and component dependent properties. Global
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properties are handled by general property indicator functions and are

not dependent on specific components or basis elements. They are much

more numerous and general than component dependent properties, and,

consequently, are rather difficult to incorporate into any !!; priori

specification of a model. For instance, a hidden triangle in a geometric

configuration is one property that may have apparent importance only

after data had been obtained and analyzed from some experimental task.

On the other hand, properties dependent upon specific components are

the easiest to investigate and may be represented by clusters of basis

components similar to those already assumed in the models of Table

If general properties Pa,Pb , ... are considered operative in the

eICperimental task t , the sim]?le model of Chapter II obviously must be
o

extended. For initial simplicity, it will be assumed that the general

property indicators are dependent upon one another, an assumption that

may be modified by using independence considerations to reparameterize

che transition matrix for general properties. The term "dependence",

as it is used here, merely implies that no error-independent partition

of the set of general properties exists .
.. N

Suppose (pa' P
b
,· .. ) is the set of general property indicators and.. ..

let (b
l

, ... ,b6) be the set of basis indicators. .. -Within the set (Pa,Pb , ... )

the indicators are now assumed to operate dependently, but no general

- -assumption is made about the independence within (b
l

, ... ,b
6

). If the
Nf"o# . . .. #\11 N

set (Pa,Pb , ... ) is postulated to operate independently of (b
l

, ... ,b6),

then by using (5.2.3) the theoretical stimulus by response matrix may
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be directly obtained. However, a more realistic approach discussed

below is to consider (pa'Pb, ..• ) and (bl ,··· '];6) as operating dependently

and to model the dependence explicitly.

Intuitively, the general property indicators will be assumed to

operate as perceptual "pre-processors" for any stimulus presented to

a subject. Whenever the set of general property indicators is applied

to some stimulus s, a set of possible responses is defined, each of

which is consistent with that specific realization. The final response

is then made according to the probabilities associated with each possible

response in the consistent set as defined by the basis indicator

- -functions alone. For instance, let Pa'Pb be the indicators for

horizontal and vertical symmetry, respectively, with the joint transition

table.

;:;; 13
( 0,1) (1,0)(Pa'Pb ) = (0,0) (1,1)

('pa,Pb ) = (0,0) PI P2 P3 l-p -p -p
1 2 3

(0,1) P4 P5 P6 I-P4-P5-P6

(1,0) P7 Ps P9 I-P7-PS-P9

(1,1) PlO Pn P12 I-PlO-Pn-P12
T

. Suppose stimulus seven is presented to the subject, i.e., the second

configuration in figUre (2.2a). The probability for a correct identi-

fication is

233



where the p. 0 are entries in the "true" transition matrix corresponding
. lJ

to the basis indicators and A = (j I stimulus j is symmetric about a

vertical line but not symmetric about a horizontal line). (If (5.2.3)

had been applied, the denominator would involve a much more complicated

sum, but the numerator would be identical.)

The general property indicators when considered as a pre-p~ocessor

are first supposed to "notice" general features of the stimulus. After

such an initial familiarization, the perceptual process then works in a

more detailed manner with the aid of the basis random variables. In

effect, once the general property indicators have been applied, the set

of "stimulus admissible" realizations for the basis indicators is

limited. And, therefore, the probabilities for the response alternatives

that are still consistent with the obtained realization of the general

property indicators must be renormed according to (5.2.3). The relative

importance of these two stages of processing will obviously be defined

by the task proposed to· the subject, but it is entirely possible that

the detailed processing in terms of the basis elements could be dispensed

with completely. In the experimental setting discussed in Chapter IV,

however, the actual drawing of the perceived figure was required.

Consequently, the basis indicator functions are of major importance, and

the inclusion of the general property indicators could conceivably

contribute very little to an adequate explanation of the data. (The

existence of such two-stage visual processing is well documented in

the literature (Hebb, 1949).) Now, if the parameter c of equation

(2.7.1) is no longer assumed identically equal to zero, an expression
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for the probabilities in the confusion matrix containing the parameter·

c may also be obtained, i.e.,

{

C(l-d) + cd/64 +
entry (l,j) =

cd/64 + (l-c)p!.
lJ

(l-c)Plj for j = 0

for j -I 0

(The probabilities p!. in the expression above are defined in the same. lJ

manner as the probability P77 in equation (5.5.1).) Even though it

would be useful to investigate this most general parameterization

directly, it is an enOrmous computational problem to obtain the

necessary parameter estimates When either c -I 0 or the general property

indicator functions are included. In fact, because analytic solutions

have not been derived and numerical procedures are required, the

investigation of such general formalizations is rather limited in this

dissertation.

5.6 STNTrSTICS WOR THE STRENGTH OF INDICATOR ASSOCIATION

The techniques and statistics presented in Chapter III were all

methods for comparing two complete models. For purposes of extending

the models, however, it is also useful to define a number of measures

that could pertain even to the transition matrix for a cluster of

general property indicator functions.
N

First of all, let P be an
x

indicator function for some property x defined on the set S of all
...

stimulus situations, and let P refer to an observed indicator functiony

for some possibly different property y. The frequency matrix in (5.6.1)

or a normalized variant in (5.6.2) will be used to relate these two

furlctions. The frequency matrix can be obtained from the complete
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empirical confusion matrix by collapsing over all irrelevant rows and

columns, while the normalization requires an additional division of

each frequency by the total number of r~sponses in the whole table. To

illustrate, the term mOO in (5.6.1) represents the number of observations

that have an absence of property x in the presented stimulus and an

absence of property y in the response; the corresponding entry in

'"p = 0 1 row sums

N rmOO

P 0

ill"J mOO+mOlx
(5.6.1)

1 mlO
m

n mlO~l

column sums: mOO+mlO mOl+mll
total cases: mOO+mlO+mOl+mll

-;;
p = 0 1 row sums

y
<V

P = 0
[ '00 '''1 POO+POIx

'(5·6.2)
1 PIO Pn PlO+Pn

column sums: POO+PIO POl+Pll

Either of the two matrices above provides the necessary data to

estimate the strength of association between a specified stimulus

property and the presence or absence of another property in the response.

If x = y, the matrices may be used to define a measure of cue or property

saliency, and if x f y, they provide a means for estimating the associa-
N

tion or non-independence of P
x

;;;
and P •

Y
It should be noted that

and (5.6.2) are not in general "true" transition matrices as given in



(2.6.2), but will be merely a way of defining certain statistics that

operate as heuristics in investigating the lack-of-fit to theoretical

predictions.

A number of possible association measures pertaining to the matrix

(5.6.1) are given in (5.6.3), (5.6.4) and (5.6.5). In each case, the

value of the statistic will increase with increasing association.

i) Pearson normalized index of mean square contingency (corrected

M

for continuity) :
1

«mOO+mOl)(mlO+mll)(mOO+mlO)(mOl+mll))2

The expression ~ is asymptotically chi-square with one degree of freedom.

ii) Goodman-Kruskal A:

The A statistic identifies association with predictive association, and

specifies the reduction in the error of theoretically assigning a response

category when the stimulus category is known.

iii) Information-theoretic coefficient of constraint:

c ~ «POO+P01)lOg(POO+POl) + (PIO+Pll)log(PlO+Pll)

+ (POO+PIO)log(POO+PlO) + (P01+Pll)log(P01+Pll) (5.6.6)

1 1

- L L p .. logp. ,)/«POO+PIO)log(POO+PlO) + (POl+Pn)lOg(POl+Pll))
i~O j~O lJ lJ
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The extension of these statistics to larger matrices is very direct.
~ N

First, suppose (P. , ... ,P. ) is some set of indicator functions for
~l ~r

stimulus elements in set S with u stimulus admissible realizations.

Similarily, let (~. , .•. ,~. ) be a possibly different set of observed
J l J s

indicator functions with v admissible realizations. The general fre~uency

matrix analogous to the 2 by 2 matrix in (5.6.2) is given in (5.6.6).

The realizations corresponding to the two clusters are now labeled

arbitrarily from 1 to u and from 1 to v along the rows and columns,

respectively.

~ '"(P. , ... ,P. )
J l J s

(1"'. , ... ,P.) 1
~l ~r

1 2 ... v

2

u

The association measures corresponding to the 2 by 2 matrix are

generalized to this larger matrix in (5.6.7) through (5.6.9).

Pearson normalized index of
1
2

(u-l),(v-l) )

mean s~uare contingency:
1
2

) / N min (
un:

i=l
M=

i)

Ln..
i ~J

I: n ..
. ~J
J
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ii) Goodman-Kruskal.A:

A=
u
L max nij
i=l j

N ~ max
j

) - max
j

iii) Information-theoretic coefficient of constraint:

c
u

(.I:
i=l

(
v

I:
j=l

n ..
lJ

log (
v

1:
J=l

N N

v u u

I: I: n .. log ( I: n .. ) ) -
j=l i=l lJ i=l lJ

(5·6.9)

N N

u v v u u

I: I: n .. log (n ..;/N))/(E ( E n .. log ( E n .. ) ) )
lJ lJ lJ lJ

i=l j=l j=l i=l i=l

N

N N

Besides functioning in a he~ristic procedure for examining the

cluster independence assumed in Table (2.7.1), these association measures

may also indicate problems in the experimental specification of the

indicator function set It' If some property is shown to be very salient,
o

then either it should be included in the set It or its saliency must be
o

explained by the effect of the indicator functions already present in It
o
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After saliency has been recognized, at least two alternatives are

possible for finally deciding whether or not to include the indicator

function in the set It. First, goodness-of-fit values for some specific
o

model with and without the extra property indicator may be compared. If

the increase in fit is substantial, then the addition of the indicator

to the set \ is warranted.
o

theoretical frequency matrix

Secondly, a large difference between the

-for the excluded indicator function P. and
l

the empirical frequency matrix for P. would again support a decision to
l

include Pi in It .
o

frequency matrices

~

For example, let P. have the theoretical and empirical
l

given in (5.6.10) and (5.6.11), respectively.

'"P. = 0 1
l

" "0 mOO mOl

'" "-1 m
lO

m
ll

""P. = 0 1
l

0 fmoo mOl

1
LmlO

mll

(5·6.11)

A possible measure of discrepancy between these two transition matrices

is again a chi-square statistic but with two degrees of freedom:

1

= ~
i=O

t
J=O
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The various statistical techniques presented in Chapter III as

well as those in this section should be viewed more as heuristic

procedures rather than as definitive methods for giving ".05" levels

of significance. In fact, tests of significance are not really necessary

in the course of the analysis since the magnitude of the statistics

alone is enough to point out inadequate fit and troublesome assumptions.

The statistical procedures should.be considered as methods for improving

model adequacy through the modification of assumptions rather than for

showing the superiority of one hypothesis over another alternative in

some flaIl or none li fashion.

Due to their rather wide applicability, the information measures

defined in (5.6.6) and (5.6.9) have become very popular in the psychological

literature of the last twenty years. Consequently, even though the general

techniques of uncertainty analysis will not be used to any great extent

in this dissertation, at least one interesting comment from this point of

view is justified. For the models presented in Table (2.7.1), the error

independence of any two clusters of indicator functions implies indepen

dence in an information-theoretic sense as well. In fact, whenever

x 1 y the measures of association defined in (5.6.6) and (5.6.9) may be

interpreted as measures of channel "cross-talk". The proof of this

independence result is tedious but very straightforward once we assume

the technical requirement that each stimulus is presented the same

number of times.
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5.7 PROPERTIES WITH MORE THAN TWO DIMENSIONS

As mentioned in Chapter II, the defining characteristic for each

property set P may be represented in terms of a Boolean function of the
x

basis elements. A similar representation for certain "properties" that

have more than two values may also be made, since each cluster of indicator

functions defines a "dimension" having a specific' number of stimulus

admissible realizations. Because of this result., the limitation of the

discussion in Chapters II and III to the simpler binary-valued property

indicator functions was done for convenience rather than for theoretical

necessity.

Example (5.7.1) Since each element in S is made up of a specific number

of basis elements, a m+l valued dimension is automatically defined on

which element in S can be uniquely placed. More specifically, if

'" '" '"P
O

,Pl "",P6 are the binary-v~lued indicator functions for 0,1, ... ,6
~ '"basis elements, respectively, the complete cluster (Po, ... ,P6) has 7

admissible values and may be used to represent the "property" f(x)

defined in (5.7.1):

for each s E: S,

6 if s is represented by all six basis elements

5 if s is represented by five basis elements

f(s) = (5.7.1)

o if s is represented by the empty set of basis
elements
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5.8 GENERAL PROPERTY INDICATORS

The incorporation of a perceptual pre-processor into tne basic

model must be preceded by some procedure that identifies what salient

2
6

properties should be considered. But since there are 2 possible

properties that theoretically could be used, thi.s selection must be

based on an intuitive criterion rather than on an exhaustive search of

all possible alternatives.

Because the various" symmetries" have been traditionally used to

identify geometrical configurations that have a good "gestalt", a

discussion of these properties seems a very appropriate place to begin.

Obviously, the set of symmetries considered below does not exhaust all

the possible "permutation" groups of the four vertices of the square,

but the set probably does include, in some intuitive sense, most of the

symmetry properties that could be assumed to aid in the recognition of

the experimental figures. The discussion below first presents a certain

type of symmetry and then compares the empirical frequency matrix obtained

from the deleted data with the theoretical frequency matrix obtained by

using model 182. In particular, along with three measures of associa-

tion for each empirical frequency matrix--the coefficient of constraint,

the Pearson normalized mean square contingency index, and the Go6dman-

Kruskal lamda--a chi-square value is calculated that indicates the

actual discrepancy between the empirical and the theoretical frequency

matrices. In cases where there is a problem in defining whether a

"blank" stimulus should be included in a group of symmetric figures, two

sets of matrices are presented: the first set assumes the "blank"



stimulus is contained within the symmetric group and the ·second set of

matrices excludes the "blank" stimulus from consideration altogether.

It should be kept in mind that neither the theoretical nor. empirical

matrices given below conform in general to "true" matrices as defined

in Chapter II, but are to be interpreted only as information that could

be of some heuristic help in developing a more general model.

a) -Let P be the indicator for symmetry about either a horizontal or
a

a vertical axis.

Empirical with ublank lf stimulus Theoretical with "blank" stimulus

". ;;
P = 0 1 P = 0 1a a

~

["'" 4"J
,. r3434 wsJP 0 P 0a a

1 435 1913 1 601 1747
L

Coefficient of constraint: .380

Pearson index: .690

Lambda: .617

Discrepancy chi-square: 61.9

Empirical excluding "blank" stimulus Theoretical excluding "blank" stimulus

;;;
P = 0a

N

r"P 0
a

1 432

;;;
1 P = 0

a
~

',,,] P = 0 ~,y,a

1816 1 594

1

48
5J

1654

Coefficient of constraint: .372

Pearson index: .682

Lambda: .603

Discrepancy chi-square: 59.9
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b) -Let Pb be the indicator for symmetry about both a horizontal and a

vert ical axis.

. Empirical with "blank" stimulus Theoretical with "blank" stimulus

N :;;;
P = 0 1 P = 0 1
b b

~

t8~ 58,] - o [,,>< 547JPb = P
b

1 231 555 1 273 513

Coefficient of constraint: .203

Pearson index: .509

Lambda: .283

Discrepancy chi-square: 13.5

Empirical excluding "blank" stimulus Theoretical excluding "blank" stimulus

... ;:;;
Pb = 0 1 P = 0 1

b- LBO' 58
1J - 0[">< "''J

P
b 0 P

b =

1 227 459 1 259 427

Coefficient of constraint: .180

Pearson index: .470

Lambda: .221

Discrepancy chi-square: 10.0

c) -Let P be the indicator for stimuli invariant under a rotation of
c

180 degrees.

Empirical with "blank" stimulus Theoretical with "blank" stimulus

"N -;::;
P = 0 1 P = 0 1

c

°t''"- -P 0 ~7," 9%]
P

'~Jc c

1 441 1130 1 441 1130

245



Coefficient of constraint: .164,

Pearson index: .466

Lambda: .325

Discrepancy chi-square: .00

Because of the way in which model 182 is defined, the obtained frequency

matrix with ,the "blank" stimulus included in the symmetric group is

predicted perfectly. This same result holds true in (d) and (f) below.

Empirical excluding "blank" stimulus Theoretical excluding "blank" stimulus

'"P = 0
c

~ [3706P 0
c

1 440

1

990l
1031J

N
P = 0

c
~

~7%P = 0
c

1 443

1

990J
1038

Coefficient of constraint: .150

Pearson index: .445

Lambda: .292

Discrepancy chi-square: .18

d) Let P
d

be the indicator for symmetry about both diagonals.

Empirical with "blank" stimulus Theoretical with "blank" stimulus.. N
Pd = 0 1 P = 0 1

d
~

cO [4779 1'd 0 0 [4579P
d ~oJ 900J

1 150 638 1 150 638

Coefficient of constraint: .189

Pearson index: .497

Lambda: .317

Discrepancy chi-square: .00
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Empirical excluding "blank" stimulus Theoretical excluding "blank" stimulus

N ~

P = 0 1 P- = 0 1
d C1-

cO [4579 ~J
- ~579P

d
P

d = 0 9O~
1 149 539 1 140 548

Coefficient of constraint: 0162

Pearson index: .461

Lambda: .271

Discrepancy chi-square: .69

e) -Let P be the indicator for stimuli invarient under a rotation
e

through 90 degrees.

Empirical with "blank" stimulus Theoretical with "blank" stimulus

~ '"P = 0 1 P = 0 1
e e

~

~Z(4 599J
~

'7~]P 0 P = 0 ~3%e e

1 60 334 1 104 290

Coefficient of constraint: .203

Pearson index: .509

Lambda: .294

Discrepancy chi-square: 58.0

Empirical excluding "blank" stimulus 'T'heoretical excluding "blank" stimulus

'" '"P = 0 1 P ~, 0 1
e e

"" ~"4 - [,,% "I9J
P = 0 599J P 0

e e

1 51- 238 1 89 205,>

Coefficient of constraint: .152

'Pearson index: .440

Discrepancy chi-square: 50.2



Lambda: ,217

f)
...

Let P
f

be the indicator for stimuli symmetric about at least one

diagonaL

Empirical with "blank" stimulus Theoretical with "blank" stimulus

~ -P = 0 1 P = 0 1
f f

~ -P
f o ~'93 '''~

Pf ~t393 ""J1 534 1821 1 534 1821

Coefficient of constraint: ,105

Pearson index: ,374

Lambda: ,299

Discrepancy chi-square: ,00

Empirical excluding "blank" stimulus Theoretical excluding "blank" stimulus

'" -P
f = 0 1 P = 0 1

f
~

~393
~

""JPf = 0

"~
P

f =
o ~393

1 533 1722 1 526 1729

Coefficient of constraint: ,099

Pearson index: ,362

Lambda: ,299

Discrepancy chi-square: ,12

- -The two indicators P and P in the above list are obviously the "best"
a e

possibilities for salient general properties thus far, It is still

possible, however, to find other binary-valued properties that appear

to be even more salient, at least in terms of the discrepancy chi-square

measure:
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g)
~

Let P be the indicator function for the presence or absence of a
g

triangle. To illustrate how the inclusion or exclusion of the "blank"

stimulus makes little difference when there is no ambiguity in its

categorization, the two matrices that correspond to both the inclusion

and the exclusion of the "blank" stimulus are given "below.

Empirical with "blank" stimulus Theoretical with "blank" stimulus

"'"P = 0 1 P = 0 1g . g

'"
o 0 ~573 3wJ

~

C58
'

P P = 0 '9'Jg g

1 121 271 1 235 157

Coefficient of constraint.: .253

Pearson index: .538

Lambda: .261

Discrepancy chi-square: 139.5

Empirical excluding "blank" stimulus Theoretical excluding "blank" stimulus

:::; -P = 0 1 P = 0 1
g g

C
473

N

[,~o '9'JP 0

3
WJ P 0g g

1 121 271 1 235 157

Coefficient of constraint: .252

Pearson index: .537

Lambda: .261

Discrepancy chi-square: 139.5

As discussed in section 5.7, it is also possible to generalize the

concept of a property to include a group of indicators that define a

dimension of more than two values. Even though only two such "properties"
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are given below, intuitively, they probably represent the most salient

:' ;-1
possibilities.

h) L,et h(s) be a function on S to the integers (0,1, ... ,6), defined

by the condition: h(s) = i if and only if s has i basis elements. The

first value in the matrix of Table (5.8.1a) is obtained from the deleted

data; the second entry is predicted by model-:L82.

Table (5.8.1a) here

Coefficient of constraint': .275

Pearson index: .501

Lambda: .324

Discrepancychi"square: 377.0

,i)' A second "property" that requires a,'nmlti-val11ed dimension may'",be

specified by a categorization of stimuli into sets that are closed under

all rotations. and reflections. More specifically, nineteen different

such groups can be defined in the following way:

Group Stimuli Group Stimuli

0 (0) 10 (20,40)

1 (1,2) 11 (21,22,41,42)

2 (3) 12 (23,43)

3 (4,8,16,32) 13 (28,44,52,56)

4 (5,6,9,10,17,18,33,34) 14 (29,30,45,46,53,54,57,58)

5 7,1l,19,35) 15 (31,47,55,59)
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TABLE (5.8.IA)

TRANSITION MATRIX FOR THE GENERAL PROPERTY OF .. NUMBER OF LINES"

NUMB ER OF LINES IN RESPONSE

0 2 3

NUMBER OF
LI NES IN

. STIMULUS
0 116 79.7 4 11• 1 0 4.3 0 0.5
1 117 61.2 350 339.8 47 115.5 20 27.7
2 54 34.4 139 229.1 867 .793.9 290 275.3
3 14 13.5 56 108.2 334 411 .0 1213 991.7
4 5 1.8 28 32.1 96 131.3 501 409.1
5 0 0.2 3 .3.5 17 23.1 102 73 .4
6 0 0.0 0 O. 1 3 1• 1 2 4.0

fJUe1BER OF LINES IN RESPONSE

4 5 6

r-JU'IRER OF
LI NE IN
STIMULUS

0 10 4.1 0 0.3 0 0.1
1 28 16.4 () 8.7 2 0.7
2 81 86.6 20 32.6 7 6.1
3 242 310.0 75 98.7 18 18.9
4 605 671.9 195 199.3 59 43.5
5 14 1 170.1 273 267.2 67 65.5
6 4 11.9 12 19.8 74 58.1
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Group Stimuli Group Stimuli

6 (12,24,36,48) 16 (60)

7 (13,26,38 ,49) 17 (61,62)

8 (15,27,39,51) 18 (63)

9 (14,25,37,50)

The matrix given in Table (5.8.1b) compares the empirically obtained

frequency for each stimulus-group/response-gr6up pair with the frequency

predicted by model 182. Again, the first entry is empirical and the

second entry is predicted by model 182.

Table (5.8.1b) here

Coefficient of constraint: .425

Pearson index: .535

Lambda: .444

Discrepancy chi-square: 1800.1

If these last two "properties" do provide a better fit when used in a

more general model, it is probably possible to reparameterize the

transition matrices without seriously affectil1gthe adequacy of fit.

However, this problem of reparameterization or of including a multi

valued "property" into the basic model will not be discussed in this

thesis, primarily because of the enormous amount of computational time

necessary to obtain adequate parameter estimates.
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A rather interesting peripheral point should be made about the

magnitude of the three indices that have been calculated for each of the

empirical frequency matrices. Invariably, the size of the measures for

each matrix follows the same ordering:

Pearson index > Lambda > Coefficient of constraint,

and except for one very minor instance, the ordering of the 2 by 2

matrices is the same using either the Pearson index or the coefficient

of constraint. The lambda index, however, even though it always lies

between the Pearson index and the coefficient of constraint, is not

consistent with either of them.

5.9 EXTENSIONS OF THE BASIC MODEL TO INCLUDE G~RAL PROPERTIES

The enormous number of general properties makes it very convenient

to first pick one prototypal example that clearly illustrates the

procedures necessary in extending the basic model. With this in mind,

the choice of "triangleness" is most appropriate because, first, the

triangle has been traditionally considered to have a good "gestalt",

and secondly, a large discrepancy does exist between the empirical

frequency matrix for "triangleness" and that predicted by model 182.

There is one modification of the renorming procedure in (5.2.3)

that is both justified in view of the data and will often make unnecessary

any new parameter estimation procedure. More specifically, if a

stimulus is non-triangular, it appears that this absence has little

effect upon the choice of a final response, i.e., the empirical frequen

cies corresponding to an absence of a triangle are already predicted

extremely well by model 182. This assumption of "no-effect" whenever
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the stimulus is nan-triangular permits the parameter estimates that

were made for the original model 182 to be used· in the mare general

model as well. In ather wards, since the triangle is present in only

four aut of sixty-four possible stimuli, any new contribution from these

four "triangular" raws to a numerical maximum-likelihood estimation

procedure would probably change the parameter estimates only slightly,

and nat enough to make it worthwhile.

In view of the preceding discussion, suppose that the same parameter

estimates obtained for model 182 are now used for a model that includes

the general property of a Htriangle". The four rows 13, 26, 38, and 49

are renormed according to (5·2.3), but the remaining 59 rows are identi-

cal to those obtaineduilder mo.del 182. The actual transition probabil-

ities for "triangleness" are estimated by merely normalizing the

N

appropriate empirical frequencies for P given in the last section.
g

Except for the four "triangular" raws, the expected frequency

matrix for this mare general model is identical to the theoretical

reconstruction of Table (4.3.15). For purposes of comparison, both

the goodness-of-fit measures for the original model and for the extended

model that includes "triangleness" are given below.

Model 182 without "triangle" Model 182 with "triangle"

Sum of sguared deviations

17,122·3

Correlation
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Descriptive

3537·2

-15,214.6

Sum of absolute deviations

3453·5

Chi-square (without collapsing of cells)

8425.8 8514.5

Except for the chi-square statistic and the apparent "equality" of the

correlation, the other three measures are better for the more general

model. The effect is not large, but this is probably to be expected

since only four rows of the expected frequency matrix have been changed.

If we were to stop here, however, a major point of the whole

analysis would be lost. "Even though the new extended model is better

than the original model in terms of overall fit, there is very little

improvement in the expected frequency matrix among the four triangles.

In the table below, the first entry is empirical, the second is obtained

from model 182 extended by the "triangle" property, and the third entry

is an expected value from model 182.

Response

7, .8, .6 7, 1.6, 1.1 8, 2.6, 1.7

47, 61.0, 29·9 1, 1.1, ·5 3, ·5, ·3

6, 2·3, 1.5 56, 63·4, 40.2 10, 1. 9, 1.2

5, 1.0, ·5 3, 1. 5, .8 42, 64.1, 32.4
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Stimulus

13 64, 64.1, 43.3

26 8, 3·1, 1.5

38 4, .8, ·5

1t9 0, 1.1, .6

26 49



The lack of an adequate fit is a partial result of the somewhat

inappropriate "pooled" estimate for the "triangular" transition proba

bilities. Even though this problem could be minimized by using different

parameters for each stimulus, in general this procedure is not too

appealing since the number of parameters could easily increase almost

without bound when other properties are included. Nevertheless, for

purposes of the present argument, the technique is at least initially

reasonable and produces the following expected frequency table.

Response

13

Stimulus

13 79·7

26 2,8

38

L
·9

49 .9

26

1.1

54·7

2.6

·7

2.1

·9

70.4

1.2

49

3·1

.6

2.1

47.3

We still do rather poorly, but at least the locus of our difficulty

is beeoming fairly obvious. The estimated diagonal entries are all

"tJ..i~er than those obtained empirically, i. e., there appears to be an

overcompeasation with the extended model rather than the undercompensa

tion obtained with the original model 182. On the basis of this

information a number of different approaches may now be taken. First,

it could be assumed that the ability to use the concept of a "triangle"

in a recognition process depends in part upon its orientation. Or, in

other words, the subject's psychological conception of a triangle is
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not necessarily identical with the geometric definition, probably because

he has been. consistently exposed to triangles in the usual orientation

of stimulus ·13 anet 38 rather than in the positions represented by stimuli

26 and 49. Mor~ formally,this pc,ss:ibility Of either using Or not using

the "triangle" property would produce an expected frequency matrix that

had rows defined by some convex combination of the expected frequencies

for the original model 182 and the expected frequencies obtained with

model 182 extended by the "triangle" property.. Consequently, the over~

compensation in the diagonal expected frequencies would be eliminated,

but there would still be a rather poor fit in the o:ffCdiagonal entries.

In Order to obtain a closerapp:r'<')ximation in the off-diagonal entries,

some decision· mechanism would be necessary that chose among all the

Iftriangular,g respOnses ina more random fashiOn whenever- a- fltriangle 11

was recogn.i'zed. Ifsu~h a decision mechanism were incorporated along,

with the possibilltyofusing arnot using the "triangle" property, a

more acceptable fit to the "triangular" frequency matrix would then be

achieved.

The example presented in this section only begins to discuss the

inclusion of more general properties into the basic model. Hopefully,

however, this section has been instructive on two points: first, on

the pOssibility of dOing such a further data analysis, and, secondly,

on the usefulness of a procedure that attempts to define a fairly "good"

mOdel, such as model 182, and then develop a deeper analysis of the

data based on departures from it. In one sense, then, the observed

inconsistencies between the empirical data and the predictions obtained
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f:r'om one of.theformalm<;)d",ls are much more important. than .a. gOOd fit.

A perfect correspondence between theoreticii}, iind empidcal freq\lenci",s

is never really expected, and, in :ract,.t),le discrepanc:i,es themselves

probably provide more valuable. information iiboutthe percept:i,on of

geometrical forms than does any ~ priori formulation that produces a

"perf",ct" fit

5.1() REPARAMETERlZATION .ANAlYSIS

One possible cr:i,ticism Of the analysis in the preceding chapters

concerns the very larg", n~ber of p"rametersthatneed to be estimated

as the models b.ecome more general. In. one sense. the criticism is valid

because statistical conclusions s.houl.d not be. based on fitting too lIlany

parametersyrith too few.data points. But in. another sense, the criticism

is somewhat over-stated. By an~ priori limitation .onthe number of

parameters that maylJe used to model a certain phenomenon, either the

researcher is forced.to ass~e certain p"ri'ffieters are equal or he has

to limit the phenomenon he is attempting to describe in some other,way.

In any event, just how yrell he .could .have done with the mod",l giv",n

sufficient parameter freedom is never really determined. In fact, .the

numlJer of parameters per ~ should seldom be the only criterion fOr

determining whether the model i.e unfalsifiable, i,.e., for determining

whether any set of data points may be fitted perfectly by some choice Of

parameter values (Hanna, 1969). This statement is especiiilly applicable

whenever the parameters are, internally constrained, as they iire.in the

mUltiplicative models di.ecussed i,n th:i,s thesis.
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This dissertation has been very free in its use of parameters and

has attempted to see how good of. a fit could be obtained with a maximum

number. But in recognition of the partial truth contained. in the

statement "too many parameters and too few data point s", it is also of

interest now to see .if the parameter number may be reduced without

substantially de.stroying the degree of fit. Only three examples will be

given below, but these should prove sufficient to convince the reader

that such parameter reduction is possible. The comparisons are all

done with deleted data and, in all honesty, without any search for the

"best" possible reparameterization of the specific model. If such a

search procedure had been carried out, obviously the results could have

been improved.

Example (5.10.1) Model 16 is defined by the error independence of the

diagonal pair (5,6) and the four remaining components. Consequently, it

has a maximum of twenty parameters, twelve of which are needed for the

one diagonal pair. Now, instead of these last twelve parameters, suppose

only seven are distributed in the transition matrix for the pair (5,6)

as follows:

(b
5
,b

6
) (0,0) (0,1) (1,0) (1,1)

_ N

(0,0)(b
5

,b
6

) PI P2 P2 I-p -2p1 2

(0,1) P4 P3 P5 I-P3-P4-P5

(1,0) P4 P5 P3
I-p -P4-P3 5

(1,1) P6 P7 P7 I-P6-2P7
T
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of the corresponding cell divided by the row sum.

In a very noticeable sense this repa:rameterization implies that the two

separate diagonals are indistinguishable in their effect on the transi-

tion table.

The parameter estimation procedure itself may be performed through

the following algorithm: if a parameter appears only once in the whole

table, ex~l.uding the last column, its estimate is merely the frequency

"-For example, PI

number of responses in cell ((0,0), (0,0)) divided by the sum of

frequencies for row (0,0). If a parameter appears multiply but still

only in one row, the frequencies for cells containing these parameters

are added and the result divided by the row sum times the number of

parameter occurances. Finally, if a parameter appears in more than one

row, all the frequencies corresponding to the Same parameters are added

and the result is assumed to be equivalent to a single row of response

frequencies. This estimation procedu:re using the empirical transition

matrix for the pair (5,6) leads to the following values for PI through

P7'

" .9274 " .1643PI P5

" .. 0298 " .0113P2 P6

" ·7392 " .0643P3 P7
f\

,.0315P4

If the maximum-likelihood estimates for the transition probabilities

for components 1 through 4 are used along with the above parameter values

for the diagonal pair, a model with fifteen parameters is obtained with

the following goodness-of-fit measures:
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Correlation

.S697

Sum of squared
deviat ions

41,013.3

Sum of absolute
deviations

4717.4

Chi-square

20,143.1

These measures are still the best in category #2 and, in fact, are

almost exactly the same as those obtained for the unreparameterized

model. Incidently, the "instability" of the chi-square statistic

without an initial collapsing of cells is again rather obvious since

the value given above is less than the value of 20,513.0 calculated

for the unreparameterized model.

.Example (5.10.2) Suppose the same type of reparameterization given in

the last example is now performed on all three pairs which define model

62. The matrix for the diagonal pair is assumed to be the same as that

given in the last example; the transition matrices for (1,2) and (3,4)

will be similarly reparameterized as follows:

(bl ;b2) = (0,0)

('bl ,b2) = (0,0) PS

(0,1) PIO

(1,0) PlO

(1,1) P13

(~3,'b4 ) = (0,0)
H _

(0,0)(byb4) P15

(0,1) P17

(1,0) P17

(1,1) P20

(0,1) (1,0)

P9 P9

Pn P12

P12 Pn

P14 P14

(0,1) (1,0)

P16 P16

. PIS P19

P19 PIS

P21 P21
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(1,1)

I-PS-2P9

I-PIO-Pn-P12

I-PIO-Pn-P12

I-P13-2P14

(1,1)

I-P15-2P16

.1-P17-Pl e-P19

I-P17-PIS-P19

1~P20-2P21

T
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Tllus, instead of the 3bV,,":rElln~i~rs for mOd~ibs,ther",areno",only 21.

The estimates for Pl through P7 were already obtained in Exampl",(5.l0.1);

those for P8 through P21 are given beloW along with the goodness-of-fit

measures for the resultant model.

" .7604P8 ~

" .0861P9
~

1\
.2467PlO

~

"Pu ·5551

1\
.0501P12

~

"P13
~ .1053

i\
.1436P14

Correlation

.8838

Sum of squared
deviations

36,291.3

" .7427P15
~

" .0~97P16
~

" .1565P17 ~

" .6008P18

" .0541P19
~

" .0514P20
~

" .1056P21
~

Sum of absolute
deviations

4626.2

Chi-square

15,083.1

Again, the reparameterization does not seriously affect the goodness-of-

fit measures, in the sense tllat if this model were a member of category

#4, it would rank fourth behind the three "best" models which were 62,

65, and 68. Tlle chi-square statistic given above is again better than

the value obtained for the unreparameterized model.)

Example (5.10.3) As one final example, the overall "best" model 182 is

now reparameterized. The diagonal pair (5,6) transition matrix is modi-

fied as in the last two examples, and the quadruple (1,2,3J-4) is reparam_

eterized by assuming that all four components act eqUivalently. Conse-

quently, the parameters in only fiverbws of the complete 16 by 16
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sub-matrixn!Oed to be listed, since the oth!Or rowp merely alter their

ord!Or in an appropriate manner.

CeU Parameter CeU Param!Ot!Or Cell Param!Ot!Or

(0,0) P8 (1,0) P12 (3, 0) P19

(0,1) P9 (1,1) P13 (3,1) P20

(0 ,2) P9 (1,2) P14 (3,2) P20

(0,3) P10 (1,3) P15
(3,3) P21

(0,4 ) P9
(1,4) P14 (3,4 ) P22

(0,5) PlO
( 1,5) P15

(3,5) P23

(0,6) P10
(1,6) P16 ( 3,6) P23

(0,7) Pu (1,7) P17
(3,7) P24

(0 ,8) P9
(1,8) P14 U,8) P22

( 0,9) P10
(1,9) P15

(3,9) P23

(0,10) PlO
( 1,10) P16 U,10) P23

(0, U) Pu (1, U) P17
(3,U) P24

(0,12) PlO
(1,12) P16 (3,12) P25

(0,13) Pu (1,13) P17
(3,13) P26

(0,14 ) Pu (1,14) P18 (3,14 ) P26

(0,15) l-sum of (1,15) l-sum of (3,15) l-sum of
parameters param!Oters parameters

above above above



Cell Parameter Cell Parameter

(7,0) P27 (15,0) P34

(7,1) P28 (15,1) P35
(7,2) P28 (15,2) P35
(7,3) P29 (15,3) P36

(7,4) P28 (15,4 ) P35
(7,5) P29 (15,5) P36

(7,6) P29 (15,6) P36

(7,7) P30 (15,7) P37
(7,8) P31 (15,8) P35
(7,9) P32 (15,9) P36

(7,10) P32 (15,10) P36

(7,11) P33 (15,11) P37
(7,12) P32 (15,12) P36

(7,13) P33 (15,13) P37
(7,14) P33

(15,14) P37
(7,15) I-sum of (15,15) I-sum of

parameters parameters
above above

Estimates:

II " "P8 ~ .8590 P18 ~ .0019 P28 ~ .0274

" ... "P ~ .0160 P19 ~ .0557 P29 ~ .10229
1\ " " .2844P10 ~ .0051 P20 ~ .0723 P30 ~

" 1\ "P
ll

~ .0006 P21 ~ .4847 P31 ~ .0089
"- .1611 " " .0138P12 ~ P22 ~ .0115 P32 ~

1\ 1\
.0262 " .0278P13 ~ .4705 P

23
~ P

33
~
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,...
" .0419 "Pi4 = .0203 P24 P34 = .0075

" .0640
1\ "-

P15 P25 .0153 P35 = .0075

" .0126 1\ "-
P16 = P26 - .0111 P36 .0193
1\ .0126 1\ 1\

P17 P27 .0305 P37 = ;0339

Now, instead of the original 252 parameters in model 182, the above

version has only 37, or about 1/7 of the initial number. Nevertheless,

except for the original model 182 and the "unstable" chi-square

statistic, the goodness-of-fit measures given below are still better

than any other model in category #9.

Correlation

·9201

Sum of·squared
deviations

24,419.9

Sum of absolute
deviations

4041. 3

Chi-square

10,577·5

5.11 INTERPRETATION OF TACHISTOSCOPIC PRESENTATION

The primary purpose of. tachistoscopic pl"~s~p.tation in the experi-

mental task is to obtain enough errors to make. parameter estimation

precise. To clarify this idea a little f)lrther, cop.sider the situation

in which one subject, acting in accord with a specific multinomial

distribution, continually performs the same categorization response to

one stimulus. More specifically, suppose first that there are v

categories where P(stimulus categorized as i) Pi' 1 < i ;S v,

v
L Pi= 1, and, secondly, that n trials pass until the subject makes
i=i

a final response on the basis ofa majority rule. (A majority rule

implies that "category i" is given as a response if the frequency n. is
1
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v
the largest, where n = L n

i
and n

i
is the frequency in category i.)

i=l

Under most" "experimental conditions, the probability of the correct

category will be larger than the "probabilities associated with any of

the remaining clj-tegories. Consequently, since n. ~ np. for all i as
l l

the number of trials increases, the Use of a majority rule leads to a

correct response with probability one as n ~oo. In other words, a

brief exposure duration is an attempt to prevent n from becoming so

large that errors will not occur.

The theoretical quantities calculated for the 64 by 64 confusion

matrix take on a different meaning when interpreted in relation to the

repeated sampling of messages . Assume first that for each stimulus

there is an underlyingrmiltinomial distriblition, constant across Subjects,

that determines the final outcome of each message transmission.

Secondly, suppose the final response occurs according to a majority rule

after n messages have beeri ieceived. The variable" n itself could be

considered as a random variable on exposure duration x illUmination

but this generalization is superfluous for the argument. The probability

that the subjectrespbtids "category

probability that n. > n. for i fj,
J l

j" to stimulus i is merely the
v
L n. = n; (If ties occured, they
i=l l

could be resolved by some type of random response mechanism.) Now,

because nothing is really new in this approach except for a much more

complicated reparameterization of the confusion matrix, it is convenient

to assume that 'tachistoscopic presentation impliesn = 1. However,

the possibility still exists to treat the model from the more general

point of view in certain:j;heoretica.l, discussions.
" -' ""
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5 .12 DISTRIBurIONAL INTERPRETATION OF TRANSITION MATRICES

Up to this point, the probabilities in "true" transition matrices

such as (2.6.2) have been considered constant both across subject and

stimuli. It is also possible, however, to consider the transition

probabilities as random variables and in a way that does not substanti-

ally increase the complexity of the models to be investigated. In the

discussion below the conditions that led to the simpler form of the

experimental model are assumed for convenience, Le., the basis

indicators are the only elements in It and c = O. Consequently, each
o

member of an error independent partition of the set of basis indicators
N _

(b
l

, ... ,b
6

) has a corresponding "true" transition table which is

directly estimable. For example, if (bl,1b2) were a member of the

partition, then the transition matrix for this pair can be theoretically

specified as in (5.12.1) and estimated by collapsing the complete

confusion matrix over the last four components.

('b
l
,b

2
) 00 01 10 11

([;1''[;2) 00 p' p' p' l-p' _pi _p'
1 2 3 1 2 3

01 p' , pOI p~' l-p" -p' • -p"1 2 3 1 2 3

10 p9 OJ V pi i OJ pV i i I-pi' ~ i _pi OJ i _p~ OJ ,

1 2 3 1 2 3

11 pi H f p~ V'/ 'i pi f '/ i' I-pi iii_pi' i V V_pi 'I' i
1 2 3 123

T

Now, suppose that whenever indicators are applied to some stimulus,

the relevant probabilities in all sub-transition matrices are selected

according to the distribution given in Definition (5.12.1). This also
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implies that the probabilities for any multinomial distribution defined

by the entries in a complete row of the 64 by 64 theoretical transition

matrix are no longer fixed but are random variables.

Definition (5.12.1) A Dirichlet distribution Over the parameters

Pl"'.,Pn-l is defined by the density

v -1 v -1
p nl-l (l-p - ... -p 1) n
n- 1 n- .

r(v )
n

at any point in the simplex ( (Pl,;··,Pn-l)' Pi ~ 0, i=l, ... ,n-lj

n-l
E p. < 1), and zero elsewhere. The parameters vl '" "vn are positive
i=l ~-

integers greater than or equal to 1.

Example (5.12.1) Suppose there are just two indicators in the set It
o

with the joint transition matrix of (5.12.2) and the two sub-transition

matrices of (5.12.3). All three of these matrices have been condition-

00 01 10 11

00 (1-Pl)(1-P2) (1-Pl)P2 Pl (1-P2) P1P2

01 (1-Pl)q2 (1-Pl )(1-q2) Pl q2 Pl (1-q2)
(5.12.2)

10 ql(1-P2) Q1P2 (1-Ql)(1-P2 ) (1-Ql)P2

11 Q1Q2 Ql(1-Q2) (1-Ql)Q2 (l-Ql)(l-Q)

T
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o

1

o 1

o

1

o 1

The Dirichlet distribution for n=2 is commonly called the Beta

distribution and can be assumed for each row of the two matrices in

g(p~) = f(vl +v2 ) v -1 v -11
(l-Pl) 2Pl

f( vl W(v2 )

g(P2) = f(v'+v') v' -1 v'-l1 2 2 2P2
( l-P2 )

r(vi)f(v2) (5·12.4)

g(ql) = f(v"+v") v" -1 v"-l
___1 __2__ q/ (l-ql) 2

f(vi' W(v2')

g(q2) f (v"'+v"')
1 2

Now, consider the entry (1-Pl )(1-P
2

) in the upper left-hand corner

of (5.12.2). To find the unconditional expected value of (1-P
l

)(1-P
2
),

the distributions in (5.12.4) are used along with an assumption of

independence for the random variable? P
l

and P
2

:
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1 1

r f (1-Pl)(1-P2)
o 0

r (v'+v')
1 2

= (V/(V2+Vl )) (V2/(V2+Vll) = (mean of the random variable l-Pl) times

( mean of the random variable l-P2)

So, instead of estimating a fixed value of Pl' the maximum-likelihood

estimate now merely gives an estimate of the mean of the distribution

for Pl' Consequently, the initial distributions assumed for Pl,P2,ql,q2

have little operational significance in the final analysis. This

result is general and extends to the complete 64 by 64 experimental

matrix directly.

Even though the variety of possible" shapes" of the distribution

in Definition (5.12.1) decreases as n increases, the distribution is

still very versacile and was used in a somewhat different context in

Chapter III (Mosiman, 1962). (It should be noted that in the component

example described above, any absolutely continuous distribution on

[0,1) could have been used in place of the Dirichlet., But since an

easy generalization to the simplex was desirable, a Dirichlet was

assumed even for this special instanceo)

~:he reasons for considering this type of distribution on the rows

of the transition matrices have been purposely avoided up to now. There
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are essentially t"o different justifications that could be given,and

both may be modeled with the same type of structure already presented

in this section. First, consider the presentation of some stimulus in

set S to a single subject and suppose he is operating with a specific

model in Table (2.7.1). Each independent cluster in the model can

then be assumed to define some type of orthogonal dimension of the

stimulus, in the sense that each orthogonal dimension is acted upon

independently. Now, suppose that any stimulus presentation produces

a certain "energy" level along each orthogonal dimension according to

some distribution. For example, if the orthogonal dimension corresponds

to a pair that is operating independently, then any bivariate distribu

tion on positive two-space could be used to define this density. If

cutoff "points" are assumed for each of the dimensions in accordance

with the number of elements in the cluster, and if the integral of the

density which depends upon the presented stimulus can be evaluated

over all of these regions, then each such integral gives a specific

probability in a row of the transition matrix. To illustrate, in an

independent pair the positive quadrant of two-space is divided into four

sections, where each of these four sections corresponds to one of the

four observable reali.zations of the indicator pair.

Probably the most obvious interpretation for the Dirichlet

distributional constraint is one of individual differences. More

specifically, suppose first that each subject has a fixed set of

transition matrices which characterize his performance in anyone

experimental situation, or in the interpretation above, fixed cutoff

points along orthogonal dimensions. The Dirichlet distributional
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constraint then results from merely averaging responses over subjects

and by using group rather than individual data.

As a second interpretation of the Dirichlet constraint, suppose

instead that a subject's cutoff points are open to variation during

the course of the experimental task. Under this assumption, the

transition matrices for one individual are no longer fixed and contain

random variation which, hopefully, is close to some Dirichlet distribu-

tion on the transition parameters. It would complicate matters to

assume individual differences in addition to there variable cutoff

points, but theoretically it is very straightforward to do so. All

that is necessary· is to place distributional constraints upon the

parameters of the Dirichlet distribution itself.

5.13 AN ALTERNATIVE APPROACH FOR FORMALIZING PERCEPrUAL PROCESSING

GEOMETRIC CONFIGURATIONS

A "model of processing" may be generally defined by both specifying

a decomposition for each s1Cimulus situation in se1C S and then assuming

independence .in the perceptual assimilation of the parts of the decom-

position. Under this definition, each model preSented in Table (2.7.1)

may be used to define a specific "mode of processing", since each model

does provide the necessary decomposition for each fixed stimulus s .
o

If s is the stimulus in figure (5.l3a), then the
o

sets of configurations in figure (5.l3b) are the possible decompositions

for so' The model in category #2 in which only the pair (b
l
,b

2
) operates

as an independent cluster gives the decomposition in (a). For conven-

ience, this model will be denoted by its associated partition of basis
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a)

b)

c)

d)

e)

figure (5.l3a)

f'igure (5 .13b)
An Example of' Stimulus Decomposition
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elements: ((b
l
,b

2
) ,b

3
,b

4
,\,b

6
). The model (bl , (b2,b

4
), (1,3,b

5
,\»

in category #6 gives the decomposition in (b), and in general, each

possible model in Table (2.7.1) gives one of the five possible decom-

positions in figure (5.13b).

It has been implicitly assumed that the inference procedures to

be discussed later will try to find the one model, constEmt'\over all

subjects, that is operative for all stimuli belonging to set S. More

realistically, however, this is probably a fruitless search. First,

"models of processing" most likely differ both across subjects and

within individuals over time. Secondly, if a figure is decomposed in

order to maintain maximum figural goodness of its parts, the decom-

positions may be stimulus dependent, i.e., no one simple algorithm for

decomposition will apply to all elements in set S.

When each model is considered as defining a certain decomposition

for a fixed stimulus s , an equivalence relation over models is obtained.
o

In other words, two models will belong to the same equivalence class

if and only if they lead to the same decomposition for the stimulus

s. If for each subject there is an ~ priori probability distribution
o

over all models, a probability distributions is also induced upon the

different possible decompositions for stimulus s. Consequently, the
o

natural assumption that the ~ priori probability distribution over

models is constant for all subjects also implies that the induced

probability distribution over all decompositions for some stimulus s
o

is const~nt. In fact, to find the probability for some one decom-

position associated with stimulus s , the a priori probabilities for
o
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each model that leads to the decomposition are merely summed, i.e., the

probabilities for each model within one equivalence class associated

with s .
o

If this line of approach is pursued for the experimental confusion

matrix, some method must be devised for either inferring the probability

distribution over decompositions for each stimulus in the task or, more

generally, the probability distribution over models. Even when data

conform in some nice fashion, however, this is far from a trivial pro-

blem, e.g., if lines not originally present in the stimulus are added

in the subject's response, the concept of a decomposition by itself

is obviously inadequate to account for the inclusion.

The second approach to the processing of geometric configurations

presented in this section at first appears to be conceptually very

elegant, but it is probably impossible to formulate in any mathematically

tractable manner. Moreover, there is really no natural way to handle

Gestalt properties as can be done with the use of general property

indicators. This deficiency would be especially apparent whenever some

decomposition for a specific stimulus s is given a "too low" proba
o

bility in relation to the nice Gestalt properties that the decomposition

is supposed to contain.

5.14 EXPERThlENTAL SPECIFICATION OF THE STIMULUS SET S AND EXTENSIONS

The stimuli used in the experimental task described in Chapter

IV were obtained from the 64 element set defined in Example (2.2.1).

To be sure, this number of geometric forms is trivial when compared

with all the complexities of patterns that occur naturally in the
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environment, but the logical extension of this four point geometry to

a matrix of points with order u by u is extremely more complicated

and much beyond the limits of this thesis. This general type of u by u

matrix is usually referred to as an abstract retina in the pattern

recognition literature and has been extensively studied from a rather

different point of view in connection with the perceptron (Minsky and

Papert, 1969).

The formalization of a stimulus set in terms of a semi-lattice and

a basis is very convenient for visual patterns. But the primary purpose

of introducing such a structure was only to allow the representation of

the visual stimulus to be made in terms of binary-valued random variables

and then to define the concept of a property. Consequently, if a binary

representation is given ~. priori fbr;;all elements in a set S, the semi-

lattice structure could have been bypassed completely. In fact, since

most of the semi-lattice properties would be meaningless in the char-

acterization of stimuli such as phonemes, this is essentially what has

to be done in many cases if the techniques of modeling developed in

this thesis are to have any generality at all.

5.15 PROBABILISTIC STRUCTURE: INTERPRETATION

~

The possible significance of representing an indicator P by a
x

Boolean function of the basis elements is probably unclear even for

the simple symmetry example of section 2.4. But in some intuitive

sense, the symmetry indicator function defined by such a Boolean

expression seems psychologically "close" to the necessary perceptual

process. A second alternative in the model being considered here would

278



be a comparison of the presented geometric form to all members of the

stimulus set S. In this case, the indicator function requires a direct

match, e.g.,

otherwise

N

P (s)
symmetry
horizontal

1

o

if s € p
symmetry
horizontal

The distinction that can be made by contrasting these two possibilities

may have significant psychological importance. In the symmetry situation

it seems more efficient, again in some intuitive sense, to perform an

algorithmic procedure on the stimulus in terms of a Boolean equation.

In other instances, a search process in the set P and a direct matching
x

algorithm may be the more reasonable alternative, for example, in a

task that requires the subject to say whether a certain letter is

either present or absent in some visual display.

The assumption that a certain indicator is being used by a subject

in an experimental task does not automatically specify which mode of'

processing will actually occur. The application of an indicator could

be defined either as an "algorithmic" or as a "template" procedure, since

the model that has been developed makes no distinction between these

two interpretations.
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CHAPTER VI

6.1 THEORETICAL EXTENSIONS: INrRODUCTION

The application of the basic model to the confusion matrix in

Chapter IV was so immediate that no additional structure of any con-

sequence was necessary. However, in order to show the real generality

of the ideas that have been presented thus far and to extend their

applicability, a number of possible modifications in the basic assump-

tions will now be discussed.

Suppose first that X = (Xl, ... ,Xk) and X' = (Xl' , ... ,K') are two
- - - ,... - ';;;"K

arbitrary k-tuples of binary-valued random variables. The symbol R

will be used to denote some subset of the set of all realizations of

X, and the symbol R'will denote some subset of the set of all realiza-
~

tions of !'. In most cases, R will be equal to R', but there is no

initial need to make this equality a general restriction. Now, by using

these two sets of realizations, a comparison function C on R x R' can

be specified as in Definition (6.1.1). This function C will correspond

to a "distance" function defined in the usual formal sense whenever the

equality of Rand R' can be assumed.

A function C on R x R' is called a comparison function if and only if

for all!, r', r" E RLJR', the following conditions hold:

i)C(Y,Y')>0
~ ~ -

ii) C(Y, Y') = C(Y' ,y\~ ,... __ *I

iii) C(Y,Y') + C(Y' ,Y") > C(Y Y' ,)~_ _ _ - ;;.Jt!'W
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Example (6.1.1) i)

C(Y,Y') =,.. ...

ii) C(Y,Y') = j
N '"

o ifY·=Y'
'" ,..

1 if Yf Y'.... -
where j is the number of inconsistencies between

Y and 'Y', 0 < j <k.
IV ,.., --

The comparison function in (ii) is usually referred to as Hamming

distance, and the function in (i) merely indicates either the identity

or non-identity of its two arguments.

As in the two examples, the comparison function C in Definition

(6.1.1) may be naiyely defined over components in an additive manner,

but if a psychologically reasonable model of "distance" is to be

developed, "interactions" between the components should also be in-

eluded. In general, any model of distances more complicated than those

given in Example (6.1.1) would require a separate experimental deter-

mination of the parameters that define the distance function itself.

For expository purposes, however, the simpler parameter-free forms of

the function C in Example (6.1.1) will be entirely adequate to exemplify

the various aspects of the theory to be presented.

Definition (6.1.2) An encoding function F is a function from the set

R into the set of all probability distributions overR'·.

merely specifies a probability distribution,Definition (6.1.2)

(~)
fR' , for each JS ~ R.

F()D =

In particular, whenever the realizations of X....
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also belong to R', a reasonable interpretation of perfect encoding

could be obtained by assuming P(X) is degenerate at X.
~, ~

Now, instead of the one set of stimulus situations S as defined

represent a second

or, alternatively,

Forare two stimulus sets Sell and S(2) .

S{?)

in Chapter II, suppose there

instance, an elements s(2)",
1

may be used to

presentation of the corresponding, element, s(l) E
1

an elementequivalerit to s (1). but assumed to be stored in memory.
1

Suppose further that the sets s(l),and 8(2) are domains for .the in-

.. '. (1) (-(1) -(1) (2) "'(2) -(2))
d1cator functlOn sets It = Pl.' ""P

dl
') and \ = (PI ,oo"P

d2
,

respectivel!, and that I~l) and I~2) are two sets of observed indicator

functions corresponding to specific subsets of I~l) and I~2). The set

I~l) will be denoted as ('1fil ) , ... ,1i~I)) and the set I~2) will be denoted

;;;;(2) N( , .1
as (PI ,.0. 'Pe ), where 8 i :s d i , .1 = 1,2.

2 ;::0(1) -(1)
The observed indicator Pi in It does not necessarily have to

. . "'(I) (1) ;;;(1)
be the observed counterpart of P. ' in It' , however, for each P. in

1 1

I.~f) there will be a correSPOnding'Pjl) in ~l), and for each p~2) in

I
t
(2) there will be a correspOndingp~2) in 1(2)". The reason for this

J t

asymmetry is that some indicator functions in 1(1) or 1(2) may'not be
t t

represented in the final observed sets, for example, when data is

collapsed in a certain way or the "response" set is restricted. Finally,

if the sets R(i) and R(i) I, i = 1,2 are now interpreted as sU1:Jsets of

the sets of all realizations for I~ i) and.l~i) , respectively, then two

encoding functions F(l) and F(2) may be specified according to Definition

There are four possible comparison functions that could be defined

using the four sets R(i) and R(i)', i 1,2, but only the comparison
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function onR(l)' x R(2)' will be needed later. In order for this

comparison function to be interpreted on the cross product of n(l)'

and R(2)', both sets must contain realizations with the same number

of components in accordance with Definition (6.1.1). Moreover, for C

to be intuitively meaningful, indicators that are "equivalent" must also

be in the same position in the two k-tuples. This sense of "equivalenoe"

will be denoted by the symbol ~ and, more formally, refers to any

two sets of indicator functions that are the Same except for notationally

different sets of definition. Consequently, It ~ It if and only if

there is a one-to-one correspondence between the indicators in the

set It and in the set It' and the indicators are identical except that

It is defined on S and It is defined on the encoded stimuli corres

ponding to S.

6.2 THE CONFUSION MATRIX IN A MORE GENERAL FRAMEWORK

It will be convenient in the interpretation of ma.ny experimental

tasks to associate each different task t with some type of executive

system. The executive system can be assumed to perform the necessary

comparisons, encode the presented stimuli, sequence the various

encodings and comparisons, and perform some overall decision. For

instance, in a· confusion matrix application suppose the following

Along withstimulus admissible realizations.

on the correct stimulus,

and R(i)' are limited to

assumptions are made: (1) F(l) is defined by the renorming equation

in (5.2.3), (2) R(l) = R(l)' = R(2) = R(2)', (3) F(2) is degenerate

(4) 1(1) ~ 1(2) ~ 1(1) ~ 1(2) and (5) R(i)
t t t t'

these five assumptions, the executive system is assumed to first encode
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the presented stimulus in S(l) according to the probability distribu

tion defined by F(l), and then compare the encoded stimulus in R(l) ,

with all the elements in R(2)' The element in R(2)' ,now considered

This confusion matrix

'as being stOred in memory, would then be given as a response if there

is a match to the encoded stimulus in R(l)'

example, however; is rather artificial since the second stimulus set

S(2) could have been bypassed altogether as was done in the less com-

plicated presentation of Chapter II. 'The general apProach to the

confusion matrix task is more relevant if, instead of the renorming

technique in (5 .2.3), the method of '~minimum distance" as discussed in

following sequence of assumptions is made:

is the set of stimulus admissible

= R(2)' = R(l), (4) F(2) is degenerate on the correct elements

(5) the set>R(l) , is the set of all realizations of 1(1), and
t

(2) R(2)

(3) R(2)

of R(2) ,

Example (5.3.1) is used to define the final response. Suppose the

(1') 1(1) ~ 1(2) ~ 1(1) ~ 1(2)
t t t t'

realizations of I~2),

(6) F(l) i,3 defined by merely multiplying the appropriate entries in

the lower ord,er transition matrices withOut, the use of the renorming

procedure in (5.2.3). The encoded stimulus belonging

possibly inadmissible in relation to the set S(1), is

tOR(l)' ,
first compared

to all elements in R(2)' using Hamming distance. The element in R(2)'

is then given as a response if that element's distance from the encoded

stimulus is at a minimum. If the minimum is obtained fOr more than one

element in R(2)', the response can be assumed to be made randomly from

this set.

Since the probabilities to complete the theoretical confusion matrix

may be obtained from the minimum distance technique, a new encoding
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function F is defined from each stimulus admissible realization of
md

\ to the set

function F(l)

of stimulus. admissible realizations of It' The encoding

used in the renorming technique defined earlier in this

section provides a similar completion of the confusion matrix and could

be referred to as F to contrast it from F ~.
r m~

The ,primary purpose. for defining the function C and F, however, is

not to merely rework the ideas already presented in Chapter II. As will

be discussed in the remaining sections of this chapter, these concepts

also provide a means for the theoretical extension of the basic model

to perceptual tasks more complex than the simple copying of a presented

geometrical configuration.

6.3 STIMULI COMPARISON

A very familiar paradigm in perceptual experimentation is to have

a subject first compare two stimuli and then give either a "same" or a

"different" response. The definitions given in section 6.1 provide a

very simple interpretation of this perceptual task if the primitive

terms are interpreted in the appropriate manner.

Let S(l) denote a set of stimuli that may be presented "first",

and let S(2) be a set that provides stimuli for a "second" presentation.

The terms "first" and "second" are generic and may be interpreted either

temporally or spatially, since the discussion below applies in both

instances. Now, suppose the following sequence of assumptions is made:

(1) S(l) and S(2), R(l) and R(2), R(l)' and R(2)' are the same sets

except for a notational distinction required by the order of stimulus

presentation, (2) F(l) and F(2) are the same model of component transition



but with a possible. difference in the actual probabilities, (3) R(l) and

R{l) 'are the same set of all stimulus admissible realizations for I~l)

or J~l), (4) F{l) and F(2) are both defined either by minimum distance

or renorming, and (5) I~l) '" I~2) '" J~l) "'J~2).

In the comparison task, the executive system is assumed to first

encode both the "first" and "second" presentations of the stimuli and

then apply the identity·-non-identitycomparison function to the two

encoded elements X(l)' € R(l) and x(2)' € R(2). The response "same" is
~ -

given by the subject if X(l)' = X(2)' and the response "different" if- ~

The quantity to be calculated for this perceptual task is the

probability of a "same" or a "different" response given some specific

pair of presented stimuli. Let X(l) and x(2) be the two k-tuples of... ,.,
binary-valued random variables that correspond to sets of indicator

functions <1) and I~2), respectively; Similarly, let ~(l)' and "£(2)'

correspond to the observed indicator function sets .J~l) and J~2). If

)i) and x(i)' denote specific stimulus admissible realizations of
". '"
Xli) and X(i)', respectively, i = 1,2, then
N ..

[ pC (1) , (1) , X(l) (1) ) p( X(2)' (2) , x(2) (2) )X = x x = xl = x
~ ,.,

'" ..- ..- ,., - ,.,

(1)' (2)' (6.3.1)
x =X

In obtaining this expression, the independence of encoding the "first"

and "second" stimulus is implicitly assumed.
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An easier way to represent the probabilities in (6.3.1) is the

following: suppose D(i) is the theoretical confusion matrix generated

by the model that defines F(i), i=1,2. The matrix D(i) has rows that

are probability distributions over responses R(i): and each such row

corresponds to the presentation of some specific stimulus in the set

S(i). The product matrix D(1)D(2)t may then be interpreted as a two-

dimensional array where rows represent the first presented stimulus,

columns represent the second presented stimulus, and entries specify

the probability of saying "same" to the joint presentation of a row-

column pair.

Example (6.3.1) Let D(i), i=1,2 be the confusion matrix in (6.3.2):

x( i)' 00 01 10 11
~

XCi) = 00 (1- (i))(l_ (i)) (1- (i)) (i) (i)(l_ (i)) (i) (i)
Pl ' P2 Pl P2 Pl P2 Pl P2

01 (1- (i)) (i) (1- (i))(l_ (i)) (i) (i) (i)(l_ (i))
Pl q2 . Pl q2 Pl q2 Pl q2

10 (i)(l_(i)) (i) (i) (l_q(i))(l_P(i)) (1- (i)) (i)
ql P2 ql P2 1 2 ql P2

11
(i) (i) (i)(l_ (i)) (1- (i)l (i) (l_q(i))(l_q(i)ql q2 ql q2 ql q2 1 2

As one example of the type of calculations necessary to obtain the pro-

duct matrix, consider the probability of saying" same" to the presenta

tion of the pair (01,00). This will be the entry in the 2nd row and

1st 1 f D(1)D(2)t .co umn 0 " l.eoJ
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Since all realizations of X(i) are stimulus admissible in this example,'
'"

there is no need to consider the minimum distance and renorming methods

separately.

6.4 ODDITY SELECTION

Another familiar experimental task in the psychological literature

is the oddity problem: given a set of three stimuli, say, the subject

must select the one stimulus that is different from the other two.

There are numerous alternative ways to approach this problem within the

framework of the basic model, but only three such procedures will be

discussed briefly. For each approach, three different E's, S's, etc"

will have to be defined for each of the three stimuli in the perceptual

task, but this is only a very trivial extension of the discussion in

sect ion 6.1.

i) The first alternative assumes that three distinct pair comparisons

are made in a manner similar to the discussion of the last section.

More specifically, if the comparison function is Hamming distance, then

the following 3 by 3 symmetric matrix of distances is obtained on the

encoded stimuli:

X( 1)'-
X(2) ,-
x(3) ,-

(1) ,
X-
o
C(X(2)f X(l)')
~ ',..

c("r-,(3) I ,!(1)' )

(2) I

]S

C(JS(l)' ,]S(2)')

o

C(!(3) I ,;S(2) ')
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One possible decision algorithm would be for the subject to first find

the minimum of the off-diagonal entries, and then give the stimulus as

"odd" that is not included in the minimum-valued comparison. Under

this procedure, for instance, if C(~(l)' ,~(2)') is the unique minimum,

then x(3) would be given as the odd stimulus. In case the minimum is
~

not unique, a random selection of the "consistent" responses appears to

be the most natural further assumption to make, e.g., if

C(~(l)' ,"l2)') = C("]S(2) ' ,]S(3)') :s C(]S(l)' ,3.(3)') then !-.p) or
1

given as the odd stimulus, each with a probability of 2.

ii) A procedure somewhat different from (i) is more reasonable whenever

the same comparisons could be made more than once. Using the zero-one,

identity--non-identity function of Example (6.l.l)(i), the three

comparisons are repeatedly made by the subject until two of the compari-

sons are zero and the third comparison results in a one. This second

alternative seems more realistic than alternative (i) whenever the

"exposure" time of the stimulus is adequate for such recomparisons to

occur. In some cases, however, a combination of (i) and (ii) could

also be defined that is at least logically better than either procedure

considered separately. For example, recomparisons could be made by a

subject as long as the stimulus is "available" for processing, but if

a result is not obtained by such recomparisons before "memory" fades,

procedure (i) is called upon to give the final response.

iii) A third approach to the oddity problem is to consider the applica-

tion of the error-independent clusters of indicator functions as being
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ordered in some manner. Then, as soon as an inconsistency develops, the

search is terminated by the subject and a response is made.

All three approaches are conceptually very nice, but the mathematical

expressions for the probabilities of which response will be choosen as

"odd" are difficult to put into nice simple expressions. In addition,

the alternative presented in (iii) requires an initial specification of

order for the indicator function application, which happens to be a

non-trivial problem by itself.

Throughout this thesis an exhaustive application of indicator

functions from the set It has been assumed, but e~pecially in the

stimulus-comparison and oddity tasks, this assumption may be unreasonable.

In the comparison task, a "different" response could conceivably be

made as soon as an inconsistency occurs, while a II same" response could

still require an exhaustive application of indicators. If this situation

obtains, however, there is really no net change for the previously

presented model of pair-comparisons, i.e., the difference would occur

only in the latency for "different" responses and not in the probabili

ties for a 1isame~t response 0

Since the third alternative given above for the oddity task assumes

that the error-independent clusters are ordered in some fashion, the

postulating of some type of latency mechanism seems to be the most

logical method for theoretically approaching the problem. Latency

mechanisms, unfortunately, are beyond the present scope of this disser

tation, even though they ultimately would be necessary in distinguishing
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between the three different alternative models for the "oddity" problem

given above.

6.5 MULTIPLE CHOICE

The application of the model to confusion matrices presented in

section 6.2 supposes that the possible responses a subject may give in

the experimental task are limited only by the criterion of stimulus

admissibility. However, if the response set is restricted as in a

multiple choice task, the problem of task admissibility becomes a very

important consideration. When the response set is restricted, there

are at least five theoretical possibilities or alternatives within the

"renorming" and "minimum distance" techniques that could be investigated:

i) F could be defined by the renorming procedure in (5.2.3) but the

renorming now occurs to the actual response set rather than to the

stimulus admissible set of responses. (There is no difference in the

final probabilities for the response matrix if the renorming occurs to

the theoretical response set first and then to the actual response set.)

ii) F could be defined by the renorming procedure in (5.2.3) to the

theoretical response set, but the final response is selected from the

actual response set by a minimum distance criterion.

iii) F could be defined by a minimum distance to the theoretical response

set but the final response is made by renorming (truncation) of this

distribution to conform to the actual response set.
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iv)F could be defined by minimum distance to the theoretical response

set and then by minimum distance to the actual response set.

v) F could be defined by minimum distance to the actual response set

directly.

Example (6.5.1) Consider Example (5.3.1) and the "true" transition

-matrices for the indicators Pi and Pj :

'"P. ~ ° 1

P. ~ ° '['-" 'JJ.

l-q:1 qi
T

...,
p. ~ ° 1

- {-PCP. ° 'JJ

l-~j1 qj
T

- ...If (0,1) is a stimulus inadmissible realization of the pair (P.,P.),
J. J

the theoretical response set is ( (0,0),(1,0),(1,1)). However, if

the actual response set is ( (0,0),(1,0) ), then the five alternatives

above will provide different expressions for the matrix in (6.5.1).

Task admissible response

Stimulus

10

admissible

stimuli

10

11

(see below)
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Now, as an example of the necessary calculations, consider the first

row corresponding to (0,0) :j.n (6.5.1). Since p( 00 response I 00 stimulus) =

1- p( 10 response I 00 stimulus), only one expression is necessary for

each of the five alternatives:

i) p( 10 response 00 stimulus) = Pi

ii) p( 10 response 00 stimulus) Pi/ (l-(l-Pi)Pj)

iii) p( 10 response I 00 stimulus) = p.(l-P.)/ (1-{1/2)p.(1-p.))
1 J J 1

iv) p( 10 response I 00 stimulus) = p. + (1/2)p.(1-p.)
1 J 1

v) p( 10 response I 00 stimulus) = p.
1

In some instances, the restriction on the actual response set will

be equivalent to a restriction on the observed indicator function set

It itself. This would occur when all the actual response alternatives

have the same value assigned to at least one indicator function in the

For instance, in Example (6.5.1) if the possible response
•

alternatives had been defined to ,be (0,0) and (0,1), then the set of
....

observed indicators would contain only p.,
J

There has been no limitation up to now upon the realizations of

the set It other than the restriction of stimulus admissibility, but

it could happen that some elements in S are never presented. If the

subject is unaware of this restriction on the set S, then only a minor

change must be made both in the model given above for multiple choice

and in the general confusion matrix application of section 6.2. The

change is simply one of deleting rows in the transition matrix corres-

ponding to task inadmissible stimuli. However, if the subject is aware
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of the restriction, then the response alternatives must also be restricted

in the same manner. And again, if the restriction on 8 is performed

in certain ways, specific indicators in It may be superfluous, i.e.,

they all have the same value for task admissible realizations of It'

The problem of formalizing the multiple choice task could have

been phrased in terms of the. two encoding functions F(l) and F(2) as

was done for the general confusion matrix model earlier in this chapter.

The approach, however, is very straightforward and adds little to the

present discussion. In fact, the general confusion matrix model is

only a special case of the formalization given here for multiple choice.

The only difference is that all stimuli in set Sandall stimulus

admissible response alternatives may be used in an experimental task

that is appropriate for the application of the general confusion matrix

model.

The restrictions on the response and stimulus sets discussed in

this section are especially relevant to a labeling task. The multiple

choice model only assumes that some set of response alternatives are

given to the subject, consequently, the set could be either an actual

physical set of choices or only a set of labels or names from which the

subject must pick an appropriate answer. Suppose the elements in some

subset. Sl of the set of all stimulus situations S are given labels, and

that this set 8
1

also represents the possible response alternatives.

The response alternatives in Sl are then "remembered" rather than

physically given to the subject, and a verbal label or name must be

supplied as the response instead of "drawing" or physically picking out

an appropriate answer.
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6.6 CONCEPT IDENTIFICATION

The notion of supplying a label for a stimulus in set S comes very

close to requiring an additional discussion of concept identification

in general. There are many ways to approach the perceptual aspects of

concept identification within the basic model, but this section will

confine itself to only a few observations.

A concept that is relevant to the members of the set S divides S

into two complementary subsets. One subset contains those stimuli that

are exemplars of the concept and the complementary subset contains

elements that are non-exemplars of the concept. Theoretically, the

concept could correspond to some general property indicator which is

operative in some task t, and, in fact, this is an especially important

possibility whenever the concept is "automatic" or "over-learned". If

the concept is fairly unfamiliar to the subject, however, it is probably

unreasonable to assume it can consistenly operate as some type of

"pre-processor" in a general perceptual task.

If a subject is given a stimulus from set S and is required to

specify whether the element is an exemplar or non-exemplar of a specific

concept, the response distribution could be modeled on the basis of an

appropriate indicator function set It' The set It needs to contain

only the basis indicator functions, but for generality it is merely

assumed that It does not contain the one indicator directly corresponding

to the concept in question. The set first divides the stimulus set S

into equivalence classes on the basis of distinguishable elements, that

is, two members sl' s2 of S belong to the same equivalence class if and
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only if the indicators in It give the same realizations on sl and s2'

In this instance, It is interpreted as a set of stimulus .properties a

subject actually attends to.

If the bas.ic confusion matrix is collapsed to conform to the

equivalance classes defined above, the result is a confusion matrix

between equivalence classes rather than between all elements of S.

Since the concept itself may be used to further divide ~he equivalence

classes into complementary sets of exemplars and non-exemplars, the

2 by 2 theoretical confusion matrix for the concept itself may be

obtained by merely collapsing the equivalence class confusion matrix

in the usual manner.

6.7 FIGURAL GOODNESS

A rather unique extension of the basic model is to tasks that

require the subject to assess the "figural goodness" of some geometrical

configuration. The manner in which this experimental situation will be

modeled assumes that the perceptual encoding of any figure is perfect

and that no perceptual "errors" will occur. Consequently, the probabil

istic structure introduced in Chapter II is now completely ignored.

The "figural goodness" task to be formalized is very simple: p

geometric configurations are presented to a subject who must choose the

one alternative from the whole group that is figurally "best". The word

"best" is purposely left undefined for the present and is to be regarded

as a primitive term whenever used in .the following discussion. A similar

task involves the "completion" of some one specific figure by the addition
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of a certain number of lines. For instance, the second geometric

configuration in figure (2.2a) has three different completions in S if

the subject is instructed to add one line to the given pattern to obtain

the "best" form. This completion task as well as the corTesponding

deletion task will be considered identical to actually selecting the

"best" figure from the set of three possible response alternatives.

Suppose there exists some set of basis indicator functions It that

a sUbject may use in processing the stimuli in set S. The set of all

stimulus admissible realizations of It will be denoted by R and will be

considered as fixed both within and across subjects. Let P(R) be the

power set of R and suppose that each element p of P(R) is associated

with some quantity 9p , 0 ~ ep ~ 1 for all p and l: e = 1. Finally,
p p

suppose the symbol p+ denotes those elements of P(R) that correspond

to non-zero values ofe, i.e., p+ = ( p € P(R) I ep > 0 ).

The mass distribution defined by (e ) may be interpreted as a
p

distribution of "figural goodness" either over members of the set S or

over properties of figures in set S. If p+ consists of disjoint

subsets of R, then the set (ep ) will be interpreted as a distribution

over the actual stimuli, otherwise, it will be interpreted as a

distribution of "figural goodness" over properties. Without this

distinction, there is some inconsistency in saying that one stimulus

could belong to both p and pi € p+ but 8p f epl .

Suppose the k alternatives e
l

, ... ,ek are interpreted as a set of

behavioral "acts" from which the subject must choose a response, and
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on which the distribution (e ) is defined.
p

that +
P specifies a set consisting of v "states of nature" AI"" ,Av '

. +If the sets ln P are not

disjoint, the distance function from e. to A. is defined to be the
1 J

identity--non-identity comparison function given in (6.1.1)(i), but

+whenever P is a disjoint collection of sets, the distance function

may be defined by some more general expression. For convenience,

however, this more general distance function in the first example

given below is considered to be Hamming distance as defined in Example

(6.1.1)(H) .

Suppose the distance from e. to the set A. is merely the minimum
1 J

distance of e. to some member of A.. If this minimum distance is
1 J

denoted by dij , the matrix in (6.7.1) is obtained:

States of nature

A
v

Acts

d .. , ..
lJ

1 < i :s k, 1:S j < v

The subject is now assumed to first select some one criterion

class A. with probability e. and then choose as a final response the
J J

alternative with a minimum distance away from it. If the minimum were

obtained for a subset of alternatives, it could be further assumed that

either the final decision was made randomly from the subset, or that

the subset was screened by a second. criterion class. If this second.
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procedure were used, it could be continued until a unique response

was obtained.

Example (6.7.1) Consider the four-point geometry of the experimental

task discussed in Chapter II and assume that only four subsets of R

have positive probability of being selected as criterion figures.

Suppose the four sets are those given in figure (6.7a), and that there

are three possible response alternatives e
l
,e

2
,e

3
which are completions

of the configuration. in figure (6.7b) by one additional line. Now, if

Hamming distance is used, the following matrix of distances is obtained:

1

1

1

4

4

2

2

2

4

2

2

2

With "one-stage" sampling of criterion classes, the probabilities for

the selection of alternatives are easily obtained as follows:

p( e
l

selected over e
2

and e
3

)

subject uses criterion A. ) =
J

A number of such matrices would have to be defined for different sets

of alternatives in order to use the experimental data to estimate the

probabilities 81 , e
2

and 6
3

.
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(111001)
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(on001)

figure (6.7b)
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figure (6.7c)
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An Example of a "Figural Goodness"
Experimental Task
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To illustrate the other possibility in the definition of criterion

classes, Example (6.7.2) below has a set p+ defined in terms of proper-

ties of stimuli rather than in terms of disjoint subsets of stimuli.

Example (6.7.2) Suppose A
l

, .•. ,A6 are defined as follows:

A ~ (r E R I r corresponds to a stimulu.s that is symmetric about a1 ~

vertical line. )

A2 = ( r E R I r corresponds to a stimulus that is symmetric about a
horizontal line )

A
3

( r EO R I r corresponds to a stimulus that is symmetric about
the left diagonal )

A4 = (r EO R r corresponds to a stimulus that is symmetric about
the right diagonal )

r EO R

( r EO R

I r corresponds to a stimulus that is closed )

I r corresponds to a stimulus that is stable in a
dynamic sense )

If the same response alternatives of Example (6.7.1) are presented to

the subject, the following matrix of distances is obtained by use of

the zero-one comparison function.

Al A2
A

3
A4 A

5
A6

e l 1 1 1 1 1 0

e2 1 1 1 1 1 0

e
3

1 1 0 1 1 0

One example of the necessary probability calculations is as follows:

p( e
l

selected over e
2

and e
3

) =
6
)' 8. p( e l selected Over e2 and e

3
I subject uses A

Jo
)

J~ J
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If more generality in the definition of the distribution (e ) is
p

desired, a Dirichlet density as in Definition (5.12.1) can be assumed

to specify the actual set (6 ). This distributional constraint on
p

(e ) may provide a better.model for taking the behavioral idiosyn
p

crasies both within and across individuals into account, but as in

section 5.12, it is primarily of theoretical rather than of any prac-

tical importance in the formulation. The theoretical probabilities

for the final responses now would have to be "integrated out" with

respect to this ~ priQri distribution, and, consequently, the parameters

for the Dirichlet density would be the values to estimate from experi-

mental data instead of the actual probabilities (e ).
p

Example (6.7.3) The probabilities for selecting the various alternatives

in Example (6.7.1) are:

Alternative 1: (1/6)(2 ~\ + 3 e3 + 264 )

Alternative 2: (1/6)(2€ll + 38
3

+ 264)

Alternative 3: (1/3)( e
l

+ 3 e2 + 6 4 )

If a Dirichlet distribution with parameters (v
l

' ... ,v4) is assumed for

61 , 82 , 63' and e4' the mean probabilities for the final responses

are now:

Alternative 1: (1/6(vl + + v
4

) )(2v
l

+ 3v
3

+ 2V
4

)

Alternative 2: (1/6(vl + + v4 »(2vl + 3v
3

+ 2V4 )

Alternative 3: (1/3(V
l

+ + v4»(vl + 3v
2

+ v4 )
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CHAPTER VII

7.1 CONCLUSION

The attempt in the preceding chapters to both formulate and inves

tigate experimentally a general mathematical model has produced a

variety of results. Of obvious major importance is both the theoret

ical development of the model itself and its empirical reasonableness,

but a few other more peripheral observations deserve final comment in

this last section.

One very significant general implication for the testing of

stochastic models can be obtained from the procedures actually used

in the preceding data analysis. When viewed as a measure of "distance",

the chi-square measure proved to be extremely "unstable". This in

stability may have been a result of the "sparse" data matrix to which

the measure was applied, but more generally, it may also have been a

consequence of the parameter estimation process itself. In any case,

since we have used a maximum-likelihood estimation technique and have

not attempted to minimize a chi-square statistic, the chi-square measure

appears somewhat inappropriate ~ posteriori as a goodness-of-fit cri

terion. More generally, the parameter estimation procedure should

probably have much more influence in determining final goodness-of-fit

statistics than it traditionally has had in mathematical psychology.

There are a number of other questions similar to the problem of

goodness-of-fit that this dissertation raises but fails to answer in

any satisfactory fashion. Of obvious major importance is the actual

utility of mathematical models in psychology. Most of the time, a
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mathematical psychologist is very defensive about the ability of

.experimental.data. to stat.istically.reject his formalization. But in

a broader perspective, he should be developing his model as a tool

rath~r than as a complete abstraction of the phenomenon he is attempting

to investigate. In particular, more use should be made of formal models

as a means to permit a deeper gualitative study of a specific set of

experimental observations. But somehow this orientation that exists

toward models in statistics has not been promoted to any extent for

similar stochastic idealizations in psychology.

Even tho~h the data presented in this thesis was collected

primarily for the examination of formal mOdels, it could also be

interpreted qualitatively in reference to the population from which

it was originally obtained. It is becoming more and more clear from

the literature that some problems of initial reading encountered by

a so-called "disadvantaged" child may be perceptually rather than

verbally based. Though this problem was not directly investigated

in the thesis, an extremely large number of incorrect responses in

Table (4.3.1) are apparently due to errors of final orientation and

are not because of complete misperceptions. What is even more inter

esting is that these errors tend to appear consistently in certain

individuals who already read substantially below their grade level.

If this consistency occurs in general, it may be possible through a

similar tachistoscopic task to either diagnose certain reading defi

ciencies or, alternatively, to increase reading proficiency by merely

requiring a child to practice such tachistoscopic recognitions.
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The open research quest.ions are rather numerous but the most

pressing involve the precision obtained in the experimental situation

discussed in this thesis. Specifically, further research should in

volve selection of a tachistoscope with an enclosed viewing hood that

has, in addition, a more precise control of the pre- and post-exposure

fields, illumination, and exposure duration. Secondly, it would be

profitable to USe a more attentive subject and, in particular, to use

only~ such subject to reduce the variability due to individual

differences.

In most dissertations there is a final section that includes a

summary of the most relevant empirical findings. It is a little dif

ficult to follow exactly this same form here, primarily because the

major intent of the thesis is theoretical rather than experimental.

If there had to be one major empirical finding, it would be in the

identification of perceptual units in the "corners", parallel sides,

and the diagonals of the experimental stimulus set. But even this

result is still peripheral to the techniques that were applied to es

tablish it. This dissertation has only attempted to be an initial

formulation of a very general model for the perceptual processing of

geometric configurations. A formalization has been developed that may

have merit either by itself or as a means to establish some sort of

base-line from which a deeper study of geometrical form perception

could be made. In fact, this last use may be the most significant.

Much work has to be done both theoretically and experimentally before

the usefulness of the theory is really determined, but, hopefully,

enough of both have been presented here to warrant interest in continuing.
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APPENDIX I

For purposes of reference, this appendix lists .an arbitrary number

assignment to each of the 203 models listed in Table (2.7.1). For

instance, model number 2, referred to as ((1,2),3,4,5,6) in the listing

'" Nbelow, is the possibility.in which the pair (b
l
,b

2
) and the components

1,3'1,4 ,1,
5
,b

6
operate error-independent.ly. "Equivalent subgroups" are

also listed after each category, i.e., mOdels that would be the same

except for a rotation or a reflection of the various configurations.

Category #1

Model no.

1

Category #2

Model no.

2

3

4

5

6

7

8

Model

(1,2,3,4,5,6)

"equivalent subgroups"

i) 2,4,7,11

ii) 3,8
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iii) 5,6,9,10,12,13,14,15
iv) 16

Category #3

Model no. Model Model no. Model--

17 (1,2,(3,4),(5,6)) 40 (2,5,(1,6),(3,4))

18 (1,2,(3,5),(4,6)) 41 (2,6,(1,3),(4,5))

19 (1,2,(3,6),(4,5)) 42 (2,6,(1,4),(3,5))

20 (1,3,(2,4),(5,6)) 43 (2,6,(1,5),(3,4))

21 (1,3,(2,5),(4,6)) 44 (3,4,(1,2),(5,6))

22 (1,3,(2,6),(4,5)) 45 (3,4,(1,5),(2,6))

23 (1,4,(2,3),(5,6)) 46 (3,4,(1,6),(2,5))

24 (1,4,(2,5),(3,6)) 47 (3,5,(1,2),(4,6))

25 (1,4,(2,6Y,(3,5)) 48 (3,5,(1,4),(2,6))

26 (1,5,(2,3),(4,6)) 49 (3,5,(1,6),(2,4))

27 (1,5,(2,4),(3,6)) 50 (3,6,(1,2),(4,5))

28 (1,5,(2,6),(3,4)) 51 (3,6,(1,4),(2,5))

29 (1,6,(2,3),(4,5)) 52 (3,6,(1,5),(2,4))

30 (1,6,(2,4),(3,5)) 53 (4,5,(1,2),(3,6))

31 (1,6,(2,5),(3,4)) 54 (4,5,(1,3),(2,6))

32 (2,3,(1,4),(5,6)) 55 (4,5,(1,6),(2,3))

33 (2,3,(1,5),(4,6)) 56 (4,6,(1,2),(3,5))

34 (2,3,(1,6),(4,5)) 57 (4,6,(1,3),(2,5))

35 (2,4,(1,3),(5,6)) 58 (4,6,(1,5),(2,3))

36 (2,4,(1,5),(3,6)) 59 (5,6,(1,2),(3,4))

37 (2,4,(1,6),(3,5)) 60 (5,6,(1,3),(2,4))
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38

39

(2,5,(1,3t,(4,6))

(2,5,(1,4),(3,6))

61 (5,6,(1,4),(2,3))

"equivalent .subgroups"

i) 18,19,21,22,24,25,33,34,36,37,45,46
ii) 17,23,32,44
iii) 20,35
iv) 26,28,29,31,39,40,42,43,47,48,50,51,53,55,56,58
v) 27,30,38,41,49,52,54,57
vi) 59,61
vii) 60

Category #4

Model no. Model Model no.

62 ((1,2),(3,4),(5,6)) 70

63 ((1,2),(3,5),(4,6)) 71

64 ((1,2),(3,6),(4,5)) 72

65 ((1,3),(2,4),(5,6)) 73

66 ((1,3),(2,5),(4,6)) 74

67 ((1,3),(2,6),(4,5)) 75

68 ((1,4),(2,3),(5,6)) 76

69 ((1,4),(2,5),(3,6))

Model

((1,4),(2,6),(3,5))

((1,5),(2,3),(4,6))

((1,5),(2,4),(3,6))

((1,5),(2,6),(3,4))

((1,6),(2,3),(4,5))

((1,6),(2,4),(3,5))

((1,6),(2,5),(3,4))

"equivalent subgroups"

i) 62,68
ii) 65
iii) 63,64,69,70,73,74,76
iv) 66,67,72,75
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Category #5

Model no. Model Model no. Madel
~ -

77 ((1,2,3),4,5,6) 87 ((2,3,4) ,1,5,6)

78 ((1,2,4),3,5,6) 88 ((2,3,5),1,4,-6)

79 ((1,2,5),3,4,6) 89 ((2,3,6),1,4,5)

80 ((1,2,6),3,4,5) 90 ((2,4,5),1,3,6)

81 ((1,3,4),2,5,6) 91 ((2,4,6),1,3,5)

82 ((1,3,5),2,4,6) 92 ((2,5,6),1,3,4)

83 ((1,3,6),2,4,5) 93 ((3,4,5),1,2,6)

84 ((1,4,5) ,2,3,6) 94 ((3,4,6),1,2,5)

85 ((1,4,6),2,3,5) 95 ((3,5,6),1,2,4)

86 ((1,5,6),2,3,4) 96 ((4,5,6),1,2,3)

"e'luivalent subgroups II

i) 77,78,81,87
ii) 79,85,89,93
iii) 80,84,88,94
iv) 82,83,90,91
v) 86,92,95,96

Category #6

Model no. Model Model no. Model--
97 ((1,2,3),(4,5),6) 126 ((1,5,6),(3,4),2)

98 ((1,2,3),(4,6),5) 127 ((2,3,4),(1,5),6)

99 ((1,2,3),(5,6),4) 128 ((2,3,4),(5,6),1)

100 ((1,2,4),(3,5),6) 129 ((2,3,4),(1,6),5)

101 ((1,2,4),(3,6),5) 130 ((2,3,5),(1,4),6)

102 ((1,2,4),(5,6),3) 131 ((2,3,5),(1,6),4)
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103 ((1,2,5),(3,4),6) 132 ((2,3,5),(4,6),1)

104 ((1,2,5),(3,6),4) 133 ((2,3,6),(1,4),5)

105 ((1,2,5),(4,6),3) 134 ((2,3,6),(1,5),4)

106 ((1,2,6),(3,4),5) 135 ((2,3,6),(4,5),1)

107 ((1,2,6),(3,5),4) 136 ((2,4,5),(1,3),6)

108 ((1,2,6),(4,5),3) 137 ((2,4,5),(1,6),3)

109 ((1,3,4),(2,5),6) 138 ((2,4,5),(3,6),1)

110 ((1,3,4),(2,6),5) 139 ((2,4,6),(1,3),5)

111 ((1,3,4),(5,6),2) 140 ((2,4,6),(1,5),3)

112 ((1,3,5),(2,4),6) 141 ((2,4,6),(3,5),1)

113 ((1,3,5),(2,6),4) 142 ((2,5,6),(1,3),4)

114 ((1,3,5),(4,6),2) 143 ((2,5,6),(1,4),3)

115 ((1,3,6),(2,4),5) 144 ((2,5,6),(3,4),1)

116 ((1,3,6),(2,5),4) 145 ((3,4,5),(1,2),6)

117 ((1,3,6),(4,5),2) 146 ((3,4,5),(1,6),2)

118 ((1,4,5),(2,3),6) 147 ((3,4,5),(2,6),1)

119 ((1,4,5),(2,6),3) 148 ((3,4,6),(1,2),5)

120 ((1,4,5),(3,6),2) 149 ((3,4,6),(1,5),2)

121 ((1,4,6),(2,5),3) 150 ((3,4,6),(2,5),1)

122 ((1,4,6),(2,3),5) 151 ((3,5,6),(1,2),4)

123 ((1,4,6),(3,5),2) 152 (( 3, 5,6) , (1,4) ,2)

124 ((1,5,6),(2,3),4) 153 ((3,5,6),(2,4),1)

125 ((1,5,6),(2,4),3) 154 ((4,5,6),(1,2),3)

155 ((4,5,6),(1,3),2)

156 ((4,5,6),(2,3),1)
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"equivalent subgroups"

i) 97,98,100,101,109,110,127,129
ii) 99,102,111,128
iii) 103,122,133,145
iv) 104,105,121,123,134,135,146,147
v) 106,118,130,148
vi) 107,108,119,120,131,132,149,150
vii) 112,115,136,139
viii) 113,114,116,117,137,138,140,141
ix) 124,126,143,144,151,152,154,156
x) 125,142,153,155

Category #7

Model no. Model Model no.

157 ((1,2,3),(4,5,6» 162

158 ((1,2,4),(3,5,6» 163

159 ((1,2,5),(3,4,6» 164

160 ((1,2,6),(3,4,5» 165

161 ((1,3,4),(2,5,6» 166

"equivalent subgroups"

i) 157,158,161,166
ii) 159,160,164,165
iii) 162,163

Category #8

Model

((1,3,5),(2,4,6»

((1,3,6),(2,4,5»

((1,4,5),(2,3,6»

((1,4,6),(2,3,5»

((1,5,6),(2,3,4»

Model no.

167

168

169

Model

((1,2,3,4),5,6)

((1,2,3,5),4,6)

((1,2,3,6) ,4,5)

Model no.

175

176

177

312

Model

((2,3,5,6),1,4)

((2,3,4,6),1,5)

((2,3,4,5),1,6)



170 ((1,2,5,6),3,4) 178 ((1,4,5,6) ,2,3)

171 ((1,2,4,6),3,5) 179 ((1,3,5,6) ,2,4)

172 ((1,2,4,5),3,6) 180 ((1,3,4,6),2,5)

173 ((3,4,5,6) ,1,2) 181 ((1,3,4,5),2,6)

174 ((2,4,5,6),1,3)

"equivalent subgroups"

i) 167
ii) 168,169,171,172,176,177,180,181
iii) 170,173,175,178
iv) 174,179

Category #9

Model no. Model Model no.--

182 ((1,2,3,4),(5,6)) 190

183 ((1,2,3,5),(4,6)) 191

184 ((1,2,3,6),(4,5)) 192

185 ((1,2,5,6),(3,4)) 193

186 ((1,2,4,6),(3,5)) 194

187 ((1,2,4,5),(3,6)) 195

188 ((3,4,5,6),(1,2)) 196

189 ((2,4,5,6),(1,3))

U equivalent subgroups"

i) 182
ii) 183,184,186,187,191,192,195,196
iii) 185,188,190,193
iv) 189,194
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Category #10

Model no.

197

198

199

Model-
(1,(2,3,4,5,6)

(2,(1,3,4,5,6)

(3,(1,2,4,5,6)

Model no.

200

201

202

Model

(4,(1,2,3,5,6)

(5,(1,2,3,4,6)

(6,(1,2,3,4,5)

"equivalent subgroups"

i) 197,198,199,200

ii) 201,202

Category #11

Model no.

203

Model-
((1,2,3,4,5,6))



APPENDlX II

The 64 stimuli used in the experimental task are listed in this

appendix along with their binary representations and decimal

equival~nts•

Decimal Eguivalent

°

3

4

5

6.

Binary Representation

(0,0,0,1,0,0)

(0,0,0,1,0,1)

(0,0,0,1,1,0)
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7

8

9

10

11

12

13

14

15

16

(0,0,0,1,1,1)

(0,0,1,0,0,0)

(0,0,1,0,0,1)

(0,0,1,0,1,0)

(0,0,1,0,1,1)

(0,0,1,1,0,0)

(0,0,1,1,0,1)

(0,0,1,1,1,0)

(0,0,1,1,1,1)

(0,1,0,0,0,0)
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7

8

9

10

11

12

13

14

15

16

(0,0,0,1,1,1)

(0,0,1,0,0,0)

(0,0,1,0,0,1)

(0,0,1,0,1,0)

(0,0,1,0,1,1)

(0,0,1,1,0,0)

(0,0,1,1,0,1)

(0,0,1,1,1,0)

(0,0,1,1,1,1)

(0,1,0,0,0,0)

317

)<J



17

18

21

22

24

25

26

(0,1,0,0,0,1)

(0,1,0,0,1,0)

(0,1,0,1,0,1)

(0,1,0,1,1,0)

(0,1,0,1,1,1)

(0,1,1,0,0,0)

(0,1,1,0,0,1)

(0,1,1,0,1,0)
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28

29

30

31

32

33

35

(0,1,1,0,1,1)

(0,1,1,1,0,0)

(P,l,l,l,O,l)

(0,1,1,1,1,0)

(1,0,0,0,0,0)

(1,0,0,0,0,1)

(1,0,0,0,1,0)

(l,O,O,O,l,l)

(1,0,0,1,0,0)
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37

39

40

41

42

46

(1,0,0,1,0,1)

(1,0,0,1,1,0)

(1,0,0,1,1,1)

(1,0,1,0,0,0)

(1,0,1,0,0,1)

(1,0,1,0,1,0)

(1,0,1,0,1,1)

(1,0,1,1,0,0)

(1,0,1,1,0,1)

(1,0,1,1,1,0)
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47

48

50

51

52

53

55

(1,0,1,1,1,1)

(1,1,0,0,0,0)

. (1,1,0,0,0,1)

(1,1,0,0,1,0)

(1,1,0,0,1,1)

(1,1,0,1,0,0)

(1,1,0,1,0,1)

(1,1,0,1,1,0)

(1,1,0,1,1,1)

(1,1,1,0,0,0)
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57

59

60

61

62

(1,1,1,0,0,1)

(1,1,1,0,1,0)

(1,1,1,0,1,1)

(1,1,1,1,0,0)

(1,1,1,1,0,1)

(1,1,1,1,1,0)

(1,1,1,1,1,1)
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