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EXPERIMENTAL MEASUREMENT OF UTILITY BY USE OF A

LINEAR PROGRAMMING MODEL Y

By

Donald Davidson and Patrick Suppes

1. INTRODUCTION

The purpose of this paper is to report an experiment which was designed

to measure the cardinal utility of non-monetary outcomes and to use the

computed utilities to predict further choices. The basic experimental

design follows that of previous experimental work by Davidson, Siegel and

Suppes [2], and knowledge of that work will be assumed.

The experiment and model to be described were designed to meet certain

criticisms and eliminate some limitations of the model report in [2]. The

inadequacies of the earlier model (discussed in [2], VIII, D) which the

present model attempts, at least in part, to rectify, may be summarized

under two heads: First, the earlier model was restricted to outcomes

equally-spaced in utility. This meant that the model could be applied in

practice only where a continuum of preference-graded potential outcomes

were available (monetary outcomes were used). Since outcomes with

. specified utilities had to be found, rather than finding the utilities

of specified outcomes, it was impracticable to present subjects with a

random series of choices. In consequence there was danger of the experi

menter cueing the subject as to the desired response or otherwise influencing
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his choices. Second, the model used in [2] theoretically prohibited

changes in choice of option, or indeed any "inconsistencies" whatsoever and

thus could not incorporate any empirical evidence on this point. Associated

with this difficulty was the fact that the pure model of [2] dealt

exclusively with equalities ("indifferences") while the experimental results

were interpreted in terms of inequalities. An elaborate and somewhat

inelegant bridging theory was therefore needed to connect model and

experiment.

The linear programming model which was used in the present experiment

to meet these criticisms is described in the next section. In Section 3

a weaker ordinal model wh~ch was tested for comparative purposes is

discussed. The experimental procedure is outlined in Section 4; experimental

results are summarized and discussed in Sections 5 and 6.

2. LINEAR PROGRAMMING MODEL

The normal form of the simple game used has the following form:

1 2

E x

y

u

v

The subject chooses a column (called an option) and then a die is cast to
, I'V

decide the row (EandE are called events). x, y, u and v are the four

possible outcomes. Behavioristic evidence, as described in [2], Section 6}
/"-"

is obtained for each subject to check that chance events E and E have

equal subjective probability. If the subject has a cardinal utility cp
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and if he maximizes expected utility, the choice of Option 1 may be

represented by the inequality:

(1)
IV ~

s(E)~(x) + s(E)~(y) ~ s(E)~(u) + s(E)~(v),

where sis the subj ect I s subjective probability function., Since

"""s(E) = s(E), (1) reduces to:

(2) ~(x) + ~(y) ~ ~(u) + ~(v).

The essential idea of the model is to apply linear programming methods

to solve a set of inequalities of the form of (2) In the experi~ent

options (x,y) were built up from possible pairs of six outcomes. A strict

preference ordering for the outcomes was antecedently determined. It is

easy to show that there are 35 distinct games where prediction of the

preferred option will not follow from ordinal preference considerations
,.."

(Since s(E) = s(E), a row interchange of two objects in the same

column or a transposition of the two columns does not yield a distinct

game in the sense desired here.) In general, if there are n objects

ordered in strict preference, there are (ntl ) distinct games.

Given the subject's choices in the sequence of 35 games, using (2)

we obtain 35 inequalities in six variables. Only rarely does this set

of inequalities have a solution. Therefore, each inequality of the form

of (2) is replaced by:

(3) ~(x) + ~(y) + e ~ ~(u) + ~(v)

For further discussion it is desirable to replace (3) by an equivalent

inequality concerning utility intervals:

(4) ~(x) - ~(v) + e ~ ~(u) - ~(y).

Now if there are six objects strictly ordered in preference, say a first,
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b second, etc., then there are five atomic intervals in terms of which

any other interval may be expressed. Thus in Figure 1, a, 13, 0 , 0 and €.

are the atomic intervals (we shall use this notation throughout the paper):

a

---+----------+-----------------I!-

a b c d e f

~~~---- most preferred
Figure 1.

And we may replace (4) by an inequality such as:

Linear programming methods are now applied to obtain a solution of the

set of inequalities of the form of (5): the minimum e is found for

which the set of inequalities has a solution, with the normalizing

restriction that the smallest interval be of length one. Intuitively e

may be thought of as the ,!"~re~Eold .of preference. If two intervals differ

by more than e the larger must be chosen. If the difference is within

e the choice is stochastic. More particularly, we postulate the

following weak properties for choice of option when the difference is

within e. Let ~ be the numerical difference in utility between the

two options, then, Pr(6) is the probability that the option with larger

expected utility is chosen. The postulates are simply:

PI. If Ll > 6 l then Pr(Ll) 2: Pr(Ll l
)

P2. If ~ < e then Pr(~) < 1.

Postulate Pl is a weak monotonicity assumption which one would intuitively

expect to be satisfied. Postulate P2 asserts that choices are genuinely
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stochastic whenever the difference is within O. It should be clear

that confirmation of neither of these postulates will result as an

artifact of the model. (See Table 5, Section 5.) For reasons which will

become obvious in Section 5 it was not practical in the experiment

reported here to test stronger postulates on choices within O.

In general the utility function ~ obtained by linear programming

cdmputations is not unique: the minimum 0 is compatible with a

convex polyhedron of solutions. The best single choice for ~ is

probably the centroid of this convex polyhedron. Due to limited

computational facilities we actually used the first solution obtained.

To test the predictive power of this linear programming model, the

experiment was structured in the following manner. Music students were

used as subjects, with long-playing records as outcomes (objects x, y, u)

and v in inequalities (1) - (4)). Each subject came to three sessions;

all testing was done individUally. In the first session a utility curve

for six records was determined by the linear programming method just

described. In the second session a utility curve was found for another

set of six records, two of which were drawn from the set used in the first

session to permit the construction of a joint curve. The joint curve

was used to predict choices between untested combinations of the ten

records used in the two sessions, and these predictions were tested in a

third session.

The necessity of a third session to test the validity of the

programming model emphasizes a property with respect to which this model

is not as good as the one used in [2]. The earlier model more directly

tested the measurability of utility: it did not sanction the computation

of a numerical utility function until certain predictions were confirmed
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(see pp. 46-47 of [23]). The present model shares a defect common to many

psychometric techniques of scaling, namely, no matter what responses the

subject makes to the options presented him, a numerical utility function

can be computed. Of course, the less "consistent" the subject is (in some

intuitive sense of the word) the larger 6 will be; but there is always

a sufficiently large 6 to "rationalize" the data. For this reason no

clear significance can be attached to the npmerical function obtained

from the thirty-five inequalities generated by the SUbject's responses

until the predictive power of this function is tested.

Predictions concerning choices in Session III fell into one of two

categories. (1) A clear prediction of choice meant that the difference

between the utility intervals as computed from the joint curve for Sessions

land II differed by more than the larger of the two thresholds eI and ell,

where 6
1

is the computed threshold for Session I, 611 the threshold for

Session II. (2) If the difference was less than max(eI , ell) no clear

individual prediction could be made, although certain probabilistic

predictions are warranted on the basis of Postulates Pland P2.

The linear programming model outlined in this section has obvious

connections with scaling models previously proposed in the literature.

Relations to the model used in [2] have already been mentioned. For the

special case of 6 = 0, the model is similar to Coombs' ordered metric

scale [1]. Stochastic assumptions bearing a relation to Pland P2 are

made informally in Mosteller and Nogee [4], and more formally in

Papandreou et al [5]. For a discussion of these and related stochastic

assumptions, see Marschak [3].
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3. Ordinal Model.

Although a sophisticated evaluation of the predictive power of a model

when the data are quantitative is well-nigh impossible, it is often

relatively straightforward to compare the predictive power of two models.

In the present experiment the natural thing is to compare the linear

programming model just described with the much simpler ordinal model. From

the simple rankings obtained in the first two sessions with subjects more

can sometimes be predicted about the third session than might be

anticipated.

For instance, in the case of one subject (~5 in Table 1, Section 5)~

a prediction was made by the ordinal model in 84 Zof the choices presented

in the third session. In the first session she ranked six records as

follows, letting a be first, b second, etc. (For a description of how these

six were selected see the next section):

a - Handel, 6 Sonatas for Violin and Continuo

b - Monteverdi, Madrigals

c - Beethoven, Diabelli Variations

d - Berlioz, Harold in Italy

e - Offenbach, Gait: Parisienne,

f - Stravinski, L'Histoire dUSoldat

The Handel and Berlioz records were also used in Session II. Using capital

letters to distinguish the new records, the second ranking was in order of

preference:

A - Corelli, Op. 6, Nos. 1, 2, 7, 8, 9, (Concerti Grossi for stri.ngs)

a - Handel, £ Sonatas for Violin and Continuo

d - Berlioz, Harold in Italy

B - Bartok, Sonata No. l.~ Violin~ Piano
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C - von Weber, Abu Hassan

D - Grofe, Grand Canyon Suite

In general, of course, the two rankings do not combine to give a joint

simple ordering. In the case of this subject the following partial ordering

(In fact, semi-lattice) can be inferred from the above rankings for the

six records used in Session III.

b

e/~B
1: b

I
D

When Session III was held, the subject actually ranked these six records:

(2)

b

C

D

e

B

f

From the observed ranking (2) no prediction can be made regarding the

options:

1 2

E*
/"OJ

E*

B

e

C

but a clear prediction for (3) is made by (1), namely the subject should

choose Column 1, since in (1) B is preferred to C and e is preferred to f.

Similar considerations yield numerous other predictions from (1). It

should be remarked, however, that the figure of 84 1 predictions (not

necessarily correct predictions) is based on more than the 35 options

described in the previous section; it is in fact 84 1 of 55 options, the

character of which are explained in the next section.
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The fact that for one subject (~6) the ordinal model made no

prediction of choices in Session III indicates how much its predictive

power is dependent on individual characteristics of the data.

4. Experimental Procedure.

The subjects were drawn from a single course at an intermediate

level in music at Stanford University.g! From this class of about

twenty students ten were chosen at random by the experimenters. No one

who was asked to be a subject refused) but of the ten who began the

experiment three did not) for one reason or another, complete all of the

sessions. The data given here concern the seven subjects (three female)

four male) who completed the experiment.

Subjects were run separately. The procedure to be outlined was

followed for each subject.

Session I. When a subject arrived for the first session) he was

given these general instructions:

We have asked you to participate in this experim.ent because we
know you have som.e interest in music. The purpose of the experiment is
to learn something about the way people make choices among different
objects which they might like to have - in this case phonograph records.

It will probably take about an hour and a half for us to run
through the questions I am going to ask you. Most of the questions will
require you to choose between two options where each option will involve
one or two phonograph records. When we are finished) the choices you
have made will decide what record you will receive. Ina day or so we
will be able to give you the record, and it will be yours to keep. We
may ask you to return for one or two more sessions (which will be
shorter)j if you do come to these, you will receive a record for each
session. All of the records are 12 11 LP records by major record companies,
and. they are brand. new.

The purpose of this experiment is purely descriptive - that is,
what we are trying to find out is how people do make decisions under
the se conditions. The choice s you :make w'ill be kept entirely confidential.
No question of skill or taste is involved in the experiment. You will
stand the best chance of getting a record you prefer if you:make your
choices in terms of your preferences.

You may take as long as you please to make your decisions. We have
only one request to :make of you: that you do not discuss the details of
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the experi;rnent with anyone else who might also be a subject. The reason
for this request is that we want the results for each subject to be quite
independent of the results for the other subjects. Of course, it will not
matter if you want to discuss it when we are finished with all our subjects,
which will be in about six weeks.

A list of 23 different LPs had been prepared. Each LP represented

a single work by a different composer (ina few cases a record had

several related works by the same composer, for example, five concerti

grossi for strings from Corelli's Opus 6). The records were chosen to give

a wide variety in style, instrumentation, period and taste.

For the first session, the experimenter selected six records to meet

these requirements: no record was chosen which the subject had in his

library; the records were to represent several musical categories with

respect to period, style and form. (These requirements also held for

selecting records in subsequent sessions.)

Phase 1. The subject was now asked to choose one record out of each

of the fifteen possible different pairings of the six records. He was

told that one of. these choices might be used (at the end of the experiment)

to determine which record he could keep. The records were arbitrarily

labeled a, b, c, d, e, f in order of preference.Y

Phase 2. Next the subject was introduced to the 2.l( 2 game using the

special dice described in [2] to generate events and small amounts of

money as outcomes (real money was used, and the options were chosen to

keep the subject from winning or losing more than a small amount). It was

determined that for the events used s(E) = s(E). This part of the

experiment exactly paralleled the verification of Hl in [2].

Phase 3. In the last phase of the first session 55 choices were

elicited from the subject in the game situation described using the six
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records in various combinations as outcomes. Thus a typical choice might be~

Option 1 Option 2

If ZOJ is thrown
you get

If ZOJ is not
thrown you get

Bach} Cantata No. 70

Ives} Sonata No.g

von Weber} Abu Hassan

Beethoven} Diabelli
Variations

The subject was told that any of these choices might be used in the end

to decide which record he received. The 55 choice situations were

determined as follows:

1. There are 35 different pairs of options for which no decision

could be predicted using the ordinal information and assuming consistency

with the usual cardinal model (With no stochastic properties).

2. Five of these 35 pairs were repeated; these were chosen at random

among those game situations in which no two outcomes were the same (these

were thought to be the choices most apt to be reversed).

3. It was conjectured that subjects would make some choices

inconsistent with the ordering found in Phase 1 (ignoring e). Therefore

fifteen pairs of options were added for which the choice could be

predicted from ordinal information unless the subject had reversed the

order of at least one pair of preference - adjacent records. (Examples

of such pairs of options) given an alphabetic ranking in Phase 1: (a, b)

and (a, c); (a) d) and (b) e).)

The 55 pairs of options were presented to the subject in random

sequence} with the order of options in one play of the game and the order

of alternatives within each option randomized. Randomization was
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not appear twice in the same form, and were separated from their twins by

five or more choices.

At the end of the session 70 numbers were scrambled in a hat (15 from

Phase 1, 55 from Phase 3) and the subject drew one. If on the choice

corresponding to the number the subject had chosen a sure-thing option,

he received the appropriate recordj if he had chosen a probability

combination, the die was cast to determine the outcome.

Session II. Sessions were separated by no more than ten days and no

less than four. On the second session six records were selected as follows:

exactly two records were carried over from the first session. Using the

ranking a, b, c, d, e, f obtained in Phase lof Session I, these records

were a (the most preferred) and f (the least preferred). If a had been

won by the subject at the end of Session I, b was carried over; if f

had been won, e was carried over. Four new records were added to the

list. Except for the different records and the omission of Phase 2,

Session II was exactly like Session I.

Session III. The same as Session II except for the records. These

were selected as follows: the three records from Session I which were not

carried over to Session II and had not been won in Session Ij and any

three records from Session II which had not been won and had not been

carried over from Session 1.

5. Results.

The experimental results may be discussed under five headings.

1. Table 1 summarizes the predictions made for Session III by the

linear programming and ordinal models.
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TABLE 1

SUMMARY OF "PREDICTIONS Y

Linear Programming Model Ordinal Model

! Pre-
I

Subject Clear Clear Pre- Total Pr~- I Total,
pre- pre- dictions dictions dictions
dictions dictions within e correct wrong
correct wrong

'"
1 30 1 24 55 6 0 6

2 24 7 24 55 +8 2 20

3 21 0 34 55 11 2 13

4 23 15 17 55 21 11 32

5 21 19 15 55 27 19 46

6 4 0 51 55 0 0 0

7 10 13 32 55 7 12 19
I

Total 133 55 197 385 90 46 I 136

From inspection of Table 1 we may conclude that the linear programming model

is superior to the ordinal model in at least three respects. First) the

total number of predictions is greater) the total number of correct

predictions is greater) and the ratio of correct to total predictions is

greater. Second) if we consider individual SUbjects) for five subjects the

total muriber of predictions by the linear programming model is greater) the

number of correct predictions is greater for six subjects) and the ratio

of correct to total predictions is at least as good for four subjects.

Third, in the case of two subjects (=#-1 and=IF3) the linear programming

model is radically better; there is no corresponding case for which the

ordinal model is sharply superior.

On the other hand) if we compare the linear programming model with the
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obvious guessing model, that is, the model which predicts choice of

Column 1 or Column 2 in an option simply on the basis of flipping a fair

coin, the results recorded in Table 1 are not as impressive. The expected

number of correct guesses is 27.5, which figure is better than the

number of correct predictions by the ordinal model for any subject, and

better than the predictions by the linear programming model with one

exception (subject 1). Still these remarks are misleading, for more

important is comparison of right and wrong predictions. Given that you

got a dollar for each correct prediction and lost a dollar for each

wrong prediction~ either model tested is clearly superior to the guessing

model. Moreover, what were ~ priori the most difficult options were

selected for Session III. If a random sample of 55 options had been

selected from the 210 possible, undoubtedly the predictive results for

both models would have been better, whereas the guessing model would

have shown no improvement.

2. Since eI and ell for each subject have to be large enough to

rationalize any discrepancy in Sessions I and II respectively, and since

the worst discrepancies do not usually carryover to Session III, a

natural idea is to consider the predictions made by the linear pro

gramming .model if e is ignored, that is~ if we put e = O. The results

are summarized in Table 2. Notice that a column for options for which

no prediction is made is still required, for the numerical sum is

occasionally the same for both columns.
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TABLE 2

SUMMARY OF PREDICTIONS

Modified Linear Programming Model

e = 0

Subject Correct Wrong No Total
Predictions Predictions Predictions

1 39 14 2 55
2 34 21 0 55
3 48 7 0 55
4 31 24 0 55
5 29 26 0 55
6 48 6 1 55
7 25 28 2 55

Total 254 126 5 385

There is a considerable gain in the total number of correct predictions,

but the ratio of correct to total predictions is somewhat worse:~

254 133
380 = .67 < ·71 = TIm

On the other hand, the ratio of .67 is .01 better than that of the ordinal

model. Probably the most striking thing about Table 2 is the extremely

good results obtained for Subjects 3 and 6. The fact that predictions for

Subject 6 are so accurate is not accidental. She was the only subject

whose simple preference choices for all three experimental sessions were

transitive. Since the ordinal model yielded no predictions for this

subject (see Table 1), it is of some interest to examine her ranking of

records in Session III. As before let lower-case letters designate records
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used in Session II, with a and A most preferred, band B next, etc. Her

ranking in Session III was:

B

b

C

d

D

e

The two previous rankings are completely interlocked, which accounts for

the meager predictions by either model in ~able 1.

3. Certain properties of the linear programming model can be most

appropriately elucidated by considering the computed utility functions for

one session. Table 3 sunnnarizes the computations for Session r. The

results are stated in terms of intervals because this method of presentation

brings out a central fact about the model. 0: is the utility interval

from a to b, where a is the record most preferred of the six, b the

next preferred. ~ is the interval from b to c, etc. (See Figure 1,

Section 2). e
I

is the minimum threshold for this session. Since

different subjects were presented with different records, numerical com-

pari sons between subjects have no significance (independent of any questions

about interpersonal comparisons of utility).

TABLE 3

UTILITY INTERVALS

FOR SESSION I

Subject Intervals
°Iex ~ (£ 0 €:

1 1 1 1 1 3/2 1/2
2 2 1 1 1 1 3
3 1 1 1 1 1 2
4 1 1 1 1 2 2
5 2 1 1 1 1 0
6 3/2 1 1 1 2 3/2
7 3/2 1 1 1 3 3/2
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The large number of intervals of length 1 results in part from the

normalizil1g assumption that the minimum interval be e~ual to or greater

than 1. The most important observation about Table 3 is that for every

subject most of the intervals are of the same length. Without doubt

this e~uality of intervals is to a considerable extent an artifact of

the model. Subject to the normalizing assumptions made, the linear

programming model imposes the simplest possible numerical structure on

the data. It seems unlikely that persons with well-defined musical tastes)

like our subjects, intuitively think of their preferences for different

kinds of music as being so e~ually spaced. In our opinion, this may be a

major factor in accounting for prediction discrepancies) but the lack of

even ordinal transitivity throughout the three experimental sessions for six

of the seven subjects prohibits a closer analysis of the correctness of this

opinion. The results in ~able 2 for Subject 6; the only subject satisfying

transitivity, even argue against this conjecture.

4. Tables 1 and 2 summarize predictions for Session III. The data

from Session III are exactly of the same general form as those from the

two earlier sessions. Conse~uently a utility function can be computed from

the observed data and compared with the predicted function. Table 4

provides such a comparison. Since transitivity was so often violated, it

is not possible to present the data in terms of interval lengths as is

done in Table 3. Thus in Table 4 lower case Roman letters are used to

represent the six records used (different records, of course, for

different sUbjects). The observed rather than the predicted order is

used: a was observed as first choice of the six, etc.
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TABLE 4

OBSERVED & PREDICTED UTILITY

FUNCTIONS IN SESSION III

Six Records erlrSubject
a b c d e f

l obs. 5·5 4·5 3·5 2·5 LO 0.0 0·5
predict. 5·l 5·5 2.8 2·9 0.6 0.0 0·5

2 obs. 7·0 6.0 5·0 4.0 3·0 0.0 LO
predict. 2·9 7·0 LO 000 2.2 0,6 3·2

3
obs. 6.0 5·0 4.0 3·0 2.0 0.0 2.0

predict. 6.0 3·l 4.0 3·9 3·8 0.0 2,0

4 obs. 9·0 7·0 6.0 5. 0 4.0 0.0 LO
predict. 2·7 9·0 L8 0.0 7·2 L8 3·6

5
obs. 6.0 5·0 4.0 3·0 2.0 0.0 2.0

predict. 6.0 L4 0.0 5·3 2.8 4.9 l.O

6 obs. 6·5 4·5 3·0 2.0 LO 0.0 L5
predict. 6·5 4·9 3·2 l.0 0·9 0.0 4.6

7
obs. 6.0 5·0 3·0 2.0 LO 0.0 LO

predict. 4·5 Ll 2·3 0.0 3·0 6.0 4·5

For ease of comparison, values in the table are given to one decimal place.

Actually each value is a fairly simple rational n~mber) but even numbers

like 63/22 and 9/5 are not as easily compared as 2.9 and l.8. The

normalizing assumption used in constructing the table is that for each

subject, the highest and lowest values be the same for the observed and

predicted utility functions. For instance, in the case of Subject l, the

highest value is 6, observed for record a, predicted for record b. The

fact that the observed values of e
III

are, with one exception (4f5),

lower than the predicted values contributes to the significance of the
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prediction results of Table 2, for which 8 was ignored.

Figures 1 and 2 graphically depict the observed~nd predicted functions

for the best subject (# 6) and the worst (~7) respectively, Observed

utilities are plotted on the abscissa, predicted o~es on the ordinate, A

perfect prediction would have yielded the 45° dotted line of "observed

values." The closeness of fit of the two curves is surprisingly good

for Subject 6 and very poor for Subject 7.

5. The two stochastic postulates, PI and P2p on choice of option

when the difference is within 8 are well supported by the frequency

data tabulated in Table 5.§! . Frequencies are given to one d.ecimal place

only.

Regarding PI we observe that in 14 out of the 18 relevant cases}

the frequencies are indeed monotonically (weakly) increasing in the

difference.V Moreover every frequency is equal to or greater than .5,

Regarding P2, 39 out of the 40 observed frequencies tabulated support the

postulate, that is, the frequencies are properly stochastic, lying in the

open interval (0, 1). The only exception is Subject 7, Session I, for the

difference value of 1. It should perhaps be remarked that the sca~tered

character of the entries in Table 5 is due to the simple nature of the

values of the utility functions. For instance, we see from Table 3 that

in Session I Subject 2 had a utility function with values 0, 1, 2, 3} 4) 5p

andeI = 3· Naturally any differences within 8
1

must then be either

0, 1) 20r 3.
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Observed and Predicted Utility Functions for Subject 6.
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TABLE 5
FREQUENCY OF CHOICE OF LARGER OPrION

WREN DIFFERENCE IS WITHIN e

e Value of Differences

Subject 1 1~ 2~Values 1 2 32 2 2

1
·7eI = 2

1 1
err = 2 ·5

1 .8errr := 2

8r = 3 ·5 .6 ·5

2 err = 2 .8 .8

errr = 1 ·9

eI = 0

3 8rr =2 ·9 ·9

8rrr = 2 ·7 ·7

er =:: 2 .8 .8

4 err =2 ·5 .8

8rrr =:: 1 .8

,
er = 0

5
1

·7 ·7 .8err = 1'2
erlr =:: 2 .8 ·9

1 .8 ·9 ·7er = 12
6 1

·7 .8 .8err = 12
1

·7 .6 .8errr = 12

(Continuation of Table 5 at top of next page)
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CONTINUATION TABLE 5
FREQUENCY OF CHOICE OF LARGER OPTION

WHEN DIFFERENCE IS WITHIN e

e
Value of'Dif'ferences

Subject

Values 1
1 l! 2 2! 32: 2 2

e
I = l! .6 1.0 ·72

7 ell = 0

6111
:= 1 .6

6. Discussion.

1. Probably the most important conclusion to be drawn about the

experimental application of' our linear programming model is that i.t is

highly desirable first to check on the extent to which the ordinal axiom

of' transitivity is satisfied. The lack of transitivity is clearly a major

f'actor limiting the predictive power of' the model in the present experiment.

Theoretically the model is prepared to take care of' any intransitivities;

but if' the subject radically changes his mind on the simple ordering of'

outcomes then obviously no model will be able to predict his choices with

any great success. The good predictions f'or Subject 1 in Table 1 show

that the model is not disturbed by minor intransitivities.

In order to obtain an approximately constant simple ordering through-

out an experiment using this model, apparently the best procedure is to

attempt to stabilize the subject's general attitudes toward the outcomes.

~ priori we thought such stability would exist for serious students of'

music toward particular perf'ormances of' particular pieces of' music. The
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experimental evidence indicates we were wrong. In this connection some

of the informal comments and attitudes of SUbjects are enlightening.

Subject 1 was suspicious of the purpose of the experiment and was

determined to demonstrate his intelligence by the "consistency" of his

choices. In the first two sessions he claimed to have adopted a

numerical weighting system which enabled him to compute the

appropriate choice. That his "system" was none too good is shown by

his non-zero e value for both sessions. In Session III he found it

difficult to make decisions and adopted the "outside'! criterion of

choosing options which contained a record by a composer not at present

represented in his library. Considering the fact that he abandoned

his weighting system in Session III it is surprising the predictions of

his behavior achieved the level of accuracy they did.

Subject 2 was markedly intransitive during Session I alone~ which

mainly accounts for the large e
I

value: 6
1

::: 3. Yet he gave no

indication during the session that he was in any way conscious of these

intransitivities.

About half way through Session II Subject 4 remarked that she now
J

thought Bernstein1s Wonderful Town better than Grofk's Grand Canyon Suite~

and Bartok's Sonata No.1 for Violin and Piano better than Bach's

Cantata No. 70. At the beginning of the session she had ranked:

3 - Bach

4 - Bartok

5 - Grof'

6 - Bernstein

Subject 5 was very open about factors disturbing the stability of her

choices. In Session I, when confronted by works of Berlioz and Stravinsky,
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she remarked that she had not yet studied these composers in class and

did not feel certain of her attitude toward them. When confronted with

a recording of Handel f s .£ Sonatas for Violin and Cont:i.nuo she stated her

attitude was in a state of flux, for she had just heard some Handel

sonatas the previous night and she found them quite wonderful. (She

gave the Handel record first place in Session I, and separated it

from her second choice, Monteverdi's Madrigals, by an interval of 2,

as may be seen in Table 3.)

In Session III Subject 3 had difficulty with all offers in which

one of the options consisted of the most preferred and least preferred

records (Le . ., the option (a, f) ). Hi.s comment was "You keep putting

those two together and that's terrible. I!

At the completion of Session I, Subject 6 was asked to indicate

her degree of preference for the six records by giving each a relative

position on a straight line. Subject 7 was asked to do the same thing

at the end of his first session. Table 6 compares the utility intervals

computed from this spacing with the observed one recorded in Table 3. The

compared curves are normalized to have the same total length.

TABLE 6

COMPARISON OF OBSERVED UrILITY &

SUBJECTIVE SPACING

SESSION I

Intervals
Subject

a f3 () 5 C

observed 1.5 1.0 1.0 1.0 2.0
6 subj. spacing 0.4 1.3 0·5 1.9 2.4

observed 1.5 1.0 1.0 LO 3.0
7 subj. spacing 0·5 0·9 0.1 0.1 4.6
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That the relatively much greater consistency of Subject 6 has signi

ficance is strongly supported by the evidence in Table 2: with e = °
predictions were very good for Subject 6 and poor for Subject 7.

2. The unrealistic simplicity of values in Table 3 suggests that

the model be complicated by the introduction of some stochastic

parameters along the lines customary in the method of paired comparisons.

However, we have not yet been successful in constructing a model which

is both theoretically reasonable and experimentally testable. For some

suggestions in this direction; see [3].

3. Our linear programming model was specifically constructed to

investigaty the cardinal utility of non-monetary outcomes. However, it

is natural to consider extending its use to situations involving

monetary rewards. Theoretically this seems perfectly straightforward,

but a simple difficulty arises from the linear properties of the model.

Suppose we apply the model and obtain the following values (where ~

is the subject's utility function):

~(50~ ) = 50

~(45~ ) = 46

~( -48¢-) = -58

~( -501) = -60

e = 7

Then since

~(451') +~(-504-) +7 >~(50¢-) +~(-48F-),

the model predicts (Postulate P2) that occasionally (i.e., with

probability greater than zero) the subject will choose Column 2 when
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the options are:

1

-48 f

2

-50 f-

but such behavior is highly unlikely. A non-linear model which does not

have this defect has been constructed by one of the authors in

collaboration with Herman Rubin.

7. Summary.

We have reported an experiment designed to measure cardinal utility

of non-monetary outcomes by use of a linear programming model. The

subjects were seven students majoring in music. They were asked to

choose between options having long-playing records as outcomes. On the

basis of their choices individual cardinal utility functions were

constructed by linear programming methods. The resulting utility

functions were then used to predict choices among options involving new

combinations of the records.

On the basis of the experimental evidence the following conclusions

seem justified.

1. In making predictions the linear programming model is superior

to the obvious ordinal model., and both of these models are superior

to a random guessing model.

2. If the linear programming model is modified by ignoring thresholds

in order to obtain a larger number of predictions) the accuracy of the

predictions made is still very much better than would be obtained on the

basis of chance alone.

3. Two stochastic postulates on choices within a computed threshold

were highly confirmed.
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Footnotes

1. This research was supported by the Of'fice of Naval Research under

Contract NR 171-034, Group Psychology Branch. Mrs. Yvonne Brackbill

assisted us in the experimental work, Miss Karol Valpreda in the

computational work, and Mrs. Muriel Winet in the initial phases of

the computational work.
,

2. We wish to thank Professor Leonard G. Ratner of the Stanford Music

Department for his kind cooperation.

3. Because of the character of the model it was not essential to obtain

a simple ordering of the outcomes in Phase 1. In point of fact,

however, a simple ordering was obtained in each case before going

on to the next phase. In five out of the total of 21 times Phase 1

was run the subject made the paired comparisons twice before his

ranking was accepted.

4. Subject 1 was dissatisf'ied with his responses in Session III, and

was permitted to repeat the session. The predictions for him are

based on his second set of responses, which immediately followed the

first set. This repetition may partly account for the better

prediction results in his case.

5. The standard deviation of the ratio .67 was estimated to be .06.

Thus the proportion of correct predictions with e = 0 is more than

two standard deviations from what would be expected from chance.

6. It should he clear from the discussion in Section 2 that the

differences considered here are twice the differences in expected utility

values of the options.

7. Cases are counted as follows. On the basis of' indistinguishability,

we assume that if e =0, the relative frequency is .5. Thus, in the
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case of Subject 4, the three single entries for Io = 2 all confirm

monotonicity: f(O) = .5 ~ ·7
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