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Introduction. To mathematicians or educators who have not thought

about the matter very much, it usually comes as a surprise, and occasionally

even as a shock, to find out how little we yet know about the learning

of mathematics. It is not uncommon te hear mathematicians say that

because mathematics is a systematic subject with an inherent. order

imposed on the development of topics, it should be relatively straight

forward to give ~uite an adequate account of how students learn mathematics.

Because students de learn mathematics and because many of the mathematicians

who make this sort of statement have themselves been successful teachers,

it is not always evident what is the best way to bring out the gross

inade~uacies in our present knowledge of mathematics learning.

Perhaps the most effective way" -- at least we have found that it

sometimes works --, is to rely heavily on computer analogies. First

challenge: if you understand so well how mathematics is learned, please

program my computer to lear~ it. :It does not take much discussion to

bring out the difficulties of this task, and one can then move on to a

second challenge: predict the points at which students will have

learning difficulties and make explicit the principleq used to make the

predictions. The re~uirement of explicitness is needed to make the
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challenge a scientific and theoretical one that cannot be answered

by the non-verbalized, intuitive experience of a good teacher" While

one's opponent is struggling with this second challenge, a third

challenge on performance data can be put ready at hand: predict

systematic variations in performance data on mathematical concepts and

skills already taught, and again make the principles of prediction

explicit. The view that mathematical colleagues may have difficulty

giving a serious constructive response to these three challenges is not

meant as a criticism of their scientific prowess" The only criticism

implied is of the opinion that we already know how to meet these three

challenges in any serious way.

The present article is meant to be a small step toward a positive

response to the third challenge" From a mathematical standpoint the

performance task we have selected is ridiculously simple, that of

handling correctly the simple addition facts, 'wi th the sums being no

greater than 5. From a psychological standpoint, however, this task

is not as simple as most of those that lie at the heart of the classical

experiments in learning theory. Moreover, attempts to develop mathe

matically well-defined performance models for even this simple task

do not seem to exist in the literature.

We reserve more detailed comments until after we have presented

in the next section goodness-of-fit results for five closely related

models. A broader conceptual framework for the viewpoint expressed

here is to be found in Suppes (1965).
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Experimental test of five models. The results we will discuss

are from an experiment in which a group of first-grade children in

the first half of the school year were asked to solve a set of simple

addition problems. Each problem was of the form

ill + n :=

where m + n ~ 5. The line was colored red while the rest of the

problem was printed in black. The task of each child was to provide

the missing number. Thirty subjects were used, randomly selected from

two different homerooms. Each subject was run individually. Subjects

were seated in front of a panel with six buttons marked 0, 1, 2, 3,

4, 5. They were then shown a sample p:'oblem projected on a screen in

front of them. They were told that the red line meant that a number

was missing and were instructed to push the correct button for the

missing number. When a subject had responded, he was shown a new slide

with the correct answer (printed in red) replacing the red line. Each

child was then presented with a sequence of twenty-one problems con

sisting of all possible combinations of integers m and n subject

to the constraints

m+n~5

m>O

n > °
These problems were presented in a random order, the same sequence

being used for each child. After each presentation of a problem,

the child made a response and was shown the correct answer. Both the

actual response and the response latency (i.e., response time) were

recorded. This procedure was repeated for two more days. However,
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on the last two days, no preliminary instructions were given, and the

'child was asked to respond as quickly as possible. The order of

presentation of items was different on each of the three days.

In this discussion, we will concentrate on the data obtained on

the third day. By then, it can be assumed that the children had become

fully familiar with the experimental situation. The initial problem

we proposed to consider was whether it is possible to formulate a

simple model that will account in an approximate fashion for the

childrens' responses.

Unfortunately, the error rate was too low for any systematic

analysis to be based on this aspect of the response data. Although

at least one subject made an error on each problem, seven subjects

(out of thirty) made errors on 1 + 3

On most othermade errors on 4 + 1 = , 3 + 2 =

and 1 + 2

and 1 + 1 =

-' five subjects

problems one or two subjects made an error.

As a result of these low error rates, it seemed more promising

to consider the response latencies. The most reasonable basic

assumption to make is that the variations in response latencies between

problems are the reflection of some kind of counting process that the

child is using. For a problem of the form m + n = , it is, possible

to distinguish between five different kinds of counting processes. In

order to make this distinction, it is conveinent to consider a counter

on which two operations are possible: setting the value of the counter

to a certain value (wnile clearing the previous value) land adding a

number to the current value of the counter. The addition operation is

performed by successively incrementing the counter by one until the value
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has been added on. The operation of this counter is illustrated in Fig. 1.

Insert Figure 1 about here

Using this counter, an addition problem of the form m + n can

be solved in the following ways:

1- The counter is initially set to 0, m is added and then n.

2. The counter is set to m (i.e., the left-most number) and

n is then added.

3· The counter is set to n, and m is then added.

4. The counter is set to the minimum of m and n. The maximum

is then added.

5. The counter is set to the maximum of m and n. The minimum

is then added.

The setting operation is assumed to take a constant time independent

of the value to which it is set. The addition time, on the other hand,

is proportional to the number of times the counter must be incremented.

Suppose a counter takes time a to be set and time ~ to be incremented

by 1. If a counter is to be set to a certain value and then incremented

x times by 1 (which is equivalent to having x added to it) the

total time T taken by the counter to perform these operations is

T ~ ex + ~x . (1)

Thus equation (1) gives the time taken to perform an addition problem

of the form m + n It will give differential predictions depending
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SET COUNTER
TO a

HAVE x
ONE'S BEEN

ADDED?

NO

INCREMENT

COUNTER
BY ONE

YES EXIT WITH
a+x IN
COUNTER

Fig, lo Example of a.device which sets a counter to a and
adds x to ao
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on the type of solution because, corresponding to the classification

of solution types we have just proposed, x is determined as follows:

Type 1. x ~ m + n

Type 2. x ~ n

Type 3· x m

Type 4. x ~ max (m, n)

Type 5. x min (m, n) .

If we wish to apply this model to the latencies of our experimental

subjects it cannot be assumed that the values of et and 13 are

constant. Rather, it is correct to assume that et and 13 are

random variables with two different distributions. However, we can

eliminate this problem by taking the mean latency over all subjects.

We then have, for a particular problem i,

E(T.) ~ E(et) + x.E(I3)
l l

where x is computed according to the rules given above. For equation

(2) to hold, it is necessary, of course, that x be constant for all

subjects on a given problem. In other words, it is necessary to assume

that all subjects use the same type of solution. If this assumption

is incorrect, then the goodness of fit of observed to predicted data

will be affected.

In order to evaluate the goodness of fit of these five models,

it is necessary to estimate the expected values E(et) and E(I3).

These estimates will be denoted by ~ and For each problem, it

is possible to compute a value of x under each of the five assumptions.

Since equation (2) is linear,
A
et

A
and 13
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by means of a simple regression analysis using X.
1

as the independent

variable and the observed average success latency on each problem as

the dependent variable with the index i ranging over all twenty-one

problems. It is necessary to use the success latency rather than

.the overall latency for the dep€nden.t.vari.able because it is reasonable

only to assume that the eQuation (2) holds for correct solutions.

An analysis of this type was performed on the data obtained on

the third day of the experiment. Two problems (3 + 0 = and 2 + 3 =_)

were omitted from the analysis. On both these problems, many individual

response latencies were excessively high. The former was always the

first problem to be presen~ed. The high latencies on the latter can

also be accounted for on the basis of seQuential ordering effects.

From the data obtained from the remaining nineteen problems,
/I
0: and ~

were evaluated for each of the five models, and two indexes of goodness

of fit were computed. The first was the mean sQuared deviation between

predicted and observed values:

2 12:
19

s = -.. (T.
17 .':-' 1

l.~l

/I A )2- ex - rJx.
1

where T. denotes the observed success latency for problem i. Also
1

computed was the ratio of to the standard error of If T.
1

is normally distributed then this has a t distribution with n - 2

degrees of freedom. While it is not entirely clear whether or not

the assumptions of the test are satisfied in the present experiment,

its application does provide a rough index of whether or not the fit

is satisfactory.
/\ /I

The values of 0:, rJ and 2
s resulting from the

analyses of the various models are shown in Table 1. It is clear
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Insert Table 1 about here

from these results that Model I and Model 5 provide the best fits.

The second goodness-of-fit computation results in levels of ~ignif-

icance 'beyohd .05 for all models but Modell and Model 5. The

predicted success latencies obtained on the basis of these two models,

together with the corresponding observed mean success latencies are

shown in Table 2. It is clear from Table 2 that, especially in Model 5,

Insert Table 2 about ~ere

each value of x involves a number of data points. As a result, a

clearer notion of the fit can be obtained by comparing the predicted

latency with the observed latency averaged over all problems that

contribute to a given value of x. This is done in Fig. 2. Although

Insert Figure 2 about here

there are less values of x in Model 5, the better fit cannot be

2
ascribed to this circumstance, since the value of s is lower for

Model 5, despite the fact that it is computed on the basis of deviations

between predicted and observed latencies for individual problems.

While it can safely be concluded that Model 5 fits better than

Modell, this result can only be considered to be a first step. There
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Table 1. RegressioR estimates for the different solution types
(& and ~ are measured in seconds).

Model ~
2

a s

l. x;;::; m + n 2.96 .216 .369

2. x;;::; n 3.50 .098 .465

3. x = ill 3.48 .119 .404

4. x ;;::; max (m, n) 3.43 .092 .471

5 . x ;;::; min (m, n) 3.26 .710 .233
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Table 2
Modell: x = ill + n Model 5: x = min (m, n)

Problem x Mean Success Latency Pr6blem x Mean Success Latency
(in seconds) (in seconds)

Pred. Obs. Pred. Obs.
o + 0 0 2.96· 2.98 0+0 0 3.26 2.98

0+1 1 3.18 3.36 0+1 0 3.26 3.36

1 + 0 1 3.18 3.27 1 + 0 0 3.26 3.27

0+2 2 3.40 3.57 o + 2 0 3.26 3.57

1 + 1 2 3.40 2.67 2 + 0 0 3.26 2.88

2 + 0 2 3.40 2.88 o + 3 0 3.26 3.45

0+ 3 3 3.61 3.45 0+ 4 0 3.26 3.48

1 + 2 3 3.61 4.20 4 + 0 0 3.26 3.40

2 + 1 3 3.61 4.28 0+5 0 3.26 2.85

0+4 4 3.83 3.48 5 + 0 0 3.26 3.03

1 + 3 4 3.83 4.18 1 + 1 1 3 ·97 2.67

2 + 2 4 3.83 3.90 1 + 2 1 3 ·97 4.20

3 + 1 4 3.83 4.04 2 + 1 1 3 ·97 4.28

4 + 0 4 3.83 3.40 1 + 3 1 3·97 4.18

0+5 5 4.05 2.85 3 + 1 1 3 ·97 4.04

1 + 4 5 4.05 4.49 1 + 4 1 3 ·97 4.49

3 + 3 5 4.05 5.15 4 + 1 1 3 ·97 4.53

4 + 1 5 4.05 4.53 2 + 2 2 4.68 3.90

5 + 0 5 4.05 3.03 3 + 2 2 4.68 5.15
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is no guarantee that no other model exists that would fit the data

in a more satisfactory fashion. Moreover, it cannot be inferred that

the good fit of Model 5 implies that subjects tend to add two numbers

according to the mechanism suggested by the model. For this model,

x ranges from 0 to 2. It is only when x = 2 that neither a 0

nor a 1 appears in the problem. Hence the data might be accounted

for by a model which assumes specific algorithms for solving the problem

when a 0 or 1 appear in it rather than the general algorithms used by

the models we have proposed in this paper. Subsequent research that

deals with these matters is now planned.

Some concluding remarks. It would be good if we could report

that the algorithm represented by Model 5 was the one explicitly taught

the children by their teachers. This does not seem to have been the

case. At the present time most first-grade teachers do not teach

their students an explicit counting algorithm for handling the simple

addition facts ordinarily taught in the first grade. As would be

expected there is usually some mention, and often even a fair amount of

discussion, of counting and its relation to the first introduction

of addition. But -- and this is the important point -- an explicit

algorithm is not developed and taught as is done later for addition

of multi-digit numbers.

The results of the present paper suggest that more attention might

profitably be devoted to these first algorithms, and that the algorithm

of Model 5, which seems more sophisticated than that of Modell, might

well receive more explicit emphasis in the teaching of first-grade

arithmetic.
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It has not been our intention in this short paper to present any

definitive research, but only to illustrate how even so simple a thing

as learning the addition facts presents an interesting challenge to

learning theorists and affords already an opportunity to test some

altenative mathematical models, each of which rests on a clear intuition

of how a simple addition problem may be solved, The central idea of a

counting model seems so natural that it seems difficult to think of

other possible approaches, but this is not really the case -- for

example, a table-look-up model with parameters appropriately introduced

for scanning the table can be formulated in such a way that it is

identical in all behavioral predictions with Model 5, Moreover, simple

counting ideas are not sufficient to account for all the significant

variations in the observed data of Table 2, and as a larger body of

data is accumulated, more complex and subtle ideas will be needed in

constructing an adequate model of the observed phenomena, On the other

hand, it seems to Us that the learning of elementary mathematics affords

a natural testing ground for mathematical models of learning or performance,

and there is some reason to hope that in a first approximation at least

models of a reasonable degree of simplicity will suffice,

It should be apparent that as such models are developed and the

range and depth of their success increased they will have increasing

significance in suggesting and guiding curriculum modifications, par

ticularly in the direction of concern for the fundamental problem of

finding out how students Can on the average best learn mathematical

concepts and skills.
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